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Abstract

In this paper, we present a novel communication channel, called the absorption channel, inspired by information transmission
in neurons. Our motivation comes from in-vivo nano-machines, emerging medical applications, and brain-machine interfaces that
communicate over the nervous system. Another motivation comes from viewing our model as a specific deletion channel, which
may provide a new perspective and ideas to study the general deletion channel.

For any given finite alphabet, we give codes that can correct absorption errors. For the binary alphabet, the problem is relatively
trivial and we can apply binary (multiple-) deletion correcting codes. For single-absorption error, we prove that the Varshamov-
Tenengolts codes can provide a near-optimal code in our setting. When the alphabet size ¢ is at least 3, we first construct a
single-absorption correcting code whose redundancy is at most 3log,(n) + O(1). Then, based on this code and ideas introduced
in [[1], we give a second construction of single-absorption correcting codes with redundancy log, (n) + 12log, log,(n) + O(1),
which is optimal up to an O (log, log,(n)).

Finally, we apply the syndrome compression technique with pre-coding to obtain a subcode of the single-absorption correcting
code. This subcode can combat multiple-absorption errors and has low redundancy. For each setup, efficient encoders and decoders
are provided.

I. INTRODUCTION

The field of molecular or chemical communication, which involves the use of chemical signals for communication, has
gained popularity in recent years due to advances in nano-technology and the development of nano-machines. These small
devices can perform various tasks such as computing, storing data, transmitting information, and measuring physical quantities,
and can be connected together to form a nano-network. Nano-networks are expected to have significant potential in future
medical technologies, such as being used as an effective drug delivery system [2], [3] or for detecting infections through
monitoring the values of different molecules [4]]-[6], [15].

However, the small size of nano-machines presents challenges for traditional forms of communication [7]], leading to the
development of chemical communication as an alternative [§]], [9]. This allows nano-machines to directly communicate with and
across the human nervous system using chemical signals [10]-[12]. There have been several communication models proposed
and studied in this field [12]-[15]], and in one practical application, researchers transferred information through an in-vivo
nervous system and observed the response of nerves to different voltages and frequencies [[16].

In this paper, we propose a new type of transmission channel called absorption channels, which are inspired by neural and
chemical communication systems. Our goal is to model a communication channel between nano-machines located within a living
organism that utilize the organism’s nervous system for communication and data collection. While chemical communication
systems have been analyzed from an information-theoretic perspective, no coding-theoretic framework has been proposed.
Therefore, the models we present in this paper are adapted to a coding-theoretic framework and are analyzed from a coding-
theoretic perspective.

An absorption error can be defined as follows: given a finite alphabet ¥, = {0,1,...,¢ — 1} and an n-length sequence
X = Z1%2...%, € X, the transmission of x through a single-absorption channel (which results in a single absorption
error) produces an (n — 1)-length sequence i ...x;—1(x; ® Tijr1)Tiy2... Ty € E;“l for some 1 < 7 < n — 1, where
a® b= min{a+bq—1}.

To better demonstrate the connection between absorption channels and neural communication channels, we provide a brief
explanation of neuron activity (for a more detailed explanation of neurons, see [[17, Ch. 8-11]). Every cell, including nerve
cells, consists of a fluid and particles encased in a membrane that allows certain materials and particles to pass through for
communication with the surrounding environment. Neurons, or nerve cells, have several parts: dendrites, cell body, axon, and
axon terminals (as shown in Figure 1). The dendrites are thin, branching extensions of the cell body that receive signals from
other cells, the cell body contains the nucleus and other organelles, the axon is a long, thin projection that carries signals away
from the cell body, and the axon terminals are the ending points of the axon that transmit signals to other cells.

Neurons are specialized cells that transmit electrical and chemical signals within the nervous system (see Figure [I] for an
illustration). To transmit a signal, a neuron generates an electrical charge, known as an action potential, which travels along
the surface of the cell. Action potentials typically begin at the dendrites of a neuron. When a neuron receives input from
another neuron, it may trigger an action potential, which is generated by the movement of ions across the cell membrane.
Once triggered, the action potential travels down the length of the neuron, passing through the cell body and axon, to the
axon terminal. In response, the axon terminal releases chemical signals, called neurotransmitters, which bind to receptors on
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Figurel. An illustration of a neuron (nerve cell) with its different parts: the dendrites, the cell body which contains the nucleus), the axon, and the axon
terminals (downloaded from Vecteezy.com).

the dendrites of neighboring neurons. This transmission of the action potential from one neuron to another allows for the
communication of information within the nervous system.

However, in some cases, an action potential may not be reached even if the neuron is depolarized by neurotransmitters. For
example, if the neurotransmitters do not bind to enough receptors, the potential of the cell may increase, but not to the level
required to trigger an action potential. This phenomenon is known as subthreshold stimulusﬂ

In order for nano-machines to use nerve cells as communication channels, one machine should release neurotransmitters
at the dendrites of a nerve cell, and another machine should detect the release of neurotransmitters from the nerve cell. The
amount of neurotransmitters released can be used to represent symbols, such as small, medium, and large amounts representing
0, 1, and 2, respectivelyﬂ

Neurotransmitters are chemical messengers that are produced within the cell body and then transported (by motor proteins)
to the axon terminals, where they are stored until they are released in response to an action potential. However, there may be a
shortage of neurotransmitters at the axon terminals due to their transport from the cell body, which can lead to a deficiency in
the amount of neurotransmitters released when a neuron repeatedly fires [?]. This deficiency can result in the transmission of
a different ("lower valued”) symbol. Additionally, the production rate and quantity of neurotransmitters is influenced, among
other things, by the depolarization of the cell, and an excess of neurotransmitters at the axon terminals may lead to the release
of an excess amount and the transmission of a different ("higher”) symbol.

The errors discussed above can occur in the context of communication between nano-machines using the nervous system as
a transmission channel. If a symbol is to be transmitted while there is a deficiency of neurotransmitters, less neurotransmitters
will be emitted and a "lower valued” symbol will be read. As a response to the deficiency, the neuron manufactures additional
neurotransmitters. Thus, for the next transmission, an excess amount of neurotransmitters will be emitted and a “higher
valued” symbol will be read. Similarly, if a transmission attempt depolarized the cell but not enough to reach an action
potential, no neurotransmitters will be emitted (this corresponds to a deletion of the transmitted symbol). As a response to the
depolarization, an additional amount of neurotransmitters is manufactured. Thus, in the next transmission attempt, an excess
amount of neurotransmitters will be emitted and a "higher valued” symbol will be read. In this paper, we chose to focus only
on the second error, in which a symbol is deleted and its value is added to the next transmission.

Mathematically, these observations give rise to a family of communication channels. Let us consider the transmission of a
string x € Y¢ and the received string y. An error in the ith position can be described as follows: if the value of y; is smaller
(y; < x;), then the missing value is added to the next symbol, meaning y;+1 = min (¢ — 1, 2,41 + (y; — x;)). Alternatively,
the ith symbol may be deleted completely (y € Eg_l) and its value added to the next symbol, so y; = min (¢ — 1, z; + x;41).
In this work, we focus on the simplified case in which only the second error may occur, namely, the symbol is deleted and its
entire value is added to the next symbol.

In addition to being motivated by neural communication systems, a single-absorption error can also be viewed as a deletion
error followed by at most one substitution error. The study of codes that correct single-deletion and single-substitution errors
was first introduced in the context of DNA-based data storage in [18] and further developed in [[19]. More recently, codes
that correct multiple-deletion and multiple-substitution errors were proposed in [20]]. These results apply to our error model

'In most mammals, the resting potential of a neuron is -70mV. This refers to the electrical potential across the cell membrane of the neuron when it is
not actively transmitting an action potential. In order to fire, or transmit an action potential, a neuron must reach a potential of -50 mV. If this threshold is
reached, the neuron will undergo a series of changes in ion concentrations that result in the rapid depolarization of the cell membrane. During this process,
the potential of the cell increases to +30 mV before returning to the resting potential of -70 mV. This rapid change in potential, known as the action potential
(or firing), allows for the transmission of information within the nervous system. If a neuron does not reach a potential of -50 mV, it will not fire an action
potential. In this case, the neuron may be more excitable for a period of time after the failed attempt. This phenomenon is known as post-inhibitory rebound
(see [?1, [17]).

2Neurons are not found individually, but rather as a group or tissue. In order to utilize the communication capabilities of a neuron, it is necessary to isolate
a single neuron from the tissue and use it as a standalone communication channel. If an entire (healthy) tissue is activated, it can result in unintended changes
or effects on the body.



as well, but in this paper we demonstrate that it is possible to use specific absorption properties to achieve higher rates in our
codes.

We also consider a variant of absorption errors called contraction errors, which we show are equivalent to deletion errors.
The problem of constructing deletion-correcting codes dates back at least to the 1960s [21]]. Recently, there has been renewed
interest in this problem due to its potential applications in DNA-based data storage [22]], [23] and document exchange [24],
[25]. Despite significant progress, constructing deletion-correcting codes remains a challenging problem with no complete
solution. Our new findings may provide new insights into this problem.

The paper is organized as follows: in Section |lI, we introduce the notation and definitions that will be used throughout the
paper. In Section we present codes over the binary alphabet. Section contains the main results of this paper, which is
the construction of absorption error-correcting codes for general alphabets. In Section [V| we show that our single-absorption
codes are asymptotically optimal in terms of redundancy. In Section [VI[ we study contraction errors as a variant of absorption
errors and show that they are equivalent to deletion errors. Finally, in Section we conclude the paper.

II. PRELIMINARY

For positive integers m < n, let [m,n] denote the set {m,m + 1,...,n} and [n] = {1,...,n}. For an integer ¢ > 2, let
¥, denote the g-ary alphabet {0,1,...,¢ — 1} and X denote the set consisting of all length-n sequences over X,. For any
sequence x € X", unless otherwise stated, we let x; be the ith component of x. In other words, x = x1 - - - x,,. Suppose that
two positive integers n and n’ satisfy n > n’. Let x € ¥} and y € Egl. If there are integers 1 < 11 < ig < -+ < Iy < N
such that y; = x;, for each 1 < j < n/, we say that y is a subsequence of x. If I = {i1,ia,...,in/} (keep the order of
11,12, ...,1%,), We also denote this subsequence by x;. Furthermore, if ¢;41 =i; +1forall 1 < j < n', we call y a substring
of x. A run of x is a maximal substring consisting of identical symbols from ¥,. If a run consists of symbol a, we say it is
an a-run. In this paper, the length of a sequence x is denoted by |x|.

Example IL1 Let x = 001112 € X, y = 012 and z = 0111. Then y is a subsequence of x and z is a substring of X.
Specifically, we have y = x; and z = xj, where I = {1,3,6} and J = {1,3,4,5}. There are exactly three runs in x: 00,
111 and 2. They are 0-run, 1-run and 2-run, respectively.

For a,b € X, we define a ® b = min{a + b,q — 1}. Notice that @ is an associative operation thus the order in which
it is performed does not affect the result. Suppose x € Xj. We say that the sequence y € 22”1 is obtained from x by an
absorption if y is either one of the following two cases:

1) y=z1xi—1(x; Dxig1)Tito - Tp for some 1 <7 < n—1;
(2) Y=21""Tp—1.
When the second case happens, we say that x,, is missing. Otherwise, we say that x,, is not missing.

