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Abstract

The Gaussian-smoothed optimal transport (GOT) framework, pioneered in Goldfeld et al.
(2020) and followed up by a series of subsequent papers, has quickly caught attention among
researchers in statistics, machine learning, information theory, and related fields. One key
observation made therein is that, by adapting to the GOT framework instead of its unsmoothed
counterpart, the curse of dimensionality for using the empirical measure to approximate the true
data generating distribution can be lifted. The current paper shows that a related observation
applies to the estimation of nonparametric mixing distributions in discrete exponential family
models, where under the GOT cost the estimation accuracy of the nonparametric MLE can
be accelerated to a polynomial rate. This is in sharp contrast to the classical sub-polynomial
rates based on unsmoothed metrics, which cannot be improved from an information-theoretical
perspective. A key step in our analysis is the establishment of a new Jackson-type approximation
bound of Gaussian-convoluted Lipschitz functions. This insight bridges existing techniques of
analyzing the nonparametric MLEs and the new GOT framework.

Keywords: GOT distance, nonparametric mixture models, nonparametric maximum likelihood

estimation, rate of convergence, function approximation.

1 Introduction

Let f(z|6) be a known parametric density function with respect to a certain (counting or contin-
uous) measure and Xi,...,X,, be n i.i.d. observations drawn from the following mizture density

function,

ho() = / £(z]0)dQ(0), (L.1)

where @ is unspecified and termed the mixing distribution of 6. Our goal is to estimate the un-
known @) based on X1, ..., X,. This is the celebrated nonparametric mixing distribution estimation
problem, which has been extensively studied in literature (Lindsay, 1995). The focus of this paper
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is on studying the estimation of @ in the case of (identifiable) discrete exponential family models
(Zhang, 1995), i.e., f(x|0) taking the following form:

f(z]0) = g(O)w(x)0®, withx=0,1,2,..., and
w(z) >0 foral x>0,
0 <6 < (aknown fixed constant) 6, < min{6,, o0}, (1.2)

where 6, € (0,00] is the radius of convergence of the power series § — > >°  w(x)0” and g(-) is
analytic in a neighborhood of 0. This model includes, among many others, Poisson and negative
binomial distributions.

Estimation of () under the discrete exponential family models has been extensively investigated
in literature through, e.g., the use of nonparametric maximum likelihood estimators (MLEs) (Simar,
1976), method of moments (Tucker, 1963), Fourier and kernel methods (Zhang, 1995; Loh and Zhang,
1996, 1997), and projection methods (Walter and Hamedani, 1991; Hengartner, 1997; Roueff and
Rydén, 2005). Of particular interest to us is the MLE-based approach, partly due to its asymptotic
efficiency under regular parametric models. In the case of nonparametric mixture models, the MLE
can be written as

~

Q@ := argmax Zlog hq(X3), (1.3)
Q on [0,0%] .4

which is a convex problem with efficient solving algorithms (Simar, 1976).

Although a proof of the consistency of @ has been standard now (cf. Chen (2017)), of central
importance to statisticians and machine learning scientists in making inference based on @ is its rate
of convergence. In this regard, Zhang (1995) established the first minimax lower bound, indicating
that, at the worst case, it is impossible for the MLEs to achieve a polynomial rate if measured using
regular metrics such as the total variation distance and the optimal transport distance (OT; in this
paper restricted to the Wasserstein-1 distance W7). It is now known that, for Poisson mixtures, the
minimax rate of convergence under OT distance is loglogn/logn and could indeed be achieved by
MLEs (Miao et al., 2021, Theorems 6.1 and 6.2). This slow rate demonstrates that the estimation
of () suffers severely from its nonparametric structure.

Interestingly, a similar fundamental “curse” also exists in using the empirical measure P, of
an independent and identically distributed (i.i.d.) sample of size n to approximate the true data
generating distribution P in R?, for which the minimax rate under the cost of OT was shown to
be n= Y4 as d > 2 (Fournier and Guillin, 2015, Theorem 1). Partly motivated by a problem of
estimating information flows in deep neural networks (Goldfeld et al., 2019), Goldfeld et al. (2020)
introduced a new measure of distance WY, which is termed the Gaussian-smoothed OT (GOT)
distance. The GOT distance, like the unsmoothed OT one, is a metric on the probability measure
space with finite first moment that metrizes the weak topology. In addition, both W{ and the
corresponding optimal transport plan converge weakly to the corresponding unsmoothed versions
as the smoothing parameter o — 0 (cf. Goldfeld and Greenewald (2020, Theorems 2, 3, and 4)).

Under this new distance and with some further moment conditions on P, Goldfeld et al. was able
to prove an upper bound of W{ (P, P) that is of the best possible root-n order and thus overcomes
the curse of dimensionality faced with the classical unsmoothed scenario. Subsequent developments



establish the weak convergence of W{(P,, P) to a functional of a Gaussian process (Sadhu et al.,
2021), weaken the moment assumption (Zhang et al., 2021), and study high noise limit as o — oo
(Chen and Niles-Weed, 2021).

One of the main contributions of this paper is to prove that an observation similar to what
was made in Goldfeld et al. (2020) occurs to the nonparametric mixture MLEs, i.e., under some
conditions on w(-), we have

sup IEW{’(@, Q) < C(o, 9*,w)n_"(9*’w), (1.4)

Q on [0,0%]
where C' and 7 are two positive constants only depending on {o,0,,w} and {6.,w}, respectively.
Our result thus bridges two distinct areas, namely nonparametric mixing distribution estimation and
empirical approximation to population distribution; in the earlier case, GOT is shown to boost the
convergence rate to polynomial, while in the latter case GOT overcomes the curse of dimensionality.

The main technical step in our proof of (1.4) is a new Jackson-type bound on the error of
degree-k polynomial (for an arbitrary positive integer k) approximation to Gaussian-convoluted
Lipschitz functions with a bounded support. Our result thus extends the classic Jackson’s Theorem
(Jackson (1921); see Lemma 5.6) and paves a way to leverage existing technical tools of analyzing

the nonparametric MLEs, devised in an early draft written by some of the authors in this paper
(Miao et al., 2021, Section 6).

Notation. For any positive integer n, let [n] := {1,...,n}. For any two distributions @; and
Q2 over R?, let Q; * Qo represent the convolution of Q1 and Qs, i.c., Q1 * Q2(A) = J [La(z+

y)dQ1(z)dQ2(y), with 1.(-) standing for the indicator function For any two measurable functions
f,g on R f x g represents their convolution, i.e., f * g(x = [ f(z — y)g(y)dy. For any function
f:R—Rand a >0, let f(® represent the a-time derlvatlve of f. The OT (i.e., Wasserstein W)
distance between Q1 and ()9 is defined as

W1i(Q1,Q2) := sup / (dQ1 — dQ2), (Kantorovich-Rubinstein formula)
ZELlpl

where the supremum is over all 1-Lipschitz functions (under the Euclidean metric | - ||) on R?. Let
N, represent the Gaussian distribution with mean 0 and covariance matrix 01, where I; stands
for the d-dimensional identity matrix. Let ¢, denote the corresponding density function. The GOT
distance WY is defined as

WY (Q1,Q2) := Wi (Q1 * No, Q2 x No).

