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Abstract

In this paper, we consider the bacterial point-to-point and multiple-access molecular communications
with ligand-receptors. For the point-to-point communication, we investigate common signaling methods,
namely the Level Scenario (LS), which uses one type of a molecule with different concentration levels, and
the Type Scenario (TS), which employs multiple types of molecules with a single concentration level. We
investigate the trade-offs between the two scenarios from the capacity point of view. We derive an upper
bound on the capacity using a Binomial Channel (BIC) model and the symmetrized Kullback-Leibler
(KL) divergence. A lower bound is also derived when the environment noise is negligible. For the TS, we
also consider the effect of blocking of a receptor by a different molecule type. Then, we consider multiple-
access communications, for which we investigate three scenarios based on molecule and receptor types,
i.e., same types of molecules with Different Labeling and Same types of Receptors (DLSR), Different
types of Molecules and Receptors (DMDR), and Same types of Molecules and Receptors (SMSR). We
investigate the trade-offs among the three scenarios from the total capacity point of view. We derive

some inner bounds on the capacity region of these scenarios when the environment noise is negligible.

I. INTRODUCTION

Molecular communication (MC) has stimulated a great deal of interest because of its potential broad
applications. There are different mechanisms for MC, among which diffusion is the most favorable, as
it does not require any prior infrastructure. In diffusion-based systems, information might be encoded

into the concentration, type, or releasing time of the molecules. For instance, in [1f], an on-off keying

*This paper has been presented in part at the IEEE International Symposium on Information Theory (ISIT), Wan Chai, Hong
Kong, June 2015.
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modulation is proposed where molecules are released only when the information bit is one. It is shown
that if there is no interference from the previous transmission slots, the channel can be modeled by a
Z-channel. In [2], [3], new modulation techniques based on multiple types of molecules are presented.
Two models for diffusion-based channels have been proposed, namely small and large scales. Diffusion
process is viewed as a probabilistic Brownian motion in the small scale model, whereas it is described
by deterministic differential equations in the large scale model. In this paper, we concentrate on the
large scale model which reflects the average effects of diffusion. However, to derive the large-scale
diffusion capacity of MC, one has to deal with the reception process at the receiver side. Two reception
models are considered for a passive receiver. The first model is a perfect absorber where the receiver
absorbs the hitting molecule. The second model, which is more realistic, is the ligand-receptor binding
receiver, where the hitting molecule is absorbed by the receptor with some binding probability, [4], [5].
The randomness in ligand-receptor binding process is modeled in [[6] and a closed form solution for
this modeling is derived by using Markov chains. Ligand-receptors are modeled by a Markov chain in
[4], by a discrete-time Markov model in [7], and by a BIC for a bacterial colony in [8]. The BIC is
defined by P(y|x) = (Z):Uy(l — )"~ Y where the input is = € [0, 1], the output is y € {0,1,...,n} and
n, the number of trials, is a given natural number. Average and peak constraints on the input z may
exist. The capacity of this channel without average and peak constraints, for large values of n, behaves
as %log 5~ +log m [9]. However, there is no explicit upper or lower bound on the capacity of the BIC
when n is not large enough. An algorithm for computing the capacity of the BIC was presented in [10]]
using convex optimization methods.

On the other hand, the bacteria based multiple-access communications have been studied in [[11[]-[/13]]
for diffusion channel and ligand-receptor, where the transmitters use binary on-off keying modulations
employing the same type of molecules but with different labeling. In these papers, the capacity of the
multiple-access channel (MAC) is simply computed as the sum of the capacity of the channels between
each transmitter and the receiver. In [11]], the expected concentration of bound molecules is computed.
Then, by approximating the number of delivered molecules as the normally distributed random variable,
the maximum detection probability is calculated, and based on the result, by modeling each user channel
as a binary symmetric channel, the capacity of the channel is computed. In [12], the channel randomness
effect has been modeled by adding an additive Gaussian noise to the concentration of bound molecules.
Then, by using the Gaussian channel model approximation, the capacity of each user channel is derived.
In [13]], the capacity of each user channel is computed by representing the diffusion channel as a binary
test channel. In all these works, the average interference from the other transmitters is taken into account

in calculating the binding probability. In this paper, however in contrast to the previous works, we
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examine the instantaneous effect of the multiple-access interference instead of its average value. In the
following, we first concentrate on a point-to-point molecular communication and evaluate its capacity
and the upper and lower bounds. Then we consider three multiple-access scenarios and for each, we
evaluate the capacity region and some inner bounds.

Our main contributions are as follows:

« Point-to-Point Communication: We investigate the trade-offs between two bacterial point-to-point
communication scenarios for ligand-receptors with fixed total number of molecules and receptors: (a)
multi-type molecular communication with a single concentration level, and (b) single-type molecular
communication with multiple concentration levels. At the first glance, scenario (a) introduces new
degrees of freedom and reduces the intersymbol interference (ISI). However, since the number of
molecules per type (the power per type) reduces increasing the number of types, we should examine
the benefit of using different types of molecules. To make the comparison between scenario (a)
and (b), we adopt the model of [8]] in this work. In addition, a Markov model for the interactions
between different types of molecules near the receptor is presented and the capacity for this model
is computed numerically.

o Upper and Lower Bounds for the BIC Capacity: Using KL divergence bound of [14]], we derive
an upper bound on the capacity of the point-to-point BIC model under given average and peak
constraints on the channel input (Theorem E[) Based on numerical evidence, we believe that this
upper bound works well in the low SNR regime (which can occur in MC systems). A lower bound
is derived on the point-to-point BIC capacity under average and peak constraints in the case of no
environment noise in Lemma [l

o Multiple-Access Communication: We investigate the trade-offs among three multiple-access bac-
terial communication scenarios for ligand-receptors with fixed total number of receptors: (a) Using
the same molecule type with different labeling for different transmitters and one receptor type at the
receiver (DLSR), (b) Using different molecule types for different transmitters and different receptor
types at the receiver (DMDR), and (c) Using the same molecule type for the transmitters and one
receptor type at the receiver (SMSR). Scenarios (a) and (c) share the receptors and introduce a new
degree of freedom. However, the benefit of using different types of molecules in scenario (b) should
be examined. Scenario (a) has also the advantage that the transmitters use a self-identifying label
and therefore seems to have better performance than scenarios (b) and (c). To compare the three
scenarios, we compute their total capacities numerically. By assuming two transmitters in Section

[V-Al we derive some inner bounds on the capacity region of the three scenarios under average and
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Fig. 1: Two scenarios: LS and TS

peak constraints in the case of no environment noise.