For multiple absorptions, the situation becomes a little more complicated. For example, let x € X7, theny; = x1 - - - 2;—1 (2;®
.131‘4_1)1‘1‘4_2 cee J)j_1(l‘j EB$]‘+1)$]‘+2 -z, Wwhere i+2 < j<n,andys =21 --- $i_1($i@l‘i+1)$i+2 <+ ZTp_1 Wheret < n—1
are both obtained from x by two absorptions. Now let y5 = 21 -+ ;1 (2; ® Tj41 D Tiy2)Tiys - T, Where i <n — 1. It is
clear that y3 can be obtained from x by first absorbing x; and x;41, and then absorbing (z; ® x;41) and $i+2 Therefore,
the sequence yj3 is also obtained from x by two absorptions. In general, we have the following definition.

Definition IL.2 Ler x € X and y € Eg’t where n >t > 1. We say that y is obtained from x by t absorptions, if there is
an integer t' € [0,t] and positive integers k, s; (1 <1< k) and i; (1 <1 < k) satisfying i;11 — 4y > s; for all 1 <1 < k such
that Zle sp=t—t, i +s, <n—t and

T, ifi<iy,

oo ifir— 3 s <i<ign— Y8

BPY R for 1 <1<k,
i — oo . k—1
Yi ‘ri+z_]f:1 550 ifi> i, — Zj:l Sj,
i1+5s]
D zj, ifi=i—Y s for <1<k

J=1
Here, the substring X(n_¢/41,n] is deleted.

In Definition the starting positions of the absorptions are denoted by the ¢;s, while the number of symbols absorbed
with z;, is denoted by s;.
Example IL.3 Let X3 be the ternary alphabet and let x = 011011111. Assume there are t = 3 absorptions, with t' = 0,
k=2 81=2, s9=1and i, =2, is = 6. The resulting sequence is y; = 021211.

Now assume t' =1, k =1, sy = 2, and 11 = 2, then yo = 021111 with x,, missing.

3or by first absorbing x;41 and z;42, and then absorbing z; and (z;+1 ® Tit2).



For a sequence x € 37 and a positive integer ¢ satisfying ¢ < n, we define the set
B? (x) £ {y € £p" : y is obtained from x by ¢ absorptions } (1)

and call it the t-absorption ball centered at x. Note that B¢ (x) depends on the alphabet 3,. We omit ¢ in this notation since
the alphabet will be clear from the context.

Definition 11.4 Let t be a positive integer. Let C be a nonempty subset of 3y If B (x)NB (y) = 0 for any distinct x,y € C,
we call it a t-absorption correcting code. The redundancy of C is defined to be n —log, (|C|). In other words, the redundancy
is measured in q-ary symbols.

In this paper, we aim to construct ¢-absorption correcting codes with low redundancy, for any ¢. Throughout this paper, the
number of errors ¢ and the alphabet size ¢ are assumed to be fixed constants.

III. CODES OVER BINARY ALPHABET

In this section we present a construction of a binary code that can repair multiple absorptions. The construction relies on
the following simple observation.

Observation IIL.1 Suppose that y is obtained from x € X% by absorbing x; and x; 1. If z;x;41 € {00,01,10}, then y is
obtained from x by deleting one 0. If x;x;41 = 11, then y is obtained from x by deleting one 1. Therefore, no matter whether
the last symbol x,, is lost or not, y is obtained from x by deleting one symbol.

Notice that when at most one absorption occurs, an isolated 1 cannot be deleted, i.e., any 1 that both of its neighbors are 0,
will not be deleted.

From Observation|lII.1} we have that every binary single-deletion correcting code is a binary single-absorption correcting
code. The opposite, however, is not necessarily true, as shown in the next example.

Example II1.2 We give an example to show that a single-absorption correcting code is not necessarily a single-deletion
correcting code. Consider the code {011000,011010}. A single absorption on 011000 yields 3 possible outputs as before:
11000, 01000, 01100. A single absorption on 011010 yields also 3 possible outputs: 11010,01010,01110. However, the sequence
01100 can be obtained from both codewords by deleting the one-before-last symbol. Thus, the code cannot correct a single
deletion.

To construct a single-absorption correcting code, we can use Observation|Ill. 1| and apply single-deletion correcting codes.
The best-known class of binary single-deletion correcting codes are the famous Varshamov-Tenengolts (VT) codes [26], which
are defined as

VT.(n)={ceXy : Syn(c)=a (modn+1)}, )

where a is an integer between 0 and n, and Syn(c) = Y7 ic; is the VT syndrome of c. The smallest redundancy of

logy(n + 1) is attained when a = 0 [27, Corollary 2.3]. A linear-time decoding algorithm of the VT codes to correct a single
deletion was provided in [21]]. In [28] the authors gave a linear-time systematic encoder with redundancy [log,(n + 1)].

Remark IIL3 By Example[lIL.2] one can deem that there might be a single-absorption correcting code of length n with a
larger size than that of the VT code VTy(n). In Section [Z/] we will show that for single-absorption, the redundancy of the
code VTy(n) is optimal up to a constant.

By Definition[[l.2] it is not difficult to see that Observation[lIL.T| can be generalized to the case when multiple absorptions
happen. To be specific, if y is obtained from x by ¢ absorptions, then it is obtained from x by ¢ deletions. So we can
apply multiple-deletion correcting codes for our setting. There are already a myriad of works on binary multiple-deletion
correcting codes (see, for example, [20]], [22], [23]], [29]-[31]]). For ¢ = 2, the best known result was given in [23]], where an
explicit binary 2-deletion correcting code of length n with redundancy at most 4 log,(n) + O(log, log,(n)) was constructed.
This code is polynomial-time encodable and decodable. For general ¢ > 3, the best known result was contributed in [20],
where the authors proved that there is a binary systematic t-deletion correcting code of length n with redundancy at most
(4t — 1) logy(n) + o(logy(n)). The encoding and decoding complexities are O (n?**!) and O (n'*!) respectively.

IV. CODES OVER NON-BINARY ALPHABETS

In Section we showed that a single-absorption error is a special case of single-deletion error. The situation is different
when the alphabet size is at least 3. Throughout this section, we always assume that the alphabet is 3,, where ¢ > 3. This
section contains three parts. At first, we present a basic code construction that can correct a single absorption. In the second
part, we improve upon the basic construction and present a construction with smaller redundancy that can correct a single
absorption error. In the last part, we study codes that can correct multiple absorptions.



A. A basic construction

We begin with a construction of a single absorption correcting code.
For a sequence x € X7 and a symbol a € %, we let N, (x) to be the number of a appearing in x, that is,

N,(x) = |{i: z; =a}.
Lety =21 2;—1(%; ® Ti41)Tit2 - - - Ty be the received sequence, where 1 < i < n — 1@

Observation IV.1 Let a,bc ¥, and 0 < a,b<qg— 1.

o If z;xiy1 € {0a,a0,00}, then No(x) = No(y) + 1 and Ny(x) = Ny(y) for all d # 0. In other words, y is obtained
from x by deleting one 0.

o Ifw; =x,01 =q—1, then Ny_1(x) = Nq_1(y) +1 and Nq(x) = Nq(y) for all d # q— 1. In other words, y is obtained
from x by deleting one q — 1.

o If mixiy1 € {(g— 1)a,a(q — 1)}, then No(x) = No(y) + 1 and Ny(x) = N4(y) for all d # a. In other words, y is
obtained from x by deleting one a.

o Ifx;xip1 =aband c=a®b, then No(x) = No(y) + 1, No(x) = Np(y) + 1, Neo(x) = Ne(y) — 1 and Ny(x) = Ny(y)
for all d # a,b,c (if a =b then No(x) = No(y) + 2).

From Observation[IV.I] we can see that if 0 < x;,7;41 < ¢ — 1, a single-absorption error is a single-deletion together
with a single-substitution, which is different from the binary case. In general, a single-absorption error is a single-deletion
together with at most a single-substitution (no matter whether the last symbol is missing or not). Therefore, if a code can
combat a single-deletion together with at most a single-substitution, it can also correct a single-absorption error. In [19]], the
study of single-deletion single-substitution codes was initiated, and the authors gave a g-ary single-deletion single-substitution
correcting code of redundancy at most 101log,(n) + O(1) (measured in bits) [[19, Corollary 17]. For more details about this
kind of codes, we refer the interested readers to [19] and [20].

At this point, one may wonder if a single-absorption error correcting code is also a single-deletion single-substitution error
correcting code. To answer this, we first notice that the substitution caused by an absorption is specific and depends on the
absorbed symbol. Thus, it is reasonable to assume that a single-absorption error is a specific case of a single-deletion single-
substitution error. Indeed, as shown in the next example, a single-absorption correcting code is not necessarily a single-deletion
single-substitution correcting code.

Example IV.2 Let ¢ = 3 and consider the code {110110,011010}. A single absorption error on 110110 yields one of
the following words: 20110,11110,11020,11011; a single absorption error on 011010 yields one of the following words:
11010,02010,01110,01101. Therefore, this code can correct a single-absorption error. On the other hand, the sequence
11010 can be obtained from 110110 and from 011010 by a single deletion. So this code cannot correct a single-deletion and
at most a single-substitution error.

Thus, one may infer that there might be codes with lower redundancy for absorption channels. In this section, we show that
indeed it is possible to obtain codes with less redundancy.

We begin with constructing a set of n-length words over X,, which is defined by a vector s of length (¢ — 1) over Zj.
Given s = (84)ae[0,g—2] € 737, we define

Ci(n;s) £ {x €X' Ny(x)=s, (mod 4) foreacha€[0,q—2]}.

Since Ny_1(x) =n — Zg;g Ny (x), we can obtain N,_1(x) (mod 4) when given all N,(x) (mod 4) where a € [0,q — 2].
Assume a single absorption channel, and suppose that a transmitted sequence x is in C;(n; s). Denote the obtained sequence
(the channel output) by y. Since y is obtained from x by a single absorption, this absorption must be one of the four cases
described in Observation By calculating N,(y) — s, (mod 4) for all a € EQE] it is possible to know which one of the
cases happened (without knowing the position in which the absorption happened). The details are shown in Table[l] Hereafter,
let {{-}} denote a multiset.

Thus, if a sequence x € C;(n; s) is transmitted through a single absorption channel and y is the output of the channel, it
is possible to distinguish which one of the four absorption cases described in Observation[IV.I] has occurred. However, more
information is needed in order to recover x from y. For example, the order of the absorbed symbols (if a @ b = ¢ then also
b @ a = c¢), or the exact position of the absorption. Therefore, we need to add additional redundancy layers to C;(n;s) as
explained next.