Let P(R?) represent the set of all Borel probability measures on R? and P;(RY) be the subset
of P(RY) with elements of finite first moment. Throughout the paper, C,C’,C", ¢, ¢ are used to
represent generic positive constants whole values may change in different locations.

Paper organization. The rest of this paper is organized as follows. Section 2 gives the prelim-
inaries on the studied nonparametric mixture models and the MLEs. Section 3 delivers the main
results, including the key technical insights to the proof. Section 4 collects the main proofs, with
auxiliary proofs relegated to Section 5.



2 Preliminaries

2.1 Nonparametric mixture MLEs

Estimating the mixing distribution is known to be statistically challenging in a variety of nonpara-
metric mixture models including the Gaussian (Wu and Yang, 2020), binomial (Tian et al., 2017,
Vinayak et al., 2019), and Poisson (Miao et al., 2021) ones. Specific to the discrete exponential
family models in the form of (1.2), the following log n-scale information-theoretical lower bound
formalized this difficulty under the standard unsmoothed W7 distance.

Theorem 2.1 (Minimax lower bounds under W; distance). Let {X;,i € [n]} be a random sample
generated from the mizture density function hg defined in (1.1) and n > 2. We then have

(a) For any f(x|0) taking the form (1.2), we have

inf sup EWA(Q,Q) > —,
Q Q on [0,04] logn

C

(2.1)

where the infimum is taken over all measurable estimators of the mixing distribution ) with
support on [0,6.] and ¢ = c(6) > 0 is a constant only depending on 0.

(b) (Miao et al., 2021, Theorem 6.2) Suppose further f(x|0) = e=?0% /2! to be the probability mass
function of the Poisson with natural parameter 0. We can further tighten the lower bound in
(2.1) to be

~ "log 1
inf sup EWi(Q,Q) > o8

Q Q on [0,04] logn

)

for a constant ¢ = /(0,) > 0 depending only on 0.

Remark 2.1. In (1.2), the condition that “w(x) > 0 for all nonnegative integer x” is a (simplified)
identifiability condition. Similar conditions were also posed in, e.g., Zhang (1995, Corollary 1) and
Loh and Zhang (1996, Corollary 1). As a matter of fact, Stoyanov and Lin (2011, Theorem 1(a))
showed that, if there exists a constant C' > 0 such that f(z|6) = 0 for all z > C and 6 € [0, 6,],
then @ is not identifiable, i.e., there exist at least two distinct mixing distributions @, Q2 over
[0,6,] such that hg, = hg,. On the other hand, it is straightforward to generalize the above result
to the case of “w(z) > 0 for all x > x for some nonnegative integer o that is known to us”.

In the past several decades, methods that provably (nearly) achieve the above minimax lower
bound have been proposed; cf. Zhang (1995), Hengartner (1997), and Roueff and Rydén (2005)
among many others. However, none of the above methods is likelihood-based, partly due to the the-
oretical challenges faced with analyzing the nonparametric MLEs. A major breakthrough towards
understanding the rate of convergence of nonparametric mixture MLEs was made in Vinayak et al.
(2019) for the binomial case and Miao et al. (2021) for the Poisson case.

The following theorem provides an extension of Miao et al. (2021, Theorem 6.1) to cover those
mixture models of the general form (1.2).



Theorem 2.2 (Minimax upper bounds of MLEs under W7 distance). Let {X;,i € [n]} be a random
sample generated from the mizture density function hq defined in (1.1), and @ be the MLE introduced
in (1.3). The following are then true.

(a) If there exists a universal constant C > 1 such that 1/w(zx) < C* for all x > 1, then there
exist some n' =n'(0,,C) and C' = C'(0,,C) such that

!/

for alln >n'.

sup - EW1(Q.Q) < 1
Q on [0,64] ogn
(b) If there exists a universal constant C > 1 such that 1/w(x) < (Cz)°® for all x > 1, then there
exists ' =n'(0,,C) and C" = C'(0.,C) such that

C’loglogn

sup  EW(Q,Q) < for allm >n'.

Q on [0,0.] logn
Remark 2.2. The conditions enforced for w(z) in Theorem 2.2 are classic and related to the
identifiability of @ discussed in Remark 2.1. Similar conditions were posed in Zhang (1995, Theorem
4), Loh and Zhang (1996, Corollary 1), Loh and Zhang (1997, Theorem 1), and Roueff and Rydén
(2005, Corollary 1).

Remark 2.3. It is straightforward to verify that, after some standard operations including location
shift, point mass inflation, and reparametrization, Theorem 2.2(a) applies to, e.g., the (zero-inflated
or C-truncated) negative binomial, the logarithmic (Noack, 1950), the lost games (Gupta, 1984), as
well as the generalized Poisson, negative binomial, and logarithmic (Janardan, 1982) distributions;
Theorem 2.2(b) applies to, e.g., the (zero-inflated or C-truncated) Poisson as well as the Poisson
polynomial (Cameron and Trivedi, 2013) distributions.

Remark 2.4. It may be of some theoretical interest to note that Theorem 2.2 can be further

generalized to cover the following two cases.

(i) If the following bound holds,
1/w(x) < expoexpo---exp(Cx) for all z,

L
then there exists a constant C’ = C’(C, 6,) such that

sup EW1(Q,Q) < C'/logologo---olog(n) =: C'/logy(n) forall n > n/,
Q on [0,04]

L
where n' = n/(C, 6,) is a sufficiently large integer.
(ii) If the following bound holds,
1/w(z) < (Cz)"©® (L times power) for all z,
then there exists a constant C’ = C’(C, 6,) such that

sup  EWL(Q,Q) < C'log;_,(n)/logy(n) for all n > n/,
Q on [0,0+]

where n’ = n/(C, 0,) is a sufficiently large integer.



2.2 The GOT distance

Theorem 2.1 suggests that, under the Wi cost, the sub-polynomial rate in estimating the mixing
distribution of a nonparametric mixture model is information-theoretically optimal. As a matter of
fact, the conclusion of Theorem 2.1 goes beyond the discrete exponential family models studied in
this paper; cf. Wu and Yang (2020, Proposition 8) for a similar phenomenon in the nonparametric
Gaussian mixture models.

Revising the Wasserstein distance through convolution/smoothing has a long and rich history. In
probability theory, this is interestingly related to heat semigroup operators on Riemannian manifold
(von Renesse and Sturm, 2005), which reveals its connection to the Ricci curvature. More recently,
stemming from the interest in estimating the mutual information of deep networks, Goldfeld et al.
(2019) initiated the study of GOT distances, introduced as a smoothed alternative to the classic
OT metric.

