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In Situ Measurements of the Complex Permittivity
of Materials Using Reflection Ellipsometry in the

Microwave Band: Theory (Part I)
Florence Sagnard, Faroudja Bentabet, and Christophe Vignat

Abstract—The aim of this series of two papers is to propose an
original and low-cost tool dedicated to industrial applications and
based on the reflection ellipsometry technique for in situ character-
ization of dielectric materials at microwave frequencies. In this first
paper, different theoretical developments are presented that con-
cern first a specific numerical method for calculating the complex
permittivity of a single-layer sample from the measured param-
eters. Based on contour line charts, this method allows obtaining
simultaneously the relative uncertainties on the real and imaginary
parts of the complex permittivity. Secondly, for experimental com-
parisons with the classical Fresnel method, a numerical data pro-
cessing method based on contour line charts has also been devel-
oped, which aims at the determination of the reflection coefficients
in both parallel and perpendicular polarizations of the material.

Index Terms—Complex permittivity, ellipsometry, free-space
methods, Fresnel coefficients, material characterization, mi-
crowave frequencies, polarization, reflexion.

I. INTRODUCTION

D IELECTRIC characterization of materials at radio and
high frequencies has been intensively developed over a

long period of time [1]. Among the implemented techniques,
free-space methods are well suited for industrial applications
[2], [3], such as civil engineering (moisture content evalua-
tion, change in the material composition during time) [4]–[6],
nondestructive testing, ground penetrating radar [7], and
communication systems (modeling of radiowave propagation
channels) [8]–[10]. They can be first distinguished by their
measurement domain, either time or frequency, then by the
type of the measured quantities, either scalar or vector valued,
and also by the experimental configuration using reflection
and/or transmission at a fixed or variable angle of incidence.
The major advantages of these methods are their nondestructive
characteristics, their suitability for use in broadband, and their
averaging property due to the large footprint illuminating the
sample. In order to estimate the dielectric parameters (the real
and imaginary permittivities), several free-space experimental
systems have been developed in the past years, particularly in
the millimeter band [11]–[24]. These methods are based on the
measurement of the reflection and/or transmission coefficients
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associated with a flat large-aperture sample placed sufficiently
far away from the transmitting antenna. They can be used
in different configurations of angle of incidence, frequency,
thickness, or polarization state. Their basic underlying prin-
ciple is that the knowledge of the complex permittivity of an
homogenizable material allows, using the
Fresnel formulas [25], to compute the reflection or transmission
coefficients for an arbitrary angle of incidence (approach
named here the Fresnel method) and different polarization
states of the receiving antenna (the ellipsometry method) [26].
Thus, conversely, the complex permittivity of the material
can be deduced back from the power of the reflected or/and
transmitted part of the wave, as a function of the angle of inci-
dence (Fresnel method) or of the polarization of the receiving
antenna (reflection or transmission ellipsometry). In the pro-
posed approach, only the reflection configuration is considered
(assuming specular reflection, the angle of incidence equals the
angle of reflection) and the two previous methods have been
implemented by the authors on a unique measurement setup
named COTREMO.

In this paper, our main contribution concerns the following
areas:

1) development of reflection ellipsometry extended to the
microwave domain (first proposed by Stetiu [27]): for
decades, ellipsometry had been used only at optical sub-
millimeter and millimeter frequencies [28]–[32];

2) design of a multistep algorithm for the processing of mea-
surement data using graphical means (contour line charts)
for the determination of the real and imaginary parts of
the permittivity of a single layer sample (the thickness
being assumed known) using the Fresnel and ellipsom-
etry methods;

3) comparison of complex permittivity estimations obtained
by both free-space techniques, the Fresnel method, and
reflection ellipsometry (see part II of this paper [34]);

4) for each method, studies concerning the influence of rel-
evant measurement parameters and of their uncertainties
on the final estimation of the real and imaginary parts of
the permittivity.