To account for the order of the absorbed symbols, let us first consider the case x;x;11 € {{ab,ba}} where 0 < a,b < q¢—1
and a, b are not necessarily distinct. As mentioned above, by calculating Nq(y) — sq (mod 4) for all d € 3, one can deduce

4As will be clear later, our code can correct a single deletion. So we do not need to discuss the case y = X[1,n—1]

Swhere sq—1 € {0,1,2,3} and satisfies sq—1 =n — Z;?) Sa (mod 4)



TABLE I
THE RELATION BETWEEN N (y) — Sq (@ € 34) AND THE VALUES OF z; AND T4 1

Cases The values of z; and ;41
No(y) — so =3 (mod 4) and -
Na(y) — sa =0 (mod 4) for all a # 0 0 € {{zi,zit1}}
No(y) — sa = 3 (mod 4) for some a 7# 0 and - —
Np(y) —sp =0 (mod 4) for all b # a Hzi,ziv1}} = {{a,q — 1}}

No(y) — sa =2 (mod 4),

Nc(y) — se =1 (mod 4) for some a, ¢, and Li=Tit1 =4

Np(y) —sp =0 (mod 4) for all b # a,c 0<a<g-1
No(y) — sa =3 (mod 4),
Ny(y) — s = 3 (mod 4), {:E),,<:r2+2}<_ {f ,b}
N¢(y) — sc =1 (mod 4) for some a, b, ¢, and s bq
Ng(y) — sq4 =0 (mod 4) for all d # a, b, c

the values of a,b and ¢ = a @ b, but cannot necessarily deduce their order (ab or ba). In order to distinguish between the two
cases x;z;1 = ab or z;x;+1 = ba, we need the following notation: for any z € X7, let

Inv(z) = |{(i,j): 1<i<j<n,z>z}.

Let x" and x” be the sequences obtained from y by replacing a specific ¢ with ab and ba, respectively. Then Inv (x')—Inv (x”) =
+1. Therefore, if we fix Inv (x) (mod 2) and this value is known, we obtain that at most one of x’ and x” equals x.

Now, consider the case when 0 € {{z;,z;41}} or ¢ — 1 € {{z;,2;4+1}}. In this case, y is obtained from x by a single
deletion. In order to correct such an error, we need a g-ary code that can correct a single deletion.

For each z € X7, let a(z) € Z;‘l, where «(z); = 1 if z;41 > z;, and 0 otherwise for each i € [n — 1]. For given ¢; € Z,,
and t} € Z, it was shown in [32] that the following g-ary code can correct a single deletion:

i=1

Ty, 11 (05 q) = {z €%y : Syn(a(z)) =t; (mod n),z:z2 =t} (mod q)} .

However, the only role of the constraint Y z; = ¢} (mod ¢) is to determine the deleted symbol. In our setting, the deleted

symbol is known by calculating N, (y) ! si (mod 4), so we do not need this constraint (in fact, in our case this constraint
is replaced with the constraint N, (x) = s, (mod 4)).

Putting what we have so far together, we construct the following code. For a given s = (s4)qc[0,q—2] € Zj_l and t =
(tl,tQ) € Zn X ZQ, let

Cy(n;s,t) & {x €Ci(n;s): Syn(a(z)) =t; (mod n),Inv(x) =ty (mod 2)}.

Let x € Cy(n;s,t) and let y be the sequence received after transmitting x through a single-absorption channel. By the
discussions above, if 0 € {{z;,z;+1}} or ¢ — 1 € {{z;,7;41}}, we can recover x from y by the decoder of T}, 4 (n;q). If
zizip1 € {{ab,ba}} where 0 < a,b < ¢ — 1, we can find the values of a and b using s and Table[l] and for the specific
¢ =a®bin y that was obtained by the absorption, we can determine whether ;2,11 = ab or z;x;41 = ba using Inv (x).
What we are still missing in order to be able to recover x is the exact absorption position, i.e., the position of that c = a @ b.
Our next aim is to add another layer of redundancy that determines the position of absorption in the case that z;x;y; €
{{ab,ba}} with 0 < a,b < ¢ — 1. We will divide our discuss into two cases. Different methods will be applied to locate the
error position.
(1) The Case a +b < g—1
Let x’ be the sequence obtained from y by replacing the ¢ located at position 7 with one of ab and ba, x” be the sequence
obtained from y by replacing the c located at position ;7 with one of ab and ba, where 1 < ¢ < j < n — 1. Recall that
Syn (z) = E -, iz; for any sequence z.

Lemma IV.3 Syn (x’) # Syn (x”) (mod gn).
Proof: Since a +b < qg— 1, we have a ® b = a + b. Then it is easy to see that

Syn(x) —Syn(y) =a+ 3 u.

Syn(x") =Syn(y) =B+ > uk,



where «, 8 € {{a,b}}. These two equations imply that

j
Syn(x') —=Syn(x") =a—B+ > y=
k=i+1

- .
Yi+ i1 Y ifa =0,
20+ Y4 ik ifa# .

Noticing that y; = a + b and a,b > 0, we have
0 < Syn (x') — Syn (x") < ¢n.

Now the proof is completed. O
By Lemma[lV.3] if we fix Syn (x) (mod gn), where x € Ca(n; s, t), then we can find a unique ¢ in y such that x is obtained
from y by replacing this ¢ with ab or ba. Details will be shown in the proof of Theorem below.
(2) The Case a +b > q
In this case, we have a &b = ¢ — 1. We want to locate in y the position of the symbol ¢ — 1 which is obtained by a single
absorption. To this end, we define the location sequence of a sequence x € X7 to be P (x) € X%, where

P() 07 lf'rl#q_la
X). =
¢ 1, ifx;=qg-—1.

Suppose y is obtained from x by absorbing x; and z;11, where 0 < x;,x;,41 < ¢—1 and x; + x;41 > q. It is easy to see that
P (y) is obtained from P (x) by replacing two adjacent Os with a single 1. We call this error type 00 — 1. Now locating the
error position in x is reduced to locating the error position in P (x). For this, we have the following code.

For any n > 3 and any d € Zg,,_3, define

C3(n;d) 2 {ze€X} : Syn(z)=d (mod 2n —3)}.

Lemma IV.4 The binary code C3 (n;d) can correct the error type 00 — 1 and locate the error position.

Proof: Suppose that z’ is obtained from a codeword z € VT4(2n — 3) by the error 00 — 1. Let the two sequences
u and v be obtained from z’ by replacing z; = 1 and z; = 1 with 00, respectively, where 1 < 7 < 7 < n — 1. Then

Syn(u) —Syn(v) =j —i+ > j_; 4 2. So we have
0<j—i<Syn(u)—Syn(v)<2(j—i)<2n—4<2n-3. 3)

Now we can recover z from z’ by the following procedure. Scan the symbols from the beginning of z’ to its end. If the symbol
1 is encountered, conduct the following steps.

Step 1 Replace this 1 with 00 and denote the resulting sequence by u. If Syn (u) = d (mod 2n — 3), let z and output z.
Otherwise, go to Step 2.
Step 2 Move to the next 1 and go to Step 1.

Since z’ is obtained from z by the error type 00 — 1, this u does exist. On the other hand, Equation (3) ensures that such u
is unique and the error position can be uniquely determined. a

Now we are ready to give a code that can correct a single-absorption error. Given n > 3, 8 = (84)ac[0,g—2] € Z?fl,
t= (tl,tg) € Zn X ZQ and d = (dl,dg) S an X ZQn_3, let

C(n;s,t,d) = {x € Ca(n;s,t) : Syn(x)=d; (mod gn), P (x) € C3(n;ds)}.
Theorem IV.5 The code C (n; s,t,d) can correct a single-absorption error.

Proof: Let x € C(n;s,t,d) be the transmitted sequence and y € EZ’I be the received sequence. Suppose that y is
obtained from x by replacing x;x;41 with ¢ = x; ® x;11. Since x € Ci(n;s), we know if 0 € {{z;,x;41}} or ¢ —1 €
{{zi,x;41}} or neither of the cases. If 0 € {{x;,z;41}} or ¢ — 1 € {{x;,2;41}}, y is obtained from x by a single-deletion,
which can be recovered since x € Ca(n; s, t).

If 0, — 1 ¢ {{x;,xi+1}}, we can determine the multiset {{z;, x;+1}} and thus know whether z; + x;41 < g or not. We
have two cases:
1) If z; + ;41 < g, the following algorithm can be used to recover x. Scan the symbols from the beginning of y to its end.
If the symbol c is encountered, conduct the following steps.
Step 1 If z;z;11 = aa for some a, replace this ¢ with aa. Denote the resulting sequence by x’ and go to Step 4.
If 2; # x;41, we must have z;z;,1 € {ab,ba} for some a # b. Go to Step 2.

Step 2 Replace this ¢ with ab and denote the resulting sequence by x’. If Inv (x’) = ¢2 (mod 2), go to Step 4. Otherwise,
keep this ¢ unchanged and go to Step 3.

Step 3 Replace this ¢ with ba. Denote the resulting sequence by x’ and go to Step 4. Otherwise, keep this ¢ unchanged
and go to Step 5.



Step 4 If Syn (x') = d; (mod gn), let x = x’ and output x. Otherwise, keep this ¢ unchanged and go to Step 5.
Step 5 Move to the next ¢ and go to Step 1.

Since y is obtained from x by replacing an x;x;11 with ¢, this x’ does exist. On the other hand, Lemma ensures
that such x’ is unique.

2) If x; + ;41 = g, we can recover x by the following procedure. First, since P (x) € C3(n;d;), we can determine the
error position ¢ from P (y) by the algorithm given in the proof of Lemma If z;x;+1 = aa for some a, then replace
yi (= g — 1) with aa and output the resulting sequence. If z;x;11 € {ab,ba} for some a # b, we can know whether
Z;iTir1 = ab or x;x;41 = ba by Inv (x) (mod 2). Once x;x;41 is determined, replace y; with x;2;,1 and output the
resulting sequence. Lemma[lV.4] ensures that the sequence x can be uniquely recovered.

O

By the pigeonhole principle, there are some s, ¢ and d such that

n

q
49-1.n-2-(gn)- (2n —3)°

This lower bound means that the redundancy of C(n;s,t,u) is at most 3log,(n) + O(1) for some choice of s, t and d. If
measured in binary bits, this redundancy is at most 3log,(n) + O(1). Recall that in [19, Corollary 17], the authors gave a
g-ary single-deletion single-substitution correcting code of redundancy at most 10log,(n) + O(1). So the code C(n; s, t,d)
performs better than the existing one in [19]. One may ask if 3log,(n) 4+ O(1) is the best redundancy that can be achieved.
Based on C (n; s, t,d) and new ideas, we will show in next subsection that the redundancy can be further reduced to at most

log,(n) + O(log, log,(n)).

IC(n; s, t,u)| >

“4)

B. An improved construction

In this subsection, we use Theorem together with ideas from [1] and provide a code with redundancy log,(n) +
O(log, log,(n)). We first outline the basic idea.

We begin with constructing a code with redundancy logq(n) + O(1). This code has the property that when receiving a
sequence which is a corrupted version of a codeword x, it is possible to locate a window of length L = © (logz(n)) that
contains the erroneous position. That is to say, we only need to correct the absorption error within a shorter substring of x.
To this end, we should partition x into consecutive disjoint intervals of length 2L + 1 and then apply Theorem[IV.3] to each of
these intervals. As we will show next, this will only increase the redundancy by O(logq logq(n)) and so the overall redundancy
of the resulted code is log,(n) + O(log, log,(n)). The details will be clear from the subsequent analysis.

For each x € Zf;, which ends with 0011, we can segment x and get a string z* = z] - - - z?i, where 1 < Ix < n/4, and
each substring z* ends with 0011, and 0011 appears exactly once in z¥. For example, let ¢ = 3 and x = 00111230320011.
Then Ix = 2 and zT = 0011, z%¥ = 1230320011.

