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Abstract

We develop a stochastic approximation-type algorithm to solve finite state/action, infinite-horizon,
risk-aware Markov decision processes. Our algorithm has two loops. The inner loop computes the risk by
solving a stochastic saddle-point problem. The outer loop performs @-learning to compute an optimal
risk-aware policy. Several widely investigated risk measures (e.g. conditional value-at-risk, optimized cer-
tainty equivalent, and absolute semi-deviation) are covered by our algorithm. Almost sure convergence
and the convergence rate of the algorithm are established. For an error tolerance € > 0 for the optimal
Q-value estimation gap and learning rate k € (1/2, 1], the overall convergence rate of our algorithm is
Q((In(1/8€) /€)' * + (In(1/€))/ 1 ~*)) with probability at least 1 — 4.
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1 Introduction

The analysis of complex systems such as inventory control, financial markets, waste-to-energy plants, and
computer networks is difficult because of the intrinsic uncertainty in these systems. Risk-aware optimization
offers a possible remedy by searching for strong reliability guarantees. In particular, it gives more attention
to low probability but high cost events than a risk-neutral optimizer would. Risk awareness is especially
important in sequential decision-making.

Markov decision processes (MDPs) introduced by Bellman in [10] provide a mathematical framework for
sequential decision-making. However, the exact model of the underlying MDP is often unknown and one
can only observe the trajectory of states, actions, and costs. @Q-learning, as developed in , can produce
an optimal policy in a model-free way based only on observed trajectories.

In this paper, we synthesize the work on risk-aware optimization with reinforcement learning, specifically,
Q@-learning. As our main contribution, we develop a novel asynchronous stochastic-approximation type
algorithm to solve infinite-horizon risk-aware MDPs. This algorithm can compute the risk-aware optimal
policy based only on observations, without any knowledge of the explicit form of the cost function or the
transition probabilities.

1.1 Literature review
1.1.1 Risk measures

In general, a risk measure is a mapping from random variables to scalars. It can be interpreted as the amount
of an asset (traditionally currency) to be kept in reserve to make the risk acceptable. The literature empha-
sizes convex and coherent risk measures. In , a theory of convex analysis is developed for optimization

*Wenjie Huang (wenjiechuang@cuhk.edu.cn) is an International Postdoctoral Fellow at Shenzhen Research Institute of Big
Data (SRIBD) and Institute for Data and Decison Analytics, The Chinese University of Hong Kong, Shenzhen. His research
was supported by SRIBD International Postdoctoral Fellowship, and the National Research Foundation (NRF), Prime Ministers
Office, Singapore under its Campus for Research Excellence and Technological Enterprise (CREATE) program.

fWilliam B. Haskell (whaskell@purdue.edu) is an Assistant Professor in Krannert School of Management at Purdue Univer-
sity. His research was supported by Singapore Ministry of Education Grant R-266-000-083-133 and by Singapore Ministry of
Education Tier IT Grant MOE2015-T2-2-148.



of convex risk measures. Several specific examples of convex and coherent risk measures along with their
various risk envelopes are given in |63, Chapter 6].

Special attention has been given to the class of coherent and law invariant risk measures, the most well
known being conditional value-at-risk (CVaR). Optimization of CVaR is studied in [56], which reveals that
CVaR has many desirable properties for stochastic optimization. The most famous representation result for
law-invariant coherent risk measures is the Kusuoka representation (see [61] for example) which shows that
such risk measures can be ’built’ out of CVaR. There are several other important classes of risk measures
such as: optimized certainty equivalent [13], spectral risk measures [2], distortion risk measures [15], and
entropic risk measures [27].

Numerical methods for risk-aware optimization are critical for practical application. In [38], CVaR-
constrained optimization problems are solved with a combination of discretization, linearization, and sample
average approximation. For multistage CVaR optimization, [50] uses the dual representation of general
coherent risk measures to develop sampling-based algorithms. In [7], stochastic approximation is used to
estimate CVaR in data-driven optimization. In addition, in [23], stochastic interior-point algorithms are
developed for risk-constrained optimization.

1.1.2 Risk-aware MDPs

Risk-aware MDPs have been widely studied. In [8], the authors minimize the conditional value-at-risk of the
discounted cost over both the finite and infinite horizon. In the follow-up work [9], the authors minimize a
certainty equivalent of the total cost for both finite and infinite horizon problems. Dynamic programming
methods are developed in both [§] and |9]. A CVaR-constrained MDP is solved with both offline and online
iterative algorithms in [16]. In [24], both risk and modeling errors are taken into account in an MDP
framework for risk-sensitive and robust decision-making, and an approximate value-iteration type algorithm
is presented.

In [30], the authors study stochastic dominance-constrained MDPs, and show that this class of MDPs can
be reformulated as linear programming problems using the convex analytic approach. In [31], the authors
develop the convex analytic approach for a general family of risk-aware MDPs.

Dynamic programming equations are developed for a wide class of risk-aware MDPs in [57], and corre-
sponding value iteration and policy iteration algorithms are developed. The family of risk measures studied
in this work are often called “dynamic risk measures” or “Markov risk measures”, and are notable for sat-
isfying the property of time-consistency. In [|65], the theory of risk-sensitive MDPs is developed based on
iterative risk measures which only depend on the current state, rather than on the whole history.

In [24], reinforcement learning algorithms for percentile risk-constrained MDPs are proposed. In [53,/67],
policy gradient algorithms are applied to MDPs with CVaR appearing in either the objective or constraints.
In [36], a specific class of risk measures called quantile-based risk measures is proposed for MDPs and a
simulation-based approximate dynamic programming (ADP) algorithm is developed for the resulting prob-
lem. This paper emphasizes importance sampling, to direct samples toward the risky region as the ADP
algorithm progresses. In [66], a risk-sensitive reinforcement learning algorithm based on utility functions is
investigated. A similar technique is applied to the risk-sensitive control of finite MDPs in [17].

1.1.3 Stochastic approximation and @-learning

Q-learning is introduced in [71]. The idea of @-learning is to use the observed transitions and costs to compute
the optimal policy (so that exact knowledge of the underlying MDP model is not needed). In [69], a thorough
convergence proof of the @)-learning algorithm is given based on stochastic approximation and the theory of
parallel asynchronous algorithms (see [18] for more details on the theory of stochastic approximation). Q-
learning has wide applications in the areas of robotics and operations management, and has also recently been
applied to stochastic games [33]. Stochastic approximation has also been applied to solve static stochastic
optimization problems. In [44]/45], efficient and robust stochastic approximation algorithms are developed
to solve saddle-point problem and optimize non-smooth functions.



1.2 Contributions

As our main contribution, we develop a stochastic approximation-type algorithm for infinite-horizon risk-
aware MDPs that covers a wide range of risk measures. This algorithm is model-free and it can compute the
risk-aware optimal policy based only on observations. We make the following three specific contributions:

1. Generality of risk measures: There exists literature (e.g. |17,/66]) studying reinforcement learning
for risk-sensitive MDPs. The “risk-sensitive” objective in [17] specifically refers to the expectation of
the exponential function of cumulative costs. In [66], the “risk-sensitive” objective is essentially utility-
based shortfall, and in [9], “risk-sensitive” refers to utility-based certainty equivalent. To the best of
our knowledge, our present paper adds to the literature by incorporating saddle-point risk measures.
In [36], only quantile-based risk measures are included. In [8,/67], the algorithms are specific to CVaR.

2. Model-free asynchronous algorithm: There exist several dynamic programming based algorithms
for solving risk-aware MDPs (see [8}/36,57,65,[67]), but they all rely on some information about the
underlying transitions or cost function. Our novel stochastic approximation algorithm is completely
model-free. Our algorithm is also asynchronous, which means that the @-value is only updated when
the corresponding state-action pair is explored. This algorithm works even when no prior information
on the underlying MDP is available.

3. Explicit sample complexity results: We give a detailed convergence rate analysis of our algorithm
for both polynomial and linear learning rates. We also show numerically that the convergence rate of
our algorithm is close to that of standard Q-learning. In [17,36], the almost sure convergence of the
proposed algorithms is demonstrated, but the explicit convergence rates are not derived.

This paper is organized as follows. Section 2 reviews preliminaries on risk measures and risk-aware MDPs.
Section 3 then introduces saddle-point risk measures and shows by example that many widely investigated
risk measures fall within this framework. Section 4 presents the details of our algorithm as well as its almost
sure convergence and convergence rate. Section 5 contains the proofs of all our main theorems. We report
numerical experiments in Section 6 and then conclude the paper in Section 7.

2 Preliminaries

This section introduces preliminary concepts and notations (listed in Table 1).

2.1 Risk measures

We begin with a probability space (2, F, P), where € is a sample space, F is a o—algebra on , and
P is a probability measure on (2, F). We work in £ = L. (2, F, P), the space of essentially bounded
F—measurable mappings. For X, Y € £, Y > X means that Y (w)>X (w) for all w € .

We define a risk measure to be a function p : £ — R, which assigns to a random variable X € £ a real
scalar value p(X). The following are four key properties of risk measures:

(A1) Monotonicity: If X > Y, then p(X) > p(Y).

(A2) Translation Invariance: p(X +r) = p(X) +r for r € R.

(A3) Convexity: p(AX + (1 —=NY) < Ap(X)+ (1 —=N)pY) for 0 <A< 1.

(A4) Positive Homogeneity: p(aX) = ap(X) for a > 0.
These conditions were introduced in the pioneering paper [4] and have since been heavily justified in other
work including [15,42,/58]. Property (A1) states that a random variable with greater cost almost surely must
have higher risk. (A2) states that the addition of a certain cost increases the risk by the same amount. (A3)
gives precise meaning to the idea that diversification should not increase risk. (A4) states that the risk of
a position is proportional to its size (i.e., if we double our cost then we double our risk). A risk measure
satisfying properties (A1l)-(A3) is called a convex risk measure, and a risk measure satisfying properties
(A1)-(A4) is called a coherent risk measure.



Table 1: List of Key Notation

Notations Definitions
N, n Outer iterations
Tt Inner iterations
G Objective function for saddle-point risk measure
S, A State and action space
T, Te Risk-aware Bellman operator
R(C:;,a) Risk measure with respect to state-action pair (s, a) and function G
Y, Z Compact sets
Ky, Kz Euclidean diameters of Y and Z.
L Bounds for the subgradients
Kq Constant of Lipschitz continuity for function G
Kg Stability modulus of saddle-point
7 The history of RaQL for t < T and n < N
€} Risk estimation error, for t < T and n < N
7 Approximation error, for t <T and n < N
T The iteration w.r.t sequence D
Tm The iteration when the approximation error of @-value is bounded by D,,
D,, A constructed sequence D with time horizon m
ZpthT oyt Two random processes decomposed from {Q7}
Br Discount factor of sequence D,,
e Natural logarithm
I 12 Ly-norm
Il 1loo Infinite norm

2.2 Risk-aware MDPs

A MDP is given by the tuple (S, A, P, ¢) where S and A are the state and action spaces and K :=
{(s, a) € S x A} is the set of all state-action pairs. Let P(S) be the space of probability measures over
S, and define P(A) similarly. The transition law P governs the system evolution where P(:|s, a) € P(S) for
all (s, a) € K, ie., P(s'|s, a) for ' € S is the probability of next visiting state s’ given the current state-
action pair (s, a). The cost function ¢ : K — R gives the cost of each state-action pair. Finally, v € (0, 1) is
the discount factor. Let ¢ : S — P(A) be a randomized policy. For a given ¢, we obtain a stochastic process
{(s¢, ar) }+>0 where s; and a; are the state and action at stage ¢, respectively.
We make the following assumptions.