All logarithms are in base e in this paper. This paper is organized as follows: in Section [lIL we present
the system model for point-to-point communication scenarios, whose capacities are discussed in Section
The interaction of molecules near the receptor is modeled in Subsection In Subsection a
new upper bound on the capacity of the BIC is presented by considering peak and average constraints.
Subsection |lII-B| includes a lower bound on the capacity of the BIC by extending the Z-channel. In
Section [IV] three scenarios for multiple-access communication are presented, whose capacity regions
and total capacities are discussed in Section [V| The achievable rates for these scenarios are provided in
Subsection Section |V]| includes the numerical results, and finally concluding remarks are given in
Section

II. POINT-TO-POINT SYSTEM MODEL

In this section, we describe two bacterial point-to-point communication scenarios with ligand-receptors.

Level Scenario (L.S): Here, the transmitter encodes information at multiple concentration levels to
create the codewords. At the transmitter and the receiver, there is only one colony with n bacteria where
each bacteria has NV receptors; i.e., n/N receptors in total. All these n bacteria produce just one type of
molecule. This scenario is shown in Fig. [la]

Type Scenario (TS): This scenario uses multiple types of molecules at the transmitter and the receiver.
We assume the same total number of n bacteria (as in LS) are available which are equally divided into m
colonies at both the transmitter and receiver as shown in Fig. As such, each colony has n/m bacteria.
Moreover, different colonies at the transmitter produce different types of AHL molecules. Furthermore,
the colonies are synchronized at the transmitter. Similar to the LS scenario, each bacteria has /N receptors.
Therefore, there are n/N /m receptors in total per each colony, i.e., each type of molecule. Each colony

can detect its own molecule type, and as a result, produces different color Fluorescent Proteins (e.g.,
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GFP, YFP, ...) which are used by the receiver to decode the received signal. In addition, we assume that
all receptors of a colony are independent and sense a common molecule concentration.

In both scenarios, we assume that there is no intersymbol interference (ISI). In other words, we assume
those molecules, who do not bind to the receptors in the current time slot, will be degraded to the next
time slot and hence will not interfere with molecules from the next time slot. This assumption, together
with the large-scale diffusion channel property, results in a linear channel. For simplicity, we further
assume that no attenuation occurs in the channel. Therefore, the received concentration A, is equal to
the transmitted concentration A,. At the receiver with ligand-receptors, the probability of binding at the
steady state is given by [J]

As

= w5 )]
A+ E

Pb

where v is the input gain and & is the dissociation rate of trapped molecules in the cell receptors. If we

consider an environment noise with concentration A,,., due to the molecules of the same type from other

Ast+Ane

sources, the probability of binding becomes p, = 7=
st Anet+E

In LS, we only have one type of molecule and its binding probability is equal to

PES — X + ALS 2
X+ A+ 5

where X is the received concentration at the receiver and ALY is the concentration of the environment

noise. We can view the LS scenario as a BIC as follows:
nN N—
PR =ylx =) = (") e+ A (1= fula+ 4" G
fpo 110,00] = [0,1], ye{0,1,....,nN}.

The function f,, (.) is the binding probability function. From (2), we have f,, (X + Aye) = XX+JAF7AW+E
As such, the function f,,(.) is an increasing and concave function. '
In TS, we have different types of molecules. Here, we assume that the binding processes of different
molecule types are independent and every receptor binds to its own molecule type and two different
types do not bind to one receptor. We investigate a more general model in Subsection by taking
into account the interaction of different types of molecules in TS. The probability of binding for the ith
type of molecule is given by
TS — Xi + A2 N
COXi+ATS +

ne;

“4)

where X is the received concentration of the ith type of molecule and Agf is the concentration of the

environment noise for the ¢th type of molecule. Without loss of generality, we assume Azes = Agf and
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the same ~ and « for all types of molecules and receptors. This scenario can be viewed as m orthogonal
BICs as follows:

niN AN _,.
PIS(Y; = yil X; = 2) = <;”f >f;i:‘(a:z- + AT (L= fo (wi + ALSN =770 i=1,.m,  (5)

)

nN
fpb : [0,00] — [0, 1], Yi c {O, ]., ceey F}

A. Blocking of Receptors

In the TS scenario, we assumed orthogonal parallel channels for different types of molecules with no
interference between them (i.e., no blocking of a receptor by molecules of another type). However, when
there are different types of molecules, they may interfere with each other. In other words, one type of
molecule may block another type of molecule from binding to its receptor counterpart. For example,
consider m = 2 with two types of molecule, A and B and their corresponding receptors as R4 and Rp.
The molecule type A near Rp may prevent the molecule type B from binding to Rp and vice versa.
Assume that X 4 and Xp are the received concentrations of types A and B. The main reaction kinetics,

for binding of the molecule type B to its receptor, is modeled as [5]
VB
XB—{—RBK\:‘XRB, (6)

where v > 0 is the association rate of the molecule type B with receptors of type B and kg > 0 is the
dissociation rate of X Rp complex. Now, we characterize the blocking for the receptor type B, similar

to the reaction kinetics formulas by

Block,A Block,A

XA+RB B RgIOCk’A, XA+RB B RglOCk’A, (7)
where fyglOCk’A > 0 is the blocking rate of Rp by molecule type A and IiglOCk7A is the unblocking rate

of RglOCk’A. If we do not take the blocking into account, then we have a reaction kinetics for each type
of receptor to its molecule type. As in [5]], we define a Markov model for the no blocking case based
on (6), as shown in Fig. 24 for m = 2. Likewise, according to (7), we propose a Markov model for the
blocking case, as shown in Fig. We consider three states. The full state is when the receptor binds
to its type, the empty state when the receptor is free, and the block state when the receptor is blocked
with a different molecule type. Solving the chain for the no blocking case, the steady state behaviour
of the system-reaction formula is obtained as (IJ). Solving the chain for the blocking case, we have the

following probabilities of binding and blocking for the receptor type B:

Block,A
¥

’Y—BXB glock,A XA
_ _ KB _ Kp 8
Pb = PFull = 5 7Block,A s PBlock = 5 7Block,A . ( )
Hi XB + BBlock,A XA +1 HB XB + BBlock,A XA +1
Kp B KB
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Fig. 2: Two Markov models for receptor type B

If we increase the concentration for one type of molecule, the probability of binding for another type is

decreased as expected. This model can be extended for m > 2 via,

Block,j

. m 3 .
X 2= T X
Pb; = PFull; = - m ,YBlock,j »  PBlock; = - m ,yBlock,j . (9)
,,TZXZ + Zj:l,j;éi nliBLock,*j X;+1 HTXZ + Zj:l,j;éi n:'_Bzock,j X;+1

where p,, and ppiock, are the binding probability of the ¢th type of receptor to the molecules of its type
and the blocking probability of the ith type of receptor by the molecules of the other types, respectively.
The blocking and unblocking rates for the ith type of receptor by the molecules of the jth type are
defined by 77" and /ﬁ;?locw , respectively. It is also possible to consider the environment noise for
the binding and blocking probabilities. Hence, the probability of binding for the ith type of molecule is
given by

(X + ATS)

gS,B — Block,j ’ (10)
R AT X T (X ATE) + 1
We can view the TS scenario with blocking as a multi-input multi-output BIC as follows:
PP (Y, = yi| X1 = 21, o X = )
M nN
- (:Z:,) g;i(xla..quyAgg) (1_fpbl(x17"'axM?A7j’:g)) " 7%’ = 1’.“7m’ (11)

where fp, (X1, ey Xims ATS) = pZ;S’B is the probability of binding when the blocking is considered.

ne;

III. POINT-TO-POINT CAPACITY ANALYSIS

We investigate the capacity for the two scenarios. In both scenarios, the output is discrete. Further, we
assume the environment noise and average and peak concentration level constraints.