In fact, reflection ellipsometry in the microwave band ap-
pears as a promising technique for industrial applications be-
cause of its following advantages. First, the complex ratio of
the reflection or transmission coefficients can be obtained using
only scalar measurements; thus, the instrumentation is based on
a low-cost detection system which relies on the use of a power-
meter, an alternative and inexpensive choice to a vector network
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Fig. 1. Setup for the measurement of reflected waves.

analyzer. Secondly, contrary to the Fresnel method, ellipsometry
requires only one fixed angle of incidence, so that the contri-
bution of the line-of-sight wave path (weighted by the radiation
pattern) to the overall reflected field received by the antenna can
be minimized. At last, the sample thickness and the complex
permittivity of a single-layer material can be theoretically de-
termined from measurements at two angles of incidence; some
developments about this feature are currently performed by the
authors and have recently been published [33].

Section II presents the Fresnel method and its associated
numerical developments. Section III describes the theoretical
principles of reflection ellipsometry and its multistep numerical
data processing. In Section IV, a parameter study is performed
for the determination of optimal experimental conditions.
Section V of this paper is dedicated to concluding remarks.
Experimental results of complex permittivity estimations of
common homogenizable materials (concrete, fiberboard, PVC,
plasterboard) obtained by reflection ellipsometry in the mi-
crowave band are given in part II of this paper [34].

II. FRESNEL MODEL

A. General Principles

The Fresnel method consists in measuring the reflected
power, in the cases of the parallel and perpendicular polariza-
tions, as a function of the angle of incidence (see Fig. 1)
[25], [26]. The complex permittivity can then be estimated
using a nonlinear least squares method in which the theoretical
expressions of the powers of either joint parallel (TM) and
perpendicular (TE) reflection coefficients, or of their ratio, are
fitted to the measured data [11], [17]–[20]. The theoretical
curve that fits best the measured data yields the optimum
estimate of the complex permittivity.

We assume, as a first-order approximation, that the material
structure is made of multilayered homogeneous—or homog-
enizable1—media: thus, following the homogenization theory
[35], it can be modeled by an isotropic homogeneous single-

1Inclusions are supposed very small compared to the wavelength inside the
dielectric matrix.

Fig. 2. Multiple reflections within a single-layer sample.

layer sample (with thickness denoted as ) with the same macro-
scopic electromagnetic response and a certain effective complex
permittivity. It is assumed moreover that the transmitting an-
tenna generates a quasi-plane wave front at his aperture and a
linearly polarized electric field at the sample surface. In order
to fulfill these requirements, we have chosen a pair of horn an-
tennas characterized by a phase error significantly lower than
180 at the aperture.

Fig. 2 shows the principle of multiple reflections within
a single-layer isotropic dielectric sample, under the general
assumptions expressed in the Introduction. The total reflected
wave is constructed from the contribution of a large number of
parallel rays reflected on and transmitted through the sample
[25], [26]. Therefore, the resulting reflected field is proportional
to the incident field

(1)

The resulting complex reflection coefficient is expressed as
a function of frequency , angle of incidence , and relative
complex permittivity in the following compact form [11],
[26]:

(2)

where is the complex propagation factor
through the sample slab, is the free-space wave
number, is the free-space wavelength, is the thickness of the
material, is the relative complex permittivity of
the dielectric sample, and is the reflection coefficient at the
air–medium interface.

Choosing (respectively, ) in (2), the parallel
(p) and perpendicular (s)2 complex reflection coefficients and

are given by

(3)

2Where the subscript “s” stands for senkrecht, a German word meaning per-
pendicular.
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Fig. 3. Theoretical curves of the moduli of the parallel reflection coefficient
and the ratio of both reflection coefficients as a function of the angle of incidence
in the case of a dielectric sample with finite (e = 10 mm) or infinite thickness
(" = 3 � 1:0j).

In our measurement configuration, the reflected power, for both
polarizations, is recorded by the receiving antenna as a function
of the angle of incidence ; thus, the corresponding Fresnel
coefficients are deduced by subtracting, from this measurement,
the power detected when the antennas are placed in the line-of-
sight configuration.

B. Methods for the Determination of the Complex Permittivity

For the estimation of the complex permittivity from the mea-
surement data, we propose several steps which include opti-
mization algorithms for data processing.