Assumption 2.1. (i) S and A are finite.
(ii) 0 < ¢(s, a) < Cpax for all (s, a) € K. Set Vipax := Cmax/(1 — 7).

Many real life MDPs satisfy Assumption i), including machine replacement and sequential online
auctions [34], critical infrastructure protection [48], wireless sensor networks [3], and human-robot interaction
systems [37}39].

In [57], the modern theory of risk measures is adapted to MDPs. This class of risk-aware MDPs is
constructed in the following way. Denote our sequence of costs as X; = c(s¢, a;) for all ¢ > 0. We begin by
formalizing some details about the risk of finite cost sequences X; 7 := (X, Xy41, ..., Xr) before we consider
the risk of the infinite cost sequence Xp, X1, ... actually faced by the controller. Let £; := L (2, Fy, P)
andﬁqu Ziﬁt X£t+1 X XLT fora110§t§T<oo

Definition 2.2. [57, Definition 1] For fixed 7> 1 and 0 < ¢ < T, (i) A mapping ps, 7 : Lt 7 — Ly, is called
a conditional risk measure if: p, v(Zy, v) < pr, 7 (Xy, ) for all Zy 7, X; v € Ly 7 such that Z, p < X 7.
(ii) A dynamic risk measure is a sequence of conditional risk measures {p; 7}71_o-

We now make our key assumptions about dynamic risk measures.



Assumption 2.3. For fited T > 1 and 0 <t < T, suppose the dynamic risk measure {pt’T},tT:O satisfies the

following conditions:
(1) (Normalization) p;,r(0, 0, ...,0) = 0.
(it) (Conditional translation invariance) For any Xy v € Ly, 1,

e, (X, Xig1, oo, X)) = Xy + p0, 7(0, Xys1, -, X0).

(iii) (Convezity) For any X¢, 7, Ye, 7 € Lo, and 0 < XA <1, pr (A X, 2+ (1= NYe 1) < App, v(Xe, 1)+
(L= Npe,7(Ye, 7).

(iv) (Positive homogeneity) For any Xy v € Ly, 7 and a > 0, p,,r(a Xy 1) = ap, 7(Xe, 7).

(v) (Time-consistency) For any X, v, Y, v € Ly, and 0 < 7 < 0 < T, the conditions Xy, = Yy for
k=7,..,0 =1 and pg v(Xg,...., X7) < po, 7(Yo, ..., YT) imply pr 7(X+, ... X7) < pr 7 (Vs ..., Y7).

Many of these properties (monotonicity, convexity, positive homogeneity, and translation invariance) were
originally introduced for static risk measures as properties (Al)-(A4). The next theorem gives a recursive
formulation for dynamic risk measures satisfying Assumption [2.3] This representation is the foundation
of [57] and subsequent work on time-consistent dynamic risk measures. To express this result, we define a
mapping p; : L441 — L4 for ¢ > 0 to be a one-step (conditional) risk measure if py(Xy41) = pr, 14+1(0, Xit1)-

Theorem 2.4. [57, Theorem 1] Suppose Assumption holds, then
pe, 7( Xty X1y ooy, X1) = Xt 4+ pe(Xeg1 + pry1 (X2 + - - -+ pr(X71))), (2.1)

for all0 <t < T, where py,..., pr are one-step risk measures.

Now we consider the risk of an infinite cost sequence. Following [57], the discounted measure of risk
pi o+ Ly, 7 — Ris defined via

o7 (Xe, Xeqa, ooy Xr) o= prr (V' X, Y X g, 7 X))
Define L4 o := Ly X L4471 X ---fort > 0and p7 : Ly, - — R via

Y —H Y
P (Xo, Xl,...). Tlgnoopo’T(XO, Xl,...).

To provide our final representation result, we introduce the additional assumption that risk preferences are
stationary (they only depend on the sequence of costs ahead, and are independent of the current time).

Assumption 2.5. (Stationary preferences) For all T > 1 and s > 0,
p&T (XQ, Xl,... y XT) = pZ,T—i-s ()(07 Xl,..., XT) .

When Assumptions [2.3] and are satisfied, the corresponding dynamic risk measure is given by the
recursion:

P (Xo, X1,y X1y.) = Xo+ o1 (WX 4+ p2(VP Xo + -+ pr(7" X1) 4+ 4), (2.2)
where p1, p2,... are all one-step risk measures. Based on representation (2.2)), we may evaluate the risk of
a policy ¢ via

J(@, s0) 1= p(c(s0, ao) +7 - p(c(s1, a1) +7- p(cs2, az) +--))), (2.3)

where sq is the initial state. To clarify, the same one-step risk measure p appears at all times ¢t > 0 due to
the property of stationarity. Formulation explicitly captures the risk with respect to the cost associated
with the current state-action pair, as well as the future risk. Let II denote the class of deterministic stationary
policies 7 which map from states to actions, i.e., 7 : S — A. From [57, Theorem 4], it shows that there exists
an optimal deterministic stationary policy that minimizes Eq. . The corresponding risk-aware MDP is

min J(m, so). (2.4)



3 Saddle-point risk measures

This section introduces the saddle-point representation of risk measures. We elaborate on two main rea-
sons for choosing this representation. First, many widely investigated risk measures can be represented
as stochastic saddle-point problems including: conditional value-at-risk, optimized certainty equivalent, ab-
solute semi-deviation, and functionally coherent risk measures. Second, there are efficient algorithms for
solving stochastic saddle-point problems (see [44,45]) and thus for computing the risk.

To proceed, we now assume that 2 is Borel measurable and L is the set of all X with bounded support
[nminv nmax] and Tlmins Tlmax SatiSfying —00 < Mmin < Mmax < OO (i~e~7 X(W) € [nmina nmax] for all w € Q)
Take Y € R% and Z € R% to be closed and convex sets and define Ky, Kz to be the Euclidean diameters
of Y and Z, respectively. For a proper function G : £ x Y x Z — R, we consider the risk measure:

X) = inEp [G(X . 3.1

p(X) = maxmin Ep [G(X, y, 2)] (3.1)

We define 9,G(-, y, z) and 0,G(-, y, ) to be the subdifferentials of G for all (y, z) € Y x Z, and we define

Gy(-, y, z) € 0,G(-, y, z) and G (-, y, z) € 0.G(-, y, z) to be particular subgradients with respect to y and
z. We make the following assumptions on the function G.

Assumption 3.1. [45, Assumption B] (i) w — G(X (w), vy, z) is P-square summable for every y € Y and
z€ Z, e, [|G(X(w),y, 2)|° P(dw) < oo, for all (y, z) €Y x Z.

(ii) G is Lipschitz continuous on L X Y X Z with constant Kg > 1.

(i) y — G(X, y, z) is convex and z — G(X, y, z) is concave for all (X, y, z) € LX Y X Z.

(tv) Any selection of subgradients w — Gy(X(w), y, 2) and w — G.(X(w), y, z) is Borel measurable.
The subgradients Gy(X, y, z) and G.(X, y, z) are uniformly bounded, i.e., there exists L > 0 such that
IGy(X, y, 2)|l2 < L and |G.(X, y, 2)|2 < L forall (X, y, 2) € L XY x Z.

Under the assumption that G is proper on £Lx)Y x Z and Assumption iii), we know that the subdifferen-
tials 0,G(, y, 2) and 0,G(:, y, z) are non-empty for all (y, z) € Y x Z by [55, Theorem 23.4]. Based on [63|
Theorem 7.47] and [63, Remark 18], under Assumption [B.1[i), the subdifferentials 9,Ep [G(X, y, z)] and
0.Ep [G(X, y, z)] are nonempty and satisfy ,Ep [G(X, y, z)] = Ep [0,G(-, y, 2)], and 0.Ep [G(X, y, 2)] =
Ep [0,G(-, y, )], for all x and y in the interior of Y and Z, respectively. Thus, the subgradients Gy (X, v, 2)
and G, (X, y, z) satisfy EpGy (X, y, 2) € 0,Ep [G(X, y, z)] and EpG,(X, y, 2) € 0,Ep [G(X, v, 2)]. Under
Assumptions i) and (iv), we see that |EpGy(X, vy, 2)||2 and |[EpG.(X, y, 2)||2 are both bounded by L.

The following Theorem provides sufficient conditions for the saddle-point risk measure to be
a convex risk measure satisfying axioms (A1)-(A3). In particular, we can find a special class of functions
{h.}.cz and then construct G from these {h,}.cz. The proof of Theorem may be found in the Appendix.

Theorem 3.2. Set Y = [Nmin, Mmax] and let {h.}.cz be a collection of functions such that h, (X, y) (for
X € L and y € Y), parameterized by z € Z that satisfies:

(i) w — h,(X(w), y) is P-square summable for everyy € Y and z € Z.

(i) h.(X, y) is convex iny € Y and concave in z € Z, for all X € L.

(iii) Any selection of subgradients of h.(X, y) with respect to z € Z and y € ) is Borel measurable and
uniformly bounded for all X € L.

(iv) h is Lipschitz continuous on L x Y with constant Kg — 1 for all z € Z.
Then,

GX,y,2)=y+h.(X,9),ye ), z€ Z, (3.2)

satisfies Assumption . Further, formulation with the choice of is a convex risk measure satis-
fying azioms (A1)-(AS3).

We now detail several applications of Theorem

Example 3.3. Optimized certainty equivalent (OCE, see [13]). Define Y = [fmin, Tmax] (£ is a
singleton). First, we construct CVaR by choosing:

ha(X, y) = *ﬁ max{X —y, 0}, a € [0, 1], ¥z € Z. (3.3)



We then obtain:
GX,y,2)=y+(1- a) 'Ep [max{X —y, 0}], Vz € Z,

and
CVaR,(X) := min  E[G(X, y, 2)] = min  Ely+ h.(X, y)], Vz € Z. (3.4)
NE [Mmin, Nmax] NE [Mmin, Mmax]
We can generalize CVaR to OCE by substituting a general utility function in place of (3.3)). Define u :
R — [0, 1] to be a concave utility function that is differentiable with bounded derivative Vu(-). In this case,
h.(X, y) =u(y — X), for all z € Z, and the function G is:

GX,y,z)=y—Eplu(ly— X)],Vz € Z.

Example 3.4. Absolute semi-deviation is a type of mean-risk model. The absolute semi-deviation is
pas(X) :=E[X]+.E [(X — E([X])_] for the weight coefficient ¢ € [0, 1] (see [63]). Define Y = [1min, Tmax),
and Z = [0, 1]. By [63, Chapter 6.5.2], we have: h, (X, y) = (1 —t2)X +¢(X —y)y +tz —1,

G(X7 Y, Z):X+L(X_y)++LZ(y_X>7

and
pas(X) = min max E[G(X, y, 2)] = min max Ely + h, (X, y)].
YE[Mmin, Mmax] 2€[0, 1] YE[Mmin, Mmax] 2€[0, 1]

Example 3.5. The functionally coherent risk measure (see |[4647]) is a finite version of the Kusuoka
representation (see e.g. [61]), which is the weighted average multiple CVaR in terms of their confidence
levels. Given a range of confidence levels [0, 1) with {a;}7, C [0,1) and 0 < ap < a1 < -+ < Qy < 1,
we define P({a;}7™,) to be the set of probability distributions on {«;}™,, and we let 9 be a closed convex
subset of P({a;}™ ). In this case, we let z = (21, ..., z2m) € R™, y = (Y1, .., Ym) € R™, and h,(X, y) =

=1

S zi(l—a;) P max{X — y, 0}, Y = [Nmin, Tmax)™, and Z = M, and
G(X,y,z2)= ZZz {yi + (1 — a;) 'Ep [max{X —y;, 0}]}.
i=1

We then obtain

X):= min max E[G(X, vy, z)] = min max Ely + h, (X, y)]. 3.5
pKS( ) ye[nminynmax]m zEM [ ( Y )] ye['f]min7nmax]m zEM [y ( y)] ( )

Each instance of G constructed in Examples and satisfies parts (i)-(iv) in Assumption

4 Risk-aware Q-learning algorithm

In this section, we introduce our 'Risk-aware @-learning’ (RaQL) algorithm. RaQL is an asynchronous off-
policy learning algorithm with an inner and outer loop structure. It uses stochastic approximation in the
inner loop for risk estimation and Q-learning in the outer loop for computing the optimal risk-aware policy.
The “off-policy” characteristic means that the policy for exploring new states (denoted ) and the policy
7w from the Q-value updates are different. The “asynchronous” characteristic means that the step-size rule
of the algorithm ensures that only a single state-action pair is updated when it is observed and sends the
step-size to zero whenever a state-action pair is not visited.