In LS, we have a single colony with input X and output Y. The peak and average concentration
constraints for the input are 0 < X < A and E[X] < a,As, respectively.

Then, we obtain the capacity for LS as

Crs = max I(X;Y), Y €{0,1,...,nN}. (12)
xX):
0<X<A,, E[X]<a.A,
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In TS, we use X; to denote the input of the ith colony to the channel and Y; to denote the output of
the ith colony at the receiver. The peak and average concentration constraints for the input of the ith
colony are 0 < X; < % and E[X;] < as%, respectively.

Hence, the capacity can be written as

N
Crs = max (X1, o, X3 Y1, s Vi), Yi€ {0,1,.., 200, (13)
P(z1,T2,...Tum): m
OSXiS%7 ]E[X'i]gas%
If we do not consider the blocking, the capacity could be obtaind as follows:
nN
Crs =m X max I(X;Y;), Y; e {0,1,...,—}. (14)
P(z;): m

0<X, <A, E[X,]<a, 4=
For a fair comparison of Crg with Crg, we consider ALY = ATS = A, .. Since we have a BIC in

LS and m BICs in TS with no blocking, we consider a BIC for the two scenarios as follows:
N’ y N'—y
PY =yl X =2) = y (x4 Ane) (1= fp, (7 + Ape)) , (15)
fp, 110,00l = [0,1], ye{0,1,...,N'}.

Since P(y|z) is a Binomial distribution, we have > yP(y|z) = N’f,(x). The peak and average
constraints for the input of the BIC are 0 < X < A and E[X] < a AL, respectively. Note that for LS
and TS we have the following parameters:

e LS: N'=nN and A, = A,.

« TS with no blocking: N’ = %X and A/ = ’;‘rz’.

A. Capacity Upper Bound

There is no closed form for the BIC capacity. As such, for the first time, we propose an upper bound
on the capacity of the BIC at the low SNR regime by considering average and peak constraints using the
symmetrized KL divergence, referred as KL upper bound in [14f]. We first explain the KL upper bound
briefly. Let Dsym(pllq) = D(plla) + D(ql|p). Then,

UP(ylz)) = max Daym(P(, y)[|P@)P(y)) 2 max I(X;Y) = C(P(ylr))- (16)
xX x
The KL U(P(y|z)) is always an upper bound on the capacity. It is straightforward to show that

Dsym (P(z,y)|P(2) P(y)) = Ep(s,y) log P(Y|X) — Ep(z)p(y) log P(Y]X). (17

Now, we state our upper bound in the following theorem. The proof of this theorem can be found in

Appendix [A]
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Theorem 1. Consider a point-to-point BIC as (I3) and any input probability mass function (p.m.f) P(x).

Then, the symmetrized KL divergence upper bound has the following explicit formula:

1Y) < U(Pa) = N Cou( (X + Antos (202200 ay)
Po ne

where Cov(X,Y) = E[XY| — E[X|E[Y]. Furthermore, imposing the average intensity constraint csA’,

and peak constraint Al, we get

uBinomiaI(P(y|x)) = II?(E;§( U(P(may))
0<X<AL, E[X]=a, A’

pp(0 AL AL ]
_ N % [fpb (A 4 Ane) — o (asAy+ Ape)| B, if (%), (19)
WE’? lf (**)7

where B = log (fEb et i) () 1 f (g AL + Ape) < 22O8H8) and (5) + 1, (0l +

fpb (Ane)(l_fpb (A2+A‘" )

o (AL +A.e
Ape) > M Hence,

C = 1;1(&?( I(X; Y) < Z/{Binomial(P(ykL‘))' (20)
0<X<A’, E[X]=a, A’

We compute this KL upper bound numerically in Section Based on the numerical evidence, this

upper bound works well for all Binomial channels (such as MC channels) with low capacity.

B. Capacity Lower Bound

We obtain a lower bound on the capacity of the BIC when the environment noise is negligible.
We assume a binary input, while in the previous section, a continuous input was assumed. Under this
assumption, the resulted capacity is a lower bound on the capacity of the BIC. We compute a closed

form formula for the lower bound in the following lemma.

Lemma 1. Consider a point-to-point BIC as (13) and any input p.m.f P(x), in which Ape = 0, x €
{0, AL} and E[X] < a A, The capacity of this channel is obtained as

1 9(pe) 1
H <1+69(PC)> T I4es@e) Qs > 1 —pclogpe s
C = —pete 1w 21)
1
f[(asapC)a 0< ag < —pclogpe )
1=pc+e 1-re

- ’

where H(p) = —plogp — (1 - p)log(1 - p), g(p) = L2, p. = (ﬁ) and fr(a,p) = —a(l -

£
~

p)loga+ aplogp — (1 — a+ ap)log (1 — a + ap).
Proof. The proof is provided in Appendix 0

If we consider N’/ = 1, then the channel would reduce to a Z-channel.

DRAFT



10

.:-\:::‘\;Q \‘;Sé:’:ﬁ V{:\::i‘ W
Y e \ 2o Y | ® i o L 298
T .Dll“\\ ==t T \Dl\\“ 1]% h .Dl\\\" T
1\ _-\‘f.“u' l [ ) %‘1‘1‘ :’.:I {:l 1;_‘_ '}L‘j N
Y] e Y e 15y e
=I5 e D2 . ,Rl AT ”/62/ %é .Rl ("ﬂll'} /’//IjZ . .Rl
Sl e Rl - 20 .
S A L0
Y » Wy @ Q‘??\é'-
TZ 2 Tz
(a) DLSR scenario (b) DMDR scenario (c) SMSR scenario

Fig. 3: Three schemes of multiple-access in molecular communication systems

IV. MULTIPLE-ACCESS SYSTEM MODEL

We describe three bacterial multiple-access communication scenarios with ligand-receptors based on
molecule and receptor types differences.

