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Abstract

In this paper, we study the vector Gaussian Chief Executive Officer (CEO) problem under logarithmic loss
distortion measure. Specifically, K > 2 agents observe independently corrupted Gaussian noisy versions of a remote
vector Gaussian source, and communicate independently with a decoder or CEO over rate-constrained noise-free
links. The CEO also has its own Gaussian noisy observation of the source and wants to reconstruct the remote source
to within some prescribed distortion level where the incurred distortion is measured under the logarithmic loss penalty
criterion. We find an explicit characterization of the rate-distortion region of this model. The result can be seen as the
counterpart to the vector Gaussian setting of that by Courtade-Weissman which provides the rate-distortion region of
the model in the discrete memoryless setting. For the proof of this result, we obtain an outer bound by means of a
technique that relies on the de Bruijn identity and the properties of Fisher information. The approach is similar to
Ekrem-Ulukus outer bounding technique for the vector Gaussian CEO problem under quadratic distortion measure,
for which it was there found generally non-tight; but it is shown here to yield a complete characterization of the
region for the case of logarithmic loss measure. Also, we show that Gaussian test channels with time-sharing exhaust
the Berger-Tung inner bound, which is optimal. Furthermore, application of our results allows us to find the complete
solutions of two related problems: a quadratic vector Gaussian CEO problem with determinant constraint and the
vector Gaussian distributed Information Bottleneck problem. Finally, we develop Blahut-Arimoto type algorithms
that allow to compute numerically the regions provided in this paper, for both discrete and Gaussian models. With
the known relevance of the logarithmic loss fidelity measure in the context of learning and prediction, the proposed
algorithms may find usefulness in a variety of applications where learning is performed distributively. We illustrate

the efficiency of our algorithms through some numerical examples.

The results of this paper have been presented in part at the 2017 IEEE Information Theory Workshop [1]] and in part at the 2018 IEEE
Information Theory Workshop [2].
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Fig. 1: Chief Executive Officer (CEO) source coding problem with side information.

I. INTRODUCTION

Consider the vector Gaussian Chief Executive Officer (CEO) problem shown in Figure E} In this model, there
are K > 2 agents each observing a noisy version of a vector Gaussian source X. The goal of the agents is to
describe the source to a central unit, which wants to reconstruct this source to within a prescribed distortion level.
The incurred distortion is measured according to some loss measure d : X X X — R, where X designates the

reconstruction alphabet. For quadratic distortion measure, i.e.,
dlr. i) = |z — 712
(va) - |1 SC‘ 9

the rate-distortion region of the vector Gaussian CEO problem is still unknown in general, except in few special
cases the most important of which is perhaps the case of scalar sources, i.e., scalar Gaussian CEO problem. For this
case, a complete solution, in terms of characterization of the optimal rate-distortion region, was found independently
by Oohama in [3]] and by Prabhakaran et al. in [4]]. Key to establishing this result is a judicious application of
the entropy power inequality. The extension of this argument to the case of vector Gaussian sources, however, is
not straightforward as the entropy power inequality is known to be non-tight in this setting. The reader may refer
also to [5]], [[6] where non-tight outer bounds on the rate-distortion region of the vector Gaussian CEO problem
under quadratic distortion measure are obtained by establishing some extremal inequalities that are similar to Liu-
Viswanath [7]], and to [8]] where a strengthened extremal inequality yields a complete characterization of the region
of the vector Gaussian CEO problem in the special case of trace distortion constraint.

In this paper, we study the CEO problem of Figure [I| in the case in which (X,Yy,Y1,...,Yxk) is jointly
Gaussian and the distortion is measured using the logarithmic loss criterion, i.e.,

n

1
d(n) noany _ = d(zi, &) 1
(2", 2") n;(f“” (1
with the letter-wise distortion given by
1
d(z, &) = log 2
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where &(-) designates a probability distribution on X' and &(x) is the value of this distribution evaluated for the
outcome = € X.

The logarithmic loss distortion measure, often referred to as self-information loss in the literature about prediction,
plays a central role in settings in which reconstructions are allowed to be ‘soft’, rather than ‘hard’ or deterministic.
That is, rather than just assigning a deterministic value to each sample of the source, the decoder also gives an
assessment of the degree of confidence or reliability on each estimate, in the form of weights or probabilities. This
measure, which was introduced in the context of rate-distortion theory by Courtade et al. [9], [10]], has appreciable
mathematical properties [11]], [12]], such as a deep connection to lossless coding for which fundamental limits are
well developed (e.g., see [13|] for recent results on universal lossy compression under logarithmic loss that are
built on this connection). Also, it is widely used as a penalty criterion in various contexts, including clustering and

classification [[14]], pattern recognition, learning and prediction [[15[], image processing [16], secrecy [[17] and others.

A. Main Contributions

The main contribution of this paper is a complete characterization of the rate-distortion region of the vector
Gaussian CEO problem of Figure [I] under logarithmic loss distortion measure. The result can be seen as the
counterpart to the vector Gaussian case of that by Courtade and Weissman [[10, Theorem 10], who established the
rate-distortion region of the CEO problem under logarithmic loss in the discrete memoryless (DM) case. For the
proof of this result, we derive a matching outer bound by means of a technique that relies of the de Bruijn identity, a
connection between differential entropy and Fisher information, along with the properties of minimum mean square
error (MMSE) and Fisher information. By opposition to the case of quadratic distortion measure, for which the
application of this technique was shown in [[18] to result in an outer bound that is generally non-tight, we show
that this approach is successful in the case of logarithmic distortion measure and yields a complete characterization
of the region. On this aspect, it is noteworthy that, in the specific case of scalar Gaussian sources, an alternate
converse proof may be obtained by extending that of the scalar Gaussian many-help-one source coding problem by
Oahama [3]] and Prabhakaran er al. [4]] by accounting for side information and replacing the original mean square
error distortion constraint with conditional entropy. However, such approach does not seem to lead to a conclusive
result in the vector case as the entropy power inequality is known to be generally non-tight in this setting [[19],
[20]. The proof of the achievability part simply follows by evaluating a straightforward extension to the continuous
alphabet case of the solution of the DM model using Gaussian test channels and no time-sharing. Because this
does not necessarily imply that Gaussian test channels also exhaust the Berger-Tung inner bound, we investigate
the question and we show that they do if time-sharing is allowed.

Furthermore, we show that application of our results allows us to find complete solutions to two related problems.
The first is a quadratic vector Gaussian CEO problem with reconstruction constraint on the deferminant of the error
covariance matrix that we introduce here, and for which we also characterize the optimal rate-distortion region.
Key to establishing this result, we show that the rate-distortion region of vector Gaussian CEO problem under

logarithmic loss which is found in this paper translates into an outer bound on the rate region of the quadratic
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vector Gaussian CEO problem with deferminant constraint. The reader may refer to, e.g., [21]] and [22] for examples
of usage of such a determinant constraint in the context of equalization and others. The second is an extension
of Tishby’s single-encoder Information Bottleneck (IB) method [[14] to the case of multiple encoders. Information
theoretically, this problem is known to be essentially a remote source coding problem with logarithmic loss distortion
measure [23]]; and, so, we use our result for the vector Gaussian CEO problem under logarithmic loss to infer a
full characterization of the optimal trade-off between complexity (or rate) and accuracy (or information) for the
distributed vector Gaussian IB problem.

Finally, for both DM and memoryless Gaussian settings we develop Blahut-Arimoto (BA) [24], [25] type iterative
algorithms that allow to compute (approximations of) the rate regions that are established in this paper; and prove
their convergence to stationary points. We do so through a variational formulation that allows to determine the
set of self-consistent equations that are satisfied by the stationary solutions. In the Gaussian case, we show that
the algorithm reduces to an appropriate updating rule of the parameters of noisy linear projections. We note that
the computation of the rate-distortion regions of multiterminal and CEO source coding problems is important per-
se as it involves non-trivial optimization problems over distributions of auxiliary random variables. Also, since
the logarithmic loss function is instrumental in connecting problems of multiterminal rate-distortion theory with
those of distributed learning and estimation, the algorithms that are developed in this paper also find usefulness in
emerging applications in those areas. For example, our algorithm for the DM CEO problem under logarithm loss
measure can be seen as a generalization of Tishby’s IB method [14] to the distributed learning setting. Similarly,
our algorithm for the vector Gaussian CEO problem under logarithm loss measure can be seen as a generalization
of that of [26]—[28] to the distributed learning setting. For other extensions of the BA algorithm in the context of
multiterminal data transmission and compression, the reader may refer to related works on point-to-point [29], [30]

and broadcast and multiple access multiterminal settings [31]], [32].

B. Related Works

As we already mentioned, this paper mostly relates to [[10] in which the authors establish the rate-distortion
region of the DM CEO problem under logarithmic loss in the case of an arbitrary number of encoders and no
side information at the decoder, as well as that of the DM multiterminal source coding problem under logarithmic
loss in the case of two encoders and no side information at the decoder. Motivated by the increasing interest
for problems of learning and prediction, a growing body of works study point-to-point and multiterminal source
coding models under logarithmic loss. In [11]], Jiao et al. provide a fundamental justification for inference using
logarithmic loss, by showing that under some mild conditions (the loss function satisfying some data processing
property and alphabet size larger than two) the reduction in optimal risk in the presence of side information is
uniquely characterized by mutual information, and the corresponding loss function coincides with the logarithmic
loss. Somewhat related, in [33] Painsky and Wornell show that for binary classification problems the logarithmic
loss dominates “universally” any other convenient (i.e., smooth, proper and convex) loss function, in the sense

that by minimizing the logarithmic loss one minimizes the regret that is associated with any such measures. More
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specifically, the divergence associated any smooth, proper and convex loss function is shown to be bounded from
above by the Kullback-Leibler divergence, up to a multiplicative normalization constant. In [[13]], the authors study
the problem of universal lossy compression under logarithmic loss, and derive bounds on the non-asymptotic
fundamental limit of fixed-length universal coding with respect to a family of distributions that generalize the well-
known minimax bounds for universal lossless source coding. In [34]], the minimax approach is studied for a problem
of remote prediction and is shown to correspond to a one-shot minimax noisy source coding problem. The setting of
remote prediction of [34] provides an approximate one-shot operational interpretation of the Information Bottleneck
method of [14], which is also sometimes interpreted as a remote source coding problem under logarithmic loss [23]].

Logarithmic loss is also instrumental in problems of data compression under a mutual information constraint [35]],
and problems of relaying with relay nodes that are constrained not to know the users’ codebooks (sometimes termed
“oblivious” or nomadic processing) which is studied in the single user case first by Sanderovich et al. in [36] and
then by Simeone et al. in [37], and in the multiple user multiple relay case by Aguerri et al. in [38]] and [|39]]. Other
applications in which the logarithmic loss function can be used include secrecy and privacy [17], [40], hypothesis

testing against independence [41]]-[45] and others.