Indeed, the GOT distance is now known to be able to effectively alleviate some undesired issues
associated with the OT distances. Let us start with the following simple fact, that the Wi-distance
is non-increasing under convolution.

Lemma 2.1. Consider py, pio, v € P1(RY) be arbitrary three Borel probability measures on R? with
finite first moment. We then have

Wi(pr * v, po x v) < Wi(pa, p2).

Lemma 2.1 confirms that the GOT distance is no greater than the original OT distance, but
it does not quantify the difference. For that purpose, the existing literature has provided us with
an interesting example, i.e., in approximating the population measure using the empirical one. In
detail, suppose P, is the empirical measure of P, and both are supported on R? with some integer
d > 3. Fournier and Guillin (2015, Theorem 1) showed that

sup EW;q(P,P,) = n~Hd
P:EpX2<oco
which is faced with severe curse of dimensionality as the dimension d becomes larger. In a recent
paper of Goldfeld et al. (2020), the authors showed that, via appealing to the GOT one, this curse
can be effectively handled. More specifically, they proved that, as long as P is sub-gaussian with a
fixed subgaussian constant, we have

EW{ (P, P,) <n~ Y2
which is the parametric rate of convergence. See also Sadhu et al. (2021) for the limiting distribution
of /nWY (P, P,) as well as Zhang et al. (2021) for the relaxation of the moment conditions on P.
The purpose of this paper is to present the second and also a statistically interesting example, for

which adopting the GOT distance can significantly accelerate the convergence rate of a statistical
procedure.

3 Main results

The following theorem is the main result of this paper.



Theorem 3.1. Let {X;,i € [n]} be a random sample generated from the mizture density function
hq defined in (1.1), and Q be the MLE introduced in (1.3). Suppose that there exist some universal
positive constants cy,ca, c3,C1,Ca, C3 such that one of the following two conditions holds,

(1) 1jw(z) < C1C5 for allx =1,2,...;
(i4) c1c5x®® < 1/w(x) < C105x3* for allz =1,2,....

Then we have
sup EW7(Q, @) <C-n“
Q on [0,0+]
Here C = C(0,04,c1,c2,c3,C1,Co,C3) and ¢ = ¢(04, c3,Ca,C3) are two positive constants.

Remark 3.1. Let us point out some results in the nonparametric mixture model literature that
are relevant to ours. Lambert and Tierney (1984) studied the convergence of h@ to hg in a specific
nonparametric Poisson mixture model based on the regular unsmoothed distance. They observed
that the convergence rate can be nearly parametric; c¢f. Proposition 3.1 therein. This observation
is particularly relevant to ours as the h. operation is intrinsically also “smoothing” the probability
measure. A similar observation was made in Wu and Yang (2020), who studied approximating
the mixing distributions in Gaussian mixture models via moment matching. In particular, their
Lemma 8 considers bounding the Gaussian-smoothed chi-squared distance between two subgaussian
distributions whose first £ moments are matched. Their bound suggests a similar exponential-order
improvement as ours. However, it is clear from the context that the proof techniques in Lambert
and Tierney (1984) and Wu and Yang (2020) are distinct from the current paper, where, as we
detail next, the conclusion is arrived via a new Jackson-type bound.

Remark 3.2. In Theorem 3.1 the explicit value of ¢ was not exposed. For readers of interest,
considering € € (0,1) to be an arbitrarily small positive constant, the largest possible ¢ we can
obtain for the Poisson mixture is

1/10 — ¢

and for negative binomial mixture is

log(e/0s)
log(1/6x)
Although it is certainly not the main interest of this paper to devise the sharpest possible value of ¢,

-1
[2{1 +2- H — ¢, recalling that 6, € (0,1) in this case.

it is our conjecture that for any fixed o, (at the worst case) ¢ would have to be strictly smaller than
1/2. In other words, the parametric root-n rate as was observed in Goldfeld et al. (2020) cannot
be recovered in the setting of nonparametric mixture MLEs considered in this paper. A detailed
investigation of the lower bound of EWY{ (@, @) is beyond the scope of this paper, but will be the
topic of a subsequent future work.

Next we give a proof sketch of Theorem 2.2. Invoking the same trick that was used in the proof
of Theorem 6.1(a) in Miao et al. (2021), for any given 1-Lipschitz function ¢(-) such that ¢(0) = 0,



we introduce the following function to approximate it,
R k
0:(0) == by f(x|0), for by, € R and 0 € [0,6.].
z=0

Some straightforward manipulations (see Section 4.2 for details) then yield

k
W1(Q,Q) < sup 2 sup |0(0) — 0,(0)] + bao(ho(z) — hPS (x
! : éeLip1,€(0)=0{ ee[o,e*]‘ (6) = & )‘ ;::0 Z( Q(x) o ( )>

+ i bat (h‘é}’S(a:) - h@@:)) }, (3.1)
z=0

where h‘ébs(x) =n"t>" 1(x = X;). The sub-polynomial bound of EW1(Q, Q) could then be
explained by the following fact (detailed proofs to be presented in Section 4.2): For any function
¢ considered above and any k = 1,2,..., there exists an ?k and a constant C' = C(6.) > 0 only
depending on 6, such that the following two inequalities hold. First, a Jackson-type bound (see
Lemma 5.4):

sup sup ‘6(6) — ?k(e)( < C/k; (3.2)
£€Lip,,£(0)=0 0€[0,0+]
second,
1
by ol < CF .
o, SP,_ e [bee] < O mase { s ]

Plugging different bounds of max{1/w(z)} into the above two inequalities then gives us the desired
results in Theorem 2.2.

With these concepts in mind, let us then move on to examine the case when the GOT distance
is used. Similar to the derivation of (3.1) and further noting that [4d(Q xN,) = [ £,dQ with

ly :ZE*QSU,

one can show that

k
£6(0) = £(0) = Lu(0)]+ D bre (ho(w) — h*())

z=0

- Ek: be (H3* (@)~ hgl@)) . (33)
=0

The last two terms in (3.3) can be similarly handled as in (3.1), and it remains to control the first

WP(Q,Q) < sup {2 sup
£€Lip,,£(0)=0 ~ 0€[0,04]

term. To this end, we introduce the following lemma, which turns out to be an extension of the
Jackson-type one.

Lemma 3.1 (Polynomial approximation of Gaussian-convoluted Lipschitz functions). Let 0 €
[a,b] C R be a bounded interval and let ¢(-) be a 1-Lipschitz function over [a,b]. For any o > 0 and
integer k > 1, there exist a constant C = C(a,b) > 0 only depending on a,b and a polynomial py(+)



of degree at most k such that

2 —k
sup |60(6) — £2(0) ~ pu(0)] < Creor - [2LVE] o1
6€la,b] —a

where we recall that £, := £ % ¢y with ¢ standing for the density function of N, .