Letd =c1 +co {logq(nﬂ, where constants c¢; and ¢, are both multiples of 4 and satisfy

N N
q > L, and g >q.
gt -1 q—1 gt -1

Since qfil > 1, the desired constants c¢; and ¢, do exist. For example, if ¢ = 3, the smallest ¢; is 136, while the smallest co
is 356.
Lemma IV.6 Suppose that X is chosen uniformly at random from ¥j. Then
1
Pr(|z)|<édi=1,...,l;) > -
q
Proof: The probability that a fixed length-4 substring of X equals 0011 is .. Then for any i, the probability that |z;* | > &
is at most
4 1 ‘5%4 -1
(q4 ) <11
q qan
where the inequality follows from the choices of ¢; and c;. Now the conclusion follows from the union bound. O
Let Ry, be the set of all strings x € X7 which ends with 0011 and satisfies the condition that ‘z;X| Loforalli=1,..., 1.

Then Lemma(lV.6| implies |R, | = ¢"~°. Next, we briefly explain how to construct R ,,. Let
Z = {z € Eq@ : z ends with 0011 and 0011 does not appear elsewhere in z} .

Since d = c¢1 + c2 ﬂogq(nﬂ, the size of Zq@ is bounded above by O(n@)ﬂ This implies that Z can be constructed by brute
force searching. We can construct R, by concatenating sequences in Z. This process can be somewhat involved, but this

®More accurately, the capacity of the set of strings of length n that do not contain 0011, which can be calculated using constrained systems techniques, is
log,,(1.839) which is roughly 0.87 in the binary case.



is a one-time pre-processing task. When (c; — 4)log,(e)/(4¢*) > 5 and ¢z log,(e)/(4¢*) > 1, we present an algorithm for
encoding(and decoding) an arbitrary sequence of length n into a sequence in R, 45 (see Appendix [A).

Observation IV.7 Let x € X} be a string, ending with 0011. If the last 0011 is destroyed due to an absorption error; it is
easy to detect and correct that error. If the absorption error does not change the last 0011 and the received sequence is 'y,
we have |y| = |x| — 1 and ly, — Iy € {0,—1,1} where lx,l, denote the number of substrings that end with 0011 in x,y,
respectively.

For any n € N and any x € X7, define

l
flx) = j |zx| (mod 2n),

g(x) = l (mod 3).

M

If y is obtained from x by an absorption, the function g(x) can help us to determine the exact value of I, — lx. For a given
r = (r1,12) € Zoy, X Zs3, we define the code Dy (n;7) C ¥y as

Di(nyr) ={x € Ryn: f(x)=11,9(x) =12}.
With suitable parameters, this code has redundancy at most log,(n) + O(1).

Theorem IV.8 Let x € Di(n;r) be a sequence and let y be the sequence obtained from x after a single absorption. Then
there is a constant cs, which is a function of ¢1 and ca, such that a window W C [1,n — 1] of size c3 logg (n) that contains
the position where the absorption error has occurred in'y, can be detected. Furthermore, the window can be found in O(n)
time.

The proof of Theorem[[V.§]is similar to the proof of [I, Theorem 4] and is deferred to Appendix
Let L = c3 1ogq( n). For simplicity, we assume (2L 4+ 1) | n and let ¢t = n/(2L + 1). All the following arguments can
be generalized to the case (2L + 1) { n in a straightforward way (see Remark[[V.10| below). We partition {1,...,n} into

consecutive disjoint intervals I; (1) . Jt(l) of length 2L + 1. In other words,
I =14 (i — 1)(2L + 1),i(2L + 1)] (5)
for all 1 < ¢ < t. Furthermore, we define a family of shifted intervals I; (2) ,It(z)l, where [ 52) =1 i(l) + L For given

x € X7, let x(1 ) =x o and x(29) = x 1@ In other words, x(1%) is the substring corresponding to Ii(l) and x(%9 is the

substring corresponding to 1, )
For a given sequence z € Z2L+1, we define

f(2) = (Na(2)) 4ef0,4—2) % (Syn(a(2)),Inv (z),Syn (), Syn (P (2))) -

The values of f(z) are taken from Zj_l X Lopy1 X Ly X Lg(ar,+1) X Zar—1. With the function f() in hand, we define the
functions:

G100 =2 F (x19),
Ga(x) = f (x(29),

where the sums are performed position-wise over Z?;l X ZLog+41 X Lo X Zq(2 L41) X Z41,—1. Now we can give the desired code.
For given a, 8 € Z?{l X Ziopy1 X Ly X Lgear+1) X Lar—1 and 7 = (11,72) € Zoy X L3, let
D(n;r,a, B) = Di(niv) [ |{X € Ryn : §1(x) = e, G2(x) = B} .
Similar to Equation , there exists a choice of 7, a and 3, such that
Rg,nl
on-3-[49-1. (2L +1)-2- (¢(2L + 1)) - (4L — 1)]?

Therefore, the redundancy of D(n; 7, o, B) is at most log,(n) + 12log, log,(n) 4+ O(1) (recall that we require that ¢, c and
cs are constants and n is large compared to these constants).

D(n;7, a, B)| >

Theorem IV.9 The code D(n;r,a, 3) can correct a single absorption error.

Proof: Let x be the transmitted codeword and y be the received sequence. The proof of Theorem- gives a method to
locate the error position within a window W = [i1,41 + L — 1] C [n— 1]. By the constructions of I (1>g and I > ’s, there exists

"For a set A of integers and an integer m, we define A+m = {a+m : a € A}.



). The value of i can be determined in the following way (recall Equation H

some % such that W is contained in Ii(l) or Ii(2

for the definitions of Ii(l)’s and Ii(z)’s).

Step 1 Find the largest £ > 0 such that k(2L + 1) <43 and W C [k(2L + 1) + 1,k(2L + 1) + 2L]. Then 4 = k + 1. If such

a k does not exist, go to Step 2.

Step 2 Find the largest & > 0 such that k(2L +1)+ L < iy and W C [k(2L+ 1)+ L+ 1,k(2L + 1) + 3L]. Then i = k+ 1.

Since any window of length L must be contained in some I, i(l) or I 52), the above two steps can successfully find such an 1.

Now we can recover x from y by the following procedure.

Case (1) The value of 7 is found in Step 1. In this case, we have x; = y; for all j < (¢ — 1)(2L + 1) and x; = y;_; for all
j > i(2L + 1). In other words, we can recover x(1:9) for all j # i directly. Therefore, we can compute f(x(1:7))
for all j # i. Then comparing  and f(x(lvj)), we can know f(x(l’i)). Let y) = y[i-1)2n+1)41,i(204+1)-1]-

jZi
Then y(*) is the corrupted version of x(l %), Theorem ensures that we can recover x(%) from y(?) with the help
of f (x(1 Z)). Now the transmitted sequence x is recovered.

Case (2) The value of 7 is found in Step 2. In this case, we have z; = y; for all j < (i —1)(2L+1)+ L and z; = y;_; for all
j > (2L + 1)+ L. In other words, we can recover z; for all j & [(i — 1)(2L + 1) + L + 1,i(2L + 1) + L] directly.
Therefore, we can compute f(x(>9)) for all j # 4. Then comparing 3 and 3" f (x*%)), we can know f (x*).

j#i

Let y(9) = Y{(i—1)(2L+1)+L+1,i(2L+1)+L—1]- Then y(@ is the corrupted version of x(2*). Theorem ensures that
we can recover x(2%) from y(¥ with the help of f (X(Z’i)). Now the transmitted sequence x is recovered.

a

Remark IV.10 If2L +1 J( n, let t = |n/(2L +1)| and L' = n — t(2L + 1). Then 0 < L' < 2L. The 2t — 1 intervals I\
(1<i<t)and I ( 1 <1 <t—1) are defined as above. There are two cases.

« When L' < L, letft(z):[( ~1)(2L+1)+ L+ 1,n]. Then L+2 <

t ~ .
(x) = X f (x*7).
=1
« When L < L' < 2L, let I\, = [t(2L+ 1)+ 1,n] and I\*) = [(t —1)(2L+ 1)+ L+ 1,4(2L + 1) + L]. Then L <

< 2L + 1. So we define §1(x) as above and

t+1
t+1 . to.
‘It(i)l 2L and ’It@)’ = 2L+ 1. So we define §1(x) = > f (X(“)) and §go(x) = > f (x*? )
i=1 i=1

C. Codes correcting multiple errors

In this subsection, we study codes that can correct multiple absorption errors. Recall that the alphabet size ¢ is at least
3, unless otherwise stated. We first claim that ¢-absorption is a special case of ¢-deletion-¢-substitution and give two known
results. After that, we explain the difference between ¢-absorption and ¢-deletion-¢-substitution, which justifies our searching
for better codes for our setting. Our construction is based on the single-absorption correcting code given in Theorem and
the syndrome compression technique with precoding developed recently [20].

In Observation[IV.1] we have shown that a single-absorption error corresponds to a single-deletion together with at most a
single-substitution. By Definition[[L.2] it is not difficult to see that this conclusion holds for multiple absorptions as well. In

other words, a t-absorption error is the combination of ¢ deletions and at most t substitutions. To see that, it suffices to notice
. ftsy . . . . I
that the absorption error ( &) 33]> can be interpreted as firstly deleting s; symbols x; (i1 < j < 4+ s;) and then substituting
J=u

J=u Jj=u

i+s i1+ . S .
Ti,+s, DY < D xj>. If ( &) xj> # X;,1s,, the second step is a substitution error. In other words, the absorption error

1+S; . . . EO
( @ x; | of s; + 1 consecutive symbols can be interpreted as s; deletions and at most one substitution.
JI=u

Therefore, a t-deletion-t-substitution correcting code is naturally a ¢-absorption correcting code. We first introduce two classes
of t-deletion-t-substitution correcting codes given in the literature. They will be used as a bulding block in our construction
of t-absorption correcting codes.

By carefully checking the proof of [20, Lemma 9], we draw the following conclusion.
Lemma IV.11 Suppose that ¢ > 3 and t are fixed posmve integers. There exists a q-ary systematlc{ﬂt deletion t-substitution
correcting code £, C ZN whose redundancy is at most bg (2) log,(N)+o (logq(N )) The encoding and decoding complexmeaﬂ
are O (N®*1) and O (N3t+1), respectively.

When g is a prime powem the authors of [[20] obtained a better result.

8In the proof of [20, Lemma 9], an systematic encoder was defined.

9These two complexities follow from the construction of £; and [20, Theorem 1].

10When constructing the code in [20l Theorem 3], the authors used a BCH code over the finite field Fg4. This is the reason why we require that g is a
prime power.



Lemma IV.12 20, Theorem 3] Let ¢ > 3 be a prime power. There exists a q-ary systematic t-deletion t-substitution correcting
code £, C E(]]V with redundancy at most (8t — 1 — {%D log,(N)+o (logq(N)). The encoding and decoding complexities
are O (N**1) and O (N?'*1), respectively.