DLSR Scenario: As shown in Fig. the transmitters send the same type of molecule (AHL) with
different labelings and the receiver employs one type of bacteria (receptor). At the receiver, there is only
one colony with n bacteria where each bacteria has IV receptors; i.e., n/N receptors in total.

DMDR Scenario: As shown in Fig. each transmitter uses a different type of bacteria and a different
type of molecule (AHL) and the receiver employs different types of bacteria (receptor). At the receiver,
there are m different colonies with n/m bacteria where each bacteria type has N receptors; i.e., nIN/m
receptors in total for the ith molecule type.

SMSR Scenario: As shown in Fig. the transmitters send the same type of molecule (AHL) and
the receiver employs one type of bacteria (receptor). At the receiver, there is only one colony with n
bacteria, where each bacteria has N receptors; i.e., n/N receptors in total.

In all scenarios, we assume that there is no intersymbol interference (ISI) and no attenuation occurs
in the channel. Further, we assume that X is the received concentration from the ¢th transmitter.

In the DLSR scenario, since different labelings are used [[11]]-[[13]], it is possible to distinguish between
the molecules emitted from different transmitters. For example, consider m = 2 with two different
labelings of a molecule, L; and Lo. Assume that X L1 and XL are the received concentrations of the
different labelings Ly and Lo, respectively. The main reaction kinetics, for binding of the molecules with

different labeling to the receptors, are modeled as
X"y REXRY, X4 RS XRP (22)
K K

where we consider the same association and dissociation rates for the two different labelings. Similar to

the blocking case, we propose a Markov model for the labeling scenario, as shown in Fig. [ for m = 2.
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The steady state behaviour of the system-reaction formula is obtained as
XLl XL2

Phy = PFull by L = ST X 1 % Pb, = PFull by L, = ST X 1 (23)
This model can be extended for m > 2 via,
X1
Db, = (24)

Z;’n:]_ XLj + %7
where pp. is the binding probability of the receptors to the molecules with the ¢th type of label. It is also

possible to consider the environment noise for the binding probabilities:
DLSR
pDLSE _ Xi + Ave;
b; - m )
Zj:l(Xj + Av?ej;*SR) + S

where AE;SR is the concentration of the environment noise for the molecules with the ith type of

(25)

label. Without loss of generality, we assume A,?efSR = ADPISE 1et the output Y; be the number of

receptors bound to the molecules with the ith type of label. The outputs have multinomial distribution

with parameters pD LS R apDLSR

PDLSR(yl, o Ym|T1y s @) = PY1 = Y1, ooy Yo = U Xi = @1, oo, Xop = @)

nN="",y
() (N ey gy (1S e

Y1 Ym
In the DMDR scenario, we have different molecule types for the transmitters. Without blocking, the
binding probability for the ith type of molecule is obtained as
DMDR
pvpr _ _ Xit Ay

by, T X+ ADMDR n m )

ne;

27

where ADMPR ig the concentration of the environment noise for the molecules of the ith type. Without

loss of generality, we assume Agg DR — ADMDR T et the output Y; be the number of receptors bound

to the molecules of the ith type. Then, Y; ~ Bz’nomial("N , p{?M b R) and

PPMPR(y, o ymlT1, ooy @m) = P(YD = Y1, o, Vi = Y| X1 = 21,000, Xion = @)

i m. pN .

H = yle = a:z) = H ( " ) (pli)MDR)yz (1 _ngDR) yl. 28)
= (3
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TABLE I: Variables of the multiple-access scenarios

Variable Definition

DLSR Xi+Aze "
Po; ST (X TARESE) %

DMDR X,i+A£€1\ilDR
pbi X¢+A,€’E]:1DR+% Vi DMDR

v .
%(Xi+A7?e]t{DR)+Z§nﬁl,j¢i hﬁ‘Slock‘,j (X +ARM P41

SMSR Sy Xit+Aj MR '

be ST X AT E
m— m .
PDLSR(y17 ey Y| T, oo T (ZT)(HN,%%II yi) (pﬁLSR)yl (pé:)mf;szz)ym (1 -y pll):;LSR)anzq‘,:l Yi
nN aN _

PDA{DR(yl’ s Y |1y oy T Hl’ll ( 77; )(ngDR)yi (1 . pl?]MDR) =i
T,

i
N
PDMDR,B( (”nfl\’) DMDR,B\Yi 1_ ,PMDR.B Vi
=1 Uy )\ Po, Dy,

(n?j\l) (pr]WSR)y (1 _ prJVISR)any

Y1y eoo, Ym|T1y ooy Tim )

PSMSR(y|:r17 ceey Tm)

However, by considering the blocking, taking the same steps as deriving (9), we have the following
binding probability for the ith type of molecule:

DMDR,B %(Xl + Ar?eyDR)
Po. T DMDR m ek DMDR ’ @3)
,T:(XZ + Anei ) + Zj:l,j;ﬁi W(X] + Anej ) +1

) . DMDR,B
Here, we have Y; ~ Binomial (ﬂ R, ) and

m " Lb;

PDMDR’B(yl, vy Uml|T1s s ) = PY1 =91, oo, Yoo = Y| X1 = 21, oo, Xon = Tin)

4 () DMDR,B\Y DMDR,BY m ¥
=[] PV = il X1 = 21, oy X = 2) = [ [ ( m ) (pbi ! ) (1 — ppMPE ) . (30)
i=1 im1 N\ Yi
In the SMSR scenario, we have one molecule type for the transmitters. The receiver senses the sum
of the concentrations X;. Hence, the probability of binding is equal to
pSMSR _ >y Xi 4+ AR5
S, X+ ASMSE

(€29)

where ASMSE 5 the environment noise. Let the output Y be the number of bound receptors. Then,
Y ~ Binomaial (nN, prMSR) and

nN

PSMSR(y‘mb e Ty) = P(Y =yl X1 =21, ..., Xop = ) = ( Y

> (pEMSR)y(l _ prMSR)”N—y'
(32)

Table [I| summarizes the variables defined in this section.
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V. MULTIPLE-ACCESS CAPACITY REGION ANALYSIS

In this section, we investigate the capacity region of the MAC for the three scenarios. In all scenar-
ios, the output is discrete. Further, we assume the environment noise and consider peak and average
concentration level constraints for the input of the ith transmitter as 0 < X; < A, and E[X;] < as, As, .

The DMDR scenario with no blocking can be viewed as m orthogonal point-to-point channels and the
capacity of each channel can be computed according to Section So here, we consider the blocking.