In striking contrast to the linear convergence in Jackson-type bounds such as (3.2), Lemma 3.1
states that approximation to Gaussian-convoluted Lipschitz functions by degree-k polynomials is
super-exponentially fast, hinting a substantial gain of convergence speed whence GOT distances are
used to quantify the distance. We refer to Section 4.3 for the complete proof of Theorem 3.1.

4 Proofs

In the subsequent proofs, we sometimes drop the track of dependence on C,C’ for simplicity.

4.1 Proof of Theorem 2.1
Proof. The proof is based on Le Cam’s two-point method (cf. Tsybakov (2009, Chapter 2.3)) and

uses the following proposition.

Proposition 4.1 (Lemma 3 in Tian et al. (2017), Proposition 4.3 in Vinayak et al. (2019).). For
any positive integer k and any M > 0, there exist two distributions Py, Py with support in [0, M]
such that Py, Py have first k moments identical and W1(Py, P2) > M/(2k).

We first upper bound ¢(®) (0)6% /2!. To this end, define §(6) := g(6.0). We then have

1 o0
—— = Zw(x)@f@m for all 0 € [0,1]
9(0) =

by the definition of the mixing density function in (1.2). Furthermore, the radius of convergence
of Y07 yw(x)876” is 6,./0, > 1. Accordingly, by Krantz and Parks (2002, Corollary 1.1.10), there
exists some universal constant C' > 0 such that

w(z)dy < C forallz=0,1,2,....

The proof of Krantz and Parks (2002, Corollary 1.1.12) then yields that g(#), of the form g(8) =
5% 3™ (0)6% /2!, has a radius of convergence at least 1/(C'+1). Invoking Krantz and Parks (2002,
Corollary 1.1.10) again shows that there exists another universal constant C’ > 0 such that

199(0)67 /2! = [3®)(0)/z!| < C"(C +1)%, forallz=0,1,2,.... (4.1)

We then combine (4.1) with Proposition 4.1 to finish the proof. On one hand, for any k =1,2,.. .,
Proposition 4.1 guarantees the existence of two distributions Q1, Q2 over [0, 6. /(C + 3)] such that

/ 6741 (0) = / 07dQs(0), forallz € [k] and  Wi(Q1,Qs) > 0./(2(C + 3)k).



On the other hand, the total variance distance between hg, and hg, satisfies

04 04
TV(hg, ha,) < Z\ | so@oraaio)~ [ aouiaau)
(m) 0 0. m+x
DICID R e )
=0 m:m+z>k+1
2(C +3) 0’(212) .

Picking k = k(n) so that

2(C + 3) c’(g+ g) —1/(2n),

it follows from Le Cam’s lower bound for two hypotheses that, denoting Q®" to be the n-time
product measure of @,

inf sup EW1(Q, Q) > %W1(Q1,Q2){1 - TV(h?}?,h®")}
Q Q

1 1
2 5Wi(Q1, @2){1 —n/(2n)} = ;W1 (Q1, @2),
with W1(Q1,Q2) > 6./(2(C + 3)k) by the construction. This completes the proof. O

4.2 Proof of Theorem 2.2
Proof of Theorem 2.2. By definition of W7, we have

Wi(Q1,Q2) = sup / (dQ1 —dQs) = sup / ((d01 — dQa).

£€Lipy ¢€Lip,,£(0)=0

To control each [ £(dQ1 — dQ2), define the following approximation function of £(6):

9»—>€ be:nw) where b, € R and 0 € [0, 6.],
=0

Recall that ho(z) = [ f(2]0)dQ(6). Then direct calculation yields that

0. R 0. R R o0
/O (6)d(Q©) - 0(9)) = /0 (e06) = 10))d(Q(8) — 0(0)) + 3 bu () — hy(x)
=0

9

< 20— Tl + | Y b () — h(@) | + | 3 b (1 (@) — ()
=0 =0

where ||€ — 0]|o0 = SUPgeio,0.] [£(0) — (h)| and h‘ébs(x) =n"1Y " | 1x,—,. This implies

W1(Q.Q) < S {210 = Tloe +| D ba(hale) = BF* @) |+ | 3 b (0 (@) = hg(@))|}. (42)
cLip =0 =0

By Lemmas 5.2 and 5.3, for an arbitrary ¢ € (0,1/2) and an arbitrary € € (0,1), there exist constants
ny = ni(e) and C1 = Cy (e, 0,) such that the sum of the last two terms in (4.2) is upper bounded by

Cl mf‘(})( ’bx’/‘ /ml—eflte

10



for all n > n; with probability at least 1 — 20. The bound on max;>q |b;| depends on the tail of

1/w(z).
(i) If 1/w(x) < CF for some universal constant Cy > 1 and all > 1, it follows from Lemma 5.4
that any 1-Lipschitz function ¢(f) on [0,6,] can be approximated by £(6) = Zi:o by f(x]0), such

o~

that maxge(o 9,1 [€(0) — £(0)] < C3/k and

by| = by| < CEJw(k) < (C2C5)F
{g%d | ;&giﬂ | < C5/w(k) < (C2C3)

for k > 1, where C3 = C3(f,) > 1 is a constant. Hence it follows from (4.2) that
W1(Q, Q) < 2C3/k + C1(CoCs)* /v n1=<sl+e,

for any n > 1 with probability at least 1 — 2. Taking k = k(n) such that (C2C3)* = n® for some
small positive constant ¢ specified later, it follows that

W1(Q, Q) < 2Cs3/k(n) + Cin®/Vnl=eg1+e = 2C3 /k(n) + Cynt/21/2 [v/51te,

Note that (CoC3)*(™ = n implies k(n) = clogn/log(CoC3). Letting € = 1/4 and ¢ = 1/8, it
follows that

W (Q, @) <2C51log(C2Cs)/(clogn) + Clnc+€/2_1/2/v olte
<16C51og(C2Cs)/logn + Cln_1/4/(55/8.

Therefore, for sufficiently large n (depending on 6,), there exists a positive constant Cy = Cy(6,)
such that EW1(Q, Q) < logn by integrating the tail estimate.