Furthermore, the codes &; in [20, Lemma 9] and [20, Theorem 3] can be expressed as
& = {(u,Redq,n (w)) : ue ZZ} (6)

where u is the information sequence and Red, ,, (u) is the sequence of redundancy symbols. Note that N = n + |Red, ,, (u)|.
Let

(875 -1- {%J) log,(N) + o (log,(N)) if ¢ is a prime power,

Ryn = e .
% log,(N) + o (log,(N)), if g is arbitrary.

Since + > % when n is sufficiently large, we have

(St -1- {MJ) log,(n) + o (log,(n)) if ¢ is a prime power,

_ q
Ryn =

10;322) log,(n) + o (log,(n)) otherwise.

)

In the following, whenever R, ,, is mentioned, we always refer to Equation (7).

From LemmallV.11| and Lemma|IV.12 we can see that Red, ,, (u) € Ef “". For our purpose, we can also view Red, ,, as a
function Red,,, : E;’ — [O, qR‘L" —1]. Let BtD s (u) be the t-deletion-¢-substitution ball centered at u, i.e.,

BPS (u) = {z et z is obtained from u by ¢ deletions } . ®)

and at most ¢ substitutions
Then Lemma[[V.11} Lemmal[[V.12] and Equation (€) imply the following corollary.
Corollary IV.13 [f BP® (u) N BPS (u') # 0 and u # W, then Red, ,, (u) # Red, ,, (W').

As discussed above, LemmallV.11| and Lemma(IV.12| provide us with two class of ¢-absorption correcting codes with low
redundancy. However, the two kinds of error models differ in the following two aspects.

o In the t-deletion-¢-substitution setup, the error positions are assumed to be arbitrary. But for the ¢-absorption channel,
i1+5;
the deletion-positions and the substitution-positions are “close”. For example, the absorption error | @ xj) leads to

=1
deletions in positions j (¢; < j < 7; + s;) and a (possible) substitution in position i; 4+ s;. Therefore, ]thel deletions and
substitution are constrained to within a window of length s; + 1.
« In the ¢-deletion-¢-substitution setup, a symbol a € 3, can be substituted by an arbitrary symbol b € ¥, \ {a}. However,
for absorption channels, a symbol a € ¥, can only be substituted by some b > a and b € X,.

Therefore, it is reasonable to deem that there are better codes for absorption channels, which is the main goal of this
subsection. In the rest of this subsection, we will apply the syndrome compression technique with precoding to show that
for our setting, there are codes with even lower redundancy. The syndrome compression technique was first established in
[22], [34] for designing t-deletion correcting codes, and then was further developed in [35] to a general method for obtaining
low-redundancy error correcting codes. More recently, [20] further improved the syndrome compression technique by applying
a precoding process.

To describe the syndrome compression technique, we need to introduce some notations. Let B (u) be a general error
ball centered at the sequence u € Xj. The definition of such error balls is determined by the specific problem under
consideration. For example, if we are studying ¢-deletion-t-substitution error correcting codes, then the error ball B (u) is
defined as Equation . Consider some fixed error and its corresponding error ball 5(u). For a given code £ C ¥y andu€g,
we define

Ne(u)={u' €& : v #uand B(u')NB(u)#0}.

The following lemma, which is a variant of [34, Lemma 1] and [20, Lemma 3], is key to our purpose. We include its proof
here because the proof reveals how the syndrome compression technique works.

Lemma IV.14 Let £ C X be a code and N > max {|[Ng (u)| : u € E}. Suppose that the function f : 7 — [0,q%™) — 1]
(where R(n) is a function of n and R(n) > 2) satisfies the following property:
(P1) if u € X and 0’ € Nxp (u), then f(u) # f (u).

QIOgQ(N)+O( R(n)

Then there exists a function f : £ — |0,q 0gq(R(Y) 1| such that f (u) # f (W) for any u € € and 0’ € Ng (u).

Proof: For any u € £ and u’ € Ng (u), we have 1 < |f (u) — f (u')| < ¢"*(™) due to (P1). For any u € &, let

D (u) = {p : pis a positive divisor of |f (u) — f (u’)| for some u’ € Ng (u)}.



By [35, Lemma 3], the number of positive divisors of |f (u) — f (u’)| is upper bounded by

R(n)

qO(m)7

for each u’ € N¢ (u). So we have

R(n)

(n) (n) ;
1D (W) < INe ()] o matitm) < g® (it s+ (maititer )

o n)
This implies that there is an integer P (u) € {l,ql g"(N)JrO(log <R<”)))} such that f(u) £ f(u’) (mod P (u)) for all
u’ € Ng(u). Now for each u € £, we define

f () = (Expan, (f (u) (mod P (u))),Expan, (P (u))),

where Expan,, () is the g-ary expansion of the integer m. Clearly, f () is a g-ary vector of length 2 log,(N)+0O (%)

log, (R(n))
_ _ o D) _ _
and thus we can view f as a function f: & — {O,q21 g (N Ho(logq(R(W) — 1]. By construction, it holds that f (u) # f (u’)
for any u € £ and u’ € Ng (u). O
Remark IV.15 In most cases, the number N is a polynomial in n. So if it holds that O <%) =0 (logq(n)), the
q

function f can be computed in polynomial time.

Before moving on, we explain how Lemmal|lV.14| helps to compress the code redundancy. We follow the notations in
Lemma|lV.14| For a given a; € [0, ¢t — 1] the function f can be used to define a code

& (ay) {uEE":f(u)Zal}»

where there exists some a; such that the redundancy of £’ (a;) is at most R(n). If the conditions in Lemmal|lV.14| are satisfied,
then the function f can be used to define another code

& (ag) ={ue& : f(u) =a}
o n)
where as € |0, ¢q 21 g"(NHO(‘qu(R("))) — 1|, and there exists some ao such that the redundancy of £ (as) is at most r () +
y

2log,(N)+ 0O (m), where 7 (£) is the redundancy of €. If 7 (£) 4 2log,(N) + O (m) is much smaller than
R(n), then the code redundancy is successfully compressed. If £ = Y./» we obtain the original syndrome compression technique
in [35]. If € is chosen to be a proper subset of X7, then we obtain the syndrome compression technique with precoding in
[20].

Now we are ready to derive the main result of this subsection, that is, t-absorption correcting codes (¢ > 2). In this case,
the error ball B (u) is defined to be the t—absorption ball (see Equation ), ie.,

B(u) = B (u ={ze ¥ " : z is obtained from u by ¢ absorption errors} .

We choose £ to be the code D (n;r a,,@) in Theorem and f to be the function Red,, (see Equation (6))). From
Corollary [IV.13] f satisfies the property (P1) in LemmallV. 14 with R(n) = Ry, which is defined as in Equation (7). So we

R(n
have O (71% (R()n))) o (log,(n)).
Firstly, we need to estimate an upper bound of |[Ng (u)| for any u € £. For a given sequence z, if we insert a symbol at

the end of z, or replace some z; with ab such that z; = a & b, then we say we perform a splitting operation on z.
Claim IV.16 Let t > 2. Then for any u € &, we have |Ng (u)| < ¢**2n2t—L,

Proof: We should estimate the number of u’ € £ such that u’ # u and B; (u’)NB; (u) # 0. Each such u’ can be obtained
through the following steps.
Step 1 Obtain a sequence u‘®) from u by sequentially performing ¢ absorptions, which has at most n(n—1) - - - (n—t+1) < n!
possibilities.
Step 2 For each u"), we perform a splitting operation on u() to get a sequence z(!). Then we perform a splitting operation
on z(M) to get a sequence z(?). Repeat this process. after ¢ — 1 steps, we will get a sequence z(*~1). For each u(®,
there are at most ¢~ 2(n —t +1)(n —t +2)---(n — 1) < ¢ ~2n'~" such z(*~1) 7,
Step 3 For each z(*~1), we perform a splitting operation on z(!~1) to get a sequence u’ € £. Since £ is a single-absorption
correcting code, there is at most one u’ for each z(*—1).
Overall, the number of u’ is strictly less than ¢**~2?n2~! and thus |N¢ (u)| < ¢**~2n2~ 1, O
Now we choose N = ¢*~2n2'~1. Then by Lemma we have a function f : €& — [0, gt =2legg(m)Fellog,(n) _ 7]
such that f (u) # f (u’) for any u € € and v’ € Ng (u). Combining the above discussions, we obtain the main result of this
subsection.



Theorem IV.17 Let ¢ > 3 and t > 2 be fixed integers. For given o, B € 73" X Ly, X 7y X Zqi2n41) X Lap—1, T = (r1,72) €
Zign X Tz and 0 < a < q4t=2)10gq(n)+ollog,(n) ey

E(nyr,a,B,a) = {cED(n;r,a,ﬂ) : f(c):a}.

Then & (n;r,a,3,a) is a t-absorption correcting code. Furthermore, there is a choice of o, 3,7 and a, such that the
redundancy of € (n;r,a, B,a) is at most
(4t — 1) log,(n) + o(log,(n)).
2t—2, t—1

Let c € £ (n;r, @, B,a) and ¢ € B (c). By applying splitting operations on ¢, we can find at most ¢>'~2n?~! sequences
in D (n;r, a, B) (see the proof of Theorem and Steps 2-3 in the proof of Claim [IV.16). Among these sequences, there is
a unique sequence ¢ such that f (¢) = a, and thus ¢ = ¢. Since finding the sequences D (n;r, a, 3) takes polynomial time,
together with Remark we obtain that the function f can be computed in polynomial time. Therefore, we can recover c
from ¢ in polynomial time.

Remark IV.18 We do not know if there exists an efficient encoder that can encode an arbitrary sequence into D(n;r, a, 3)
(or £ (n;r,a,B,a)). Based on the results in this section, we can provide two, polynomial-time encodable and decodable,
codes & and &y, which can combat single-absorption and multiple-absorption errors, respectively. Details are deferred to
Appendix [Q Recall that the code D (n;r,«, 3) is defined with four functions f, g, g1 and §o. For any two codewords ¢ and

¢ in D(n;r, o, 3), we have
(f(e),9(c),g1(c), g2(c)) = (f(c), g(c"), G1(c), g2(c")) -

However, for two codewords in &1, the above equation is not necessarily true. The same phenomenon holds for Es.

V. OPTIMALITY OF THE CODES

In this section, we always assume g > 2. Let Cyq0 C ZZIL be a code of maximum size that can correct a single absorption
error. Let 3, denote the set of all n-length sequences over 3, \ {0}, i.e., the sequences that do not contain the symbol 0.
From Observation and Observation we know that the code C,,q. \ By can correct a single deletion of zero. So
ICrmaz| < Agn+1Bn| = Agn+(g—1)", where A, ,, denotes the maximum size of a code in X} \ B,, that can correct a single
deletion of zero. In this section, we will prove an upper bound of A, ,, which implies that the codes given in the last two
sections are optimal or near optimal in terms of redundancy. To that end, we follow the method proposed in [36], of which
the authors proved a nonasymptotic upper bound of the size of a deletion correcting code (rather than zero-deletion correcting
codes which we are interested in). The basic idea is to interpret our problem of upper bounding the size of codes as a linear
programming problem. Inspired by [36]], several researchers further developed this method and obtained many important results
(see, for example, [37]], [38]]).

We need to introduce some terminologies first. A hypergraph H is a tuple (V,E), where V is a finite nonempty set and &
is a collection of nonempty subsets of V. The set V is the vertex set of 7{ and the elements in V are called vertices. The
elements in & are called hyperedges. A matching of H is defined to be a collection of pairwise disjoint hyperedges of . The
matching number, denoted by v (H), is the maximum size of a matching.