4.1 Algorithm description

Let V C RISl be the space of value functions on S equipped with the supremum norm ||v|| := max,es [v(s)).
Under Assumption 2.1} we have [|v]|oc < Vinax = Cmax/(1—7) for all v € V. The risk-aware Bellman operator
T : V — V corresponding to the MDP ([2.4)) is

[T 0] (s) := min{e(s, a) +7p(v(s)}, Vs €8, (4.1)



where s’ is the random next state following the transition kernel P(:|s, a). By [57, Theorem 4] and [65]
Theorem 5.5], T is a contraction with respect to the supremum norm and Problem has an optimal
value function v* satisfying v* = Tv*. The following Proposition demonstrates why 7 is a contraction
when p is a convex risk measure.

Proposition 4.1. Suppose p is a convex risk measure, then
1T 01 = T valloe < vllv1 — 2/,
for all vy, vy € V.

Proof. By |22,[28l[58], any convex risk measure p can be represented as

p(X)= sup {Ep[X]—pu(P)}, (4.2)
PeP(Q)

where p is a convex function satisfying inf pcp(o) 1(P) = 0, and P(£2) is the set of probability distributions
on (€, F). Then, since p is convex risk measure,

[T 1 = Tozllc <y | sup {Epfor] = u(P)} = sup {Ep[va] — p(P)}

PeP(Q2) PeP(Q)
<y | sup Ep[vy —vp]) <y sup Epfvy —va| < 7vllvr — vafleo,
PeP(Q) PeP(Q)
since Ep/ [v; — vg| < ||v1 — v2]|eo for any P € P(9). O

For the dynamic setting, we now introduce the risk measure (3.1]) for each state-action pair. Given the
current state s € S and action a € A, the risk for the value of the next state s’ € S is defined to be:

R(Gs’a)(v(s’)) = géigr?eagEs/Np(.‘s7a) G (v(s'), v, 2)], (4.3)

where the expectation is with respect to the transition kernel P(-|s, a). Throughout the remainder of this
paper, we assume that ’Rg o) 18 @ convex risk measure satisfying axioms (A1)-(A3) for all (s, a) € K, which
means that G may be constructed from Theorem (3.2} For simpler notation, we just take G in (4.3]) to be

the same for all state-action pairs (s, a) € K. We also assume that the G in (4.3) satisfies Assumption
The corresponding risk-aware Bellman operator is then Tg: V — V defined by

[T v] (s) :== min {c(s, a) + ’yR(CT;)a) (v (s’))} , Vs €S. (4.4)

achA

Since T is a contraction operator, Problem (2.4) has an optimal value function v* satisfying v* = Tgv*.
Additionally, based on [57, Theorem 4] and [65, Theorem 5.5], Problem (2.4)) has a stationary optimal policy
7* € Il which is greedy with respect to v*, i.e.
*(s) € argmig {c(s, a) + ’ng o (V7 (s/))} , Vs eSs.
a€ ’

Now, based on [71] and [66, Theorem 1], we define the risk-aware Q-value to be:
Q(s, a) := c(s, a) ""VR(C;a) (5’51;%@(5'7 a')) ,V(s, a) €K, (4.5)
and the optimal risk-aware Q-value, denoted as Q*, to be:
Q*(s, a) := c(s, a) +'}/Rf’;7a) (ELI}%X Q* (s, a’)) , V(s, a) € K. (4.6)

The procedure of RaQL is presented as Algorithm 1 (we provide the pseudo code in Algorithm 1 and
later give the detailed descriptions of each step). RaQL is an asynchronous algorithm based on two loops: an



Algorithm 1 Risk-aware Q-learning (RaQL)
Begin
Initialization using Step O;
For n=1,2,...., N do
Update the approximation results using Step 1;
Observe the current state s7, and choose an action a™ according to exploration strategy T;
Observe resulting cost ¢, and next state si;
Fort=1,2,..,T do
Update the risk-aware cost-to-go using Step 2;
Do stochastic approximation of {Q}} with respect to t using Step 3;
Do stochastic approximation of risk measure by Step 4;
Observe new state s}, 5, and set s = s}, ;
end for
end for
Return QY.
end

outer loop (with N iterations) and an inner loop (with T iterations). In Algorithm 1, we let Q% (s, a) be the
Q-value of state-action pair (s, a) € K w.r.t. iteration n < N and ¢t < T'. Define 7.(:) to be a deterministic
function with 7.(n) € [1, n] for all n < N satisfying the same conditions as in [45, Algorithm 2.1], and
define Hy and Hz to be any positive constants. Here we use (y}'(s, a), z*(s, a)) to denote the approximate
saddle-point of Problem for (s, a) € Kfor all n < N and t < T. The step-sizes are 6} (s, a) (outer
loop) and A; o (inner loop), and the exploration policy is 7.

Define the collection of state-action pairs G := o {(s}, a™), n < N, t < T}, and the filtration is G =
{o{(st,al),i<n, 7 <T}U{(st, a?), 7 <t}} forallt <T and n < N, with G) = {@, '} for all t < T.
This filtration is nested Gi* € G, | forall 1 <t <T —1and G} C gg“, forall 1 <n < N —1, and captures
the history of the algorithm.

Definition 4.2. Given ¢ € (0, 1), 7 is an e-greedy exploration policy that chooses a random action uni-
formly with probability e and otherwise (with probability 1 — ) greedily chooses the action with minimal
Q-value. We denote a’ € argminges Q4 (s, a) and suppose 7 satisfies P (s}, a™) = (s, a)|GP ;) = ¢
and P ((s?, a") = (s, a')|Gi-1) = 1 — ¢ for all (s,a) € K, for any n < N, ¢ < T. Similarly, we have
P ((sT, a™) = (s, a)|Gp ') =e, and P ((s, a™) = (s, a’)|Q§3_1) =1—cforall (s,a) €K, foranyn < N, ¢t <
T.

The exploration policy 7 in Definition guarantees, by the Extended Borel-Cantelli Lemma in [21],
that we will visit every state-action pair infinitely often with probability one. This balances exploration
and exploitation in RaQL more generally, which helps the algorithm avoid getting stuck at locally optimal
policies. It should be noted that RaQL is an off-policy learning algorithm, so the policy for exploration i.e.
7 and the policy from the Q-value updates (i.e. ) are different.

Assumption 4.3. For all (s, a) € K and for alln < N, t <T, the step-sizes for the Q-value update satisfy:
S L 07(s, a) =00 and Y 0., 07(s, a)? < oo for allt < T and (s, a) € K a.s. Let #(s, a, n) denote one
plus the number of times, until the beginning of iteration n, that the state-action pair (s, a) has been visited,
and let N*® denote the set of outer iterations where action a was performed in state s. The step-sizes

07 (s, a) satisfy 07 (s, a) := m if n € N5 and 0} (s, a) = 0 otherwise.

Assumption sends the step-size to zero whenever a state-action pair is not visited. This step-size
selection ensures that only a single state-action pair is updated when it is observed, which reveals the
asynchronous nature of the Q-learning algorithm stated in |26]. We choose k € (1/2, 1], where we call k =1
a linear learning rate and k € (1/2, 1) a polynomial learning rate, and step-sizes A\¢ o = C't~¢ for the risk
estimation with « € (0, 1] for arbitrary C' > 0. The detailed description for each step of RaQL follows:

Step 0: Initialize an approximation for the Q-values Q°(s, a) for all (s, a) € K; given step-sizes 07, \; o >
0 for t < T and n < N, with learning rates k and «; deterministic function 7*(-); initialize (y?(s, a), 2)(s, a))
for all t < T and (s, a) € K.



Step 1: For all (s, a) € K, set (y(s, a), 27(s, a)) = (y5 (s, a), 277 '(s, a)) and Q7 (s, a) = Q4 ' (s, ).
Step 2: Compute v" (s} ;) = mingea Q7 ' (s}, a). Compute

G (s, a™) = c(sy, a”) + 9 G (0" (siha), y™' (st @), 2™ (sY, a)), (4.7)
and
1 t
n,tr.n n n,t/.n n — E ni.,n n n(.n n . 4.
(y (Staa’ ),Z (8t7a )) t—T*(t)—i-l K (t) (yr(8t7a )727'(515’& )) ( 8)

To explain, given iteration n, in each iteration ¢ < T', we observe a new state sy, ; given current state sj' and
action a™, compute the estimated risk-aware cost-to-go ¢;* from one sample in Eq. (4.7). Here, we use the
Q—value Qgi_l at iteration T" and we compute v~ ! from it as input for Eq. 1) although all the @-values
{Qr~"YI | are recorded.

Step 3: For all (s, a) € K, compute

Q' (s, a) = (1= 0(s, a)) Q7 (5, @) + O (s, a) 47 (s7', a”). (4.9)

This update is the same as in standard @-learning w.r.t. the outer loop.
Step 4: Update

(yia (s7, a™), 224 (575 a™)) =Iyswz {(y7' (s7, a™), 27 (s7, a™))
)‘t o/(/) ( (StJrl) ynﬂf(s?’ an)’ th(sgv an))}v (410)

where Iy, z[(y, 2)] := argmin(, .neyxz |(y, 2) — (4, 2')||2 is the Euclidean projection onto Y x Z, and

n—1/.n nti.n o .on nti.on o n\) _ HyG( (Sf+1) yn’t(sta )7 (57
s o o) = (T T s

We provide some further remarks on Algorithm 1.

1. In Egs. , , and , we use the stochastic approximation for saddle-point problems (SASP)
algorithm as presented in |45, Algorithm 2.1] (the detailed steps appear in Algorithm 2). In Algorithm
1, we apply and extend SASP to estimate the risk with respect to each state-action pair, where the value
functions on random next states are the problem input. Classic stochastic approximation may result
in extremely slow convergence for degenerate objectives (i.e. the objective has a singular Hessian).
However, based on the analysis in [45], SASP with properly chosen « € (0, 1] preserves a “reasonable”
(close to O(n~1/2)) convergence rate even when the objective is non-smooth and/or degenerate. For
instance, the Kusuoka representation is non-smooth and degenerate since the Hessian matrix is
singular with respect to p € 9. Thus, SASP is more appropriate for estimation of risk measures.