(ii) If 1 /w(z) < (C5x)5* for some universal constant Cy and all x > 1, it follows from Lemma 5.4
that any 1-Lipschitz function ¢(0) on [0, 6,] can be approximated by £(0) = z];:o by f(z|0) such that
maxgeo,o,] |£(0) — £(0)| < C3/k, and

max |b,| < CF /w(k) < (C5(Cs)"/ P k)“F < (Cgh)“o
for k > 1, where Cs = Cg(0y) is a constant. Hence it follows that
Wi(Q,Q) < 2Cs/k + (Csk) *Cy/v/nl =31+,

for any n > 1 with probability at least 1 —2§. Taking k = k(n) satisfying (Csk)“6* = n¢ for a small
positive constant ¢ specified later, it follows that

W (Q, Q) < 2C3/k(n) + Cynt+e/2=1/2 \/§TFe,

Since (Cgk)“®" = n¢ is equivalent to log(Csk) exp(log(Csk)) = clog n, it follows that log(Csk(n)) =
W (clogn) and hence k(n) = exp(W (clogn))/Cs, where W(-) is the Lambert W function. Using

the expansion
W (x) =logz —loglogx 4+ o(1), as x — oo,
and hence there exists a universal constant C7 > 0 such that

exp(W(x)) > z/(2log z) for z > C5.
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Therefore, for sufficiently large n, we have

clogn
k(n) > ——F———.
(n) 2 2C¢ log(clogn)

As a result,
W1 (Q, Q) < {4C5Cslog(clogn)}/(clog n) + Cyncte/2=1/2 )\/§l+e,
with probability at least 1 — 20. Letting ¢ = 1/8,¢ = 1/4, we have
W1(Q,Q) < loglogn/logn + n~ /4§53,

Therefore, for sufficiently large n (depending on 6,), it follows that EW;(Q, @) < loglogn/logn by
integrating the tail estimate. O

4.3 Proof of Theorem 3.1

Proof of Theorem 3.1. The proof is separated to three steps.
Step 1. In the first step, we prove that for any o > 0, integer £ > 1, and any ¢ € Lip(1) on [—0,, 0,]
with £(0) = 0, there exist a positive constant Cy = Cy(0,0) and a set of coefficients

{bxe]R,a;:O,...,%}

such that
—k
sup [6,(0) — 6,000 = Y bxf(a:\e)‘ <Cof[oover] "+ Y w@per},
0€[0,0+] 0<z<2k r>k+1
where we recall that £,(0) := [£ * ¢,](f) and ¢, is the probability density function of N.
For any k = 1,2,..., let gx(0) := ZI;:Ow(w)Hx be an approximation of the function 6 —

1/9(0) = > 52 yw(x)6” on [0,6,]. Then one can readily verify that

1
—a0)} = 9(0)- D w(@)p” <g(0) Y w(w)e
z>k+1 z>k+1
whenever 6 € [0, 6,].
Let px(0) be the degree-k polynomial achieving the approximation bound in Lemma 3.1. We
then have
—k
sup |£5(0) = £5(0) = pi(6)| < Csea - [207 0 eR]
0€[—0+,0+]

(4.4)

where C5 > 0 is a universal constant.
Let’s construct {b, € R,z € [2k|} to be coefficients such that

%
Pr(60)gr(0) = Z byw(x)0".
=0

12



Then have g(0)px(0)qx(0) = Zikzo b, f(x]0), and the proof in this step is complete by noting that

sup |0, (6) — £,(0) — pk(H)qk(H)g(H)‘
0€[0,0+]
= sup |(5(0) = £,(0) = pi(6) [1 = Fu(6)]
0€[0,0+]
<2 sup [0(6) — (,(0) — pr(0)| + sup [5(0) — L, (0)] - sup |R(6)
0€[0,0.] 0€[0,0.] 0€[0,0.]
(;) C52e0 - [29;10\/&] - +2(0, 4+ 0)g(0) - Z w(z)by (4.5)
x>k+1

and

sup g(0)pk(0)gx(0) < g(0)px(0)gx(0).
0€[0,0+]

Here in (%) we use the fact that, as £(0) = 0 and ¢ € Lip(1),

50(9)‘ = ‘/60 01) by (61) del‘ </9 1 101]) b0 (61)d0; < 0, + 0.

sup
0[—0+,0+]

Step 2. In this step, we upper bound max,¢ay) |b2|. Let

7(0) := pr(0+0)qr(6.0) bew

be a rescaled version of pg(60)qr(6), so that by = 0%b,. Then by Lemma 5.5, it holds that for each
1 <z <2k,

~ 2k)* ~ 2k)*
by |w(x) < ( ') sup 7‘(9)‘ < ( ') sup pr(0) - sup qi(0).
L1 Lo 19]<6. |6]<0.
Since
sup qi(0) < 1/g(6.)
10]<0
and by (4.4),

sup pp(0) <C
10]<0.

for some positive constant C only depending on 8, and o, it follows that
(2k)* 1 1 (2k)*

—_— 0 > max - Inax — - Imax
1<z<2k w(x)frx! 1<z<2k w(r) 1<z<2k 0% 1<z<2k z!

max
1<2<2k

where Cg = Cg(6«,0) > 0. Combining the above inequality with

max 1/67 < (max{l,l/H*})zk

1<z<2k

and

| ax (2k)7/xt < e

13



it follows that

: <e -max{1, 1/9*}) *. max

max .
1<z<2k w(T)

1<z<L2k

Step 3. In this step we prove the claim of the theorem. Recall that
W7 (Q.@) = sup [ Qx N — QA
where ¢ € Lip(1) with £(0) = 0. It further holds that
Q@ = s [WQN] - QA

£€Lip(1):4(0)=0

— /(&(9)—&(0))@@4@]
0(0)=

£eLip(1):
= £,(0) — £5(0) — b, (2|0 d@—dQ—i—
ZGLip?ll;g(OF /{ i o) 0<§<:2k “ )}[ |
by f(x|0)] dQ dQ
ZELlpsup /O<§<:2k $| ]
=)+ ().
By Step 2, we have
(1) <20 { [t veE] "+ 3 wiwer). (46)
z>k+1

Next we bound (I/I). Recall that

=1

We have
/ S b f(210)[dQ(8) - dQ(6 ‘ 3 bl — oS ( ( ST bR (@) — he(@)]].

0<z<2k 0<z<2k 0<2<2k
It follows from Lemma 5.2 that for any ¢ > 0, it holds with probability 1 — § that

log(2/6)
obs _ < ]
| 2 [~ hote)]| < s ol =57

0<a<2k
Moreover, it follows from Lemma 5.3 that for an arbitrary § € (0,1) and an arbitrary e € (0,1),
there exists a constant C7 = Cr(e, 6,) > 0 such that

2k
> b {13 (@) — (@) |
=0

holds with probability at least 1 — 6.
Consequently, we have

1
< C max b —_—
7 0<w<2k 2 nl—efylte

(IT) < Cg max \bx\/\/ nl-eflte
0<z<2k
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with probability at least 1 — ¢ for some constant Cs = Cg(e, 6,) > 0. Note that maxo<z <o |bz| have
been upper bounded in Step 2.
Putting together the estimates for (I) and (IT), we have that with probability at least 1 — 4§,
W7 (Q, @) is upper bounded by
—k 2%k 1
[20*_10\/ ek’} + Z w(z)0y + (e -max{1, 1/0*}) - max /\/ nl—eylte, (4.7)

1<z<2k w(x)
x>k+1

up to a constant depending on o, 0, and e.