1) Choice of the Ratio : We have theoretically (see
Fig. 3) and experimentally observed that, in the case of a fi-
nite thickness sample, interference between reflections on the
front and back surfaces of the sample induces a fluctuating shape
on the curves of each reflection coefficient modulus versus the
angle of incidence . On the contrary, the curve of the reflection
coefficients ratio modulus does not show such fluctuations and
is characterized by a clearly marked minimum: this minimum is
useful to determine an initial value of .

2) Choice of the Initial Value of : Considering different
complex permittivity values, we have remarked that the loca-
tion of the minimum of the ratio is very close to the
pseudo-Brewster’s angle , which characterizes the minimum
of the curve of the parallel reflection coefficient modulus (see
Fig. 3). Moreover, Table I shows that this minimum angle has
the same value for infinite and finite thickness samples, respec-
tively. Consequently, we can conclude that the angular posi-
tion of these minima characterizes accurately the reflection on
the first interface. Moreover, the theoretical shapes of the two
curves, in the infinite and finite thickness cases, are all the more
similar since the contribution of reflection on the back side of the
sample can be supposed negligible (the thickness and the losses
should be large enough); in such a case, it can be assumed that
there is no reflection on the reverse surface of the sample. At

TABLE I
INCIDENCE ANGLES OF THE MINIMUM OF THE RATIO j ~Rj OF THE REFLECTION

COEFFICIENTS AND THE PARALLEL REFLECTION COEFFICIENT j ~R j
(" = 3; e = 10 mm, F = 10 GHz, 600 SAMPLES IN THE INTERVAL [0, 90 ])

Fig. 4. Chart of constant � and constant jr =r j value lines for the
determination of ~" using the Fresnel method in the case of an infinite thickness
sample.

last, the position of both curves minima is all the more similar
since the relative loss factor value is small.

We have shown (see Fig. 4) that theoretically, from the de-
termination of the angular position of the minimum of the
reflection coefficients ratio modulus , an estimate
of the complex permittivity could be computed without ambi-
guity.

3) The Numerical Multistep Method for the Estimation of
: The use of several sets of measurement data obtained at sev-

eral angles of incidence should obviously yields a statistically
relevant estimate of , since it allows one to take into account the
uncertainties associated with the experimental environment.3 In
this aim, we have developed the following multistep approach.

1) A first estimate of the complex permittivity , say, ,
is deduced from the coordinates of the minimum of the
experimental curve (see Fig. 3).

3These uncertainties are caused by the nonuniform radiation patterns of the
antennas and also the power and angle measurements.
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2) The value of is located on the chart of constant and
constant value lines (see Fig. 4).

3) From an estimation of the uncertainties associated with
the measurements of and , an uncertainty area
centered on is deduced.

4) Several values of are computed by a uniform sampling
of and : with each of them, is associated a curve of
either or ( and jointly) as a function of

.
5) Among these curves, for the one that fits at best (according

to a least squares criterion) the measurement data are se-
lected: its corresponding parameter is adopted as the
best estimated value for .

In the least squares criterion adopted, weighting coefficients
were chosen inversely proportional to the value of measurement
data. Even if this choice is empirical from a statistical point of
view, we have remarked that it allows to enhance the poor nu-
merical conditioning of the problem, induced by the fluctuating
characteristics of the measurements. The cost functions
and , associated, respectively, with the joined parallel and
perpendicular reflection coefficients [index ( , )] and with their
ratio (index ), are thus defined as

(4)

where denotes the th theoretical (index ) reflection coef-

ficient in the parallel polarization and denotes the th mea-
sured (index ) reflection coefficient in the perpendicular po-
larization). As the uncertainties on the angle of incidence can
be considered as constant, and as these uncertainties were re-
marked to have negligible influence on the results, we have not
considered them in the following developments.