Since we have one receiver with m outputs in the DLSR and DMDR scenarios, we may view these
scenarios as SIMO (single transmit antenna and multiple receive antennas) MACs and compute the
capacity region as the convex hull of rate tuples (Ry, ..., R,,) such that [15]

ZRi < I(X(Z);(Y1,..,Ym)|X(Z9) VZ CA{1,...,m}, (33)
=
for some p.m.f Hi-“:l P(z;) that satisfies 0 < X; < A;,, E[X;] < as,As,, i = 1,...,m. The total capacity

in these scenarios can be computed as follows:

DLSR,DMDR .
Ctotal = max I(Xl,...,Xm,Yl,...,Ym). (34)
P(z1,Z2,. T )t
0§X1§A517 E[X1]§a51A577 2:177m

The SMSR scenario can be viewed as a SISO (single transmit antenna and single receive antenna)
MAC. The capacity region of this channel is the convex hull of rate tuples (Ry, ..., R;,) such that [15]
Y R <I(X(2);Y[X(T°)  VICA{L,..m}, (35)

€L
for some p.m.f Hle P(z;) that satisfies 0 < X; < A, E[X;] < as, As,, @ = 1,...,m. The total capacity

in this scenario can be computed as follows:

SMSR .
CSMSR _ max I(X1, oo, X3 V). (36)
P(z1,22,...,Tm):
0<X,;<A,,, E[Xi]<as, A, i=1,...,m

There is no algorithm to compute the capacity region of the MAC numerically [16]. Instead, the
total capacities of the three scenarios are computed numerically in Sention [VIl We remark that the total
capacity in the MAC is active and therefore it is sensible to compute it.

For a fair comparison of the total capacities, we consider A =

ne

DLSR_ADMDR_ASMSR_A
ne - ne - ne-

A. Capacity Region Inner Bounds

We consider two transmitters and obtain inner bounds on the capacity region of the multiple-access
communication in the three scenarios when the environment noise is negligible. We assume a binary

input to arrive at an inner bound, which is computed numerically in Section
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DLSR, DMDR: We may view the DLSR and DMDR scenarios as interference channels with full
receiver cooperation. The capacity region of the interference channel is an inner bound on the capacity

region of this channel. The time-division inner bound for an interference channel consists of all rate pairs

(R1, R2) such that
Ri<k(Ci, Ry< (1 — k) Cs, 37
for some k € [0, 1], where C; and Cy are the maximum achievable individual rates as follows [[15]:

Cl = Imnax I(Xl,Y1|X2 == .’Eg) 02 max I(XQ,Y2|X1 == 561) (38)

z2, P(x1) x1, P(x2)
This inner bound is computed in Lemma [2| for the DLSR and DMDR scenarios with binary inputs
and considering peak and average concentration constraints. It is shown in this lemma, whose proof is
provided in Appendix [C] that the maximum achievable individual rate for each transmitter in the two
scenarios occurs when the signal concentration of the other transmitter is zero and therefore the closed
form formula for the maximum achievable individual rates is obtained.
The interference-as-noise inner bound for an interference channel consists of all rate pairs (R;, R2) such

that [[15]
Ry <I(X1;Y1), R <I(X2;Ya), (39)

for some p.m.f P(z1)P(z2). This inner bound is computed in Lemma 3] for the two scenarios with binary
inputs and considering peak and average concentration constraints. The proof of this lemma is provided

in Appendix [D]

Lemma 2. Consider interference channels with two sender-receiver pairs and PPYSE(yy yo|xy, 29),

PPMDRB (4 |y, 22), and any input p.m.f P(x1)P(x2), in which APFSE = APMDR — o 2, ¢
{0,As, }, w2 € {0, As,}, E[X1] < a5, As,, and E[X2] < as,As,. The time-division inner bound on the

capacity region of these channels is obtained as

R <k(Ci, Ro< (1 — k‘)Cz,

1 9(Peyy) 1
H (1+eg(mw)> T 14e9Pei0)? As; = —Pcyo 108 Peyg 40)
1—p.. 1—pcio .
Ci: Peio e 221727
1
ff(asmpcm)v 0< Qs < —Pegg 198 Pegg )

1—pe, e 1P

for some k € [0, 1], where H(p) = —plogp — (1 — p)log (1 —p), g(p) = 2, an

d p)
nN
p)loga+aplogp— (1 —a+ap)log (1 — a+ ap). For the DLSR scenario, p.,, = ( l)

nN
i

and for the DMDR scenario with blocking, p.,, = (AW-P‘> ,t=1,2.
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Lemma 3. Consider interference channels with two sender-receiver pairs and PDLSR(yl,y2|x1,x2),
PPMDRB () |y, x9), and any input p.m.f P(x1)P(x2), in which APLSE — ADMDR — o 4, ¢
{0, As, }, w2 € {0, A, }, E[X1] < ag, As,, and E[Xs] < a,As,. The interference-as-noise inner bound

on the capacity region of these channels is obtained as

Ri <- 10g o+ al((l — Oy, )pcz‘o + ajipcil) 1Og ((1 - Qy, )pCio + ajipcil)

1— oy 1— '
— < Y i + (1 — aji)pC-;o + a]zpCu) log ( o L4 + (1 — Oé_]l)pclg + Oéjl.pci1>, 1= 1727
v (2
(41)
for some a1 € [0,a4,], as € [0,as,], where j1 = 2 and jo = 1. For the DLSR scenario, p.,, =

[ niN A, 4= nN
(ﬁ) , Doy = (W) , © = 1,2 and for the DMDR scenario with blocking, p.,, =
Si 1y i Sii

nN

Block,j; 2

nN .
A e , 1 =1,2 where j1 =2 and jo = 1.
Z L As+ Trreer gy Asy, HL

v .
For As, = A,, = As, we have pc,, = D¢,y and pe,, = Dey,. Assume o, = g, = s, The points where

R1 = Rs are obtained when oy = oo and are computed as follows:

Ri=Ry=k [ —loga’ + /(1 — &/)peyy + 'peyy ) 1og (1 — & )pe,yy + 'pey, )

A

1—d 11—«
- O/ ( Oé/ + (1 - O/)pclo + a/p011> lOg ( Oé/ + (1 - a/)pr + a/pc11>:| ) (42)

for some k € [0,1], where o/ = min{«, as} and « is the solution of the following equation:
((1 - 206)]9310 + 2ap011) IOg ((1 - a)pclo + apcll)
11—«
— ((1 = 2a)pe,, + 2ape,, — 1) log (a + (1 — @)pe,, + apc11> =0. (43)

SMSR: As mentioned before, we may view the SMSR scenario as a SISO MAC. According to [15]

for a MAC, the maximum achievable individual rates are

Ci= max I(X;Y|Xy=1z2), Cy= max I(Xo;Y|X)=ux). (44)
z2, P(z1) x1, P(x2)