(i) If c1c5 < 1/w(z) < C1CF, (4.7) becomes
20, ovVek] " + S w(@)o? + O3k /Vnl-eaTe,
r>k+1

where Cy := e - max{1,1/6,} - max{1,C5} is a positive constant. For the second term, it follows
from Krantz and Parks (2002, Corollary 1.1.10) that for any R € (0., 0,) there exists some constant
Cho = C10(R) > 0 such that w(z) < Cyp/R” for all x =0,1,2..., and hence

> w@) < Cro Y (0+/R)" < Crg - (0./[R —6.]) - [0./R)* for any k=1,2, ...
z>k+1 z>k+1

Therefore, the second term dominates the first term in (4.7), and (4.7) becomes
0./ R + C2k /v/pl—egl+e,
The proof is then complete by letting C2¥ = n® for some o € (0,1/2 — ¢/2). The final bound is

__ (A—e)log(R/0x)
then n 20s(R/8)+1le for any € € (0,1).

(ii) If e;cka®® < 1/w(z) < C1052°3%, (4.7) becomes

20, oVek] ™F + (Cuak) % 4 (Crok)*@F /V/n1-eg1+e

for some positive constants C11 and Cio and the proof is then complete by letting (Clgk‘)203k =n
_ (1—e)/2
for some a € (0,1/2 — ¢/2). The final bound is then n 1+max{4C5,2C3/e5} O

5 Auxiliary results

5.1 Auxiliary lemmas
Lemma 5.1 (Theorem 6.2 in Chapter 7, DeVore (1976)). For any integer r > 1, let
Wi (-1,1]) = {1,!) [-1,1] = R : Y s absolutely continuous and
the supremum of ") on [—1,1] is ﬁmte}

be the Sobolev space on [—1,1]. For functions f € W ([—1,1]) and any integer k > r, there exists
a polynomial py, of degree at most k such that

sup [ £(6) = pu(0)] < CkTw (£, 1Y),
0e[—1,1]
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where C > 0 is a universal constant and

WDk = sup | fO(6) - 7 (6)].
91792:‘91—92‘§k‘71

Recall that for a sample {X;,i € [n]} and z € N, h‘ébs(a:) =n"1Y"  1x,—,. The following
lemmas provides the concentration of h‘ébs around hg.

Lemma 5.2 (Lemma A.1 in Miao et al. (2021)). Let {X;,i € [n]} be an i.i.d. sample generated
from the probability mass function hg in (1.1). Then for any § € (0,1) the following inequality
holds with probability at least 1 — 6,

S b, (W) - ho(o))
=0

where b, € R for all x € N.

log(2/6
x>0 2n

Lemma 5.3 (A generalized version of Lemma A.2 in Miao et al. (2021)). Let {X;,i € [n]} be an
i.i.d. sample generated from the mizture distribution hg in (1.1). Then for an arbitrary 6 € (0,1)
and an arbitrary € € (0,1), there exists a constant C = C(e,0,) > 0 such that for anyn > 1,

S b, (h @) - hg (@)
=0

holds with probability at least 1 — . Here b, € R for all x € N.

1

< JE—
< Crmaxbs|\ | s

Lemma 5.4 (A generalized version of Proposition A.2. in Miao et al. (2021)). For any 1-Lipschitz
function 8 — £(8) on [0,6,] with £(0) = 0, there exists some ((f) = ZI;:O by f(2|0) such that
maxpc(o0,] [£(0) — 0] < C/k, and
k
xlél[%’}li] |bg] < CF- max, 1/w(x) for k > 1,
where C' = C(60y) is a positive constant. It can be further proved that there exists some universal
constant C" > 0 such that

C*Jw(z) > e /C’
for all nonnegative integer x.

Lemma 5.5 (Chapter 2.6 Equation 9 in Timan (2014)). Suppose k is a non-negative integer and
0 — pr(0) = Zi:o cz0%. Then it follows that coefficients {c,}k_, satisfy

xT

k
x| < T lmax Pk (0)]-

Lemma 5.6 (Jackson’s theorem, Lemma 10 of Han and Shiragur (2021) or see DeVore (1976)).
Let k > 0 be any integer, and [a,b] C R be any bounded interval. For any 1-Lipschitz function £(-)
on [a,b], there exists a universal constant C' independent of k,{ such that there exists a polynomial
pr(+) of degree at most k such that

16(0) — pi(0)] < C\/ (b — a)(0 — a)/k, V0 € [a,b]. (5.1)
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In particular, the following norm bound holds:

sup [4(0) —pi(0)| < C(b—a)/k. (5.2)
0€(a,b]

5.2 Proofs of Remarks

Proof of Remark 2.4: (1) If 1/w(z) < expr(Cox) for some universal constant Cy and all > 1,
it follows from Lemma 5.4 that any 1-Lipschitz function ¢(f) on [0, 6] can be approximated by
0(0) = g(0) ZI;ZO byw(x)0* with an uniform approximation error of C3/k with

max |b,| < Céf/w(k) < C’éf expr,(Cok) < expr(Ciok)

for k > 1, where C19 = C10(6«) is a constant. Hence it follows from the first steps in the proof of
Theorem 2.2 that

Wi(@Q, @) <2C3/k+ Cy expL(C’mk)/\/W,

for n > ny with probability at least 1—24. Analogously, by letting k& = k(n) such that exp; (Ciok) =
n® for a small ¢, we then have E{W1(Q,Q)} < Ci1/log; (n), where Cy; = C11(6,) is a constant.

(2) If 1/w(z) < (Croz) " (L € N* times power) for some universal constant Cys and all z > 1,
it follows from Lemma 5.4 that any 1-Lipschitz function ¢(f) on [0,6,] can be approximated by

7)) = g(6) Z];:o byw(x)0* with an uniform approximation error of C3/k with
max |by| < C¥ /w(k) < CE(Chak) 2" < (C13k)

..(C13k)

for k > 1, where C13 = C13(6) is a constant. Hence it follows from the first steps in the proof of
Theorem 2.2 that

Wi(Q, Q) < 2Cs/k + C1(Cizk) " JV/ni—egi+e,

for N > N; with probability at least 1 — 26. By letting k = k(n) such that (Ci3k) n¢ for
a small ¢, we have E{W1(Q,Q)} < Cislogy(n)/logr_i(n), where C14 = C14(6y) is a constant. [

.(Cizk)

5.3 Proofs of Lemmas

Proof of Lemma 2.1. Recall the duality definition of Wi (u1, pu2) as
Wi(pr, p2) == inf E|X — Y,

with the infimum taken over all couplings of (X,Y") such that X ~ p; and Y ~ ps. We then
consider any such (X,Y’) and assume Z to be independent of (X,Y") and follows the distribution of
v. Then it is immediate that

Wi(p s v, pe+v) SE[(X +2) — (Y + Z2)| =E| X - Y,
and accordingly (by taking infimum over all such (X,Y))