C. Outline and Notation

The rest of this paper is organized as follows. Section [l provides a formal description of the vector Gaussian CEO
model that we study in this paper, as well as some definitions that are related to it. Section [III] contains the main
results of this paper: an explicit characterization of the rate-distortion region of the memoryless vector Gaussian
CEO problem with side information under logarithmic loss as well as the proof that Gaussian test channels with
time-sharing exhaust the Berger-Tung rate region which is optimal. In Section [[V| we use our results on the CEO
problem under logarithmic loss to infer complete solutions of two related problems: a quadratic vector Gaussian
CEO problem with a determinant constraint on the covariance matrix error and the vector Gaussian distributed
Information Bottleneck problem. Section |V| provides BA-type algorithms for the computation of the rate-distortion
regions that are established in this paper in both DM and Gaussian cases as well as proofs of their convergence

and some numerical examples. The proofs are deferred to the appendices section.

Throughout this paper, we use the following notation. Upper case letters are used to denote random variables,
e.g., X; lower case letters are used to denote realizations of random variables, e.g., x; and calligraphic letters denote
sets, e.g., X. The cardinality of a set X’ is denoted by |X|. The length-n sequence (X3,...,X,) is denoted as
X™; and, for integers j and k such that 1 < k < j < n, the sub-sequence (X, Xgi1,... ,Xj) is denoted as X,{.
Probability mass functions (pmfs) are denoted by Px(xz) = Pr{X = z}; and, sometimes, for short, as p(x). We
use P(X) to denote the set of discrete probability distributions on X'. Boldface upper case letters denote vectors
or matrices, e.g., X, where context should make the distinction clear. For an integer K > 1, we denote the set of
integers smaller or equal K as K = {k € N : 1 < k < K}. For a set of integers S C K, the complementary
set of S is denoted by S¢, ie., S¢ = {k € N : k € K\ §}. Sometimes, for convenience we will need to
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define S as S = {0} U §°¢. For a set of integers S C K; the notation Xs designates the set of random variables
{X}} with indices in the set S, i.e., Xs = { X} }res. We denote the covariance of a zero mean, complex-valued,
vector X by Xy = E[XXT], where (-)' indicates conjugate transpose. Similarly, we denote the cross-correlation
of two zero-mean vectors X and Y as Xy, = E[XYT], and the conditional correlation matrix of X given Y
as By, = E[(X - E[X]|Y])(X — E[X|Y])T] ie., Tyy = By — By y X, 'y «. For matrices A and B, the
notation diag(A, B) denotes the block diagonal matrix whose diagonal elements are the matrices A and B and its
off-diagonal elements are the all zero matrices. Also, for a set of integers J C N and a family of matrices {A;};c7
of the same size, the notation A 7 is used to denote the (super) matrix obtained by concatenating vertically the

matrices {A;}ics, where the indices are sorted in the ascending order, e.g, A2} = [A], AL,

II. PROBLEM FORMULATION

Consider the K -encoder CEO problem with side information shown in Figure [T} where the agents observations are
assumed to be Gaussian noisy versions of a remote vector Gaussian source. Specifically, let (X,Yo,Y1,...,Yg)

be a jointly Gaussian random vector, with zero mean and covariance matrix Xy v )- Without loss of

Y1, YK
generality, the remote vector source X € C™» is assumed complex-valued, has n,-dimensions, and is assumed
to be Gaussian with zero mean and covariance matrix X5 > 0. X" = (Xy,...,X,,) denotes a collection of n
independent copies of X. The agents’ observations are Gaussian noisy versions of the remote vector source, with

the observation at agent k € IC given by
YkJ:HkXi%»Nk’i, forizl,...,n, 3)

where Hy,, € C™ *"= represents the channel matrix connecting the remote vector source to the k-th agent; and
N} ; € C™" is the noise vector at this agent, assumed to be i.i.d. Gaussian with zero-mean and independent from
X;. The decoder has its own noisy observation of the remote vector source, in the form of a correlated jointly

Gaussian side information stream Y, with
Yo}i:H()Xi—f—No’Z‘, fori=1,...,n, @)

where, similar to the above, Hy € C™*"= is the channel matrix connecting the remote vector source to the CEO;
and Np; € C™ is the noise vector at the CEO, assumed to be Gaussian with zero-mean and covariance matrix
3 = 0 and independent from X;. In this section, it is assumed that the agents’ observations are independent

conditionally given the remote vector source X" and the side information Y, i.e., for all S C K,
Ys <o (X", Y() - Y. . %)

Using (@) and (@), it is easy to see that the assumption (3)) is equivalent to that the noises at the agents are independent
conditionally given INy. For notational simplicity, 3 denotes the conditional covariance matrix of the noise Ny,
at the k-th agent given Ny, i.e., 3 = Enkmo. Recalling that for a set S C K, N designates the collection of

noise vectors with indices in the set S, in what follows we denote the covariance matrix of Ng as X,,,.
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In this model, Encoder (or agent) k € C uses R, bits per sample to describe its observation Y} to the decoder.
The decoder wants to reconstruct the remote source X" to within a prescribed fidelity level. Similar to [10], we
consider the reproduction alphabet to be equal to the set of probability distributions over the source alphabet C™* "=,
In other words, the decoder generates ‘soft‘ estimates of the remote source’s sequences. We consider the logarithmic

loss distortion measure defined as in (I)), where the letter-wise distortion measure is given by (2).
Definition 1. A rate-distortion code (of blocklength n) for the model of Figure|l| consists of K encoding functions
oM e (1, MY for k=1, K,
and a decoding function
o {1 MY x e x {1 MY x e p(eree) |
where P(C™*"=) designates the set of probability distributions over the n-Cartesian product of C™=. |

Definition 2. A rate-distortion tuple (Ry, ..., Rx, D) is achievable for the vector Gaussian CEO problem with
side information if there exist a blocklength n, K encoding functions {QSEC")}kK:l and a decoding function ") such

that
1
Ri>—logM™ | fork=1,...,K,
n
D > E[d™ (X", p™ (6 (YD), ..., 0% (Y5), Y))] .

The rate-distortion region RDV.cro of the vector Gaussian CEO problem under logarithmic loss is defined as

the union of all non-negative tuples (R1, ..., Rk, D) that are achievable. |

The main goal of this paper is to characterize the rate-distortion region RDY . cpo of the vector Gaussian CEO

problem under logarithmic loss.

III. MAIN RESULTS

In this section we provide an explicit characterization of the rate-distortion region RDY,q.cpo of the vector
Gaussian CEO problem under logarithmic loss. Also, we show that Gaussian test channels with time-sharing exhaust

the Berger-Tung region which is optimal.

A. Rate-Distortion Region

We first state the following theorem which follows essentially by an easy application of |10, Theorem 10] that

provides the rate-distortion region of the DM version of the problem.



Accepted for publication in IEEE Transactions of Information Theory, 2020 8

Definition 3. For given tuple of auxiliary random variables (Uy, ..., Uk, Q) with distribution Py, q(ux,q) such

that PX v, Y. Uc,Q (X, Y0, YKk, Uk, q) factorizes as

K K
Px v, (%,50) [ [ Pruix.vo k%, 50) Po(@) [ [ Pourve.o(uelye @) (6)
k=1 k=1
define RDEEO(Ul, ..., Uk, Q) as the set of all non-negative rate-distortion tuples (R1,..., Ry, D) that satisfy,

for all subsets S C K,
D+ZRk > ZI(YIC;UHX,YmQ)+h(X|UchY0,Q) . (7
kes kesS

Also, let RDbpo := |URDbpo(Un, ..., Uk, Q) where the union is taken over all tuples (Uy,..., Uk, Q) with
distributions that satisfy (6). [ |

Definition 4. For given tuple of auxiliary random variables (V1, ..., Vi, Q') with distribution Py, ¢ (vic,q') such

that Px v, v .vi.0' (X, Y0, ¥k, Ve, ¢') factorizes as

K K
Px v,(x,¥0) H Py, 1x,v, (Y%, ¥0) Por (') H Py, 1v,.0 (Vklyr. q') ®)
k=1 k=1
define R’DgEO(Vl, ..., Vi, Q') as the set of all non-negative rate-distortion tuples (R1,..., Ry, D) that satisfy,

for all subsets S C K,

Z Ry > 1(Ys; Vs|Vse, Y0,Q") )
kes

DZh(X‘Vh"'aVKvYO’QI)' (10)

Also, let RDgpo = URDEro(VA, - .., Vi, Q') where the union is taken over all tuples (Vi,..., Vi, Q') with
distributions that satisfy (3). [ |

Theorem 1. The rate-distortion region for the vector Gaussian CEO problem under logarithmic loss is given by
1 11
RDVe.ceo = RDcpo = RDcko -

Proof. The proof of Theorem [I]is given in Appendix O

For convenience, we now introduce the following notation which will be instrumental in what follows. Let, for
every set S C K, the set S = {0} U S°. Also, for S C K and given matrices {ﬂk}szl such that 0 < €, < 2,;1,

let A g designate the block-diagonal matrix given by

0 0

Az = )
0 diag({Zy — ZpQ2:Z% b rese)

: (11)
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where O in the principal diagonal elements is the ngxng-all zero matrix. Besides, the notation H is used to denote
the (super) matrix obtained by concatenating vertically the matrices {H; };cs, where the indices are sorted in the
ascending order, e.g, Hyo 2y = [HES,H;]*

The following theorem is the main contribution of this paper, which is an explicit characterization of the rate-

distortion region of the vector Gaussian CEO problem with side information under logarithmic loss measure.

Theorem 2. The rate-distortion region RDY ¢ cro of the vector Gaussian CEO problem under logarithmic loss

is given by the set of all non-negative rate-distortion tuples (R1, ..., Ry, D) that satisfy, for all subsets S C K,

b

-1
(me) (2;1 +HLZ, I Agz;;)Hg)

1
D > log ———— +1
+1§ka1§ og TESETSN + log

for matrices {U }<_ | such that 0 < < X!, where S = {0} US® and Ag is as defined by (TI).

Proof. The proof of the direct part of Theorem [2| follows simply by evaluating the region RDEEO as described
in Theorem [I| using Gaussian test channels and no time-sharing. Specifically, we set @ = 0 and p(ug|yx,q) =
CN (yk, E,t/ 2(Qk — I)E,lc/ 2), k € K. The proof of the converse appears in Appendix O

In the case in which the noises at the agents are independent among them and from the noise Ny at the CEO,

the result of Theorem [2| takes a simpler form which is stated in the following corollary.