"))
) ) . (4.11)

2. The risk estimation and the @-value updates are mutually dependent. Given iteration n, the risk
estimation, Step 4, applies SASP to update the candidate solution of the saddle-point problem for
each selected state-action pair, using the @-value from the previous iteration (i.e. %71). Given

the current state-action pair (s, a), neither the expected value of G in , nor the subdifferentials

{0,EG (v(s'), y, z), 0:EG (v(s'), y, z)} (the expectation is with respect to the transition kernel), are

available. We assume that at any iteration ¢, for every desired point (y™!(sy, a™), 2™*(s}, a™)), one

can obtain a biased estimator of the aforementioned subgradients. These estimates form a realization
of the pair of random vectors,

Gy(0" M (sPy), y™ (s, a™), 2™ (s}, a™)) € RM,
and
G.(0" N (sPy), Y™ (st a™), 2V (s, o)) € R,

where {v"~1(s7)}]_, is a sequence of independent identically distributed “observation noises” according
to the underlying transition kernel. In Step 3, the Q-value in the current iteration {Q7}]_; is updated
based on Q7Tl_1 and the approximate risk-to-go §;'(sy, a™) follows the same update rule in standard
Q@-learning.
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Algorithm 2 SASP

Step 0. Input: i.i.d samples {z;}$2; of random variable X; step-sizes A\; = C't~* with « € (0, 1] for C > 0;
deterministic function 7, (+); initial (y1, z1) € Y x Z; positive constants Hy, Hz,
Step 1. fort=1,2,... do

Step la. Update

(Wes1, ze41) = Hyxz [(We, 20) — Mb(@es ye, 20)], t > 1.
The vector ¥ (z; y, z) € R% x R% is
1/)(I7 Y, Z) = (HyGy(l‘, Y, Z)7 7HZGZ(I7 Y, Z))7

and z is any realization of the random variable X,
Step 1b. Take the moving average

t
(yt7zt) t—T* +1 Z y‘r; ZT

T=T4(t)

3. We resolve the “overestimation” problem (the accumulated error from poor risk estimation) in rein-
forcement learning described in [32,[70] through the special inner-outer loop structure of RaQL. This
phenomenon is not mentioned or resolved in [66], where the iterative procedure is analogous to stan-
dard @Q-learning because of the special structure of utility-based shortfall. RaQL reduces the bias by
multiple iterations of inner loop to provide an accurate risk estimate before updating the Q-values. Our
algorithm is thus related to “Repeated updated @Q-learning” as proposed in [1], which resolves perfor-
mance degradation when the algorithm is used in noisy non-stationary environments. Our algorithm
addresses what we refer to as the “policy-bias” of the action value update. Policy-bias appears in Q-
learning because the value of an action is only updated when the action is executed. Consequently, the
effective rate of updating an action value directly depends on the probability of choosing the action for
execution. For any state-action pair (s7, a™) chosen by 7 in the outer loop w.r.t. n < N, we perform
stochastic approximation to estimate the risk for state-action pairs with fixed action a™ in iterations
t <T'. This convention increases the probability of choosing optimal actions while also getting a more
accurate risk estimate.

4. Often, the cost function is random rather than deterministic. For example, in inventory control, for
stock s, we order quantity a, and then only learn the cost after seeing the random demand. Let
¢(s, a, X) denote the random cost, where X is random noise, and assume that 0 < ¢(s, a, X) < Chax
for all (s, a) € K a.s. Following the same technique as for standard @-learning from [52,/69], we can
substitute realizations of the random cost for deterministic costs in our update rule Eq. , and
then compute the risk of the sum of the random cost and the discounted cost-to-go,

Q*(s, a) = R(Ci,a) c(s,a, X))+~ {lnelg Q*(s', a)|, (4.12)

for all (s, a) € K. Let {z}}i<i<r,1<n<n denote a sequence of independent identically distributed
samples of X indexed by ¢ and n, and let ¢(s}', a™, ') denote the cost observed in state s}, for action
a™, with noise x}" at iteration ¢ and n. In terms of solving Problem 7 we replace the earlier
expression in Algorithm 1 with

Q' (sy, a") = G (e(sy, a”, @) +yv" " (siy), y™ (st a™), 2™ (sy, a™)) (4.13)

and replace Step 4 in Algorithm 1 with

(yf+1(s?, an)v Z;LJrl(s?v an)) =llyxz {(yf(s?, an)v Z;L(S?v an))
_>\t oﬂ/) ( (St ’ $?) + V'Unil(s?-&-l)a yn,t(8?7 an)7 Zn’t(s?a an))} )
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and

¥ (V" (), Y™ (8T a), 2 (sE ™)
_( HyGyle(sy, am, @) +y v H(siy), y™i (st a™), (s}, a™))
—HzG.(c(s}, a®, af) +yv" " (shi), v (sfs a™), 2 (s, an)) )

This random cost variant of Algorithm 1 is also based on repeated stochastic approximation for risk
estimation for a fixed action in the inner loop, which resolves the overestimation problem caused by
the biased risk estimation.

4.2 Main results

We now state our convergence results for RaQL.

Theorem 4.4. (Almost Sure Convergence) Suppose Assumptz'on holds, and fix T > 1. Let {Q%}n>1 be
the Q-value produced by Algorithm 1. Then Q7 — Q* as n — oo, almost surely.

The proof of Theorem uses techniques from the stochastic approximation literature [40], |19] and
[18], which are applied to reinforcement learning and @Q-learning in |14}35.69}/71]. However, our algorithm
differs from risk-neutral Q-learning because it updates Q-values as well as estimates risk via stochastic
approximation. The intuition of our proof follows the idea in [36] where multiple “stochastic approximation
instances” for both @-value updates and risk estimation are “pasted” together. The error in @Q-values is
captured by the distance of Q} to the optimal @*, while the error in risk estimation is captured by the
duality gap of the corresponding stochastic saddle-point problem. We must account for the interdependence
of these two errors in several parts of our proof.

Next, we present the convergence rate for RaQL for a polynomial learning rate. We first clarify several im-
portant concepts and definitions that appear in this result. For any (s, a) € K, we define (y™*(s, a), 2™*(s, a))
to be a saddle-point of

(y(S, a)a Z(’S? a)) — IES’NP(‘|s,a) [G (Unil(sl)v y(57 a)’ Z(Sv a))] )

for each (s, a) € K, where v"71(s') := mingea Q% (s', a). Similarly, we define (y*(s, a), 2*(s, a)) to be a
saddle-point of
(y(87 Cl), Z(Sa a)) — ES'NP("S,CL) [G (U*(Sl)a y(57 CL), Z(S, Cl))] )

for each (s, a) € K, where v*(s’) := min,ep Q*(s, a). We define the Hausdorff distance between sets with

respect to the Euclidean norm based on [54]. Let 2 and B be two non-empty subsets of a metric space
(M, || - ||2). We define their Hausdorff distance © g (2, B) by

(3, %) = max {sup ot 4~ Blla, sup fut |4 Bl .

Let
Sil,t = {(aGy(vnfl’ yn,t7 Zn,t)’ aGZ(v”’l, yn,t7 Zn,t))},

and
Sg’t = {(0G,(v", Y™t 2™, G, (v*, y™t, 2m)Y,

be the two subdifferentials of G' with respect to v"~! and v*, given (y™¢, 2™!). The results of the following
lemmas appear in our main convergence rate result. First, Lemma bounds D g (87 ot Sy ’t) with respect

to Q7" — Q7|2

Lemma 4.5. [5] [49, Theorem 4.1] Suppose Assumption (zz) holds, then there exist Ki(;), Kl(f) > 0, such
that

a8y, S5 < KPR = @Il + KP\IIQE = Qs (4.14)
foralln <N andt <T.
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The next result pertains to the modulus of stability of the saddle-points for the estimated risk measure
w.r.t. each n < N.

Lemma 4.6. [68, Theorem 3.1] (41, Proposition 3.1] Suppose Assumptz'on holds, then there exists Kg > 0
such that for allmn < N we have
(", 2") = (™" 2" ") 2
<Ks||Eynpiisa) [G (0", ¥ (s, a), 2%(s, a))]
— Bonp(laa [G (07718, v (s, @), 27 (s, a))] |, -

Theorem 4.7. (High Probability Convergence Rate) Suppose Assumptz'on holds, and choose € > 0 and
0 € (0, 1). For a polynomial learning rate (i.e., k € (1/2, 1)), there exist 0 < k < 1/CK$) and

_Kef, [ cwmape
T {1 ! %i(l_(;(n@))—axgm) KGKS}’ e

such that we have ||QF — Q*||2 < & with probability at least 1 — §, for N and T satisfying:
(1 -~ - KgKs)’s/C

(r(T))"* < e (4.16)
(r(T)™ > (Ko = Ko(2y + KoKs) ~ 2" (4.17)

C {KG +[Ke — Ko(2y + KoKs) — 2] Kf/})f#} ’

and

N=0 (Vrﬁax|8||A|1n(vmax<S||A|>3/2/[56Té<1—e>}>”k+<( ! 1anaxvg'S”A'>llk C@1s)

Br2e*(1 —e)t+3k 1—¢)br

Remark 4.8. To interpret the bound (4.18]), we first consider its dependence on &. This dependence gives
us the bound Q((In(1/£)/£2)Y/* + (In(1/£))*/(1=*), which mirrors the bound for classical asynchronous Q-
learning in |26, Theorem 4]. The lower bound on the number of outer iterations N is decreasing with
Br. Since the quantity Br is increasing with 7', the lower bound on N is decreasing with 7. Consequently,
improving the quality of risk estimation by increasing the number of inner loops will improve the overall
convergence rate of the algorithm. In addition, the sample complexity will first decrease and then increase
as a function of the learning rate k (which is also observed for standard Q-learning in [26]). Furthermore,
the sample complexity is directly proportional to the discount factor v, problem size [S||A[, and bound Viax
on the magnitude of the value functions in V. It is inversely proportional to the Lipschitz constant Kg
and the modulus of the Hausdorff distance of the subdifferentials K 1(/)1). Increasing ¢ will also increase the
sample complexity, revealing that there is a tradeoff between avoiding the algorithm getting stuck at local
optima and reducing the overall computational complexity. The sample complexity also depends on the risk

. . . . 1
measure, since different risk measures have different constants K¢, K fp ), and Kg.

We also derive the convergence rate of RaQL for a linear learning rate (i.e., ¥ = 1) in Theorem {4.9
Under a linear learning rate, we can obtain convergence rate results in both probability and expectation as
summarized in Theorem [£10

Theorem 4.9. (High Probability Convergence Rate) Suppose Assumption holds, and choose € > 0 and
d € (0,1). For a linear learning rate k = 1, there exists Br as described in , such that we have
QY — Q*|l2 < & with probability at least 1 — &, for N satisfying

1 Vmax\/\guM
N (2E =TT VRaSIA I (Viuax (S]|AD*/?/ [255r2(1 ~ )])
B 1—¢ U2pre? (1 —¢)? ’

where VU is any positive constant, and for T satisfying conditions and .
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In Theorem the positive constant ¥ is used to bound the duration of iteration m, which starts at
time 7,,,, and ends at time 7,,11. Define C be the upper bound:

C n— %
{1+W+[KG(W+KSKG)]Q} I - Q'3 < Co (4.19)

almost surely. Next, we prove convergence in expectation. We define a function
t()ﬁ
t):=|[KyHy,' + KzH;"| =
1) := [KyHy" + KzHZ'] Ct—r(t)+1)
(Ky + Kz)L
t— 7. (t) + 1
+C(Ky + Kz)?L? [HyKy + HzKz| 7, %(t), (4.20)
for all integers 1 <t < T.

Theorem 4.10. (Convergence Rate in Expectation) Suppose Assumptz’on holds, and set linear learning
rate k = 1. Given &€ > 0, we have E [||Q} — Q*H2|QJTV;11] < g, for N satisfying

N o (max {(Ca + (v J(T)2)e/ (2 = 29K )e? — Kaly — KoKa — ), c;ax|S||A|})
E )

where Cg is defined in the inequality and f(T) is defined in Eq. by choosingt = T.

In Theorem the function f(t) bounds the duality gap of the stochastic saddle-point estimation in
each iteration t < T, for a fixed iteration n < N.