Using these rates, the time-division inner bound can be obtained as (37). This inner bound is computed
in lemma [ for the SMSR scenario with binary input and considering peak and average concentration

constraints. The proof of this lemma is provided in Appendix [E]

Lemma 4. Consider a MAC with two transmitters PSM3R(y|x1, x9) and any input p.m.f P(x1)P(x2),

in which ASMSE = 0, 21 € {0,A,}, 20 € {0, Ay}, B[X1] < as, A, and B[X3] < as,As,. The
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time-division inner bound on the capacity region of this channel is obtained as

R < k’maX{Clo,Cn}, Ry < (1 — k‘) maX{Cgo, 621},

1 9(Peyo) 1
H (1+eg(pcio)) - 14e9(Peig) ) O, > —Pcy 198 Pegg 9
1—pe,o+e  17Peio .
Cio = v 1= 17 2,
1
f1<a5i7pcm)7 0< As; < —Pcig o8 Pc;g )

1=pe;ot+e  17Peio

niN
Py =llx; = As,,xj, = A, )
0 == [(1—a))P(y = lz; = 0,35, = Ay, )log ( (1—a}) + 0T = As,
o ;[( )Py =l = 0,25 “)Og(( o) + o P(y:zyxizo,xji:Asji)>

) Py =llz; = 0,25, = As,)
Py =llz; = As,, 75, = As,)

+a;P(y = l|z; = As,, x5, = As,, ) log <(1 —a + aé)] , i=1,2,
(45)

for some k € [0,1], where j1 = 2, jo =1, H(p) = —plogp— (1—p)log (1 — p), g(p) = 12, fi(a,p) =
N

TR

< n
—a(l —p)loga+ aplogp — (1 — a+ ap)log (1 — a+ ap), pe,, = <As +-) , o = min{wy, o, },

2

1 =1,2, where oy, 1 = 1,2 is the solution of the following equation:

nN Py =lla; = A, xj, = Asn)>

%[ (y =z z;, J1)0g<( ;) + o P(y = llz; = 0,2, = A, )

Py =llz; =0,zj, = As, )
Py =l|z; = As,, xj, = As;)

—P(y =l|zi = As,,zj, = As;,) log ((1 — ;) + ai>] =0, (46)

where j1 = 2 and jo = 1.

VI. NUMERICAL RESULTS

In this section, we first consider a point-to-point communication, and evaluate the rates for the TS
and LS scenarios as well as the lower and KL upper bounds. Then, we evaluate the total capacity and

achievable rates for the three scenarios of the multiple-access communications.

A. Point-to-Point Capacity for LS and TS and Effect of Blocking

We evaluate the rates of the TS scenario given in (I4) and the LS scenario given in (12), using the
Blahut-Arimoto (BA) algorithm [17]. The unit of the concentration of molecules is nano-Moles per litre
(nM). We assume N = 10,n = 16, and use the values v = v; = ... = 7y, = 0.0004 (nM min)~! and
K=K =..=FkKn=0.1 mn"' from [18]. Note that we consider small values of N and n because of
the time complexity of the BA algorithm for large values of /N and n, although in practice, these values
can be very large.

Fig. |Sashows the capacity of TS with no blocking and LS, for m = 2,4, 8,16 when ALS = ATS = 0. It

is seen that increasing the number of molecule types, m, from 1 improves the performance (for fixed A;),
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Fig. 5: Capacitiy of TS with no blocking and LS for oy = %
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Fig. 6: Capacitiy of TS with and without blocking and LS for ay = % and A,. = 0.

which is expected due to the parallel transmission of the molecules. However, if we continue to increase
m, and accordingly decrease the number of bacteria in each colony to n/m, the performance degrades.
The reason is that decreasing the concentration level of TS in (@) decreases the binding probability.
Hence, there is an optimal m. For example, for A; = 80, this optimal value lies between m = 4 and
m = 8. This implies that for A; = 80 and m = 2,4, the capacity of TS is higher than LS, whereas for
m = 8,16, the capacity of TS is lower than LS. Similar conclusions can be made from Fig. [5b] in the
presence of the environment noise A% = ATS = 5,

Fig. [6] shows the effect of blocking by showing the capacity of LS and TS for m = 2. We considered
two blocking cases:

Block,2 __ _ Block,1
- 12

« Low Blocking: 1 = 0.0003 (nM min)~ 1, Pk — Blochl — 0 15 min~1,
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Ay, for the BIC with A, =80 and s = % for the BIC with N’ =20 and o, = %

« High Blocking: »7/°*? — ,Bleck-l — 0 0005 (nM min)~!, xPlo%2 = Blockl — 0,01 min—1.

As illustrated, the blocking decreases the capacity of TS. For small values of Ay, LS outperforms TS in

all cases of blocking.

B. Lower Bound and KL Upper Bound on the Capacity of the Point-to-Point Channel

Our proposed KL upper bound, (19), and the capacity are depicted in Fig. [7] by considering the
logarithmic scale. It can be observed that the distance between the KL upper bound and the capacity is
constant in the logarithmic scale. Therefore, the gap between the capacity and the upper bound decreases
as the environment noise increases. The lower bound in (2I)) along with the capacity are shown in Fig. [§]
For simplicity, we consider average constraint to be inactive. For small values of A/, our lower bound

is tight which means the binary distribution is a capacity achieving distribution for small values of A’.

C. Multiple-Access Total Capacity

In this section, we evaluate the total capacities of the DLSR and DMDR scenarios given in and
the SMSR scenario given in (36), using the extension of the BA algorithm for the total capacity of the
MAC [19]. We assume N = 10, n = 6, m = 2. Similar to the previous sections, we use the values
¥ =71 =72 = 0.0004 (n"M min)~!, kK = k; = ko = 0.1 min~!, and consider no, low, and high blocking
cases.

Fig. @] shows the total capacities of the three scenarios in terms of A,, = A,, = A, when APLSE —
APMDE — ASMSE — () Tt is observed that DLSR has the highest total capacity for all values of As.
For small values of A5, SMSR has higher total capacity than DMDR, whereas for large values of A,

SMSR has lower total capacity than DMDR. The reason is that when A is small, sharing the receptors
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Fig. 10: Total capacity of DLSR, DMDR, and SMSR with continuous and binary inputs for ag, = as, = %
and A, = 0.

is useful. But when A; increases, using different types of molecules becomes more useful. Since DLSR
has both of these advantages, it is more effective than the other two scenarios. Fig. [Ob] shows the total
capacity for the three scenarios when ADISE = ADMDE — ASMSE — 5 Similar conclusions can be
made in the presence of the environment noise.