Corollary 1. Consider the vector Gaussian CEO problem described by @) and {@) with the noises (N1, ..., Ng)
being independent among them and with No. Under logarithmic loss, the rate-distortion region this model is given

by the set of all non-negative tuples (Ry, ..., Ry, D) that satisfy, for all subsets S C K,

1

)

1 _
D+ Ry > log———— +log |(me) (S, + HI S5 'Ho + Y HIQH,)
keS keS [T — €21, 33 keSe

for some matrices {Q. Y| such that 0 < Q; < Egl. [ ]

Remark 1. The direct part of Theorem [2| shows that Gaussian test channels and no-time sharing exhaust the region.
For the converse proof of Theorem 2| we derive an outer bound on the region RDICEO. In doing so, we use the
de Bruijn identity, a connection between differential entropy and Fisher information, along with the properties of
MMSE and Fisher information. By opposition to the case of quadratic distortion measure for which the application
of this technique was shown in [18] to result in an outer bound that is generally non-tight, Theorem 2| shows that
the approach is successful in the case of logarithmic loss distortion measure as it yields a complete characterization
of the region. On this aspect, note that in the specific case of scalar Gaussian sources, an alternate converse proof
may be obtained by extending that of the scalar Gaussian many-help-one source coding problem by Oahama [3]
and Prabhakaran et al. [4] through accounting for additional side information at CEO and replacing the original
mean square error distortion constraint with conditional entropy. However, such approach does not seem conclusive

in the vector case, as the entropy power inequality is known to be generally non-tight in this setting [|19)], [20]. B
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Remark 2. The result of Theorem [2] generalizes that of [35)], which considers the case of only one agent, i.e.,
the remote vector Gaussian Wyner-Ziv model under logarithmic loss, to the case of an arbitrarily number of
agents. The converse proof of [35], which relies on the technique of orthogonal transform to reduce the vector
setting to one of parallel scalar Gaussian settings, seems insufficient to diagonalize all the noise covariance matrices
simultaneously in the case of more than one agent. The result of Theorem[2]is also connected to recent developments
on characterizing the capacity of multiple-input multiple-output (MIMO) relay channels in which the relay nodes are
connected to the receiver through error-free finite-capacity links (i.e., the so-called cloud radio access networks).
In particular, the reader may refer to [46| Theorem 4] where important progress is done, and [39] where compress-
and-forward with joint decompression-decoding is shown to be optimal under the constraint of oblivious relay

processing. |

B. Gaussian Test Channels with Time-Sharing Exhaust the Berger-Tung Region

Theorem [I] shows that the union of all rate-distortion tuples that satisfy for all subsets S C K coincides
with the Berger-Tung inner bound in which time-sharing is used. The direct part of Theorem [2| is obtained by
evaluating (7) using Gaussian test channels and no time-sharing, i.e., Q = ), not the Berger-Tung inner bound. The
reader may wonder: i) whether Gaussian test channels also exhaust the Berger-Tung inner bound for the vector
Gaussian CEO problem that we study here, and ii) whether time-sharing is needed with the Berger-Tung scheme.
In this section, we answer both questions in the affirmative. In particular, we show that the Berger-Tung coding
scheme with Gaussian test channels and time-sharing achieves distortion levels that are not larger than any other

coding scheme.

Proposition 1. The rate-distortion region for the vector Gaussian CEO problem under logarithmic loss is given
by
RD{/G-CEO = U RDICIEO(V1G7 RN VI?, Q/) ’

where RDICIEO(~) is as given in Definition 4| and the superscript G is used to denote that the union is taken over

Gaussian distributed V,& ~ p(vk|yx, q') conditionally on (Y}, Q').

Proof. For the proof of Proposition |1} it is sufficient to show that, for fixed Gaussian conditional distributions
{p(uk|yr) },, the extreme points of the polytopes defined by (7) are dominated by points that are in RDggq
and which are achievable using Gaussian conditional distributions {p(vk|yx,q’)}i,. Hereafter, we give a brief
outline of proof for the case K = 2. The proof for K > 2 follows similarly; and is omitted for brevity. Consider
the inequalities (7) with Q = () and (Uy, Us) := (US, US) chosen to be Gaussian (see Theorem . Consider now

the extreme points of the polytopes defined by the obtained inequalities:

Py =(0,0,1(Y1;US|X, Yo) + 1(Y2; US'|X, Yo) + h(X[|Yo))

Py = (I(Y1; U [Y0),0, I(US; Y2 X, Yo) + h(X|UF, Yo))
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Py = (0,1(Y2; US| Yo), I(UF; Y1|X, Yo) + M(X|US, Yo))
Py = (I(Y1; U Y0), I(Y2; US|UY, Yo), h(X|UZ, US', Yo))

Ps = (I(Y1; UP|US, Y0), I(Y2; US [Yo), h(X|US, Us', Yo))

where the point P; is a a triple (jo ), Réj )7 DW)), It is easy to see that each of these points is dominated by a point in
RD 0. ie., there exists (Ry, Ry, D) € RDUye for which Ry < RY) Ry < RY) and D < D). To see this, first
note that Py and Ps are both in RD¢ . Next, observe that the point (0,0, h(X[Y)) is in RDggo, which is clearly
achievable by letting (V1, V2, Q') = (0,0,0), dominates P;. Also, by using letting (V3, V5, Q") = (US,0,0), we
have that the point (1(Y1;U1|Yo),0, h(X|Uy,Yo)) is in RDggeo, and dominates the point P;. A similar argument
shows that P; is dominated by a point in ’RDgEO. The proof is terminated by observing that, for all above corner

points, Vj, is set either equal U,S (which is Gaussian distributed conditionally on Y}) or a constant. O

Remark 3. Proposition [I| shows that for the vector Gaussian CEO problem with side information under a
logarithmic loss constraint, vector Gaussian quantization codebooks with time-sharing are optimal. In the case
of quadratic distortion constraint, however, a characterization of the rate-distortion region is still to be found in
general, and it is not known yet whether vector Gaussian quantization codebooks (with or without time-sharing)
are optimal, except in few special cases such as that of scalar Gaussian sources or the case of only one agent, i.e.,
the remote vector Gaussian Wyner-Ziv problem whose rate-distortion region is found in [35)]. In [35], Tian and
Chen also found the rate-distortion region of the remote vector Gaussian Wyner-Ziv problem under logarithmic loss,
which they showed achievable using Gaussian quantization codebooks that are different from those (also Gaussian)
that are optimal in the case of quadratic distortion. As we already mentioned, our result of Theorem 2] generalizes

that of [35)] to the case of an arbitrary number of agents. |

Remark 4. One may wonder whether giving the decoder side information Y to the encoders is beneficial. Similar
to the well known result in Wyner-Ziv source coding of scalar Gaussian sources, our result of Theorem |2| shows

that encoder side information does not help. |

IV. APPLICATIONS
In this section, we show that application of the result of Theorem [2]allows us to find the complete solutions of two
related problems: a quadratic vector Gaussian CEO problem with determinant constraint and the vector Gaussian
distributed Information Bottleneck problem. For the case of discrete data, we provide an example application to

distributed pattern classification.

A. Quadratic Vector Gaussian CEO Problem with Determinant Constraint

We now turn to the case in which the distortion is measured under quadratic loss. In this case, the mean square

error matrix is defined by

1 & . .
(n) . = § ’ L _X. XN\
D™ .= n 2 E[(X; — X;)(X; — X)) . (12)
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Under a (general) error constraint of the form

D™ <D, (13)

where D designates here a prescribed positive definite error matrix, a complete solution is still to be found in

general. In what follows, we replace the constraint with one on the determinant of the error matrix D™, i.e.,
DM <D, (14)
(D is a scalar here). We note that since the error matrix D(®) is minimized by choosing the decoding as

X, = E[X, [0 (YD), ., 68 (YY), Y5, (15)

where {é,(cn)}le denote the encoding functions, without loss of generality we can write (12)) as

1 - J(n e Y(n
D™ — = > mmse(Xi| @ (YD), ..., 6% (YR), YE) . (16)
i=1
Definition 5. A rate-distortion tuple (R, ..., Rk, D) is achievable for the quadratic vector Gaussian CEO problem

with determinant constraint if there exist a blocklength n, K encoding functions {(5,(6")}?:1 such that
1 n
Ry > —logM", for k=1,...,K,
n
1N 4(n) ()
D> |- X; Y?),..., Y)Y .
= n;mmse( o1 (YY) x (Yi), Yg)
The rate-distortion region RD%%_CEO is defined as the closure of all non-negative tuples (Ry,..., Rk, D) that
are achievable. ]

The following theorem characterizes the rate-distortion region of the quadratic vector Gaussian CEO problem

with determinant constraint.

Theorem 3. The rate-distortion region RD%%_CEO of the quadratic vector Gaussian CEO problem with determinant

constraint is given by the set of all non-negative tuples (Ry, ..., Rx, D) that satisfy, for all subsets S C K,

1 B B .
log 5 < 3 R+ log[1— 2| + log ]2,3 +HLS, (I - AsS, ) H;
keS

)

for matrices {U,}5_, such that 0 < Q, < X!, where S = {0} US® and Ag is as defined by (TI).
Proof. The proof of Theorem [3|is given in Appendix O

Remark 5. It is believed that the approach of this section, which connects the quadratic vector Gaussian CEO
problem to that under logarithmic loss, can also be exploited to possibly infer other new results on the quadratic

vector Gaussian CEO problem. Alternatively, it can also be used to derive new converses on the quadratic vector
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Gaussian CEO problem. For example, in the case of scalar sources Theorem [3| and Lemma [§] readily provide an
alternate converse proof to those of [3|], [4] for this model. Similar connections were made in [47], [48|]] where it
was observed that the results of [10] can be used to recover known results on the scalar Gaussian CEO problem
(such as the sum rate-distortion region of [49)]) and the scalar Gaussian two-encoder distributed source coding
problem. We also point out that similar information constraints have been applied to log-determinant reproduction

constraints previously in [|50]. ]

B. Distributed Vector Gaussian Information Bottleneck

Consider now the vector Gaussian CEO problem with side information of Section and let the logarithmic

loss distortion constraint be replaced by the mutual information constraint

(X500 (607 (Y7), . 0 (Y5, Y3 ) ) 2 nA. a7)
In this case, the region of optimal tuples (Ry,. .., Rx, A) generalizes the Gaussian Information Bottleneck Function

of [26]]-[28]] to the setting in which the decoder observes correlated side information Y and the inference is done
in a distributed manner by K learners. This region can be obtained readily from Theorem [2| by substituting therein

A := h(X) — D. The following corollary states the result.

Corollary 2. For the problem of distributed Gaussian Information Bottleneck with side information at the predictor,

the complexity-relevance region is given by the union of all non-negative tuples (R, ..., Rk, /) that satisfy, for
every S C K,
A<D (R +log |l — p3]) +log [T+ S HEE (I - AgS, 1 H|
keS
for matrices {U.}_| such that 0 < Q, < ', where S = {0} US® and Ag is given by (TI). [ |

In particular, if K = 1 and Yy = (), with the substitutions Y := Yy, R:= R;, H:= Hy, ¥ := X, and ; := Q,
the region of Corollary [2| reduces to the set of pairs (R, A) that satisfy

A <log|I+ Z,H'QH] (18a)

A<R+log|l-Q%, (18b)

for some matrix €2 such that 0 < Q < X1,

Expression (18)) is known as the Gaussian Information Bottleneck Function [26[|-[28]], which is the solution of
the Information Bottleneck method of [[14] in the case of jointly Gaussian variables. More precisely, using the
terminology of [14]], the inequalities describe the optimal trade-off between the complexity (or rate) R and the
relevance (or accuracy) A. The concept of Information Bottleneck was found useful in various learning applications,

such as for data clustering [51]], feature selection [52]] and others, indluding in distributed settings [53]], [54].
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Furthermore, if in (3) and (@) the noises are independent among them and from Ny, the relevance-complexity region

of Corollary [2| reduces to the union of all non-negative tuples (Ry,..., Rx,A) that satisfy, for every S C K,

A<D (Ry+log [T — 55| ) + log [T+ Sy (HIXg Ho + Y H{QH,)|,
keS keSe

for some matrices {Qk}gzl such that 0 < ;, < E,;l.