For our purpose, we define a hypergraph H, ,, = (23’1, Eqn), where &, = {Dgo)(x) Px ey Bn}. Here D%O) (x) C
23—1 is the set of sequences obtained by deleting exactly one zero from x. For example, if x = 0110010111, then
DEO)(X) = {110010111,011010111,011001111}. Obviously, a set C C X7 \ B, is a zero-deletion correcting code if and
only if {Dgo)(x) P XE C} is a matching of H,,, and hence A,, = v (H,,). Therefore, the problem boils down to
estimating v (Hqp).

Suppose that H = (V,£) is a hypergraph with V = {vy,...,v,} and € = {E4,..., Ep,}. Then the incidence matrix A of
‘H is of size n x m and is defined as follows:

4= {1, if v; € E;,

0, otherwise.

Here A; ; is the element in the 4th row and jth column of A.
The following lemma gives an upper bound of v (H).

Lemma V.1 [36) Lemma 2.4] Let notations be as above. Then v (H) < 7* (H), where
T (H) = min{Zwi s ATw =1, w > O} .
i=1

Here AT denotes the transpose of the matrix A, w = (w1, ..., w,)" is a column vector whose components are all nonnegative
reals, 1 denotes the column vector whose components are all 1, 0 denotes the column vector whose components are all 0, and
the inequalities are defined component-wise.



According to Lemma we have Ay, = v (Hgn) < 7° (Hqn). By definition,
™ (Hgn) = min{ >ow(y) ZyeD“”(x) w(y) > 1,Vx € 37 \ B,
yesy ! !
and w(y) > 0,Vy € 23‘1}.

For a sequence z € J;-, Efl of finite length, we let ro(z) be the number of runs of zeros in z. For example, if z =

0110010111 then ro(z) = 3. It is clear that ro(y) < ro(x) if y € D§°) (x). If y € B,,—1, we let w(y) = 1; otherwise, let
w(y) = m(y) Then w(y) > 0 and

1P

Yoowy) = Y el =1

0 ©) 70(x)
yeD; (%) YED; (%)

for any x € X7 \ By,. The last equality follows from the fact ’D%O) (x)’ =g (x). Let § = X7\ B,,_1. Since

> wly) = q—1"1+§:r )
yeD;T! YES O
it remains to calculate > vES 7o (y) Note that 1 < ro(y) < (”T*W = L%J for any y € S. However, these bounds are too loose

and will only lead to A, , < ¢" . Thus, a better bound is needed.
Lemma V.2 For a given positive integer N, the number of integer solutions to the following equation
ap+---+a =N
under the condition that a; > 0 forall 1 =1,...t, is (N J?éfl). More generally, the number of integer solutions to the above
equation under the condition that a; > p; forall i =1,...,t, is (N+t7(§1:1 pi)fl), where p1, ..., ps are nonnegative integers.

Proof: The first conclusion is [39, Proposition 1.5]. To prove the general conclusion, let ag =a; —p; foreach 1 <7 < t.
Then each a) is a nonnegative integer. The proof follows from the first conclusion. |
Lemma V.3 Let n > 2 be a positive integer. For any 1 < k < {%J the number of sequences y in S with the property
ro(y) =k is (", 2) (@ =DM+ 2(27;;21)(‘1 —DF+ (5 2)(‘1 -1k

Proof: For y € § with ro(y) = k, we can write y in the form

y = amooh m Olk

7

where ag, ai,...,a; € 3 \{0} m07mk >0,l;;m;>1forall 1 <i<kand1l<j<k—1 LetS, be the number of
solutions to the equation ZZ i+ Z] om; = n — 1. The following conclusmns are clear from Lemma

o if mg,my =1, S, ("2k2),

e if mop=0,mp=10rmg=1,my=0,5,=(p2);
o if mg=my=0,8,=(5_%)

Therefore, the number of sequences is |S| = ("};%) (¢ — D)**1 +2(J:2) (¢ — 1)F + (5 2) (¢ — 1)k O
From Lemma [V3| and Equation (9), we have

R e

yexy 1 yeS
4] 1/n—2

— _17171 - _1k+1 1
(g—1) +g;k(2k)@ ) (10)

13]

1/n—-2

+2Zk<2k_1)(q—1)k+

k=1

To derive our desired result, we need the following lemma.

Lemma V4 [19 Claim 2] For integers ¢ > 2, n > 5 and n > q, it holds that

l n B X qn+1
,;k@(q VS gy



Putting everything together, we can now present the main theorem of this section.

Theorem V.5 Let notations be as above. For integers ¢ > 2, n > 12 and n > q, it holds that A, ,, < (q—l)"‘l—l—l—k%.

In particular, the redundancy of Cpa. is at least log,(n) —log,(Cy), where Cy is a constant dependent on q and independent
of n.
Proof: For any k > 1, we have k 4+ 1 < 2k. Therefore,

5] |3) n—2
1/n—-2 1 (n—-2 1/n—-2
= DM L2y — -2y — — 1k 11
k<2k )(q ) Z%(% )(q ) o Ja=1) (11)
k=1 k=1 k=1
Since 1/k < 2/(2k — 1) and k < 2k — 1, we have
L%J L%J n—2
1/n-2 k 1 n—2 k1 1/n-2 b
2 1k« - — < z — k.
2Zk(2k_1><q 1>\4Z%_1(%_1>(q DH*t<ay (7 )@= (12)
k=1 k=1 k=1
By Equation (TIJ), we have
] 5]
1fin-2 _ k-1 1fn=2 k-1
k;(2k:—2)( 2 1+Zk(2kz—2><q 2
k=1 k=2
5]
1 n—2 b1
<1 e 1
+Zk—1(2k—2>(q )
k=2
(1)
_ 1/n—-2 &
=1+ > k( ok )( 1)
k=1
n—2
1/n—2
<142) - — 1k 1
+ ;k< i )(q ) (13)
Now combining Equation (I0), Lemma[V.4] and Equations to (13), we obtain
3,
— n—1 - _ 1\k+1
> ww=a-v+ 3 (")
yEE;“l k=1
5] 5]
1/n—-2 1/n—-2
2 - _1k - _1k—1
+ k:1k<2k1)(q )+k=1k<2k2>(q )

n—2
1/n—2
<(q—1)”_1+1+2zk< L )(q—l)k
k=1

+4§i(nk2)(q1)k+2§;(”k2)(q1)k

By our discussion at the beginning of this section, we have |[Cpnaz| < (¢ —1)""1 4+ 1+ % + (g —1)™. When n is

<(g—D)" 1+

large enough, this implies |Cpaz| < Cq%, where C; is a constant that depends on ¢ and independent of n. Therefore, the
redundancy of Cy,q. is at least log,(n) — log, (C,). O

Corollary V.6 The code in Equation (when a = 0) is optimal up to a constant and the code in Theorem is optimal
up to an O(log, log,(n)), in terms of redundancy.

VI. A VARIANT OF THE ABSORPTION CHANNEL AND ITS CONNECTION WITH DELETION CHANNELS

In this section, we briefly discuss a variant of the absorption channel, which we call the contraction channel. Interestingly,
we find that it is equivalent to the deletion channel, which has been extensively studied in recent years. Throughout this section,
we assume that q is a fixed positive integer great than 2.

Definition VI.1 Suppose that x € X7 is the transmitted sequence and'y € E:}*l is the received sequence, where



e y=a1 i1 (x; B i) Xigo - xy, for some 1 <i<n—1, or

o Y =1 Tp_1.
Here x; B x; 1 is defined to be x; + x;,11 (mod q). For simplicity, in the rest of this section we will say that y is obtained
from x by a contraction if y is obtained from X in this way.

With Definition[VLI] in hand, multiple contractions can be defined in a similar way that we defined multiple absorptions (see
Definition|I.2)).
For any x € X7 and any integer ¢ € [1,n — 1], we define

Dy(x)={z€ Eg_t : z is a subsequence of x} .

Let C be a nonempty subset of X}, If Dy (c) N Dy (c’) = @ for any two distinct sequences c,c’ € C, we say C is a g-ary
t-deletion correcting code. There are some known results on nonbinary ¢-deletion correcting codes with low redundancy [20],
[40].
Next, We construct a bijection that connects between contractions and deletions. To that end, we use the following notation.
Foranyt >0 and n >t + 1, let
Aq(n,t):{er;‘ cx;=0forall 1 <i<t}

and
By(n,t)={y et : y;=0forall 1<i<t+1}.
We define a mapping ®,, ; from A, (n,t) to B, (n,t) as following:
®,.: Ay (n,t) = By (n,t)
Xy

i—1
where y; =0 and y; = 'EB1 x; for each ¢ > 2. Clearly, the mapping ®,, ; is a bijection. Indeed, for any y € B, (n,t), we have

]:

& L(y) =1 ,, where z; = y;41 — y; (mod ¢) for each 1 < i < n.

n,t
Lemma VI.2 Let x € A, (n,t) and y = ®,, (), where t is a positive integer and n >t + 1 is an integer.

(1) t contractions in x corresponds t deletions in'y.
(2) t deletions in 'y corresponds t contractions in X.

Before proving the lemma, we give a simple example to demonstrate the idea.

Example VI3 Let n = 7,t = 1 and consider the sequence x = 0121201 over the ternary alphabet Y3 = {0,1,2}. Applying
the bijection, we obtain ®71(x) =y = 00101001. Now assume a contraction occurred in X in position i = 2, i.e., we obtain
x' = xi(xg Bas)xy...x7 = 001201. The corresponding y' = ®(x') = 0001001 can be obtained from y by deleting ys.

Considering 2 consecutive contractions, let X" = 01201 be obtained by contracting xo B x3 B x4. The corresponding y' is
®(x") = 001001 which can also be obtained by deleting ys and yy from y.

We now prove the lemma.
Proof: (1). Suppose that x’ is obtained from x by ¢ contractions. Then

X;, if © <y,
e -1 . !
. i =305 s <i<igr =258
o = 5= 557 for some 1 <1 < k, (14)

T e . k—1

Tipsk o if >k — 3050 85,

1St

e -1
B zj, if i =i, — 3 ;) s; forsome 1 <1<k
J=u

Here s; > 1 for each 1 < [ < k, the sum Zlesl =t—t,iy>1,ig+sp,<n—t and i;.1 —4; > s foreach 1 <1 < k.
Let y' = &, ;0 (x’). Then y’ is obtained from y by deleting y;, 1 (1 <1< k,1 <7 < s;) and y[,_¢'42541]. Therefore, y’
is obtained from y by ¢ deletions.

(2). Suppose that y’ is obtained from y by ¢ deletions. Then there exist integers 4;,s; (1 <1 < k) satisfying i; >0, s; > 1
forall [ > 1,441 — 4 > s forall 1 <1 <k and iy + s < n—t/, such that y’ is obtained from y by deleting y;, 4, for all
1<i<kand 1 <7< s (where Zle sy =t —1') and Yin—t'+2,n+1]- Notice that y; = --- = y;41 = 0. So we can assume
i1 > 1 and hence y} = 0. Let x’ = @;it_’o (y'). By construction, we can see that x’ is as in Equation . Therefore, x’ is
obtained from x by ¢ contractions.