5 Proofs of main results

5.1 Almost sure convergence

We now present the proof of Theorem [I.4] step by step.
Step 1: Bounding ||(y™f, z™!)—(y™*, 2™*)|]3, for alln < N and t < T, by a function of ||Q} ' —Q*|)3.

Lemma 5.1. Suppose Assumption holds, then there exists 0 < k < 1/ (C Kq(;)) such that

o7~ = Q"3, (5.1)

k(1= O(r(t) K k)
forallt <T,n<N.
Proof. From Eq. (4.10) in Step 4 of Algorithm 1, we know

I(ysas 2i4) — (™, 23 =

IT (w2 = Aoty 2m0) — T o =)

Yxz YXZ

<wrs 20) = (™ 2™) = Aap(0™ 7 ™t 2|

<(yits 2 — (™", 2|3 + (Hy + HE)L*C*t >
=20t (g, =) — (y™, 2™7) T gt 2, (5.2)

2

where the first inequality follows from non-expansiveness of the projection operator and the second inequality
holds by Assumption iv). Based on Lemma we have

(=L, y™t, 20— p(o*, y™ 2 < D(SP, S5 < KVIQET — Q*lla + K\ 1QE — Q2.
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Take the sum of the terms Ct= ((y, 27) — (y™*, 2™*)) " (v~ L, y™t, 27t from 7.(t) to ¢, divide by

m,toobtain:
1 t
—« n ny __ n,* n,x\\ | n—1 n,t n,t
e D D [ (U B U AR (]

T=T4(t)

—Q n n n,* n,* T n— n n * n n
SC(r() ™ (™" 2™ = (™, 2™) - (V"™ Y™, 2 — ", g™, ™)
SO(n(@®)™*N™, 2™ = (™", 2" 2llp@" ™, g™, 2™ — w(v*, y™ Z”’t)\lz

<CE) NG 2 — (™, )]s (Kf,,”nc?% Y N Q*nz),

where the first inequality holds due to Assumption iii). Using the inequality 2ab < a*k + b?/k for all
k > 0, we obtain

- 20(7*(15))7& ((yn,t7 Zn’t) - (yn,*, Zn,*))T (qu(vnila yn,t’ Zn’t) - ’l/J(U*, yn,t’ Zn’t))
> —C(n () KDV (™, 2 — (™, 23k — Cln () QR — Q*|3/x
~C(r ) KS (g™, ™) — (™, 2 2/ 195 — Q2. (5.3)

By summing the right hand side of 1| from 7. (t) to ¢, dividing by ﬁ, and combining with 1) we
obtain

1
t—T1(t)+1

t
Yo Uy, 2 = ™, 25 + (HS + HZ)L*CPr—2?)
7 (1)

- n n mn,*x T, * T n— n n
- 2C(T*(t)) ((y ’ta < ’t) - (y T,z )) ¢(U 15 Yy ’t7 z ’t)
- n n n,* n,* n n n,* T, x T n— n n
ZC(T*(t)) ”(y ’tv z 7t) - (y T, 2 )”g -2 ((y )tu z 7t) - (y T2 )) ¢(v 1; Yy ’t, z ’t)
(1= C(r ) K m)ly™, =) = (v, =")|3

— O(r(®) Q5" = QI3 /K — Cru(®) KD (g™, =) — (™", 22\ 1QF " = Q%[ (5.4)

Since the term (1 —C(7.(t)) K (1) #)||(yr, 27) decreases with «, while the term C(7.(t)) || Q%™ — Q*||3/x
increases with x. We further claim that we can choose & satisfying 0 < k < 1/(C Kf;)) such that

(1= Cr@) K0 28 — (™, 23 — C(r(®) Q' = Q7II3/x < 0, (5.5)
which gives the desired result. O

Step 2: Bounding ||(y*, z*) — (y™*, 2™*)]|2, for all n < N, by a function of ||Q?71 — Q*|]2. We
first present a well known inequality.

Fact 5.2. Given two proper functions fi, fo: X - R,
_ < _
[ma fi () — ma ()] < maag | (z) — fol)

and

| min f1(z) — min fo(2)| < max|fi(z) - fa(z)]-
In particular, Fact [5.2] implies that
| min Q7" (s, a) —min Q" (s, @) < Q7" — Q"o <NQF " = Q7|2 (5.6)

for all s € S.
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Lemma 5.3. Suppose Assumption holds, then, for all n < N, we have

Iy, 2%) = (™", 2" )2 < Ks Kell Q' = Q7|2 (5.7)

Proof. Tt can be shown that

(", %) = (™ 2"l
SKS ||]Es'~P(~|s,a) [G (vnil(s/)’ y*(57 a)v Z*(Sa a))] - IFﬂs"NPHs,a) [G (Unil(sl)v yn,*(s’ a)v Zn’*(sa a))] H2

<K g max

.E’N <saG n—1/7 ) ) ) - .Es/w -saG */7 ) ) )
nae it By p o) [ (0 71), 905 ), 205, @))] = minEop o (G (07 (5), 35, a). 2(s, )]

2

<Kg yelarilaz)éz HES/NP(,|57G) [G (U"_l(s'), y(s, a), (s, a))] —Egp(|s,a) [G (0" (s), y(s, a), z(s, a))]H2

<Kgs K¢l main Q?‘l(s, a) — nzin Q*(s, a)ll2
<KsKg|Qy ' — Q*|2,

where the first inequality follows from Lemma the second inequalities holds due to Fact the third
inequality holds by Lipschitz continuity of G under Assumption ii), fourth inequality holds based on the
Lipschitz continuity of function G on V x Y x Z, and the last inequality holds by inequality (5.6). O

Step 3: Apply the stochastic approximation convergence theorem. This step completes the
proof of Theorem We introduce an operator H : V x Y x Z — RISIAl defined via

H(v, y, 2)(s, a) = c(s, a) +7G (v(s"),y(s, a), 2(s, @), ' ~ P(s,a),
for all (s, a) € K. Eq. may then be written as
Q" (s, a) = Eyop(s,a) [H (v7, ¥*, 27)] (5, a), ¥(s, a) € K. (5.8)
Next we define two stochastic processes,
€' (s,a):=H (v”fl, Y™, 2 (s, a) — H (v”fl, y™t 2" (s, a),
&' (s, a) = H (v"y*, 2%) (s, a) = H (v" 71, g™, 2™") (s, a),

for all (s, a) € K, t < T, and n < N, where €} corresponds to the risk estimation error (i.e. the duality
gap of the stochastic saddle-point problem) and ;' corresponds to the error between Q% and Q*. Therefore,
Step 3 in Algorithm 1 is equivalent to

Q?(Sv a) - ?“71(57 a’)

= 92 [ 7%71(87 (l) - Q*(S7 a’) + SZL(S, (l) + 6?(87 a) +Q*(8a a) - H(U*7 y*a Z*) (87 a)} ) (59)

for all (s, a) €K, t < T, and n < N. Clearly, E [Q*(s, a) — H (v*, y*, 2*(s, a)) |G'] = 0 for all (s, a) € K
by (5.8). By Lemma we know that

CKg

E e”s,a 2gn—1 < —
et DEOE) < - e

Q7" = QI3 ¥(s, a) € K. (5.10)

In particular, inequality (5.10)) holds by setting ¢ = 1 in (5.1]). Furthermore, inequality (5.10) shows that the

conditional expectation w.r.t. ggﬁ;ll of the risk estimation error for each state-action pair at each iteration

is always bounded by [|Q% ' — Q*||3. In addition, by Lipschitz continuity of G, we have
€ (s, @)l <y Kg|min Q7 (st a) — min Q*(sy, a)| +7Kal(y™(s, a), 2" (s, a)) = (y™" (s, a), 2™ (s, a))]

<YK Q7 = %[l + Iy, 2%) = (v, 2™)l2]
<yKa(14 KaKg) Q™ — Q*|2, (5.11)
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where the final inequality holds due to Lemma Since G is P-square summable for every y € ) and
z € Z in Assumption i), the risk measure is bounded for all (s, a) € K. Furthermore, based on
and boundedness of the cost function ¢(s, a) by Assumption ii), we have boundedness of Q7 for all
t <T, n < N. Boundedness of the Q-values together with results (5.10) and , along with the equality
E [Q* — H (v*, y*, z%) |gt”+—11] = 0, mean that the update rule 1D satisfies the conditions of [40, Theorem
2.4] and [19, Assumption A2]. We now have the ingredients needed to apply the stochastic approximation

convergence theorem (see e.g. [40, Theorem 2.4] or [19, Theorem 2.2]) to Eq. (5.9) to conclude that

(s, a) = Q*(s, a) a.s.,

for all (s, a) € K as n — oo.

Remark 5.4. In terms of RaQL with random costs, the result of Lemma[£.5] holds for the modified subdifferen-
tials of the function G with respect to c(sf, a™, x)+y v 1(s}, a™) and ¢(s}, a™, z)+vyv* (s}, a™), based on
. We can then follow Steps 1 and 2 to bound [|(y™?, z™%) — (y™*, 2™*)||3 and ||(y*, 2*) — (y™*, 2™%)|2
in terms of ||Q;71 — @Q*||2. Finally, we can again apply the stochastic approximation convergence theo-
rem [40, Theorem 2.4] or |19, Theorem 2.2] to prove almost sure convergence of RaQL for random costs.

5.2 Convergence rate

In this subsection we derive the convergence rate of RaQL for a polynomial learning rate k € (1/2, 1).
Our convergence rate proof follows [26]. The main idea is to connect the convergence of RaQL with
the convergence of an artificial deterministic sequence, which has a linear convergence rate that is eas-
ier to derive. In other words, the values {Q%},>1 could be bounded by a deterministic sequence almost
surely in each iteration. Explicitly, we will construct 0 < fr < 1 and an artificial deterministic sequence
{Dmm }m>1 satistying Dy = D1 = Vipax and D1 = (1 — ) D,y for all m > 1. Here we call m as “epoch”.
Clearly, the sequence {Dy,}m>1 converges to zero. This sequence also has the following special property:
for every m > 1, there exists 7, such that [|Q% — Q*||2 < D, holds for all n > 7,,,. The duration of
epoch m is then 7,11 — Ty,. Subsequently, we show that Q7 (s, a) — Q*(s, a) is bounded by two simpler
stochastic processes {Z,""™ (s, a)}r,, <n<n and {Y;""™ (s, a)}r,,<n<n. We then establish the relationship
of {Z"™ (s, @)}z, <n<n and {Y;"™ (s, a)}r, <n<ny with {Dp,}ms1. In particular, {Z07™™ (s, a)}i=1.. . is a
martingale difference sequence so we can derive a high probability bound on {Z;"™™ (s, a)},,,<n<n from the
Azuma-Hoeffding inequality. On the other hand, {Y;""™ (s, a)},, <n<n captures all of the biased estimation
error terms (from the risk estimation error and the Q-value estimation error) in RaQL, which can be bounded
almost surely by a function of {D,,},>1. By combining these two results, we show that QY — Q*||2 < &
holds with high probability for large enough N and any 7" > 1.
We will verify the existence and provide the explicit forms of: D,,, 87, and 7, in the upcoming steps.