Y; R
! Qu, vy -

X = Pyy vi vl x QX|U17U27Y0 —XeX

Q
v, L3R,

i

Fig. 2: An example of distributed pattern classification.

C. Distributed Pattern Classification

Consider the problem of distributed pattern classification shown in Figure 2] In this example, the decoder is a
predictor whose role is to guess the unknown class X € X of a measurable pair (Y1,Ys) € Y1 X Vs on the basis
of inputs from two learners as well as its own observation about the target class, in the form of some correlated
Yo € V. It is assumed that Y7 -e- (X, Y]) e~ Y5. The first learner produces its input based only on Y; € ); and
the second learner produces its input based only on Y € )a. For the sake of a smaller generalization ga the
inputs of the learners are restricted to have description lengths that are no more than R; and R bits per sample,
respectively. Let Qu, |y, : V1 — P(U1) and Qu, |y, : V2 — P(Us) be two (stochastic) such learners. Also, let
Q ULV - Uy XUy x Yo — P(X) be a soft-decoder or predictor that maps the pair of representations (Uy, Us)

and Y to a probability distribution on the label space X'. The pair of learners and predictor induce a classifier

Qxvev1.v, (FlY0, Y1, y2) = > Quiwi(walyn) > Qua|v: (W2Y2)Q 3117, 1, v (Flu1; U2, 90)
w1 €EUL uz EUs

= ]EQUl\Yl EQU2|Y2 [QX|U1,U2,Y0 (U1, U2,0)] » (19)

whose probability of classification error is defined as
PS(QX|Y0,Y1,Y2) =1- EPx,yo,yl,y2 [Q)”qyo,yl,y2 (X‘YO? Y, Y2)] . (20)

I The generalization gap, defined as the difference between the empirical risk (average risk over a finite training sample) and the population risk
(average risk over the true joint distribution), can be upper bounded using the mutual information between the learner’s inputs and outputs, see,
e.g., [55], [56] and the recent [S7|], which provides a fundamental justification of the use of the minimum description length (MDL) constraint
on the learners mappings as a regularizer term.
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Let RD¢go be the rate-distortion region of the associated two-encoder DM CEO problem with side information

as given by Theorem I} The following proposition shows that there exists a classifier Q}(‘Y vy for which the
0,r1,12

probability of misclassification can be upper bounded in terms of the minimal average logarithmic loss distortion

that is achievable for the rate pair (R, R2) in RD¢go-

Proposition 2. For the problem of distributed pattern classification of Figure |2} there exists a classifier Q}(IY vy
0,r1,r2

for which the probability of classification error satisfies

Pg(Q}|Y07Y1’Y2) <1—exp(—inf{D : (R1,R2,D) € RD{po}) »

where RD¢ g is the rate-distortion region of the associated two-encoder DM CEOQ problem with side information

as given by Theorem

Proof. The proof of Proposition [2] is given in Appendix O

To make the above example more concrete, consider the following scenario where Y} plays the role of information
about the sub-class of the label class X € {0,1, 2, 3}. More specifically, let S be a random variable that is uniformly
distributed over {1,2}. Also, let X; and X, be two random variables that are independent between them and from
S, distributed uniformly over {1,3} and {0, 2} respectively. The state S acts as a random switch that connects X
or X5 to X, ie.,

X =Xg. 1)

That is, if S = 1 then X = X1, and if S = 2 then X = X5. Thus, the value of S indicates whether X is odd- or

even-valued (i.e., the sub-class of X). Also, let

Yo=S (22a)
Yi=Xs® 72, (22b)
Yo=Xs® 2, (22¢)

where Z; and Z; are Bernoulli-(p) random variables, p € (0,1), that are independent between them, and from
(S, X1, X2), and the addition is modulo 4. For simplification, we let Ry = Ry = R. We numerically approximate
the set of (R, D) pairs such that (R, R, D) is in the rate-distortion region RD¢go corresponding to the CEO
network of this example. The algorithm that we use for the computation will be described in detail in Section
The lower convex envelope of these (R, D) pairs is plotted in Figure |3a| for p € {0.01,0.1,0.25,0.5}. Continuing
our example, we also compute the upper bound on the probability of classification error according to Proposition
The result is given in Figure 3b] Observe that if Y7 and Y5 are high-quality estimates of X (e.g., p = 0.01), then
a small increase in the complexity R results in a large relative improvement of the (bound on) the probability

of classification error. On the other hand, if Y; and Y, are low-quality estimates of X (e.g., p = 0.25) then we
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require a large increase of R in order to obtain an appreciable reduction in the error probability. Recalling that
larger R implies lesser generalization capability [55]-[57], these numerical results are consistent with the fact
that classifiers should strike a good balance between accuracy and their ability to generalize well to unseen data.
Figure [3c| quantifies the value of side information S given to both learners and predictor, none of them, or only the

predictor, for p = 0.25.

—p=0.50
—p=025
— =010

»=001 »=001

here
-- oth Enc. and Dec.
— SI at only Dec

0.9

on P
on P

Upper Bound
Upper Bound

0 0.2 0.4 0.6 0.8 1 12 14 0 0.2 0.4 0.6 0.8 1 12 14 o 0.2 0.4 0.6 0.8 1 12 14
R R R

(a) (b) (©
Fig. 3: Illustration of the bound on the probability of classification error of Proposition [2| for the example described
by and (22). (a) Distortion-rate function of the network of Figure [2| computed for p € {0.01,0.1,0.25,0.5}.
(b) Upper bound on the probability of classification error computed according to Proposition [2] (c) Effect of side
information (SI) Yy when given to both learners and the predictor, only the predictor or none of them.

V. BLAHUT-ARIMOTO TYPE ALGORITHMS

In this section, we develop iterative algorithms that allow to compute the rate-distortion regions of the DM and
vector Gaussian CEO problems numerically. We illustrate the efficiency of our algorithms through some numerical

examples.

A. Discrete Case

Here we develop a BA-type algorithm that allows to compute the convex region RD¢ g for general discrete
memoryless sources. To develop the algorithm, we use the Berger-Tung form of the region given in Definition [
for K = 2. The outline of the proposed method is as follows. First, we rewrite the rate-distortion region RD¢ g
in terms of the union of two simpler regions in Proposition [3] The tuples lying on the boundary of each region are
parametrically given in Theorem 4} Then, the boundary points of each simpler region are computed numerically
via an alternating minimization method derived in Section and detailed in Algorithm [T] Finally, the original

rate-distortion region is obtained as the convex hull of the union of the tuples obtained for the two simple regions.

1) Equivalent Parametrization:

Define the two regions RD’&EO, k=12, as

RDEpo = {(R1,R2, D) © D > Dépo(Ry, Ra)} (23)
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with

Dfpo(Ri, Ry) :=min H(X|Uy,Us,Ys) (24)

s.t. RkZI(Yk;Uk|UE7YO) and R,—CZI(XE;U,—JYE)),

and the minimization is over set of joint measures Py, v, x,v,,v:,v, that satisfy U; -e- Y -e- (X,Y)) o Yy o Us.
(We define k := k (mod 2) + 1 for k = 1,2.)
As stated in the following proposition, the region RD¢ o of Theorem [1] coincides with the convex hull of the

union of the two regions RD¢po and RDZpo.
Proposition 3. The region RD¢ g is given by

Proof. An outline of the proof is as follows. Let Py, 1, x.vy,v,,v, and Pg be such that (Ry, Re, D) € RD¢go.-
The polytope defined by the rate constraints (9), denoted by V, forms a contra-polymatroid with 2! extreme points
(vertices) [10], [58]. Given a permutation 7 on {1, 2}, the tuple

Re)y = I(Ye1); Un)|Y0) s Ry = I(Yn(2); Un)[Un(1), Y0)
defines an extreme point of )V for each permutation. As shown in [[10]], for every extreme point (Rl, Rg) of V, the
point (f%l, Ry, D) is achieved by time-sharing two successive Wyner-Ziv (WZ) strategies. The set of achievable
tuples with such successive WZ scheme is characterized by the convex hull of RDg(El()). Convexifying the union of

both regions as in (23], we obtain the full rate-distortion region RD¢ 0. O

The main advantage of Propositionis that it reduces the computation of region R D& to the computation of the
two regions RDIEEO, k =1, 2, whose boundary can be efficiently parametrized, leading to an efficient computational
method. In what follows, we concentrate on RD¢ . The computation of RDZ follows similarly, and is omitted
for brevity. Next theorem provides a parametrization of the boundary tuples of the region R"D(leO in terms, each

of them, of an optimization problem over the pmfs P := { Py, |v,, Pu,|v, }-
Theorem 4. For each s := [s1, s3], s1 > 0, so > 0, define a tuple (R1 s, Ra s, Ds) parametrically given by
Dg = —51R1 s — saRas + mPin F(P), (26)
Ris =I1(Y;;UT|U3, Y0) ,  Ros =1(Ya;U3|Y0), 27)
where Fs(P) is given as follows

Fs(P) := H(X|U1,U2,Yo) + 511(Y1; U1 |U2, Yp) + s21(Ya; Ua|Yo) (28)
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and; P* are the conditional pmfs yielding the minimum in 26) and U}, U are the auxiliary variables induced by

P*. Then, we have:

1) Each value of s leads to a tuple (R s, Ra s, Ds) on the distortion-rate curve Ds = D{p(R1s, Ra.s).
2) For every point on the distortion-rate curve, there is an s for which 26) and @27) hold.

Proof. Suppose that P* yields the minimum in (26)). For this P, we have I(Y7; U;|Us, Yy) = Ry s and I(Ya; Us|Yp) =
Ry s. Then, we have
Dg = —s1R1 s — s2Ra s + Fs(P¥)
= —s1R1s — soRa s + [H(X|UT, U3, Yp) 4+ s1R1s + s2Ra 6]
= H(X|U{,U3,Yy) > Digo(Ri s, Ras) - (29)
Conversely, if P* is the solution to the minimization in (24), then I(Y1;U|U3,Ys) < Ry and I(Y2; U3 |Y)) < Ro
and for any s,
D¢po (R, Re) = H(X|UT, U3, Yo)
> H(X|US, Uy, Yo) + s1(I(Y1; UF|US, Yo) — Ry) + so(1(Ya; Uz |Yo) — R2)
=Ds + Sl(Rl,s — R1) + 82(R2$s — Rz) .
Given s, and hence (R; s, Ro s, Ds), letting (R, R2) = (Ris, Ros) yields D&go(Ris, Ros) > Ds, which proves,
together with (29), statement 1) and 2). O

Next, we show that it is sufficient to run the algorithm for s; € (0, 1].
Lemma 1. The range of the parameter s1 can be restricted to (0, 1].