Wi(pr * v, po x v) < Wi (s p2).
This completes the proof. O
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Proof of Lemma 3.1. By rescaling, we assume that a = —1 and b = 1. For any integer r > 1, let
W (la,b]) := {w : [a,b] = R : "~ is absolutely continuous and
the essential supremum of (") on [a, b] is ﬁnite}

be the Sobolev space on [a,b]. Then it is readily verifiable that for any ¢ € Lip(1) and o2 > 0,
lo(0) = £s(0) = (€ ¢5)(0) — (£ 65)(0),

when restricted on [a, b], belongs to W_([a, b]). Hence by Lemma 5.1, we have that for any integer
k > r, there exists some polynomial p of degree k£ such that

sup |£5(0) = £5(0) = pi(0)] < Cok e (5, K71,
0€(a,b]

In the above inequality, C; = Ci(a,b) > 0 is a constant and
w(@,t) = sup  [P(61) — (62)]

01,02:|01—02|<t
is the modulus of continuity of function 4 at radius ¢. To bound the righthand side of the above
display, note that, with H,(-) denoting the n-th Hermite polynomial, we have

00 (9) = / 00)67) (0 — 61)db; = 0" (—1)" / 00 — 61) o (01)H, (61 /) 1.
Hence for any 01,0, such that |6, — 2] < k™1, we have
[657(61) — €5(82)| < 077 / [6(61 = 0) — (02 — 0)|bo (0)|H, (0 /) |dO
<ok [ 0aO)HO/m)ds =k [ on(6)]H,6)]0
<ok / 61(0)H2(0)d0]/2 = o=k,

It further follows from the Sterling formula v/r! < Verr+1/2¢=" that
[667(01) — €9)(62)] < 0"k~ WV err1/2er,

Using r < k, we hence obtain

sup |0 (6) — £5(0) — py(0)] < Cov/e(Veak/v/m) k! < O Ve(veo k) Tk,

0€(a,b]

By rescaling, we then have for any a < 0,b > 0 it follows that

sup |05 (8) — £5(0) — pi(8)] < C1([b — a)/2) Ve(vea V) Tk

0€(a,b]
< Gl aVe, (2vEoV) Ty
2 b—a

Now taking r = k — 1, we have

2/eaVk1 -k _
sup [0y (8) — £,(0) — pi(8)] < Chreo - [*bﬁ%“] 1/
0€a,b] —a

and accordingly complete the proof. O
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Proof of Lemma 5.3. Whenever there is no ambiguity, let hObS hA, and hg also represent distri-
butions with respect to corresponding probability mass functlons T h‘ébs(x), T > h@(x), and
x = hg(x).

This proof consists of two steps. In the first step, we prove that

s (h (@) = hg(a))
=0

can be upper bounded by KL(h‘g?bS, hq), where KL is the Kullback—Leibler divergence. In the second
step, we upper bound KL (A2, hg) by truncation arguments.

Step 1. It follows from the triangle inequality that

Zb (hobs ) — hg(a )) < max b, yz

where Hh‘ébs — @Hl represents the total variation distance between distributions h‘ébs and h@. It

b
hg® —hg||,

)

Q

obs o — .
h hg(w)| = max|ba| (

further follows from Pinsker’s inequality that

1
obs - . obs 1 _
‘ hg” — hQH1 < \/2 KL(h3®, hg),

and hence

Zb (hObS ) — hg(a ))

by notlng that maximum likelihood estimators maximize likelihood functions.

1
< max |b |\/ - KL hObS, hg) < max |bm|\/§ : KL(h‘ébS, hqg),

Step 2. Suppose C; = C4(0.) is the smallest positive integer larger than 6,¢(0)(1/g)’(f.). Define
T = XZ]l(XZ <C;— 1) + Clﬂ(XZ > Cl) for all 7 € [N]
Let tg be the probability mass function of 77 and let tObS be the sample version of tg, i.e.

xz—tg(x) = P(Th =) and x — tObs : Z 1(T; , forx € {0,...,C1}.

Note that
to(z) = hg(z) and t‘ébs(a:) = h‘ébs(x) forx=0,...,C1 —1

and

— Z hQ((L’), tobs Cl Z hobs

50201 ,CC>01
Hence it follows that
¢i-1 obs hobs( )
v=0 e>Cy hq(z)
Obs C hobs
= KL(tJ*,tq) — tobS(cl)bg V) 3 e % 7
Q

z>C1
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where t‘ébs and tqg are viewed as distributions with respect to corresponding probability mass func-
tions of x — tg(x) and = — t‘ébs(x).

If t‘ébs(Cl) =0, then
tObS(Cl)

£*(C1) log 2

to(Ch) 0

Otherwise it follows from the inequality

log(1+x) <z for z >0

that
tObS(Cl)
—tPs(C) log Q < ho(x) — hePs(x) ¢.
3 (Co)log - 2(;{ o) — h(2)}
Analogously, we have
@)~ 0@ hoG
Z hobs < Z Q + Z hobs _ ( )
z>Ch Q(x) z>Ch hQ( x>C1 { }
and hence
tObS hobs( ) (hObS((L') _ hQ(ﬂI))z
—tg™(C )log - hg(x < < .
N ggl hq(x) g;l hq(x)

Step 2(a). We first upper bound Zmzcl(h‘ébs(x) —hg(z))?/hg(x). Fix an arbitrary € € (0,1) and
choose a v > 0in (1 —¢,1). Define A := o1="/3 where o := (6, + 6,)/(20,) > 1. Note that
ab, < 6, and we have 1/g(0) = > .2 qw(x)0” < oo for all 6 € [0, af,]. It then follows from Holder’s
inequality that

ey BE @) () — holo)?

ATTA"
>0 hq () . ho ()
(@) —no@)* .\ [ = (@) — ho@))?
< pl-e Z Q Q A/ Z Q Q A/ (1=7) '
>0 hq () = ho ()
It further follows from A > 1 that
(A (@) — ho(x))? A=C1/r
n-EY AT = 3 (1= o)A < Y AT = ———— <0
{ 2>Cy ho(x) } 2>Cy 2>Cy L—Ath
and hence for an arbitrary § € (0, 1), we have
hs(x) — ho(x))? ~Ci1/y
oy BE @), A0
hq(z) 1—A-1/7§

z>Cq

with probability at least 1 — §. Therefore, with probability at least 1 — §, we have

(h(z) —ho@)? _ \ [ a=cr 1) 1 |
(Z hg(x) A /7) = 1— A7 N§ S<a13—j_1>7(N5)v’

z>Cq
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where the last inequality follows from C7 > 1. On the other hand,

Z (hz)bs(h) (};Q( )) Ax/(l ) < Z hObS w/3+ Z hQ(x)aI/3
z>Cq QW

z>Cq x>Ch
We first show that the second term on the right hand side is bounded, which is true if

S hole)a® < g(6.) /g(ab.)