Step 1: Constructing two stochastic processes and bounding [|Q7 — Q*|2 by their sum. We
decompose (5.9) into two separate stochastic processes {Z;""™ (s, a)}r, <n<n and {Y;""™(s, a)}r, <n<n-
We define, for a fixed m > 1 and for n > 7, and ¢t < T, the quantity

ZMET (s, a) i=(1 — 0% (s, a)) Z" ™ (s, a) 4+ 0% (s, a)((s, a), (5.12)

for all (s, a) € K, where ((s, a) := Q*(s, a) — H (v*, y*, 2*) (s, a) and Z[™"™ = 0, for all £ < T. We also
define, for a fixed m > 1 and for n > 7, and t < T, the quantity

YT (s, a) =1 07 (s, )Y (s, @) + 67 (s, a)Kay (Do + [I(y7, 2%) = (9™, 2)J2)
+0r(s, a)Kel(y™", 2™ — (™, 2) |2, (5.13)

for all (s, a) € K, where Y, (s, a) = D,,, for all ¢ < T. The process is a recursion for the unbiased
error terms ((s, a), while the process is a recursion for the biased error terms (e.g. the sum of the
Q@-value approximation errors and the duality gaps from the risk estimation). The following Lemma
which appears in [14] and |26, Lemma 9] shows that the almost sure lower and upper bounds for Q-value

estimation error at each iteration by the process (5.13]) and ((5.12)).
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Lemma 5.5. Given the stochastic processes and , and the update rule (@),
ZTm (s, a) = YT (s, a) < QF (s, a) — Q% (s, a) <Z{" (s, a) + Y, (s, a), (5.14)
holds for allt < T, 7, <n < N, and (s, a) € K.

Proof. Suppose both €}'(s, a) and &' (s, a) are non-negative for all (s, a) € K. From the right hand side of
Eq. (5.13), for all t < T, n < N, we have

(1= 0%(s, )Y"™" (s, a) + 0k (s, a) Ky (Dm + (47, 2°) = (™", 2"7)l2)
+0;(s, a)Kell (y™", 2™") = (™", 2|2
>(1 =05 (s, a)Y"™" (s, a) + 05 (s, a) (I (s, a)| + |ef (s, a)])
=(1=05(s, @)Y, (s, a) + 01 (s, a) (§'(s, a) + € (s, @), (5.15)

where this inequality is due to inequality (5.11) (|¢7(s, a)| < vKe [|QF " = Q*[l2 + |(y*, 2*) — (y™*, z™")|2]),
the definition of €}'(s, a), and Lipschitz continuity of G from Assumption[3.1(ii) (|e}'(s, a)| < Kq||(y™*, ™)

y"™*, 2"™*)||2). Combining inequality (/5. with Eqgs. (5. an A2), forallt < T, n < N,and (s, a) € K,
x g Combining i lity ((5.15)) with E (5.13)) and (5.12)), for all T N, and K
we have
Z; T (s, a) + YT (s, a)
>(1=05(s, @) (2" (s, a) + Y7 (s, a))
+ 0% (s, a) [€' (s, a) + €' (s, @) + Q" (s, a) — H (v", y", 27) (s, a)]. (5.16)

We now use induction on n to show that the right-hand side in inequalities (5.14)) holds. By setting the base
case to be n = 7, we have, for all t < T and (s, a) € K, that

Z{m T (s, a) + Y, (s, a) = D 2 [|Q7 — Q7 l2 2 Q7 (s, a) — Q7 (s, a).
The above equality holds by the definition of Z]*(s, a) and Y;*(s, a) in Egs. (5.12)) and (5.13)), respectively.
Suppose Z,""™ (s, a) + Y™ (s, a) > Q¥ (s, a) — Q*(s, a) for all 7,,, <n < N, t < T, and (s, a) € K. Then,

by inequality (5.16]) and Eq. (5.9), we obtain the right hand side of the above inequality. Now, suppose both
€2(s, a) and &' (s, a) are negative for all (s, a) € K, then

— (1= 0;(s, 0))Y;"™" (s, a) + 0 (s, o) Kay (=Dm = [[(y", 27) = (y™7, 2"7)[|2)

= Ok (s, a)Kgll(y™, 2™") = (y™*, ") |2
< = (L= 05(s, a))Y7"™ (s, a) + 05 (s, a) (&' (s, @) + €' (s, a)), (5.17)

and so we obtain the left hand inequality in inequalities (5.14) following the same reasoning. Finally, when
€7 (s, a) and &J'(s, a) have different signs for all (s, a) € K, we can show that inequalities ((5.15)) and (5.17)
5]

hold. Thus, following the same inductive reasoning, we can show that both inequalities in ( hold. O

Our main focus is on deriving a high probability bound for the convergence rate of ||Q% — Q*||2. By
Lemma , this goal is equivalent to bounding the sum and the difference of the stochastic processes
{Z,"7 (s, a)}s,, <n<n and {Y;"" (s, @)}, <n<n. In the following steps of the proof, we first derive almost
sure bounds on {Y""™"}, <n<n.

Step 2: Bounding {Y;""™}, <,<n and selecting Sr. The next lemma provides an almost sure up-
per bound on the stochastic process {Y;""™}, <n<n. Furthermore, this lemma shows that the duration
of epoch m, which starts at time 7, and ends at time 7,11, is bounded by (7,,,)*, and it also provides an
explicit selection of Sr.

Lemma 5.6. Given any m > 1, assume that for all n > 7, we have Y""™ (s, a) < D,,. Then, for any
n> T+ (Tm)* = Tong1 we have

C(r (1))~
k(1= O(r(T)) =K k)

n,T, 2
Y (s, a) <KDy, <’Y + \/ + KGKS> + gﬁTDma
for all (s, a) € K, where By is given in Eq. with T satisfies conditions and .
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Proof. Based on the proof in |26, Lemma 27], we combine the convergence rate results from Lemmas and
into the definition of the process Y}LH’T’" as described in Eq. (5.13). We then obtain

e o (1)~
YT ( ) ) KGDm <7+ \/ﬁ(l _ C(T*(T))*O‘ Q(;),k;) +KGKS> +g7'm7

for all (s, a) € K and m > 1, where

_ o @y
o 'KG{I ! \/H<1—C<T*<T>>QK$)H> KGKS}DM’

for all (s, a) € K and m > 1. We may then write

nTm(s ) — o C(r(T)) . _an
e = Kby (1 ! \/»:(1—C<T*<T>>QK$)H> KGKS>+(1 e

for all (s, a) € K, n < N and m > 1. Since the step sizes 6} are monotonically decreasing in n, we can
rewrite g, as

_ o Con@)~ O
gn_KG{l v \/n(l—C(T*(T))_O‘Ké,l)H) KGKS}Dm H (1—=6,""")

=1
N—Tm 1
< 2B1D,, 1——
< 26r g ( (z+Tm)k)
N—Tm 1
<9 (T \k\n—Tpm,
= BTDm H (1 (Tm) )
1=1
1 .
< 267Dy (1 ()1
Tm
2
< gﬁTDm, (5.18)
for all n < N, where the first inequality holds by the choice of 7 in Eq. (4.15). O

Step 3: Deriving high probability bound on {|Z7"™|}, <,<ny by the Azuma-Hoeffding in-
equality. The following Lemma directly follows from the results in |26, Lemma 28]. It shows that
{Z™ (s, a)}i=1....n for fixed n < N, is a martingale difference sequence for all (s, a) € K.

Lemma 5.7. (26, Lemma 28] Given a fized n > T, for any i € [Tm, n|, define

n

0" (s, a) = 057 (s, a) H [ ia(s, ).
J=i+Tm+1

Let %, . (s, a) :=n/""(s, a) ({1 (s, a) so that |Zb (s, a)] = 2L, wy, ., (s, a). Then, for all (s, a) € K,
we have: (i) for any n € [Tmy1, Tmi2], the random variable W}, . (s, a) has zero mean and is bounded by
(1 = &) (Ton)®) YVinax; (41) for any n € [Tmi1, Tmaz] and 1 <1 < n, Ztl’T’”(s, a) is a martingale difference
sequence satisfying |20 (s, a) — ZL 5T (s, a)| < (1 — )5 (Tm)F) ™ Vinax-

Based on Lemma and [6], we obtain a high probability bound on |Z7™" (s, a)| w.r.t. m > 1 and
N € [Tm+t1, Tmiz2] by the Azuma-Hoeffding inequality, we also derive a selection rule for choosing 7y and

{Tm}m>1.

Lemma 5.8. Given 0 < 0 < 1, we have: (i)

2
P |Vn € [Timt1, Tmi2) : V(s, a) e K: |27 (s, a)] < (1 — E)BTDm >1-0(1-¢),
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for

B V2o 0 (Vs [SI|A/[887 D (1 — )) ) *
7”“@<< et ) )’
and (ii)

P |Vm € [1, |, Vn € [Tmt1, Tmaal), V(s, a) €e K: |Z5 (s, a)| < 5] >1-4,

1
1—¢ -
for

2 ~ 1/k
m:@<C@MM%mNMMMﬁO—M» )_

(Br)2e2(1 — e)1+3k

Proof. First, note that {Z-™ (s, a)}i—1....n is a martingale difference sequence for all (s, a) € K by Lemma
Next, following the proofs of |26, Lemma 30] and [26, Lemma 31], for each state-action pair, we apply
Lemmaand the Azuma-Hoeffding inequality to Z7™™ (s, a) with ¢; = WVIMLX, for all i € [r, n].
Then, for any n € [Tyy41, Tmt2], we have

- —&2
PHZ;’TW(S? a)' > € | ne [Tm+17 TerQ]] < 2exp 7 B
Zi:‘rm+1,i€N3va G
27 (1 — )3k
V2 ’

max

< 2exp (—C (5.19)

with a constant C' > 0. Let dm denote the right hand side of the inequality (5.19), which holds for 7,,
O(In(1/0,,)V2,./(1 — e)1T3k&2). The union bound gives

T +2

PVn € [fms1, Tmaal 0 297 (s,0) &< Y P[Zp™ (s, a) < 4],

n=rm+1

and so taking d,, = m assures that with probability at least 1—d(1—¢), we have |Z7"™ (s, a)| <

¢ for all (s, a) € K and n € [Ty41, Tmt2)- As a result, we have

% 2
Ton = O(n(1/6,,) V2, /(1 — &)1 T3ke%) = 0 <<Vmax

hmwmmmnAvwﬁTDmuaD>l“>
(ﬂT)QDm(l _ 5)14—3/9 :

Setting &€ = (1 — 2/e)B7 D, gives the desired bound in Lemma [5.8[i). For Lemma ii), we know that
", 2 ]
P |Vn € [Tnt1, Tmae] 0 |27 2 (1= E)BTDW < o

and obviously

n,T 5
PVn € [Tmi1, Tmio) @ |27 "

> D] <

Using the union bound again shows that

M
1
P |Vm < ==, ¥n € [Tmi1, Tmeal, [2777] > 5} <Y P[0 € [t Tmal, |12 > 8] <6,

m=1

where € = D,,,. We replace D,, with £ in Lemma i) to obtain

- 1/k
m@<0@gmmwwmmwmu—mv .>

(Brpe (1 — o)+
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Step 4: Completing the proof by combining Steps 1 through 3. This step completes the proof of
Theorem [£.7} The following Lemma is a standard fact about numerical sequences that is used to derive
the final convergence rate in Theorem [1.7]

Lemma 5.9. [26, Lemma 32] Let apiy = am + 7= (am)* = ao + 310 1= (a;)¥. Then, for any k € (0, 1),
am =0 (((ao)k + %_Em)ﬁ) =0 (ao + (f:m)ﬁ)

Based on Lemma [5.9] we set ag to be 7 in Lemma [5.8] and we have

n, T, 2
P [Vn € [Tmt1, Tmaz] : V(s, @) €K |Zp7 (s, a)] < (1 — g)ﬁTD }
<P [V [Tm+17 Tm+2] : V(S, CL) eK: |Z;7Tm(sv a)l + YIT’LJ"L( ) < Dm+1]
SP [vn S [Tm+1a 7_m—&-Q] ||QTIL1 - Q*”oo S Dm+1]
<PVn € [Tmi1, Tmre) @ |QT — Q" [loo < D
<P [¥n € [rms1, Tma] 2 Q% — Q"2 < V/ISTAID |

where the first above inequality holds based on Lemmal[5.6] the second one holds based on Lemma and the
third one holds based on the definition of sequence {D,, }.n>1. Choose € to satisfy (1 — %)ﬁTDm =< Dy,
then we have by Lemma ii) that

1
P | € [L 2], Y0 € s, rsal ¥(s, @) € K5 1QF — Q' < VETAID| 21-

with

B V.2 In(Vinax [SI|AL/ [8872(1 — )\ /"
@<< (Br)2(€)2(1 — &)1 ¥3k ) )

Since this statement holds for all m € [1 based on Lemma [5 . we have

=),
P [¥n € [fms1, Tzl V(s @) €K Q5 — Q12 < V/ISTTAID,| 216, (5.20)

Set & such that /|S||A|Dy, < &€ and Dy, = Vinax(1 — Br)™, we have m > (1/81) In(Vinax/|S||A]/€) and so

B V.2 e In(Vinax SIAL/ 88721 — )]\ 1 Vinax/ISTIAT} | "
o | (e ) +<<1s>6T1“< E

Since the probability bound (5.20) holds for all n € [Ty, 11, Tma], if we replace & with £/,/|S||A], we get the
desired result since € < £/4/[S||A]|.