Proof. Let F* = minp Fs(P). If we set U; = (), then we have the relation F'* < H(X|Usa, Yy) + s21(Ya; U2|Yp).

For s; > 1, we have
(a) (b)

Fs(P) > (1 — s1)H(X|Uy,Us,Y0) + s1H(X|Us, Yy) + s21(Y2; Us|Yy) > H(X|Us, Yy) + s21(Ya; Usa|Yp)
where (a) follows since mutual information is always positive, i.e., I(Y7; U1 | X, Yo) > 0; (b) holds since conditioning
reduces entropy and 1 — s; < 0. Then F* = H(X|Us, Yy) + s21(Ya; Uz|Yp) for s; > 1. Hence we can restrict the
range of s; to s1 € (0,1]. O

2) Computation of RDépo:
In this section, we derive an algorithm to solve (26) for a given parameter value s. To that end, we define a

variational bound on Fy(P), and optimize it instead of (26). Let Q be a set of some auxiliary pmfs defined as

Q:={Qu, , Qu, , Qx1v,,0s,v0 » Ax|UL,Ye » QX020 » Qvoty » Qvolun) - (30)
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In the following we define the variational cost function F5(P, Q)

Fs(P,Q) :=— s1 H(X|Yy) — (51 + s2)H(Yp)
+ IEPX,Y()-,Y11Y2 |:(1 - Sl)EPUﬂYl IEPUz)\Yz [_ log QXlUlvU%YO] + SIEPUﬂYl [_ IOg QX‘UI’YO]
+ s1Ep,,,y, [—108 Qx|v,,v5] + 851Dk (Pu, v, [|Quy ) + s2 Dk (Puy |y, [ Qus)

+ lePUl\yl [_ log QYO\Ul] + SQEPU2|Y2 [_ log QY0|U2}] : €1y
The following lemma states that F(P, Q) is an upper bound on F(P) for all distributions Q.

Lemma 2. For fixed P, we have
F(P,Q) > F.(P), forall Q.

In addition, there exists a Q that achieves the minimum ming Fs(P, Q) = F5(P), given by

Qu, = Pu, , Qxju.vo = Pxiv.vo» @Qvov, = Proju, s for k=12, 32)

Qx|v,.02,v0 = Px|01,02,v0 -
Proof. The proof of Lemma [2] is given in Appendix [V] O
Using the lemma above, the minimization in can be written in terms of the variational cost function as

follows
mr}nFs(P) = mr}nrr(l;l’nFs(P,Q) . (33)

Motivated by the BA algorithm [24]], [25]], we propose an alternate optimization procedure over the set of pmfs
P and Q as stated in Algorithm |1} The main idea is that at iteration ¢, for fixed P(*~1) the optimal Q*) minimizing
F,(P, Q) can be found analytically; next, for given Q(*) the optimal P(*) that minimizes Fs(P, Q) has also a closed
form. So, starting with a random initialization P(?), the algorithm iterates over distributions Q and P minimizing

F(P, Q) until the convergence, as stated below
PO QM sPW 5 SPED QW 5 P Q.

At each iteration, the optimal values of P and Q are found by solving a convex optimization problems. We have

the following lemma.
Lemma 3. F (P, Q) is convex in P and convex in Q.

Proof. The proof of Lemma [3] follows from the log-sum inequality. O

For fixed P(*~1, the optimal Q(*) minimizing the variational bound in can be found from Lemma [2| and
given by (32). For fixed Q(*), the optimal P®) minimizing (3T) can be found by using the next lemma.
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Algorithm 1 BA-type algorithm to compute RD%EO

: input: pmf Px y; v, v,, parameters 1 > s; > 0, s5 > 0.
. output: Optimal P{}lm, Pﬁz\yz; triple (R g, Ra,s, Ds).

1
2
3. initialization Set ¢ = 0. Set P(?) randomly.
4: repeat

5 Update the following pmfs for £k = 1,2

P (uy) = Zyk P (uk |yr)p(vk),
P (g fyo) = Zyk P (uk|yk)p(yk|vo),
P (ug |z, yo) = Zyk P (uklyk)p(yile, vo),

Y (usfa, yo)ptHD (uz|@, yo)p(z, yo)

P :
>4 D (ur |, yo)pt+D) (uz |z, yo)p(z, yo)

zlul, u2,y0) =

Update Q1) by using (32).
Update P(*+1 by using (34).
t+t+1.

until convergence.

0 XD

Lemma 4. For fixed Q, there exists a P that achieves the minimum minp (P, Q), where Py, |y, is given by

exp[— (uk, yr)]
wp A(ur) expl—p (ur, yi)]

p(uk|yk) = Q(uk)z ) for k= 172 ) (34)

where ¥y (uk, yx), k = 1,2, are defined as follows

1—35 S1
qZ}k(uk’ yk):: . EUz&YolykD(PXkaU;;yYo HQXluk.,U,;,YO) + QEYo\ykD(PXImeo ”QXluk,Yo) +D(PYo\yk ”QYo\uk)'
(35)
Proof. The proof of Lemma [4] is given in Appendix O

At each iteration of Algorithm |1} F,(P®), Q")) decreases until eventually it converges. However, since Fy(P, Q)
is convex in each argument but not necessarily jointly convex, Algorithm [T] does not necessarily converge to the
global optimum. In particular, next proposition shows that Algorithm [T] converges to a stationary solution of the

minimization in (6.
Proposition 4. Every limit point of P®) generated by Algorithm |I| converges to a stationary solution of (26).

Proof. Algorithm [I]falls into the class of so-called “Successive Upper-bound Minimization” (SUM) algorithms [59],
in which F5(P,Q) acts as a globally tight upper bound on Fg(P). Let Q*(P) := arg ming Fs(P, Q). From
Lemma 2| F5(P,Q*(P’)) > Fs(P,Q*(P)) = Fs(P) for P’ # P. It follows that F5(P) and Fs(P,Q*(P’))
satisfy [59, Proposition 1] and thus Fg(P, Q*(P’)) satisfies (A1)—(A4) in [59]. Convergence to a stationary point
of (26) follows from [59, Theorem 1]. O

Remark 6. Algorithm |I| generates a sequence that is non-increasing. Since this sequence is lower bounded,

convergence to a stationary point is guaranteed. This per-se, however, does not necessarily imply that such a
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point is a stationary solution of the original problem described by (26). Instead, this is guaranteed here by showing
that the Algorithm is of SUM-type with the function Fs(P, Q) satisfying the necessary conditions [59, (Al)—(A4)].
|

Algorithm 2 BA-type algorithm for the Gaussian vector CEO

input: Covariance 2(x7y0,y1,y2), parametersl > s; > 0, so > 0.
output: Optimal pairs (A, ¥, ), k= 1,2.
initialization Set ¢ = 0. Set randomly AY and 222 =0 fork=1,2.
repeat

For k = 1,2, update the following

AR

zlu;‘C = AZZYICAZT + Ezzv

) = AL AL+ 3,

ul [(x,y)

and update Euz (ut y)» 3 and ¥ .y) from their definitions by using the following

ugly yil(ug

.
Sut = ATH S, HIAL
Yoy = ALHLEH],

t
u..y

_ Tatt
> = H,S.HIAL"

Yk7u;’c
Compute 3,:+1 as in (38a) for k =1, 2.

6
7. Compute AL as for k =1,2.
8: tt+1.

9: until convergence.

B. Vector Gaussian Case

Computing the rate-distortion region RDY ¢ cgo Of the vector Gaussian CEO problem as given by Theorem 2] is
a convex optimization problem on {§2;}4#_ ; which can be solved using, e.g., the popular generic optimization tool
CVX [60]]. Alternatively, the region can be computed using an extension of Algorithm [I| to memoryless Gaussian
sources as given in the rest of this section.
For discrete sources with (small) alphabets, the updating rules of Q**1) and P(*+1) of Algorithm [1|are relatively
easy computationally. However, they become computationally unfeasible for continuous alphabet sources. Here, we
leverage on the optimality of Gaussian test channels as shown by Theorem [2| to restrict the optimization of P to
Gaussian distributions, which allows to reduce the search of update rules to those of the associated parameters,

namely covariance matrices. In particular, we show that if P(t) k = 1,2, is Gaussian and such that

Uy ‘Yk ’

U, =AY, +Z], (36)
where Zj, ~ CN(0,%,; ) then PUTY 100 is Gaussian, with

Uk‘Yk

Uttt = ALYy, + Zi (37)
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where Z/T! ~ CN(0, EZL-H) and the parameters A" and EZZ+1 are given by

-1
1 1-— —
2 = (21 Y ERLLENLLS i ) (38a)
z), 7YO)

Sk ut |(x,y0) Sk uf|(ut P ut |yo

1
1 -1 v
A;j EZ?J (SkEU‘ \(x,yo)‘A2 (I B 2yk|(x7y0)2y:)>

k

]_ —
~ B, (312—1 ALI-3

sp Ctubl(ut.yo)

Sk — S1 2_1

Sk UL‘YO

t

yk\(uk,yo)E;k.l) - AZ(I - Eykyozykl)) - (38b)

The updating steps are provided in Algorithm 2] The proof of (38) can be found in Appendix

C. Numerical Examples

In this section, we discuss two examples, a binary CEO example and a vector Gaussian CEO example.

|| B=05:0 RDLpo © RDipo == Ri =Ry — =050
1 } B=01:x RD¢po * RDEpo Ri= Ry —h£=025
s T 0.8 — B3=0.10
’ B =0.01
=== 10 side info
0.6 |- il
Q
0.4 |
0.2 8
"1
06 o8 1o 02 7 0001 02 03 04 05 06 07 08 09 1
R’y By R
(a) (b)

Fig. 4: Rate-distortion region of the binary CEO network of Example |1} computed using Algorithm |1} (a): set of
(R1, Ry, D) triples such (R, Ro, D) € RD{gpo U RDEgo, for a; = ap = 0.25 and B € {0.1,0.25}. (b): set of
(R, D) pairs such (R, R, D) € RD&po U RDégo, for a; = as = 0.01 and 8 € {0.01,0.1,0.25,0.5}.