The total capacities of the three scenarios for both continuous and binary inputs are depicted in Fig. [I0
It can be observed that in all three scenarios, the total capacities with binary inputs are equal to the total
capacities with continuous inputs for small values of A,. For large values of A, the total capacities of
DLSR and DMDR with binary inputs reach to the same value since all receptors become full and these

scenarios behave the same. However, the total capacity of SMSR with binary input reaches to a lower
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2

value since it doesn’t have the advantage of using different types of molecules or self-identifying labels.

D. Inner Bounds on the Capacity Region of the MAC

The capacity region inner bounds for the DLSR, DMDR, and SMSR scenarios, provided in Section

are depicted in Fig. [I1] The capacity regions of the three scenarios with binary inputs are shown in

Fig. [12] by considering A;, = A5, = 100. It is observed that DMDR with low blocking and DLSR have

the same square shaped capacity regions, which indicates that for this parameter setup, these scenarios

almost experience orthogonal MACs. These two scenarios have the largest Capacity region and SMSR

has the smallest capacity region and the capacity region of DMDR with high blocking is in between.

Fig. shows the maximum achievable equal rates given in (42)), when considering interference as
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noise, in terms of A, for DMDR with low and high blocking and DLSR. It is observed that the rate for
DLSR is larger than DMDR and reaches to a constant value as Ay increases. Though the constant value
is almost the same for DMDR with low blocking and DLSR, the value is higher than that of DMDR
with high blocking. The reason is that when considering binary inputs and increasing A;, DMDR with
low blocking behaves like DLSR since all receptors become full. However, DMDR with high blocking

behaves worse than DLSR since some of the receptors are always blocked.

VII. COCLUSION

In this paper, we first investigated the capacity performance of point-to-point communication scenarios,
including Level and Type scenarios. We also modeled the blocking as a Markov process and derived the
probabilities of binding and blocking. Next, we derived a new upper bound on the capacity of the BIC
at low SNR-regime based on the KL divergence upper bound as well as a lower bound. As expected and
confirmed by simulations, the blocking would decrease the capacity of type scenario. Then we proposed
three scenarios for the multiple-access communication, including same types of molecules with Different
Labeling and Same types of Receptors (DLSR), Same types of Molecules and Receptors (SMSR), and
Different types of Molecules and Receptors (DMDR) scenarios and investigated their capacity region
and total capacity. We derived some inner bounds on the capacity region of these scenarios when the
environment noise is negligible. Based on numerical results, DLSR outperforms the other scenarios for

all values of the maximum signal level from the total capacity point of view. For small values of the

DRAFT



22

maximum signal level, SMSR has better performance than DMDR, whereas for large values of maximum

signal level, DMDR has better performance.
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APPENDIX A
PROOF OF THEOREM 1

We find KL upper bound for the BIC as follows:

I(X:Y) < 3 [P(a.y) ~ P(x) P(y)]log Ply])
N\ L, L -
- ; [P(x,y) — P(z)P(y)] log (( y ) U (24 Ape) (1= fp (@ + Ape))N )

N’ N/
= Ep(ay) [log ( y )] — Ep(2)P(y) [bg ( y )] + Ep(ey) [y10g fp, (T + Ane)]
—Ep(a)p(y) [1108 fo, (7 + Ane)] + Ep(a,y) [(N' = y)log (1 = fp, (z + Ane))]
—Ep)pw) (N —y)log (1 = fp, (z + Ane))]
=Ep(s,y) [y108 fp, (2 + Ane)] = Ep(o)p(y) [4108 fp, (2 + Ane)] [Epa,y) [y10g (1 = fp, (@ + Ane))]

_EP(a:)P(y) [ylog (1 — Ioy (z + Ane))]]

- fpo (@ 4 Ane)
= Zx: ((Zy: yP(iU|33)> log 5= AM)P(CC)>

(S (o) o) (e 2z e

L fp}if(zf A)>)] ~E [Ny, (a4 Anc)| B [log (

TCes)).

As mentioned earlier, f,, (X + A;.) is an increasing function. Hence,

o (X + Anhton (250 ) ) 2o

=E [N’fpb(x+Ane)log( i ) )}

1= fp, (z+ Ane)

= N'Cov (fpb (X + Ape), log (

. A further observation is that

/ Fon (X + Ape)
0 < e Con( £, (5 + e tos (2 ) ) )
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is always achievable with a binary random variable X. We consider two points, x; and zo with proba-

bilities p; and p2. We have

max Cov(fp, (X + Ane),log(F)) = max (Elfp, (X + Ape) log F] — E[fp, (X + Ane)]E[log F1)
E(fy, (X+Ane))<as AL,
0<X <A’

= gl(%(. (E[(fp, (X + Ane) — E[fp,(X 4 Ape)]) log F]),
]E(fpb (X+Ane))gasA;7
0<X <A’

fpb (X+Ane)
=7, (X+4.0)

given by P(z) = m(i“z%‘ihne)é(x — A+ (1 - 0‘7‘4/) d(z) and the upper bound is obtained as

where F' = . Now, based on the analysis in [14, Appendix C], the optimal distribution is

fon (Ai+Ane)
asAl

= e (A + Ape) — as AJE,
%A’séfﬁgz(AngAm) fpb(AngAne)[fm( s ) — as A

where £ = log (f”b(A;JFA"’E)(I_f”b(A"E))). The upper bound is equal to

fm, (Ane)(l_fpz, (A;J’_Ane))
Son(asAG + Ane) Son (A 4 Ane) (1 — fp, (Ane))
Fpo (A + Ane) fou(Ane) (1 = fp, (AL + Ane))’

! fp (A/S+Ane) fp (A;"’Ane) fp (A;J"Aﬂf)(l_fp (AnE)) :
for < 2l and Bl log (ot Teinesy ) oheruise

Now, if we consider f,, (X + Ape) = X)frji‘qﬁi, then the upper bound is:

[fpb (A/s + Ane) — I (asAls + Ape)] log

ABinomiaI(P(y|x)) = gl(iic U(P(J:’y))
E[X]=a. AL, 0<X <A/

oy asAl+A. .
o VTS U (A ) — Sy (s A+ A )IES I ()

fpb(A,’zj'Ane)E’ lf (**)7

fpb(“nc)(l be(‘l.le ‘l"ﬁ))
i A/,—‘rAne
Ane) > 7”7( é2 ) .

where E = log (fqebee el (4 1 (0,4l + Ape) < 22185580 and (53) + f, (AL +

APPENDIX B
PROOF OF LEMMA[I]
Let
DPec = (1 - pb)N,-
The BIC transition probabilities by considering binary input is characterized as

Ply=0jz=0)=1, P(y=ilz=0)=0, i=1,..,N,

. N, . . .
Py =ilz = A)) = < . >pz(1 fpb)N ' i=1,..,N.
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Assume P(z = A’) = a. The average constraint results in o < «s. The lower bound on the BIC capacity

without considering the average constraint could be derived as follows:
C=maxI(X;Y)=maxH(Y)—- H(Y|X)
(03 (6

=maxH(Y) - Pz =0)H(Y|z=0)— P(x = A))HY |z = A))
= max — ZaP(y =i|lz = Al)log (aP(y = ilx = A)))

—(1—a+ap.)log(l —a+ap.) —aH(Y |z = A.)
= max —a(1 —p.)loga+ apclogp. — (1 — a+ ap.)log (1 — a + ap.).