6 Numerical experiments

We illustrate the application of RaQL with an infinite-horizon inventory control problem. In practice, RaQL
finds the optimal risk-aware ordering policy 7* : S — A, which is more reliable than the standard one because
it is sensitive to low probability events with extremely high random demand. In each stage, we first observe
the current stock s € S in inventory, then order a € A new units, after which a random demand D is realized.
The new inventory level in the next stage is

s = max{0, min{s + a, Smax} — D},
where Spax denotes the largest state in S := {0, 1, ..., Smax }. The random cost is

c(s,a, D)=¢-a+b-max{D — s —a, 0} — p- min{s + a, D},
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where ¢, p and b are the unit order cost, selling price, and backorder cost, respectively.

For our experiments, we choose ¢ = 3, p = 5, b = 4, D is uniform on {1,2,...,10}, and the finite
state/action spaces are: S = {0,1,...,19} and A = {1,2,...,10}. We set the discount factor to be v = 0.1,
and we assume that all model parameters (costs, price, and transition probabilities) are all stationary. In
these experiments, we evaluate the performance in terms of the relative error ||Q% — Q*||2/]|Q*||2, n < N.
Here, we obtain Q* exactly by doing risk-aware DP (as proposed in [57]) where in each iteration the risk-
aware Bellman operator is computed by exactly solving a stochastic saddle-point optimization problem (see
Ta in ) First, we verify the convergence of our algorithm for a few different risk measures, and then
we compare the performance with standard risk-neutral @-learning. These results confirm the almost sure
convergence of our algorithm as well as its competitive convergence rate. We record and compare the
computation time required to reach the same relative error for RaQL with CVaR and standard @-learning.
We also compare the reliability of risk-aware policy and risk-neutral policy by showing how the risk-aware
policy reduces the variance of expected cost when the demand is generated from the underlying distribution.
Second, we test the performance of our algorithm against risk-sensitive @-learning (RsQL) as proposed
in [66] for the entropic risk measure, since both methods can be applied. This comparison reveals the
advantages of RaQL both in terms of computational efficiency and accuracy. Third, we compare SASP and
stochastic subgradient descent for risk estimation. This comparison demonstrates that SASP is better suited
for estimation of complex risk measures.

Throughout the experiments, we conduct 50 simulation runs for each implementation of @-learning type
algorithms (RaQL, standard @-learning, and RsQL), and record the mean and standard deviation of relative
errors among the simulation runs. The experiments were performed on a generic laptop with Intel Core i7
processor, 8GM RAM, on a 64-bit Windows 8 operating system running Matlab R2015a and CPLEX Studio
12.5.

6.1 Experiment I: Risk-aware vs. Risk-neutral
6.1.1 Convergence rate comparison

We intend to show that a variety of risk measures fit into our RaQL framework, and also to show that RaQL
has a convergence rate similar to risk-neutral @-learning. We consider CVaR and absolute semi-deviation.
We set the number of outer iterations to be N = 10000, and the number of inner iterations to be T' = 100.
In these experiments, Risk-aware DP terminates after finding an e-optimal policy with € = 0.01. We use a
linear learning rate i.e. k=1, and set a = 0.1 for CVaR, and r = 0.5 for absolute semi-deviation.

As shown in Figure 1, RaQL converges almost surely to the optimal @Q-value as expected. Moreover,
in this experiment, the convergence rate of RaQL matches classical Q-learning. In Figure 1, the error bars
represent the standard deviation from simulation.

6.1.2 Computation time comparison

In this experiment, we compare the time required for RaQL and standard @-learning to reach the same
precision € i.e. [|QF — Q*||2/||Q*|]2 < e. Table 2 shows the expected computation time results under 50
simulations when choosing different precision levels €, and different 7. Table 2 shows that for any e, the
expected computation time for RaQL will decrease with the T selected, and will be close to that of standard
Q-learning, which means that RaQL has robust convergence even when the number of iterations for risk
estimation is small.

6.1.3 Policy comparison

Figure 2 compares the risk-aware ordering policy from RaQL (with CVaR) and the risk-neutral ordering
policy from standard Q-learning over 500 simulated trajectories. The histograms in Plot 4 show that the
risk-aware ordering policy leads to slightly higher expected cost but lower variance. In addition, the right
tails of these two distributions reveal that the risk-aware ordering policy is more reliable since it reduces the
probability of events with extremely high cost.

22



Relative error

Convergence
T T T T T

Risk-neutral QL

- -G - RaQL-CVaR
- =% - RaQL-AS

0 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Iterations

Figure 1: Numerical Experiment Result I

e=05 €=02 €=015 €e=0.1
RaQL (T = 100) 1.268s  3.493s 6.798s  30.976s
RaQL (T = 50) 0.537s  1.061s 6.135s 5.225s
RaQL (T = 10) 0.119s  0.302s 0.370s 1.329s

RaQL (T =5) 0.062s  0.320s 0.286s 0.804s
RaQL (T = 2) 0.033s  0.169s 0.301s 0.350s
RaQL (T =1) 0.022s  0.064s 0.143s 0.529s

Standard @-learning 0.027s  0.125s 0.169s 0.374s

Table 2: Computation Time
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Figure 2: Policy Comparison

6.2 Experiment II: RaQL vs. RsQL

In this experiment, we compare the performance of RaQL with risk-sensitive Q-learning (RsQL) as pro-
posed in [66]. We use the entropic risk measure (constructed from utility-based shortfall) as in [27]29]
to compare RaQL and RsQL. An entropic risk measure can be constructed from the utility function
u(z) = 1 —exp(=Az), A > 0 for x € R in OCE from Example We set A = 0.01, the number of
outer iterations to be N = 1 x 10°, and the number of inner iterations to be 7" = 10 for RaQL. The total
number of iterations for RsQL is 1 x 10°. The other settings remain the same as in Experiment I. Under
these settings, RsQL terminates after 4.559s in expectation and RaQL uses 4.521s in expectation, to com-
plete the first 1 x 10* iterations. Figure 2 shows that RaQL converges faster than RsQL. The convergence
rate has also has lower standard deviation as shown by the error bars. We conjecture that the inner-outer
loop structure of RaQL estimates the risk and updates the Q-values independently, which helps to reduce the
bias in iterative QQ-learning. In contrast, in RsQL, the risk estimation and @-value updates are conducted
simultaneously which may result in higher bias.

6.3 Experiment III: SASP vs. Stochastic subgradient descent

In this experiment, we compare RaQL with SASP and stochastic subgradient descent for risk estimation
procedure to show that SASP has more accurate risk estimation. In particular, for stochastic subgradient
descent we cut the moving average step (4.8)), and change step (4.10) into

(s (57, @), 2 (57, a™) =Iywz {(y7' (s7', a™), 27 (s}, a™))

_At,aw (’Unil(s?-&-l)a y?(sga an)’ Z?(‘%?) an))}7

where the subgradient estimation of the current iteration is combined with computation of the saddle-point
(y (s, a™), 2 (s, a™) (in SASP, the moving average of historical estimations (y™!(s, a™), z™!(s}, a™)) is
used for this purpose). In this experiment, we set the number of outer iterations to be N = 3000 and the
number of inner iterations to be T" = 100, we take a linear learning rate k& = 1, and we set the step-size
for risk estimation to be A\, = Ct~% with o = 1/2. We compare the two procedures for a functionally
coherent risk measure (see Example . Figure 3 suggests that RaQL running on SASP has a lower relative
error compared to the modified algorithm which uses stochastic subgradient descent, especially when the
underlying risk measure is non-smooth and degenerate.
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7 Conclusion

We developed a new simulation-based algorithm for finite state/action, infinite-horizon, risk-aware Markov
decision process, called Risk-aware Q-learning (RaQL). This algorithm can be used to solve many real life risk-
aware dynamic optimization problems in areas such as robotics, sequential online auctions, and infrastructure
protection. We demonstrate that many commonly investigated risk measures (e.g. conditional value-at-risk,
optimized certainty equivalent, absolute semi-deviation, and functionally coherent risk measures) fit into our
framework. We analyze RaQL and establish both its almost sure convergence as well as its convergence
rate (Q((In(1/d¢)/e2)*/* + (In(1/€))*/1=k)) with probability 1 — &, where € > 0 is the error tolerance and
k € (1/2, 1] is the learning rate). For the case of a linear learning rate, we get an explicit convergence rate
(©(1/€)) in expectation. Our experiments confirm the almost sure convergence of RaQL, and also show that
RaQL has a convergence rate comparable to classical Q-learning in terms of the required number of outer
loops. Additionally, our experiments illustrate the computational advantages of RaQL compared with some
alternative methods for solving risk-aware MDPs.

In future research, we will explore new methods for speeding up the risk estimation subroutine to reduce
the overall computational complexity, and we will also extend RaQL to handle continuous state and action
spaces by incorporating -value function approximation techniques.

Appendix

PROOF OF THEOREM [3.2} Let P denote the probability distribution of X and construct {h.}.cz satisfying
conditions (i)-(iv) in the statement of the theorem. The stochastic saddle-point formulation in (3.2)) is then

p(X)= min  max{y+Ep[h.(X, y)]}. (7.1)
YE[Mmin, Nmax] 2€Z

Since h, is P-square summable for every y € Y and z € Z, the corresponding function G (3.2) satisfies
Assumption (1) Concavity of h, in z € Z leads to this function G satisfying Assumption (iii). Lipschitz
continuity of h, with modulus K¢ —1 implies that this function G satisfies Assumption ii). The condition
that the subgradients of h,(X —y) on z € Z and y € ) are Borel measurable and uniformly bounded, for
any X € L, implies that this G satisfies Assumption (iv).