Example 1. Consider the following binary CEO problem. A memoryless binary source X, modeled as a Bernoulli-
(1/2) random variable, i.e., X ~ Bern(1/2), is observed remotely at two agents who communicate with a central
unit decoder over error-free rate-limited links of capacity R1 and Ro, respectively. The decoder wants to estimate
the remote source X to within some average fidelity level D, where the distortion is measured under the logarithmic
loss criterion. The noisy observation Y, at Agent 1 is modeled as the output of a binary symmetric channel (BSC)
with crossover probability oy € [0, 1], whose input is X, i.e, Y1 = X & Sy with S1 ~ Bern(ay). Similarly, the
noisy observation Y at Agent 2 is modeled as the output of a BSC(az) channel, as € [0, 1], whose has input X,

ie, Yo =X @ So with So ~ Bern(as). Also, the central unit decoder observes its own side information Yy in the
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Sorm of the output of a BSC(8) channel, € [0, 1], whose input is X, i.e., Yo = X @® Sy with Sy ~ Bern(p). It is
assumed that the binary noises Sy, S1 and Sy are independent between them and with the remote source X.

We use Algorithm to numerically approximateﬂ the set of (R1, Ra, D) triples such that (Ry, Ra, D) is in the union
of the achievable regions RDEEO and RD%EO as given by 23). The regions are depicted in Figure da|for the values
a1 = ag =0.25 and 8 € {0.1,0.25}. Note that for both values of 3, an approximation of the rate-distortion region
RDcro is easily found as the convex hull of the union of the shown two regions. For simplicity, Figure 4b| shows
achievable rate-distortion pairs (R, D) in the case in which the rates of the two encoders are constrained to be at
most R bits per channel use each, i.e., Ry = Ry = R, higher quality agents’ observations (Y1,Y3) corresponding
fo o = ag = 0.01 and 8 € {0.01,0.1,0.25,0.5}. In this figure, observe that, as expected, smaller values of 3
correspond to higher quality estimate side information Yy at the decoder; and lead to smaller distortion values
for given rate R. The choice § = 0.5 corresponds to the case of no or independent side information at decoder;
and it is easy to check that the associated (R, D) curve coincides with the one obtained through exhaustive search

in [10, Figure 3]. |

© RDya.ceo * RDVa.ceo U RDYa.cro 20
RD%¢.ceo O RDYg.cro using CVX

....................... P T T ST X T 1
.m

19+
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17

Joint encoding with Rgym — 00
16 |- === Joint encoding
= Theorem 2 using CVX

x Theorem 2 using Algorithm 2

1 |
b 0 10 20 30 40 50
RSU!I]

(b)

Fig. 5: Rate-information region of the vector Gaussian CEO network of Example [2 Numerical values are n, = 3
and ng = n; = ny = 4. (a): set of (Ry, Ry, A) triples such (Ry, Ry, h(X) — A) € RDVa.cpo U RD¥a.cros
computed using Algorithm [2| (b): set of (Rsum,A) pairs such Rgym = Ry + Rp for some (R;, Ry) for which
(R1, Rz, h(X) = A) € RDye.cro U RDYc.cro-

Example 2. Consider an instance of the memoryless vector Gaussian CEO problem as described by (@) and (@)
obtained by setting K = 2, n, = 3 and ng = n1 = ny = 4. We use Algorithm [2| to numerically approximate
the set of (Ry,Ry,A) triples such (Ry, Ry, h(X) — A) is in the union of the achievable regions RDvq.cro
and RD%,G,CEO. The result is depicted in Figure The figure also shows the set of (R1, Ro, A) triples such
(R1, Ra, h(X) — A) lies in the region given by Theorem 2| evaluated for the example at hand. Figure |5b| shows the

2We remind the reader that, as already mentioned, Algorithm [1|only converges to stationary points of the rate-distortion region.
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set of (Rsum, ) pairs such Ry := R1 + Ra for some (R1, Rg) for which (R, Ro, h(X) — A) is in the union of
RDYa.cro and RDYq.cro. The region is computed using two different approaches: i) using Algorithm E] and ii)
by directly evaluating the region obtained from Theorem [2) using the CVX optimization tool to find the maximizing
covariances matrices (S21,Q) (note that this problem is convex and so CVX finds the optimal solution). It is
worth-noting that Algorithm [2| converges to the optimal solution for the studied vector Gaussian CEO example, as
is visible from the figure. For comparisons reasons, the figure also shows the performance of centralized or joint

encoding, i.e., the case both agents observe both Y1 and Yo,

A(Rgum) = I(U, Yo X) . (39)

max
Pyiy, vy : I(U;Y1,Y2[Y0)<Rsum

Finally, we note that the information/sum-rate function (39) can be seen an extension of Chechik et al. Gaussian
Information Bottleneck [20] to the case of side information Y o at the decoder. Figure |5b| shows the loss in terms of
information/sum-rate that is incurred by restricting the encoders to operate separately, i.e., distributed Information

Bottleneck with side information at decoder. |

APPENDIX I

PROOF OF THEOREM]]

For convenience, consider first the DM version of the CEO problem with decoder side information under

logarithmic loss of Figure [1} It is assumed that for all S C £ :={1,..., K},
YS —— (X, YQ) —— YS“ s (40)

forms a Markov chain in that order. The definitions for this model are similar to Definition [1] and Definition 2] and
are omitted for brevity. The rate-distortion region of this problem can be obtained readily by applying [10, Theorem
10], which provides the rate-distortion region of the model without side information at decoder, to the modified
setting in which the remote source is X = (X,Y)), another agent (agent K + 1) observes Yii1 = Yy and
communicates at large rate Ry 1 = oo with the CEO, which wishes to estimates X to within average logarithmic
distortion D and has no own side information strea More specifically, it is given by the union of the set of all

non-negative tuples (R, ..., Rx, D) that satisfy, for all subsets S C K,

D+ Rp>> I(YiUilX,Y0,Q) + H(X|Us:, Y0, Q) , (41)
keS keS

. K
for some joint measure of the form Py, v, x(yo,¥x,%X)Po(q) [1i=1 Pu.ive,0(urlyr, q).
Also, let us define for this model the rate-information region RZ{pq as the closure of all rate-information tuples

(n)
k

(R1,...,Rk,A) for which there exist a blocklength n, encoding functions {¢,"” }/< | and a decoding function

3Note that for the modified CEO setting the agents’ observations are conditionally independent given the remote source X.
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(™ such that

1
szflogMén), for k=1,...,K,
n

1 n n n n n n n
A< —I(X% M (G (Y], ., 0% (Y5), Y5)) .

3

It is easy to see that a characterization of RZ¢y can be obtained by using (#I) and substituting distortion levels
D therein with (A := H(X) — D).

Proposition 5. The rate-information region RIigo of the vector DM CEO problem under logarithmic loss is

given by the set of all non-negative tuples (Ry, ..., Ri,A) that satisfy, for all subsets S C K,

D R =D I(YiUklX, Y0,Q) — I(X;Use, Yo,Q) + A,
kes keS

for some joint measure of the form Py, v, x(¥o,¥x,%x)Po(q) HkK:1 Py y,.0(urlyr, q). [ ]

The region RZ¢ g involves mutual information terms only (not entropies); and, so, using a standard discretization
argument, it can be easily shown that a characterization of this region in the case of continuous alphabets is also
given by Proposition [5] It is well-known that the rate region of the DM CEO problem under logarithmic loss can
also be used in the case of continuous alphabets (e.g., Gaussian sources [61]], [62]).

Let us now return to the vector Gaussian CEO problem under logarithmic loss that we study in this section. First,

we state the following lemma, whose proof is easy and is omitted for brevity.
Lemma 5. (Ry,...,Rk,D) € RDV¢.cro if and only if (Ry,..., Rk, h(X) — D) € RI ko [ ]

Summarizing, using Proposition 5| and Lemma [3]it follows that RDY ¢ cpo = RDtgo- To complete the proof of
Theorem |1} it remains to show that RD¢po = RDEpo; and this follows by reasoning along the submodularity
arguments of the proof of [10, Theorem 10].

APPENDIX II
PROOF OF CONVERSE OF THEOREM [2]

The proof of Theorem [2| relies on deriving an outer bound on the region RDEEO given by Theorem (1| In doing
so, we use the technique of 18, Theorem 8] which relies on the de Bruijn identity and the properties of Fisher
information; and extend the argument to account for the time-sharing variable () and side information Y.

We first state the following lemma.
Lemma 6. [|/8)], [63] Let (X,Y) be a pair of random vectors with pmf p(x,y). We have

log |(me)I~H(X]Y)] < h(X[Y) < log |(we)mmse(X|Y)]
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where the conditional Fisher information matrix is defined as
J(X[Y) = E[V log p(X[Y)V log p(X[Y)]
and the minimum mean squared error (MMSE) matrix is
mmse(X[Y) := E[(X — E[X|Y])(X — EX|Y])T]. |

Now, we derive an outer bound on as follows. For each ¢ € Q and fixed pmf Hle p(ux|yr,q), choose
{412, satisfying 0 < €, ; < 2;1 such that

mmse(Y|X, Uk.q, Y0,9) = X — ZpQp g2k - (42)
Such Q. , always exists since, for all ¢ € Q, k € K, we have
0 < mmse(Yy|X, Uk 4, Yo,q) = 3y l(xy0) = Znying = 2k -
Then, for k € K and ¢ € Q, we have
I(Yr; Ug|X, Yo,Q = q) = log|(me) | — h(Yi|X, Uk,q, Y0,Q = q)

(a)
> log |Xy| — log |mmse(Yy|X, Uk 4, Yo,Q = ¢)|

b
= — log |I — ﬂk,q2k| 5 (43)

—~
=

where (a) is due to Lemma [6} and (b) is due to (@2).

For convenience, the matrix A S.q is defined as follows

0 0
As, = [ . ] . (44)
0 diag({XZx — ZpQ%,¢ Xkt rese)
Then, for ¢ € Q@ and S C I, we have
(a)
hX|Use g, Y0,Q = q) > log|(me)I~H(X[Use 4, Yo,9)]
b _ _ _ 71
© 1og | (re) (Ex tyHLE (- Agquns})H‘§> : (45)

where (a) follows from Lemma [6} and for (b), we use the connection of the MMSE and the Fisher information to

show the following equality
J(X|Use 4, Yo,q) = Bt + HES NI - Ag B D H (46)

In order to proof {@6), we use de Brujin identity to relate the Fisher information with the MMSE as given in the

following lemma.