The weighting coefficients were chosen as

(5)

The best estimate of is finally derived by minimizing one of
the two following cost functions:

i

ii (6)

III. THE REFLECTION ELLIPSOMETRY METHOD

A. General Principles

Reflection ellipsometry adapted to the microwave frequen-
cies, as first proposed by Stetiu [27], is a technique based on

measurements of the change of polarization state of an inci-
dent polarized electric field4 after its reflection on the air–sample
interface [26], for a fixed angle of incidence , as shown in
Fig. 1. Because of the difference in the magnitudes and/or the
phases of the Fresnel reflection coefficients for the two linear
parallel (p) and perpendicular (s) polarizations, the polarization
of the electric field generally changes from linear to elliptic [26],
[28]–[32]. The knowledge of the ellipse of polarization requires
the determination of the ratio of the complex Fresnel reflec-
tion coefficients for the (p) and (s) polarizations that depends on
the relative complex permittivity as follows:

(7)

It is convenient to write in its polar form to express later on
the relations of ellipsometry

(8)

where is the difference between the phases
associated with and and represents the modulus of .

Thus, and represent the amplitude and phase shifts
experienced upon reflection by the parallel and perpendicular
components of the electric field.

Supposing that the signal of the detector is a linear function
of the received power, the detected power is given by

(9)

where and denote, respectively, the detected powers rel-
ative to the two components of the incident electric field , as
projected on the (p) and (s) polarization axes of the receiving
antenna. Thus

(10)

where and are the polarization angles of the transmitting
and receiving antennas, respectively.

Then, the detected power yields

(11)

where the power , which is the average value of , writes

(12)

Without loss of generality, a simplified analytical expression of
the reflected power can be considered, namely, when the trans-
mitting antenna polarization angle is chosen as . In
this case, the power of the detected electric field versus the anal-
ysis angle writes as

(13)

4Any incident polarized field is a combination of a parallel and a perpendic-
ular wave.
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Fig. 5. Variations of the theoretical curves P = f(A) as a function of the
angle of incidence � .

Fig. 6. Ellipse of polarization of the linearly polarized incident electric field
after its reflection on the sample surface.

The theoretical variations of versus are sketched on Fig. 5
(in the case of a thick sample with complex permittivity

measured at 10 GHz with different angles of incidence).
Two relevant parameters are associated with this curve, namely,
the angle (the azimuth angle of the ellipse) corresponding to
the position of the maximal power of the curve and the
ratio corresponding to the extremal values of .

B. Method for the Determination of the Complex Permittivity

1) The Analytical Approach: The measured parameters
and allow one to retrieve the complex permittivity
according to the following steps.

1) The parameter is related to the ratio , ac-
cording to

(14)

We remark that is also related to the ellipticity (see
Fig. 6) according to

(15)

2) The parameters and can be deduced from the an-
gles and according to the two fundamental relations
of ellipsometry

(16)

(17)

3) Thus, the ratio can be determined and, in turn, the
value of the relative complex permittivity as implicitly
expressed by (2).

Two remarks are of interest at this point.

1) In the case of a single-layer sample, the preceding steps
can be formulated by a simple analytic relationship
between and . However, we have
used a graphical approach, based on constant- and
constant- curves in the plane, that
allows visualization of the influence of measurement
uncertainties on the estimated value of the complex
permittivity (see Fig. 7).

2) Our method deals only with moduli of the detected power
of the electric field as a function of the analyzer angle .
Nevertheless, it allows one to estimate both modulus and
phase of the ratio without having to vary the angle
of incidence , as opposed to the Fresnel method.

2) The Numerical Approach: Having characterized the
variation laws of the fundamental parameters extracted from
the ellipsometric curve, we propose a numerical approach for
the determination of the complex permittivity of a single-layer
sample.

It consists of the following steps.

1) The measured values of and and a
contour lines chart are used to provide a first guess

of the permittivities [see Fig. 7(a)].
2) The minimum value of the theoretical curve

associated with is extracted.
3) The value is located on constant- and

constant- contour line charts [see Fig. 7(b)].
Then, couples of real and imaginary permittivities

are regularly sampled in the parallelepipedic
uncertainty area centered on (see Fig. 8).

4) With each point in this area, a corresponding character-
istic is associated.

5) The best characteristic is retained as the one fitting best
the experimental data points, according to a least squares
criterion.

6) Optimal values are inferred as the couple
corresponding to this best characteristic.