z>C1
Since >0 g(@)w(x)§* =1 and 1/g(0) = >_.2 ,w(x)0", it follows from
(1/9)( wa )0°" >0 and (1/9)"(0) = Zaz(m — Dw(x)0" 2 >0
=2

that g(-) is monotomcally decreasing on [0,6,] and (1/g)'(-) is monotonically increasing on [0, 6,].
Therefore, it follows from

log f(x]0) =log(1 — ) — log(1/g(#)) + x log 6 + log w(z)

that
d(log f(x|0 1 1 1
WD _ L (e~ 09(0)1/9) (0)) = 5 (&~ 0.9(0)(1/0) (0.)) > 3 (2 —C2) 2 0
for all z > C4. Therefore we have
9*
ho(z) = | f(z|0)dQ < sup f(z|0) = f(z|0.)
0 0€[0,0+]
and
Zh@( a<fo\6a<Zfa:\9 (09)<oo.
z>C4 z>C4 >0 g(abs)
For any fixed k > 0, define A,, to be the event
Ay = {h‘g)bs(a:) > l<:hQ(a:)ofC/3 for some z > Cl}.
Then, it follows from Markov’s inequality that
1 1 1

P(4) < S P(i(2) > khg(z)a®?) < % S B (2)}

=, = ho(z)ar/3 = kal/3 —1°

Thus, P(A,) can be made arbitrarily small by choosing & large enough and on the complement of
A,, we have

hobs
z>Cy (.’L’) x>C g(ao*)
Therefore, for an arbitrary ¢ € (0, 1), we have
obs 2
> (hgy®(z)) Jofs o 90) (11 2
hg(z) ~ g(aby) \dal/3 -1

z>C1

with probability at least 1 — §. Thus, for an arbitrary § € (0,1), with probability at least 1 — ¢, it
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follows that

(y (hgy™(x) — hq(x))? Aﬁ}l—v . {gw*) <1 1 >2+ g<e*>)}1—v< C

S all3 — = §2-27°
52 ho(z) g(aby) \dal/3 -1 g(ab, 522y

where Cy = Ca(0,) = g(0.)[1/(a'/® = 1)% 4+ 1]/g(ab,) is a constant. For an arbitrary & € (0,1/2),
with probability at least 1 — 26, it follows that

Al Y S S R R R R
2 hel (o 1) Gy D (5 1) ™"
Thus, by letting v go to 1 — €, we have
3 (h"(z) — ho(z))*  _ Cs 11
= ho(z) = (aﬁ B 1)1—e l—e glte’
As a result, for arbitrary 6 € (0,1/2) and e € (0, 1), with probability at least 1 — 24, we have

1 1
b
< KL(t", tQ) + CgFW’

obs — X
KL(hObS,hQ) < KL(tgng,tQ) + Z (hQ (‘Th)Q(x};Q( ))2
z>Ch

where C3 = C3(¢,0,) = C’g/(oﬁ(lif) — 1)t

Step 2(b). We then upper bound KL(t‘ébS,tQ). It follows from Mardia et al. (2020) that with

probability at least 1 — 6,

Citly n 1, 3
2n Ci+1 n 6’

and hence for any € € (0,1) and § € (0,1/3), with probability at least 1 — 30,

KL(t° ) <

KL(h&*, hq) < (3C1 log(2n) + C3nc).

1
N§l+e
Therefore, it follows that there exists a constant Cy = Cy(€, 0, ) such that for any n > 1

Cy
n1—651+e
holds with probability at least 1 — 3§ for any € € (0,1) and 6 € (0,1/3). Therefore,

KL(h)*, hq) <

Z"O C
obs =N m 4
—~ bm (hQ (33‘) B hQ(x)> < xga{ |bm| Inl—eylte
holds for all n > n; with probability at least 1 — 3¢ for any € € (0,1) and § € (0,1/3). O

Proof of Lemma 5.4. This proof consists of two steps. In the first step, we prove the existence of v
and upper bound the difference between 7 and ¢. In the second step, we upper bound coefficients
of 7, ie., maxz >0 |bz|.
Step 1. It follows from > >, f(z|0) = 1 that > -7 g(@)w(z)6* = 1 and hence g(§) > 0 for
6 € [0,0.]. As a consequence, 1/g(0) = > "> ;w(x)6” on [0, 6,].

Since 6 — Y 02 w(x)0” is a continuous function on [—0,0,] with w(0) > 0, there exists a
universal constant 6y € (0,6,] such that 6 — > >°  w(x)0” is strictly positive on [—6,6,]. For
6§ € [—6o,0), define 1/g(0) := > o7 w(x)§* and £(0) := —¢(—0). Then 0 — £(0) is a 1-Lipschitz

22



function on [—6y, 0.] and for any 61,02 € [—6y, 0.] we have

[£(01)/9(01) — €(02)/9(02)| < [€(61)/9(01) — £(62)/9(01)] + [€(02)/9(61) — £(02)/9(62)]
<161 — 62[{1/g(0:) + 6.(1/9)'(6:)}-
Therefore, it follows from Jackson’s theorem (see Lemma 5.6) that there exists a polynomial
Zi:o v;0% of degree k > 1 such that
k

sup  [€(6)/g(0) — > v(x)6"| < Cy/k,

0€[—60,0+] pord

where C1 = C1(0,) is a positive constant independent of k and ¢ and v, € R for all x = 0,... k.
Let by = vy /{w(x)(1 —m)} for x =1,...,k and by = 0 for z = 0. Then it follows from

lvol < C1/k +1£(0)/9(0)] = C1/k

that

0O) . w4 (1—m)g(0)w(0) k

sup —b —(1-m byw(x)0"| < 2C4 /k,
B NPT LT (1=m 3 buu) 1/
and hence
sup  [0(6) = 10)| < Cafk
96[—90,9*]

where

k k
00) = bom + (1 — m)g(0) Y bpw(x)0" =Y _ by f(x]0)
=0 =0

and Cy = Cy(0,) is a positive constant independent of k and £.

Step 2. To bound the coefficients b,’s, we first define a polynomial

k
01— r(0) ==Y v:(666)" on [1,1]
=0

and note that

sup [r(0)] < Ci/k+ sup [€(0)/g(0)| < C1/k +00/9(00)-
96[—1,1] 96[—90,90]

We then apply Lemma 5.5 on the polynomial r(6), and it follows that

()05 < ﬁngﬂ K fxl < O3k,

where C5 = C5(6,) is a positive constant. Hence

[bz] = [vz]/{w(2)(1 = m)} < C - (k/00)" {zw(x)(1 — )}

and
xrél[zol?li] i 1—m :rgl[%?li} xlw(r) Ca k! 12?%(1@ L/w(z) < Cy-(e/bo) 12?%(1@ L/w(w),

where Cy = Cy(0,) is a positive constant. It follows from Krantz and Parks (2002, Corollary 1.1.10)
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that w(z) < C5/67 for all z € N and some universal constant Cs > 1 and hence
(e/00)F Jw(k) > (B.e/00)k/C5 > ¥ /C5 > 1
for all sufficiently large k. O
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