Accepted for publication in IEEE Transactions of Information Theory, 2020 27

Lemma 7. [I8], [64] Let (V1,V3) be a random vector with finite second moments and Z ~ CN(0,X,)
independent of (V1, V). Then

mmse(Vy|V1, Vo +Z) =3, - 3,J(V2+ Z|V)XE, . [ |
From MMSE estimation of Gaussian random vectors, for S C K, we have
X=EX|Ys]+Ws=GsYs+Wgs, 47)
where Gg 1= Xy, H}E;;, and Wg ~ CN(0,X) is a Gaussian vector that is independent of Y 5 and
Yol =2 +HLS, 1 H (48)

Now we show that the cross-terms of mmse (Yse|X, Use 4, Yo, q) are zero (similarly to [[18, Appendix V]). For

i € 8¢ and j # i, we have

E[(Yl - E[Yllx’ USCJNYOa Q])(YJ - E[YJ|Xa USC:anOaQDT]

—
S]

:) E |:E|:(Y; - E[YHX; Usc,qa Yo, qD(Y} - ]E[YHX’ US“‘,anOv q])Tlxv YO]:|
b
® E[E[(Yl —E[Y;|X,Use 4, Yo, q])|X,Y0]E[(Y] —E[Y;|X, Uscﬁq,Yo,q])”X,Yo]} =0, (49)

where (a) is due to the law of total expectation; (b) is due to the Markov chain Y e~ (X, Y() o= Y\

Then, for k € K and ¢ € Q, we have

mmse(GSYg‘X7 Use,q, Yo, q) = Ggsmmse (Yg|X,Useq, Y0,9) Gg

@a |0 0 ] Gt
- S . S
0 diag({mmse(Y|X,Use 4, Y0,q) }kese)

b
® Gsas, Gl (50)

where (a) follows since the cross-terms are zero as shown in (#9); and (b) follows due to and the definition
of Ag, given in {@4).
Finally, we obtain the equality by applying Lemma [7] and noting as follows

I(X|Use,qs Yo, 0) 2 £51 — £ mmse(GsYs|X, Use g, Yo, 0) =5

S
) - _
=3l -5, GsAs ,GLESL
© s-1 t =1y T —1A - s—lyr_
=3 +HLS  Hg - HLZ 1A 3, 1 Hs
— y—1 T y—1 , -1 ,
=X +HLE N (I-As 2 ) H;

where (a) is due to Lemma 7} (b) is due to (B0); and (c) follows due to the definitions of 3! and Gg.
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Next, we average @3) and {@3) over the time-sharing @ and letting Q2 := > 5 p(q)2,4, we obtain the lower

bound

I(Y5; UklX, Y0,Q) = Y p(@)I(Yi; UklX, Y0, Q = g)

qeQ
> — Y plg)log T — ;X
qeEQ
(b)
—log [T= > p(q)Q%. T
qeQ
——log‘I—QkEkl, (51)

where (a) follows from ([@3); and (b) follows from the concavity of the log-det function and Jensen’s Inequality.

Besides, we can derive the following lower bound

h(X|Use, Y0,Q) = Y p(@)h(X|Use 4, Y0,Q = q)
qeQ
-1
>Zp log |(re) (2 + HES,L(1- As 3,1 Hs) ’
qeQ
2 1og |(me) (B! + HESL(T- AsZ ) HS) 1 (52)
= X S S S ’

where (a) is due to @3); and (b) is due to the concavity of the log-det function and Jensen’s inequality and the
definition of Ag given in (TI).

Finally, the outer bound on RDYu.cpo is obtained by applying and in (@), noting that Q) =
Yo P(@) Qg 2 B since 0 < Q2 < X7, and taking the union over €, satisfying 0 < @, < 3,7,

APPENDIX III

PROOF OF THEOREM [3]

We first present the following lemma, which essentially states that Theorem [2] provides an outer bound on

det
RDVG—CEO'

Lemma 8. If (Ry,..., Rk, D) € RDYS cpo» then (Ri,..., Ri,log(me)™ D) € RDggo-

Proof. Let a tuple (Ry,...,Rk,D) € RDde(t; cro be given. Then, there exist a blocklength n, K encoding

functions {qbk )} K and a decoding function 4™ such that
1 (n) _
Ry > —logM,”, fork=1,.... K,
n

1 - V(n n 7(n n n
> | > mmse(Xil ¢ (YD), . 0 (YR, YE) - (53)
=1
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We need to show that there exist (Uy,...,Ugk, @) such that

> Ry +log(me)™* D > > I(Yi; UklX, Yo,Q) + h(X|Use, Yo,Q) , for SCK . (54)
kesS kesS

Let us define
_ 1 ) “(n
A .— ~h(X"|} NP, L a0 Y)Y

It is easy to justify that expected distortion A(™) is achievable under logarithmic loss (see Theorem . Then,

following straightforwardly the lines in the proof of [[10, Theorem 10], we have

ZRk > Z ZI Yiis UrilXi, Yoi, Qi) + Zh (Xi|Use.s, Yo, Qi) — A™ (55)

keS kGS i=1

Next, we upper bound A(™ in terms of D as follows
A 1 (n n
AT = ~h(X"o (YT). . 0 (Y5), YE)

== Zh (Xl XP 1, 07 (YD) S (Y)Y

= fzh X, — E[X, | i) | X2, 65 (Y]), o 60 (Y 3), Y3

i=1

(a) 1 " (n n 7(n n n
< DO h(X - B0 (), 68 (YR). Y5)

i=1
(b) 1 n, n) n 1(n) n n

Zlog me)™ immse(X; |0y (YD), ..., 6% (Y%), Y1)

i=1
(0)
< log(me)™ mese (X, |¢§”)(Y”) (" (Y%), Y()

i=1

(d)
< log(re)™ D, (56)

where (a) holds since conditioning reduces entropy; (b) is due to the maximal differential entropy lemma; (c) is
due to the convexity of the log-det function and Jensen’s inequality; and (d) is due to (53).

Combining (56) with (53), and using standard arguments for single-letterization, we get (34); and this completes
the proof of the lemma. O

The proof of Theorem |3|is as follows. By Lemma [§| and Proposition |1} there must exist Gaussian test channels
(V& ..., V) and a time-sharing random variable @', with joint distribution that factorizes as

K K

Px v, (x,¥0) H Py, 1x,v, (Yr|%, ¥0) Po(q) H Py, iv,.0 (Vklyr.q')
h=1 k=1
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such that the following holds

> R >1(Ys;V§|Vsh Y0,Q), for SCK, (57)
keS
log(me)"* D > h(X|V\F, ..., Vi§, Y0,Q") . (58)

This is clearly achievable by the Berger-Tung coding scheme with Gaussian test channels and time-sharing Q’,

since the achievable error matrix under quadratic distortion has determinant that satisfies
log ((me)™ lmmse(X|VE, ..., VE, Yo, Q")) = h(X|VE,...,VE, Y0,Q) .

The above shows that the rate-distortion region of the quadratic vector Gaussian CEO problem with determinant
constraint is given by (38), i.e., RDtyo (with distortion parameter log(me)” D). Recalling that RDEpo =
RDICEO = RDY¢.cro» and substituting in Theorem [2| using distortion level log(we)™= D completes the proof.

APPENDIX IV
PROOF OF PROPOSITION 2]

Let a triple mappings (Qu, v, Qus|v,, @ |00, Yo) be given. It is easy to see that the probability of classification

error of the classifier Q¢ y, y, y, as defined by (20) satisfies

PE(QX\YO,Yl,YQ) < EPX,YO,yl,y2 [_ IOg Qleo,YLYz (X|YO> Y1, Y2)] . (59

Applying Jensen’s inequality on the right hand side (RHS) of (39), using the concavity of the logarithm function,
and combining with the fact that the exponential function increases monotonically, the probability of classification

error can be further bounded as

Pf(QX\YO,YhYQ) <1l-—exp ( - EPX,YO,Yl,Y2 [_ log QX\YU,YL,YQ (X|Y07 Yy, }/2)]) . (60)
Using (I9) and continuing from (60), we get
PE(QX|YO,Y1,Y2) <1-—exp ( - EPX,YO,Yl,Y2 [_ log EQUI\YI ]EQUQ\Yz [QX\Ul,Uz,Yo (X|U17 Uz, YO)]])
<1—exp ( ~Epy vy 1190 EQu, 1y B, i, [~ 1081Q 510, 07,y (XU, U2,Y0)]]> .6

where the last inequality follows by applying Jensen’s inequality and using the concavity of the logarithm function.

Noticing that the term in the exponential function in the RHS of (61)),

D(QUl\Yl ) QU1|Y1 ) QX\Ul,Uz,YO) = EPXY0Y1Y2 IEQUlW1 IEQUsz [_ log Q)A(|U1’U2,y0 (X|U1» Us, Yb)] s (62)

is the average logarithmic loss, or cross-entropy risk, of the triple (QUl‘yl,QUz%,Q XU, Us Yo); the inequal-
ity (6I) implies that minimizing the average logarithmic loss distortion leads to classifier with smaller (bound on)

its classification error. Using Theorem |l| the minimum average logarithmic loss, minimized over all mappings
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Qui iy, : Y1 — P(Uy) and Qu,|y, : V2 — P(U2) that have description lengths no more than R; and R; bits

per-sample, respectively, as well as all choices of @ XUy Us Yo Uy x Uz x Yo — P(X), is

D*(Rl, Rg) = IIIf{D : (Rl, RQ, D) € RDEEO} . (63)
Thus, the direct part of Theorem |I| guarantees the existence of a classifier Q;ﬂy v, y, Whose probability of error
0,11,r2

satisfies the bound given in Proposition [2]

APPENDIX V

PROOF OF LEMMA [2]
First, we rewrite F(P) in (28). To that end, the second term of the RHS of (28) can be proceeded as

[(Ye; U |Us, Yo) @ I(X, Y13 U1 |Us, Yo) = I(X; Uy |Us, Yo) + I(Ys; U|Us, Yo, X)

Y 1(X: 01 |Us, Yo) + I(Y1; UL| X, Yo)

— I[(X; U1 |Us, Yo) + I(Ya, X; Uy |Ye) — I(X; Uy |Yo)

9 (XU U, Yo) + I(Y3: U |Y0) — I(X; T [Y0)

= H(X|Us,Yy) — H(X|Uy, U, Yo) + H(U1|Yo) — H(U1|Yy, Y1) — H(X|Yo) + H(X|U1, Yo)
= H(X|U2,Yo) — H(X|U1,Us,Yy) + H(Uy) — H(Yo) + H(Ys|Un)

— H(h|Yy, Y1) — H(X|Yy) + H(X|U4,,Y0) , (64)
and, the third term of the RHS of 28) can be written as

d
1(Ya: Ul Yo) = H(Us|Yo) — H(UalYo, Y2) @ H(Ua|Ys) — H(Ua|Y2)
= H(Uz) = H(Yo) + H(Yo|Uz) — H(U2[Y2) , (65)
where (a), (b), (¢) and (d) follows due to the Markov chain U; -~ Y7 o= (X,Y)) o= Y3 o Us.
By applying (64) and (63) in (28), we have
FS(P) = — SlH(X|YE)) — (S]_ + SQ)H(Yo) + (1 — 81)[’[()(”]17 UQ, YY())
+ S1H(X|U1, YO) + SlH(X‘U%Y()) + SlH(Ul) — 81H(U1|Y1)

+ SQH(UQ) - SQH(UQ‘YQ) + SlH(Yo‘Ul) + SQH(}/O|U2)
= — SlH(X|Y0) — (81 + SQ)H(YQ)

- (]- - Sl) Z p(U17U2,1'73JO) 10gp(x|u1,u2,y0)