Lemma suggests that a ¢-contraction error in sequences in A,4(n,t) is equivalent to a ¢-deletion error in sequences in
By(n,t). Therefore, a t-contraction correcting code in A4(n,t) is equivalent to a ¢-deletion correcting code in By (n,t).

Observation V1.4 Let a,b e ¥y, a#b, and 0 < a,b<q— 1



o If v;zi41 € {0a,a0,00}, then No(x) = No(y) + 1 and Ny(x) = Ny(y) for all d # 0. In other words, y is obtained
from x by deleting one 0.

e Ifxixir1 =aa and c = aBa, then Ny(x) = No(y) + 2, No(x) = No(y) — 1 and Ng(x) = Ny(y) for all d # a,c.

o Ifziwip1 = aband c = aBb, then No(x) = No(y)+ 1, Np(x) = Np(y) + 1, Ne(x) = Ne(y) — 1 and Ng(x) = Ng(y)
for all d # a,b,c.

With Observation[VI.4] in hand, it is easy to construct codes correcting contraction errors, as we did in Theorem [[V.3]
Theorem m and Theorem [IV.17] On the other hand, we can also construct codes via deletion correcting codes. Since these
two kinds of constructions are straightforward, we omit the details.

VII. CONCLUSION

In this paper, we introduced and studied absorption channels, which are closely related to neural communication systems.
We constructed codes with near-optimal redundancy for single-absorption errors and codes with logarithmic redundancy for
multiple-absorption errors. We also explored a variant of the absorption channels called contraction channels and showed that
they are equivalent to deletion channels, which have numerous practical applications. We hope that this new finding will inspire
new approaches to the construction of deletion-correcting codes.

In Section [V] we derived an upper bound on the size of single-absorption-correcting codes based on the fact that such codes
must be able to correct the deletion of zeros. This bound implies that the redundancy of our single-absorption codes is optimal
up to a constant or a term of O(log, log,(n)). However, this upper bound is not tight because a code that can correct a deletion
of zeros is not necessarily a single-absorption-correcting code. Improving this upper bound would require a better estimate of
the size of the 1-absorption ball B¢® (x) (see Equation ) for each x, which appears to be a difficult task because |B{® (x)
depends on the structure of x. This problem is left for future research. There are other interesting future research directions,
which include

o deriving an upper bound on the size of multiple-absorption codes;

« finding new constructions of multiple-absorption codes;

« finding efficient encoders for D (n; 7, ¢, 3) and € (n; 7, a0, 3, a);

« exploring the general error model, in which a symbol’s value may be decreased and the next symbol’s value increased.

APPENDIX A
ENCODING AND DECODING ALGORITHMS FOR THE SET Ry n45

In this section, we will give an algorithm that encodes an arbitrary sequence x € X into Ry 5. Since the encoding process
is reversible, a decoding algorithm arises naturally. Throughout this section, it is assumed that (c¢; — 4) log,(e)/(4¢") > 5 and
czlog,(e)/(4¢*) > 1. For two finite sets A and B, let f : A — B be an injective mapping (A, B and f will be clear from
the context). Then f induces a bijection f4 from A to its image f (A). By abuse of notations, we denote the inverse of fa
by f~L

The basic idea of the encoding algorithm can be outlined as follows.

1) Find two consecutive patterns 0011 of distance larger than J.

2) Delete a substring of length § — 4 between these two patterns. This process aims to decrease the distance between these

two patterns.

3) Encode the position of this deleted substring and a compressed version of this substring into a block.

4) Insert this block into another position to make sure that this insertion does not introduce two consecutive patterns of

distance larger than 4.
5) Continue this process until there are no two consecutive patterns 0011 of distance larger than 4.

First, we present a method to compress a length § — 4 sequence that does not contain 0011, into a shorter sequence. The
following lemma follows similar ideas in [?, Observation 1] and [?, Proposition 1].

Lemma A.1 Let S be the set of( all se(ﬁuences of length § — 4 that do not contain 0011 as a substring. Then there exists an
— logq(n) 1

§ 9
injective mapping g: S — ¥4 . Furthermore, the two mappings g and g~ can be computed in O (n) time.

Proof: Divide each s € S into (6 — 4)/4 segments, each of length 4. In other words, represent s as s = s183 - - - S(5—4) /4
where s; € 23 for each 1 < ¢ < (0 —4)/4. Since s; # 0011, there are at most g* — 1 choices of s;. This implies that each s;
can be represented by a symbol from the alphabet ¥,4_;, and a sequence s can be represented by a sequence u € E;ij)/ .

Let n, be the number of g-ary symbols to represent u. Then

54
Ny < {logq (q4 - 1) 4 -‘

§—4 1\
= ’75—4+4q410gq (1—q4> “



0—4

The last inequality follows from the fact that the function (1 — 1/x)" is increasing in « when z > 1 and lim, (1 —1/2)* =
1/e. Since (c; — 4)log,(e)/(4¢*) = 5 and cylog,(e)/(4¢*) > 1, we have (6 — 4)log, (e) /(4¢*) > [log,(n)| + 5. So
Ny < 0 — ﬂogq(nﬂ — 9. Recall that ¢; and cy are integers. Thus, the sequence u (and s) can be represented by a g-ary
sequence of length & — [log,(n)] — 9.

The construction of g (and g~ 1) is straightforward. Since each s; corresponds to a symbol from X,:_;, we can obtain u
from s by replacing each s; by the symbol from X 4_; that corresponds to the value of its base-q representation. We then
transform u to a g-ary sequence v of length 6 — [logq(nﬂ — 9. This can be done, for example, using a lookup table. Overall,
- ’—logq(n)] -9

. . 3
transforming s € S € X0~ into v € &, !

computed in O (n) time.

can be done in O (n) time. This process is reversible and g~ can be
a

With this lemma, we describe our encoding algorithm in Algorithm We note that since qﬁogq(")] > n, there is an injective

mapping from [2,n + 1] to Eqﬁog“(nﬂ. Let b be such a mapping. By building a lookup table, the two mappings b and b~! can

be computed in O(n) time.

Algorithm [I] works as follows. We scan the sequence for 0011 starting from the end of the sequence and going backward.
If there is a block between two consecutive appearances of 0011 which is longer than 6 — 4, the length-(é — 4) suffix of that
block is removed, compressed, and placed at the beginning of the sequences together with a pointer to its position and with
0011 appended to it.

Algorithm 1: Encoding an arbitrary sequence of length n into R 45
Input: x € X
Output: ¢ = Enc (x) € Ry nts

1 Initialization

2 c+ 1x0011, i+ n+5,d<+ 1

3 while : > d+ 6§ do

4 | if there is no j € [d+ 3,i — 4] such that cjj_s j = 0011 then
5 | jed—1

6 else

7 | find the largest j € [d + 3,7 — 4] such that c[;_3 j; = 0011
8 end

9 if i — j <6 then

10 | i

11 else

12 c <+ 0b (Z — 4) g (C[i—§+1,i—4]) 0011C[17i,5]0[i,37n+5]

13 d<—d+4§—4

14 end
15 end
16 return c

Algorithm 2: Decoding Enc (x) € R, .45 into x

Input: Enc (x) € Ry n+s
Output: x

1 Initialization

2 X + Enc (x)

3 while 2; =0 do

4 ind b1 (’A([Q,(logq(nﬂﬂ])

A~ ~ _1 A
5 X = X[5-3,ind] 9 X[[logq(n)—|+2,578]) X[ind+1,n+5]
6 end
7 X 4 X[2,n41]
8 return X

Theorem A.2 Given any sequence x € X7, Algorithm |I| outputs a sequence Enc (x) € Rg 5.



Proof: We start with a detailed explanation of the idea behind Algorithm [I] In the Initialization step, a pattern 0011
is appended to the end of the input sequence x since each sequence in R ,4+5 ends with 0011, and 1 is appended to the
beginning of x. This appended 1 serves as a marker for the beginning of the information sequence (or, alternatively, when to
finish the decoding process). The variable d is a pointer to the position of this symbol. The index 1 is initialized to be n + 5,
which is the position of the last pattern 0011 in c. The condition for continuing the while loop is ¢ > d + §. This is because
we want to find two consecutive patterns 0011 of distance larger than J.

The idea for the while loop is to search patterns 0011 in the sequence, starting from the end of the sequence and going
backward. Once the pattern 0011 is encountered at position ¢ (i.e., the position of the last symbol in 0011 is 7), we search for
the next pattern 0011 that is closest to the one at position 7. Assume there is a 0011 pattern in position 7 < ¢ (the position of
the last symbol is j). If the distance between these two patterns is at most &, we set j — ¢ and repeat the process. Otherwise,
we delete the substring c[;_s11 ;4 of length 6 — 4 and then insert a block 0b (i —4) g (c[,;_(5+17¢_4]) 0011 at the beginning.
This block contains the position b(i — 4) of the deleted substring and the compressed version g (C[¢—5+1,¢—4}) of the deleted
substring. Notice that the length of the block 0b (i — 4) g (c[i_5+17i_4]) 0011 is & — 4. So the deletion-insertion process does
not change the length of the input sequence.

Recall that in the Initialization step, a symbol 1 was inserted at the beginning of the sequence and the variable d denotes the
position of this symbol. Since the inserted block is on the left of ¢4 and the deleted substring is on the right of ¢4, the value of
d should increase by 6 —4 in step 13. In steps 9-14, either ¢ decreases to j or d increases by d —4. So the while loop will end
after a finite number of cycles. In other words, the algorithm will terminate after finite steps. In each loop, if two consecutive
patterns of distance larger than § are encountered, then the distance between them will decrease since a length § — 4 substring
between them is deleted. The distance of two existing consecutive patterns does not increase after the insertion of a block
0b(i—4)g (c[i,5+1,i,4]) 0011. Besides, the insertion of a block will not introduce two consecutive patterns of distance larger
than 0 since the length of each block is 6 — 4 and each block ends with 0011. So in the output sequence Enc (x), the distance
between two consecutive patterns is at most § and thus Enc (x) € Ry n+s5. a

The time for searching ¢ and j are both O(n). The time for computing g and b are both O(n). For each pair (¢, ), there are at
most O (n / logq(n)) substrings of length § —4 to be deleted. Therefore, the time complexity of Algorithmis (0] (n4 / logq(n)).

It is easy to see that the encoding process of Algorithm [I]is reversible. The decoding algorithm is presented in Algorithm [2]
We give a brief explanation of the correctness of Algorithm [2| In the Initialization step of Algorithm (I} a symbol 1 was inserted
at the beginning. This 1 was not destroyed during the encoding process. Each inserted block 0b (i — 4) g (c[i,5+11i,4]) 0011
begins with 0. So in Algorithm [2] the condition Z; = 0 implies that X should be decoded. If Z; = 1 (this is exactly the inserted
1), we just need to delete the first and the last four symbols in X. The remaining substring X[ 11} is the original sequence
x. The time complexity of Algorithm [2|is O (n2)

APPENDIX B
PROOF OF THEOREM[IV.8]

If the pattern 0011 in the end of zj was destroyed, then this error is easy to detect and correct, since each codeword x € D,
ends with 0011. Therefore, we always assume that the absorption error does not destroy the pattern 0011 in the end of z’ .