For example, the graphical device of Fig. 8 allows one to
evaluate the incidence, on the estimation of the complex per-
mittivity, of absolute uncertainties of 0.4 dB on the measure-
ment of and of on the knowl-
edge of , these values being compatible with the accuracy of
our experimental setup. Fig. 8 shows that all possible values of
the complex permittivity are located inside a parallelogram such
that, in this particular case of a thick sample with permittivity

, the uncertainties can be read as and
.



SAGNARD et al.: IN SITU MEASUREMENTS OF THE COMPLEX PERMITTIVITY OF MATERIALS: THEORY (PART I) 1271

Fig. 7. Charts of (a) constant-(�) , constant-(P ) and (b) constant-(P =P ) value lines for the determination of ~" using ellipsometry in the
case of an infinite thickness sample (� = 45 ).

Fig. 8. Parallelogram of uncertainties with constant-(�) and constant-(P =P ) curves centered on the complex permittivity ~" = 3:5� j in the
case of an infinite thickness sample (� = 45 ).

IV. PARAMETERS STUDY FOR REFLECTION ELLIPSOMETRY

In order to characterize more precisely the sensitivity of our
approach, we propose now to take into account explicitly the
influence of some parameters of interest—namely, the angle of
incidence , the measured power ratio , and the
maximum polarization angle —on the estimation of the com-
plex permittivity .

A. Optimal Choice for

One of the major advantages of our approach is that the angle
of incidence is fixed all along the measurement process. How-
ever, its value can be chosen optimally in order to minimize
the uncertainty on the estimation of the complex permittivity.

Fig. 5 shows measured parameters and as function of
the angle of incidence , in the case of a thick sample with

—a rough estimate of the permittivity of the con-
crete wall we have studied. It appears from this figure that the
value of grows with the angle of incidence . Theoretical
analyses show clearly that the highest sensitivity to these param-
eters, inducing the best accuracy of the method, is achieved for

varying in the range [35 , 50 ]. We have checked moreover
that this result holds on a large range of complex permittivity
values.

B. Influence of and on

For a given relative loss factor and an angle of incidence
, the curves show that the angle and
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the ratio decrease with the real permittivity. Con-
sidering the maximal measurement uncertainties ( 0.4 dB for
powers and 0.5 for the polarization angles ), the relative
variations on the value of caused by dB and

have been calculated for two real permittivities.
Then, considering (respectively, ) for , the
relative variations induced by are %
(respectively, %) and the relative variations induced by
are % (respectively, %). We remark that
the major source of uncertainties is the measurement of .

C. Influence of and on

For a given relative real part of the permittivity and an angle
of incidence , the curves show that, con-
trary to the ratio , angle decreases with the rel-
ative loss factor. Considering the same measurement uncertain-
ties on and as in Section IV-B, the relative variations

have been calculated for two relative loss factors.
Then, considering (respectively, ) for , the
relative variations induced by are %
(respectively, %) and the relative variations induced by
are % (respectively, %). It appears that
the determination of the relative loss factor is more sensitive to
measurement uncertainties on and when its value is less
than one.

V. CONCLUSION AND PERSPECTIVES

Reflection ellipsometry has been proposed as an alternative
low-cost technique for the in situ characterization of a dielec-
tric material at microwave frequencies; the objective is to use
the setup in indoor environments for the characterization of con-
struction walls. In the first part of this paper, theoretical develop-
ments have been made to optimize the experimental conditions
and thus to determine the complex permittivity of a single-layer
sample (the thickness is supposed to be known) from experi-
mental data using a graphical approach. This determination is
based on an original numerical multistep method using contour
line charts, which allows studying the influence of measurement
uncertainties associated to the relevant parameters. This leads
to a software tool (COTREMO) which requires no theoretical
knowledge from the user, since the algorithmic process is pro-
posed as a self-contained and robust toolbox.

We propose to further compare, in the experimental part of
this paper (Part II), the performance of this technique with the
performance of the classical Fresnel approach. For this aim,
we have also developed a specific numerical multistep method,
based also on contour line charts, for the estimation of the com-
plex permittivity.

From this point, future trends on ellipsometry would include
the characterization of other types of materials, such as double-
layer samples, and the study of the transmission configuration.
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