U1U2TYo

— 51 Z p(ulaxayo) logp('r‘ulvyo) — 81 Z p(Uz,l‘,yo) logp(x|u2ay0)

u1TYo uU2xYo
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— 51> _p(ur)logp(ur) + 51y p(ur, y1) log p(us |yz)

U1 u1Y1

— 55 plus)logp(us) + 52 > plus, y2) log plus|ys)

ug u2y2

—s1 ) plu1,y0) log p(yolur) — 52 Y pluz, yo) log p(yolus) , (66)

u1Yo u2yo

Then, marginalizing (66) over variables X, Yy, Y7, Y2, and using the Markov chain U; - Y; o (X, Y)) o Y2 - U,
it is easy to see that F5(P) can be written as
Fi(P) = — s1H(X|Yy) — (81 + s2)H(Yo)
+EPy vy vy [(1 —s1)Ep;, v, Epyy, [= 108 Px v, ,0,.v,]
+ s1Ep, |y, [~ 108 Px v, v,] + 81Epy, |y, [ 10g Px (v, v5)
+ 510k (Poy v; [|1Puy ) + 52Dk (P, v, | Pos)

+ s1Epy, v, [=108 Py, i, ] + 52Epy,, y, [— 108 Py, ]| - (67)
Hence, we have

Fs(P,Q) — F5(P) = (1 = s1)Euv, 15, v, [DxL(Px |0, 02 v, | @ x |01, U2,75)]
+ 51Eu, v, [DkL(Px vy, v, 1@ x 101, v0)] + 51Eu0,, v, [DKL(Px (0,7, |Q x|0,v0)]
+ 51Dk (Pu, ||Quy ) + s2 Dk (Pu, || Qus)

+ s1Ev, [Dxr(Py, v, Qo 10,)] + s2Bu, [DxL (Pyy 0, [|Qyyv,)] > 0,

where it holds with equality if and only if (32) is satisfied. Note that we have the relation 1 — s; > 0 due to
Lemma [T] This completes the proof.

APPENDIX VI
PROOF OF LEMMA [4]

We have that F5(P, Q) is convex in P from Lemma [3| For a given Q and s, in order to minimize Fy(P, Q)

over the convex set of pmfs P, let us define the Lagrangian as
Lo(P.QA) = Fa(P, Q)+ 3 M)l — S plunly)] + 3 Aol — 3 pluzlys)] .
Y1 ui Y2 u2

where A1(y1) > 0 and Az(y2) > 0 are the Lagrange multipliers corresponding the constrains -, p(uk|yx) = 1,
Yk € Yk, k = 1,2, of the pmfs Py, |y, and Pyp,y,, respectively. Due to the convexity of Fy(P,Q), the KKT

conditions are necessary and sufficient for optimality. By applying the KKT conditions

OL(P.QN _ L(P.QN
op(urlyr) Op(uzly2)
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and arranging terms, we obtain

log p(ur|y)

1-5
= logq(ue) + — > pl@, yolyw)p(uglz, yo) log q(wluk, ug, yo)
URTYo
+ 2 Zp(ff7y()|yk) log q(z|uk, yo) + Zp(yo\yk) log q(yolux) + Ai(9) -
s, skP(Yk)

ZYo Yo

1-— S1
= log q(ur) + — > pug,yolyr) D p(xlyk, ug, o) log q(|uk, ug, o)
xr

U Yo
$1 Ak (Uk)
t o > pWolyr) Y p(xlyk, yo) log q(xluk, yo) + Y p(yolyx) log q(yolux) + sep(ve)
Yo T Yo
1—s; p(x|yr, ug, yo) 1 Ak (Yr)
= logq(uy) — (U, Yolyk p(x|yr, ug, yo) log + -1
( ) Sk 1;;0 ( g | ); ( | g ) Q($|Uk7uzz7yo) p(x\yk,u;;,yo) Skp<yk)

51 (@Y, Yo) 1 plyoly) 1
- — D p(z|yk, yo) lo — P lo
sy 2 P0l) 2 plalio o) o8 o ey 2Pl o8 S )

= log q(ux) — Vi (ur, yx) + Me(yr) (68)

where 9y (ug, yx), k = 1,2, are given by (33), and b (yk) contains all terms independent of uy, for & = 1,2. Then,

we proceeded by rearranging (68) as follows

p(uplyn) = ej\k(yk)q(uk)e_wk(uk;yk) , fork=1,2. (69)
Finally, the Lagrange multipliers Ay (y) satisfying the KKT conditions are obtained by finding A (1) such that
>, Pluklyx) = 1, k = 1,2. Substituting in @9), p(ux|yx) can be found as in (34).

APPENDIX VII
DERIVATION OF THE UPDATE RULES OF ALGORITHM 2]

In this section, we derive the update rules in Algorithm [2] and show that the Gaussian distribution is invariant to
the update rules in Algorithm [T} in line with Theorem [2]

First, we recall that if (X;,X5) are jointly Gaussian, then

PX2‘X1 ~ CN(ux2|x1,2x2|x1) 3

— — -1
where py, 1w, = Ko, X1, Koy g 1= By 30 25, -

Then, for Q**+1) computed as in (32) from P®), which is a set of Gaussian distributions, we have

QX\UlyUszo ~ CN(IJJX‘UI,U%)’O’Ex|ulvu27)’0) ) QX\Uk,Yo ~ CN(“X\Umyo’ 2xlllxwyo) )

QYO‘Uk ~ CN(H’y(ﬂuk’ Eyo\uk) ) QUk ~ CN(07 z:le) .
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Next, we look at the update P(*+1) as in (4) from given QU+, To compute 1)y, (ul,yx), first, we note that

EUE1Y0\YkD(PX|Yk7UE,Y0 ”QX|Uk,UE7Y0) = D(PUk»X»YoWk ||QU;;>X>Y0|Uk) - D<PU;;aY0|Yk HQUE»Yo\uk)’
(70)

]EYO‘YkD(PXB’kaU HQX|Uk7YO) = D(nyY()l)’k HQX7Y0|U1¢) - D(PYO\W: ||QY0|uk> )
and that for two multivariate Gaussian distributions, i.e., Px, ~ CN (f,, ,Zx,) and Px, ~ CN(p,,, Xy, ) in CcN,
D(le HPXz) = (IJ’xl p’xz)TExz (I’l‘xl HXQ) + IOg |2x2 E;11' + tr(z;zlle) - N. (71)

Applying (70) and (71) in (33) and noting that all involved distributions are Gaussian, it follows that 1y (uk,y)
is a quadratic form. Then, since ¢(*) (uy) is also Gaussian, the product log(q'*)(uy,) exp(—(ut, y1))) is also a

quadratic form, and identifying constant, first and second order terms, we can write

-1
log p (uelyk) = = (w — pryreyy, )20 (s = prgeenyy, ) + Z(ve)
where
s =xty LYK o K L g =)o WK
2ttt = Fup T g o) luf S (af seyo)luf - (ubxvolul T 0Tt yo) g (g yo) g 1 (af vo)lu
81 1ot -1 Sk — f -1
T 5 Koo g Z ey g Boeyorug = K Dy Kol (72)
1-—- 1-s
— T -1 Lyt -1
Py, = By ( 5 K, ,y0>|uzE(ug,x,ya>|u;;K<Uf;’x’w>lw o Rt vo) b D ut yo g K yo) v
S1 T 1 Sk t 1
5 Byt Zoeyo g Kooyolye = KyoukzyoluzKYOlw> Yk - (73)
This shows that p+1)(uy |yy) is a Gaussian distribution and that U} is distributed as UZHNCN(HU;CH v St ).

Next, we simplify to obtain the update rule (38a). From the matrix inversion lemma, similarly to [26]], for
(X1, X3) jointly Gaussian we have

2l =S 4K S K, - (74)

x2|x1 x1|x2 T x1]%2

Applying (74) in (72), we have

1—s
1 _ 1 1) 1 1 -1
=4 =3 + - (zutk ko Eu;) - (Euk‘( wt.0) Euz)
_ _1 Sk — — -1
t o (2 uf[(x,y0) Euz) L (E u Iyo Eu@)
(a) 1 1 1-— S1 1 Sk — S1 -1
on uleyo) T g ubl(utye) T 5 uilye

where (a) is due to the Markov chain U; -e- X -e- Uy. We obtain (38a) by taking the inverse of both sides of (a).
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Also from the matrix inversion lemma [26], for (X;,X5) jointly Gaussian we have

DD YNINED YRS SRR D SN >t (75)

X1 x2|x1 x1|x2 2

Now, we simplify (73) to obtain the update rule (38b) as follows

Pty = g (

1781

1—s

Sk

E 1

1g—1
Eu;‘“ 2“27(“%)"7)’0)2(11 x,y0)|uk2(u% X,¥0), Yk

1 _
Sk 2 Eut (ut YO)E(U yo)\ukz(ut ,Y0), yk2

Ly 12ut oy 1|u 2y0’yk2;k1) Vi

1 -1 -1y 8
+Sk2 E“iv(x»YO)E(x,yo)\“ZE(X’YO)’ykEyk *

Sk

uf [ (ut x,y0) 1o (ukx,y0) (ut,x,y0) ul X,y0),Ye 'y

1-
2, ( Ly N RTINS e
Sk
1—s1_

o ity

— —1
i (uy0) St o) Xy,

ut yo),yr

Sk~ 51 gv—1 -1 -1
Sk 2‘12lyozuﬁ@yozy() Xyoyn Dy, | Yk

1 -1
Euk|(x yo)zuf (x, YO)E(x yo)E(XQ’O)Wk Eyk +

- ~1
uf [ (ut x,y0) yk,(u}c,x,yo)z(uf xyo)z(ukax’YO)’Yk Eyk

1-
25,0 ( Ly} ALY
Sk
1—s1_

t —1
TR )Akzmi%’m)z}(u;,yo>2<uk7wm

2—1
Sk Yk

D2 -l-

Z ! AkEYka(x7YU)2

1 1(x,y0) (x, yg)z(xﬂo)a}’k

— 51 1 ¢ -1 -1
Sk 3 ut |y0Ak2yxw)’0 Eyo Eym)'k 2yk Yk

-1
uk\(u X,¥0) yk\(u%,x,yo))zyk

. 1-
25,0 ( Lyl AL(D,, -3
Sk
1—51_

N Sk Euz‘(ur \Yo0)

ALy, -8 )y,

vil(ut.yo

Z ! AZ(E)’I@ - EYH(XQ’O))E Jr

HICS7Y))

— 51 -
Sk > tl\yoAZ(E.Vk - EYHYO)Eykl) Yk

1—
B> M( = L ALI =Sy ey D) - —tx ) ALI-X

—1
ul [(x,y0) Yk Sk uj [(ut.yo) Yk|(u£»YO)EYk)

Sk — S1

+ By, AR - zykyozykl)) Vi »

Sk

where (a) follows from (73)); (b) follows from the relation X, y, = AxXy, y,; (c) is due the definition of Xy |,
and (d) is due to the Markov chain U; e~ X -e- U,. Equation (38DB) follows by noting that Bttty = Altly,.
k
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