If |[y| = n, then y is error-free. If |[y| = n — 1, then a single absorption happened. Notice that by calculating g(y) — 72
(mod 3), we can find Iy — Iy (see Observation[[V.7).

Case (1): g(y) —r2 =0 (mod 3). In this case, we have [, =[x and so we can assume z¥ = (z’f, B BB, ,zi)
for some i < Iy, where z is obtained from z} by an absorption error and so |z}| = |z¥| — 1. Therefore, we have

Iy ly
f) =) =Y ilz| =D ilZ| =iz - |zi]) =i (mod 2n).
j=1 j=1

Sincel < i< Ilx <n/dandi= f(x)—f(y) =r1—f(y) (mod 2n), we can find the value of ¢ from (r; — f(y)) (mod 2n).
This gives a window W of length at most 6 = O(log,(n)) in which the absorption error has occurred. Furthermore, since
(r1 — f(y)) (mod 2n) can be computed in O(n) time, this window can be found in O(n) time.

Case (2): g(y)—72 =2 (mod 3). In this case, we have ly, = I, —1 and so we can assume z¥ = (z¥,...,25 |, 2}, 2},,...,2})

for some i < Iy, where z; is obtained from z} and 2}, by an absorption error which destroyed the 0011 in 2z} and so
|z}| = |z¥| + |2%,,| — 1. Therefore, we have

I ly
F) = fy) =Y _dlz[ =D jl|2f] (mod 2n)
j=1 j=1

Ix
:i|z?|+(i+1)‘zi+1‘—i|Z§H— Z ‘Zﬂ (mod 2n)
j=it2
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I
=i+ ‘z;‘Jrl‘ + Z ‘zﬂ (mod 2n).
j=it2
Ix Ix Ix
Since 0 < i+ |zX,|+ Y. |2¥] < X |2¥| = n, we can obtain the value of i + |z, ,| + > |z¥| from (r1 — f(y))
j=i+2 j=1 j=i+2

(mod 2n).
For each ¢ < i’ < Iy, we define

ly Ix
(i)=Y |&+i'= ) |25+
j=i'+1 J=i'+2

Then we have

[©(i) — (f(x) = ()| = |254] <0 (15)
Besides, since |zx| 4 for all j, it holds that

(i —1) = (i) = |zF 4| — 1= 3, (16)
whenever ' — 1 > ¢, which in turn, implies that for k¥ € N such that i’ — k > 1,

i1
O —k) - ()= > |zf|—k>3k (17)
=i —k+2

Now we can recover the desired window W in the following way. Sequentially compute ® (') for i’ starting at I, until we
find an io > i such that [®(io) — (f(x) — f(y))| < 8. This io does exist due to Equation (15). We claim that ig — i < 20.
Otherwise, Equation (T7) implies that
|©(2) = (f(x) = f(¥))] = |®(i) = (o) + P(io) — (f(x) — f(¥))l
2 [®(io) — @(0)] — |®(i0) — (f(x) = f(¥))l

>325—5:6,

which contradicts Equation (15). Since |z)| < 2§ ‘ 0 for each j # 4 and ip — i < 3(5 obtaining iy gives a window
W of length |[W| < (ip — i + 1) §+0-1< 2682+ 25 -1< logq( n) for some constant ¢, depending on ¢; and co. This
window contains the position where the absorption error happened.

Case (3): g(y) —r2 =1 (mod 3). In this case, Iy, = I, + 1 and so we can assume z¥ = (z¥,...,25 ,2},2/,2%,,...,2})
for some i < Ik, where z; and z; are obtained from z¥ by an absorption error which created a new 0011 in z¥ and so
|z| + |2} | = |z¥| — 1. Therefore, we have

L ly
FE) =) =iz =D ilz| (mod 2n)
Jj=1 j=1
lx
gl =il — G+ )l = S J2| (mod 2n)
j=i+1
lx
=i—|z]| — Z ’z;" (mod 2n).
j=it1

Since 1 <i<lx <n/4,4 < |z]| < |zF|—5and 4 <

—(n—6)<i—|z/ Z |zx| n/4 — 4.
j=i+1
Here, f(x) — f(y) is chosen to be the unique integer —n + 6 < a < n/4 — 4 such that f(x) — f(y) = a (mod 2n). In fact,
//‘ _ ’Zx‘
i)
Similar to Case (2), for each ¢ <4’ <y, we define

we have a =i — |z

ly lx

o) =— Y || +i'== > |z|+7.

j=i'+2 j=i'+1
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Then we have
(i) = (f(x) = F)| = I2]| = |z| = 1 = |z| <6 = 5. (18)
Besides, since |z;‘| > 4 for all j, it holds that
O - b1’ —1) = |z5|+1>5. (19)

whenever 7/ — 1 > i,

Now we can recover the desired window W in the following way. Sequentially compute ®(i’) for ¢’ starting at Iy, — 1
until we find an o > i such that [®(io) — (f(x) — f(y))| < § — 5. This i does exist due to Equation (18). We claim that
ig — 1 < %5. Otherwise, Equation implies that

(i) — (f(x) = f(¥)] = [®(i) — P(i0) + @(i0) — (f(x) — f(¥))]
> [®(io) — ®(3)| — |[P(i0) — (f(x) — f(¥))l
> 26— =9,

which contradicts Equation . Since ‘zﬂ < 6 for each j and ip — i < %6, obtaining ¢y gives a window W of length
[W| < (ip—i4+1)d < %62 4+ <cs logg(n) for some constant ¢5 depending on ¢; and cy. This window contains the position
where the absorption error happened.

In Case (2) and Case (3), f(x) — f(y) can be computed in linear time as the process for searching an iy. Therefore, the
window W can be found in O(n) time. Now let c3 = max {c4, c5} and the proof is completed.

APPENDIX C
NON-BINARY ABSORPTION-CORRECTING CODES WITH EFFICIENT ENCODERS AND DECODERS

In this section, by applying the results in Section and Section [[V-C| we give two new absorption-correcting codes that

are polynomial-time encodable and decodable.

For a set A of size m, there exists an injection Q from A to Eq[ qu(m)]. Under this mapping, each element a in A can

be represented as a g-ary sequence Q (a) of length [logq(m)]. By building a lookup table, @ and Q! can be cumputed in
O(m) time.

A. Single-absorption correcting codes
Let f, g, g1 and go be as in Section A message x € Yy is encoded into

&1 (x) = Enc (x)010f (Enc (x)) g (Enc (x)) 1 (Enc (x)) g2 (Enc (x)),

where Enc (+) is the encoder in Algorithm [} Here the sequence f (Enc (x)) g (Enc (x)) g1 (Enc (x)) g2 (Enc (x)) is defined to
be the sequence

Q((f (Enc (x)), g (Enc (x)) , g1 (Enc (x)) , g2 (Enc (x)))) -
Therefore, f (Enc (x)) g (Enc (x)) g1 (Enc (x)) g2 (Enc (x)) is a sequence of length log,(n) + 12log, log,(n) + O(1).

Proposition C.1 The code {51 (x):x € EZI‘} is a single-absorption correcting code with redundancy log,(n)+12log, log,(n)
+0(1).

Proof: The redundancy is clear from construction. Denote the length of the code by N. Suppose that ¢ = & (x) is
the transmitted codeword and ¢ is obtained from c by a single-absorption. Recall that the length of Enc (x) is n + 5. So
Cln+6,n+8) = 010. A single-absorption can not affect ¢y ,,4 7] and ¢[,, 1 ] simultaneously. Therefore, the decoder can recover
x by the following procedure.

o If ¢,16 = 0, no error occurred in c[y,,, 47 and so Enc (x) = ¢[1,,45]. Then the message x can be decoded from Enc (x)
by applying Algorithm
o If ;16 = 1, an absorption occurred in c[; ,, 7). If ¢,45 # 0, no error occurred in c[1 ,,45 and so Enc (x) = C[1,n45)- I
Cnys = 0, then ¢, 5 is obtained from Enc (x) by an absorption. Notice that no error occurred in cf, g n]. S0 we have
C¢in+s,N—1] = f (Enc (x)) g (Enc (x)) g1 (Enc (x)) g2 (Enc (x)). By Theorem we can recover Enc (x) from ¢[q 44
when given f (Enc (x)) g (Enc (x)) g1 (Enc(x)) g2 (Enc (x)). Again, the message x can be decoded from Enc (x) by
applying Algorithm [2]
a
Since Enc (+) is a polynomial-time encoder and the four functions f, g, §1 and §» can be computed in polynomial time,
the code in Proposition [C.1] provides a polynomial-time encoder. By Algorithm [2] and the proofs of Proposition [C.1I] and
Theorem we can see that this code can also be decoded in polynomial time.
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B. Multiple-absorption correcting codes

The construction of multiple-absorption correcting codes is more complicated. We first need the following trivial observation.
Recall that B%(x) denotes the t-absorption ball centered at x.

Observation C.2 Let ¢ = cicy be a sequence. We assume that ¢, = ;0% and cy = 0'ch, where ¢ and ¢}y are substrings of
length at least t + 1. Suppose €1 = C[py41,n,] and Co = Cly, 11 n,), Where 0 = ng < ny < ny = |c|. Then for any ¢ € B (c),
we have €, 411m,—1] € Bgb (c;) for each i = 1,2.

Let & (+) be the encoder given in Proposition Define
E={&(x)0" : xexy}.

Then Proposition [C.1] ensures that £ is a single-absorption correcting code. Denote the length of this code by n;. Then
n1 = n+log,(n) + o (log,(n)). Claim and the proof of Lemma [[V.14{ (here R(n1) = R, ., as defined in Equation )

imply that there is a mapping f from & to Ei4t_2) logq(n)+o(logq(n)), such that f(u) # f(u’) for any u # u’ € &£ and

Bt (u) N B (u') # (). Furthermore, Remark [[V.15| asserts that f can be computed in polynomial time.
Now we are ready to give our construction. In this construction, a message x € 3¢ is encoded into

& (x) = & (x) 0°0°h (x) Redg,m (0°h(x))
where 1 (x) = f (£ (x)0), m is the length of 0'A(x) and Red,,, (-) is defined as in Equation (6).

Proposition C.3 Let t > 2 be fixed. The code {52 (x):x € EZ;} is a t-absorption correcting code with redundancy (4t —
1)log,(n) + o (log,(n)).

Proof: The redundancy is clear from construction. Denote the length of this code by ns. Suppose that ¢ = & (x) is the
transmitted codeword and ¢ is obtained from c by a ¢t absorptions. By Observation , we have €[y ,, ¢ € Bf® (€1(x)0") and
Clny+1,na—1] € Be? (0°h(x)Redy,m (0°h(x))). According to Lemma and Lemma we can first recover A(x) from
Clny+1,n,—1]- Then Claim [[V.16| (this claim holds for any single-absorption code) and the property of f ensures that we can
recover £1(x) and thus x in polynomial time by brute force searching.. |

Recall that & (x) and h(x) can be computed in polynomial time. From Lemma and Lemma we know that
Red, ,, (0°h(x)) can be computed in polynomial time. Therefore, the code in Proposition provides a polynomial-time
encoder. From the proof of Proposition [C.3] we can see that this code can also be decoded in polynomial time.
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