Next, we prove that formulation is a convex risk measure. Let ¢(-) denote a continuous and
subdifferentiable ¢-divergence function for the distance between two probability distributions P and P’. We
refer to [51, Table 5] for examples of ¢-divergence functions. Recall the Fenchel dual representation of convex
risk measures,

() = sup {Ep(X] — (P} (7.2)

where p is a convex function satisfying inf prcp u(P’) = 0, and P is the ¢-divergence risk envelope,

/
IP’::{P':P/Zo,lTP/ZL/¢(dP>dPSﬁ}’
. \ap

consisting of all probability distributions with ¢-divergence from P bounded by 8 > 0. Let ¢* denote the
convex conjugate of ¢ defined as ¢*(X) := supp,cp {Ep/ [X] — ¢(P’)}. Based on the results for ¢-divergence
risk envelopes constructed in [11,|{12,[51], any convex risk measure with corresponding set P can be
reformulated as:

p(X) = inf R{y+bﬂ+b]Ep [qs* (be)] } (7.3)

b>0, ye

Inspired by the minimax risk measure investigated in [59}601/62,(64], we develop an extended variant for ([7.3]).
Let ¢, denote a family of divergence functions parameterized by z € Z that is concave in z € Z for all fixed
X € £, and let ¢} denote their corresponding convex conjugates. Define

/
IPZ::{P’:P’ZO, 1TP’=1,/¢z<dP)dPSﬁ}7
0 dp
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to be the set of probability distributions with bounded divergence with respect to ¢,, z € Z, and set
Pz = J,cz P.. The equivalent form for (7.2)) with the set Pz is now

b>0,yER 2€Z b

X —
p(X)= min max {y + b8+ bEp [qb;f (y)} } . (7.4)
To complete the proof, given a constructed {h.}.cz, and if we choose the ¢-divergence function with its

convex conjugate ¢* satisfying
* X - yy\ hz (Xv y)
¢)Z < b > - b /8?

for any y € R and b > 0, then the formulation (7.4) is equivalent to formulation (7.1). Thus formulation
(7.1) is a convex risk measure.

PROOF OF THEOREM In this part, we detail the procedures to prove Theorem As a remark,
the natural logarithm term e in of Lemma is specific to a polynomial learning rate, while for a
linear learning rate we have a new relationship between 7,, and 7,,4+1. Thus, we must construct a different
bound on {Y;"™™}; <n<n, which is defined in Eq. . We first derive the convergence rate of process
Y™ (s, a) w.r.t. T. We prove the result by applying the same argument as in the proof of Lemma and
combining the arguments of [26, Lemma 22].

Lemma 7.1. Given any m > 1, assume that for all n > 1,, we have Y™™ < D,,. Then for any n >
(2+ U)7,, = Tynt1, we have,

"7 C(r (7))~ 2
YT (87 Cl) S Dm (KG {1 - — \//{(1 _ C(T*(T))_O‘Kl(pl)/{) - KGKS} + 9 + \IfﬂT> )

for all (s, a) € K, where Br is defined in with T satisfying conditions and , U is any
positive constant and K is defined in .

The following Lemma enables the use of Azuma-Hoeffding inequality. Lemma can be prove by
applying the same argument in Lemma where we set k£ = 1 because of linear learning rate.

Lemma 7.2. For any n > 7, and 1 <1 < n we have that {Z,f’rm (s, a)}bi=1,..,

sequence, which satisfies | Z07™ (s, a) — ZL " (s, a)| < (l‘f‘s’;m, foranyt <T.

n 18 @ martingale difference

Lemma 7.3. Given 0 < § < 1, we have (7)

P {Vn € [Tm+1, Tma2] © 2377 (s, a) < BTDm} >1-46(1-¢), (7.5)

24+ W

where T, = © (V“z‘a" m(Vm\;’é'BSTHgL/[(‘Iljiigsz(1_6)])); and (i)

m

1
P [Vm S [1, 17—&‘]7 Vn € [Tm+1, Tm+2] : |Z;L1’T| S §:| Z 1-— 5,

2 ~
where 7o = © (V (Vo 8 \ﬁyggameu—e)]))

Proof. Following the proofs of [26, Lemma 37] and |26, Lemma 38], we setc; = © ( Vina ), for any n > 741,

(1—e)mm
therefore we obtain

=2 =2
N~ —£ Ern(1+ )
P[|Zp"| > €] < 2exp D §26XP<C),
r 221‘:7—”1+1,i€N&a c; Va

max
for some constant ¢ > 0. Let us define the following variable

E"(s, a) = {1’ b 70

0 otherwise,



where k is fixed. Using the union bound and the fact in an interval of length 3 1+‘I'

is visited at least (1 + ¥)7, times with certainty according to |26, Lemma 37] we get

=
o0

< 3 P23 (s, a)] > &

n=((147)/(1—e)+1)Tm

> 1+ )2
<2 Z E"(s, a)exp (_67'(‘/—21—)5>

n=((147)/(1—e)+1)7Tm max

< 2exp (—C((IJFV\I;%) ZeXp ( 2v22 )

max max

2 exp (_C%)

max

each state-action pair

1+9

P[Vn € [Tmt1, Tmao] |29 2 €] <P {\1 > (T + s 1277

1 —exp (— VZX)
6 exp ( éj‘%f) VHz]aX 7
for some positive constant ¢’. Controlling § by setting
-2 (o ()
STAl EE

which holds for 7,,, = © ( Yumax ]“(WrxdngT\\AL/(ﬁDT,L(l €)) ,and € = m%ﬁTDm assures us that for every t > 7,11

with probability at least 1 — 0(1 — €) the statement ([7.5) holds at every state-action pair. O
Theorem [4.9] follows from Lemma and the algebraic identity in the proof of [26, Theorem 5] that

(1+7)
1—¢

(1+7)

1)k.
1—¢ + )

g1 = ap + ar = ao

The detailed proof follows the same procedures as the proof of Theorem

PROOF OF THEOREM [£.10} To start, we investigate the convergence rate of risk estimation step w.r.t.
t by stochastic approximation. We first refer to the convergence rate analysis of Algorithm 2 in [45]. As
a measure of the quality of a candidate solution (y, z) € Y x Z, we use the duality gap d(y, z) proposed
by [45, Section 2.1.2]. Let ®(y) = max,cz Ep [G(X, y, 2)], and ®(z) = minyey Ep [G(X, y, 2)], for any
fixed X € L, and

d(y, z) = [®(y) - {g}@( y)l + [max &(z) — 2(2)] = 2(y) — B(2).

The next theorem gives the convergence rate of SASP.

Theorem 7.4. [45, Theorem 1] Suppose Assumption holds, set the step-size for allt as Ay o = Ct™, a €
(0, 1], then for every t > 1, we have

_ _ > (Ky +Kz)L
d(yt, 2') < [KyH ' + Kz HZ* Y
e R e AR N = R
+C(Ky + Kz)°L? [HyKy + HzKz] 77 (t). (7.6)
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Lemma 7.5. Suppose Assumption holds, for all (s, a) €e K, v € V and for everyt > 1 and n < N, we
have the upper bound

IEs’wP(~|s,a) [lG (v(s/)v ymt(sa a’)7 Zn)t(‘gv a‘)) - G(v(s/)v ym*(s? (L), Zm*(s? (L)) |]

~ _ to (Ky +Kz)L
<[KyH3'+ KzHZ!
<l + Kl e F—7() +1
+C(Ky + Kz)’L? [HyKy + Hz Kz] 7. °(t). (7.7)

Proof. By the triangle inequality, we know that for all (s, a) € K, v € V and for every t > 1 and n < N,

E, '~P(:s,a) [lG( ( /)7 ( ) Zn,t(& a’)) - G(U(S,)v yn’*(s, a)v Z7L7*(S’ a)) |]

<rn€axIES ~p(|s.a) |G (v(s) ,a), 2'(s, a))]
—glféliles/Np J5,0) [G (v (s, a), 2™ (s, a))}. (7.8)

From Theorem [7.4] we know that

IzneaécES/NpHS,a) (G (v(s"), y™'(s, a), 2™ (s, a))] — LIg%}lES/NP(.‘S)a) (G (v(s"), y™'(s, a), 2™ (s, a))]

_ _ e (Ky + Kz)L
<[KyH,'+KzH;!
Sy Kl e+ inm 1
+C(Ky + Kz)?L? [HyKy + Hz Kz 7, “(t). (7.9)
Thus we obtain the desired result. O

The next lemma bounds E [[|Q} — Q H |G'5'] w.rt. m, for any t < T. For simplicity, we use function
f(¢t) to denote the right hand side of (7

Lemma 7.6. The sequence Q}, generated by Algorithm 1 satisfies, for any ko, K > 0,

E[IlQF - Q"[31975'] < { 116(25_'VKG50_WKGK_’VKG/HO_KSKEJ/R)}E[QTTL“ - Q731677
L Cet (O f(E )?)

n2k )
where Cq bounds the term
b Kol + KsKo) Q5 — @I < G
K(1—-CKy k)

Proof. Let us recall that the update of Step 3 in Algorithm 1 is equivalent to

Qr=Qr ' =0 [QF Q" + & + e +QF — H (v*, y*, )]

Expanding, we have

1Qr — Q12 <Qp ™ — Q13+ 1167 [Qp " — Q" + & + & 112
2 (=) O[T - Qe 7). (7.10)

-
We focus on the cross term —2 ( n-t Q*) 0% [ %_1 —Q*+ €+ f?]. First, by the e-greedy exploration
policy, notice that

E, (@37 - @) 0 (@ - Q)19 = Selloi - @I, (7.11)
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and by the definition of €}, we have by Lemma that

[ |gt+1 ] — [H (,Un—l, ym* m*) - H (,Un—l7 ymt’ ) ‘gtJrl}
S YEnp(ise [IG (0" 7N, y™ (s, a), 2 (s, ) = G (0" 7H(S), Y™ (s, a), 2 (s, @) ]

<7 ft),
and )
n— n Y n— *
E[- (@ - ) peig'] = TR0t - @7l (7.12)
Applying the algebraic identity 2ab < a?k + b?/k for all k > 0, we see that
- .- a2, (0 f(1)?
E[_Q( Tl_Q) |gt+1]§ff\|QT1—Q||§+W-

We can see that
1 7 1 1
B[~ (@ - @) erions] <2pKo 103 - @'lalQy ! - @'l
+AQF ! = Q2 (™, 2™*) = (y*, 2)2) |-
Again applying the algebraic identity 2ab < a?x +b?/k for all & > 0, we see that for any constants xg, x > 0,
E[-2(Q5 - @) 0per10in"| <TeKa [0+ 1) Q5 = Q]
VKG * KG % n,* * *
~ QB+ (™ )~ 6 2IR)

fanG [(Féo + 0117 = Q73]

o ort @13+ K3 Ko gz (713)
Finally, there exists k£ > 0 such that
10k [Q7 " — Q" + e + &' II3
< {1+%+ [KG(7+KSKG)]2} Q- QI3 (7.14)
n K(1-CKy k)

where the above inequality holds based on (5.10) and (5.11)). For simplicity, let C bound the term

C n1_ o
{1 + m + [Ka(y + KSKG)]z} Q7 — Q|-

The statement of the lemma follows by taking expectations of inequalities (7.10]), (7.11), (7.12]) and (7.13]),
and using the inequality (|7.14)), and combining. O

The convergence rate in expectation with a linear learning rate is based on the following result from [25],
which is useful for analyzing a specific type of sequence that often arises in recursive algorithms.

Lemma 7.7. [25] Consider a sequence {a™}. Suppose for some b > 1 and every n > 1 that a™ <
(1 — 9) a1+ ~z-Then, if d > max{bfl, ao}, it follows that a™ < % formn > 1.

n

Based on the results of Lemma for linear learning rate k = 1, we let a” = E [||Q} — Q*|13|G%,] for
any t < T, and choose

(Ca + (v f(1)?) 2 }
d > max , CraxIS|A] 3,
- {(28—’)/KGI$0—’ngli—’ng/lio—KsKé/ﬁ)—1 ISI1A]
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in Lemma where we also have a® = E [[|Q} — Q*[31G7,,] < CZ,.IS||A]. By setting & = xo = €, given a
small positive constant € > 0, we have the sample complexity

V- (max {(Ce+(r f(1)*)e/ (2~ 2Ke)e” — Kaly — KsKe) —¢). c;fm|S||A|}>
€~ 9

such that E [[|QF — Q*||§|g§i;1] < ¢, for any t <T. We have thus proved the desired result summarized in
Theorem [4.10)
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