Taking a derivative with respect to « from the above expression and setting it to zero we obtain o =

— 1 Then,

—pclogpe

1_pc+e 1-pc

C—H 1 - 9(pe) ’
1 + e9(pe) 1 + e9(pe)

where H(p) = —plogp—(1—p)log (1 — p) and g(p) = 11{%’;). Now, if we consider the average constraint,
the equation for C' is valid for a* < «, since the mutual information is concave in «. But for a* > ag,

the capacity lower bound is obtained for o = as.

APPENDIX C

PROOF OF LEMMA [2]

We prove the lemma for the DLSR scenario. The approach for the DMDR scenario is the same. Let

DLSR DLSR
Doy, = Dy, (w1 = Ag, Xo = 32),  Poy, =D, (1 = Ag,, Xo = 12),

K nN
T9 + 5
Pey, = P(yl = 0‘1’1 = AsleQ = .TQ) - <A+$2+n> 7
S1 o

P nN
Pere = P(y1 = 0]z = A5, 220 =0) = (1431’:_’;> '
Channel transition probabilities for the first transmitter by considering binary inputs z1 € {0, Ay, } and
x9 € {0, As,} are characterized as
P(y1 = 0Jz1 =0, X9 = x9) = 1,
nN—i (n N

P(y1 = i]a:l = ASI,XQ = .CCQ) = Z
7=0

1
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Assume P(x; = As,) = «;. The average constraint for the first transmitter results in a3 < «g,. In
the following, the maximum achievable individual rate for the first transmitter, C';, is computed. The

approach for computing C5 is the same. Without considering the average constraint we have
Cl = ;glag[(l I(Xl; Yl‘XQ = 1‘2) = xrglag(l H(}/l‘XQ = xg) — H(YI‘XI,XQ = .’Eg)

= HlaX1 H(}/l’XQ = fL'Q) — P(a:l = O)H(Yl\xl = O,XQ = 1‘2) — P(I‘l = Asl)H(Yl\xl = Asl,Xg = 1‘2)

T2,

Tz, 01

niN
= max — ZalP(yl =ilx; = As,, Xo = x2)log (e P(y1 = i|z1 = As,, Xo = 22))
i=1

— (1 — a1 +a1pe,)log (1 — a1 + aipe,) — an H(Y1|xy = Ay, Xo = 2)

= max —ai(l — p,) log a1 + a1pe, logpe, — (1 — a1 + aape, ) log (1 — a1 + aipe, ).

T2, 01
Taking a derivative with respect to «; from the above expression and setting it to zero we obtain o] =

L . Then,

—Pcy logpey
1-pe,+e 7P

Cl — max H 1 _ g(p01) ,
T2 1 4+ e9(Peq) 1 4 e9(Pey)

where H(p) = —plogp — (1 —p)log (1 —p), g(p) = %’2. Taking a derivative with respect to zo from

the above expression we obtain

(X3 Y| X = 29) = P g (pe)ef P 1 P g (pe) (14 e90) — g(pe, )edPer))

dzy b 2- = (1 + e9(per))2 1 + e9(Pey) (1 + e9(pes))2 '
Since H'(p) = log(l%p), we have

(X0 Y (X = 29) = P d (Pe)(g(pe, )0 P) + 14 e9Pe) — g(pe, )edP)) pl g (pe,) (1 + e9P))
iy ot (AL 2 =1T2) = (1 + e9(Per))2 - (1 + e9(per))2 ’

nNA,, ( ro+7

nN-—1 ,
As1+1'2+s AS1+1'2+5> - 0 and g (pCI) -

and this is a negetive value for all z > 0 since p), =

P, logp. .
——L—-_ > (. 29 can take two values 0 and A,,. So the maximum occurs when x5 = 0. Hence,

(1+69(Pcl))2
— ]' g(pCIO)
Cl _H<1+€g(pclo)> N 1-’-69(13610)'

Now, we consider the average constraint. For both values of x2 = 0 and x2 = As,, if a5, > of(x2), the
maximum for [(X;;Yi|ze = z2) occurs when a; = aj(z2) and if 0 < a5, < of(x2), the maximum
occurs when o) = ag, since 1(X1,Y1|X2 = x9) is concave in «a;. Let af; = of(z2 = 0) and o], =
aj(ry = Ag,). If ag, > ofy and a5, > of;, C1 = max{l,: (X1;Y1]ze = 0), Lo (X135 Yi|22 =
Asg)} equals to Io: (X1;Yi|lze = 0). If a5, > ofy and a,, < of, C1 = max{l,; (X1;Y1]ze =
0), Ia, (X1;Y1|xe = Asy)} equals to In: (X1;Yi|we = 0) since Io: (X1;Yi|z2 = 0) > Ior (X1;Yi|20 =

51
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ASQ) > Ias (Xl;Yl‘l'Q = ASQ). If 0 < o, < Oz{o and 0 < ag, < (X{l, Ci = max{[as (Xl;Yl‘xQ =

1 1

0), In,, (X1;Y1|wa = As2)} equals to I, (X1;Yi|w2 = 0) since

S1

d
—I(X1;Y|Xy = x2) = a1p), log APy

<0
dwg

1—o1 +a1pe, —

and I(X1;Y1|X2 = x2) is a decreasing function with respect to xo for all values of oy € [0,1]. If
0 < as, < ajy and as, > ajy, C1 = max{l,, (X1;Y1|lr2 = 0), [ay, (X1;Y1]w2 = As2)} equals to
Lo, (X33 Y1|z2 = 0) since Lo, (X1; Y1z = 0) > In;, (X1; V1|22 = 0) > Lo;, (X33 Y122 = As,).

s1
APPENDIX D
PROOF OF LEMMA [3]

We prove the lemma for the DLSR scenario. The approach for the DMDR scenario is the same. Let
Dby, = pzﬁLSR(xl = Ay, Xo=23), b, = piLSR(wl = A, Xo = x2),

DLSR DLSR
pb12 :pbl (Xl :x17x2:A82)7 pb22 :pb2 (Xl :x17x2:A82)7

K niN
Peciy = P(yi = 0|$1 = AsleQ = O) = (AV-}-”> )
S1 ¥

A+ ™
Peyy = P(yz = 0|:E1 = ASI’xQ = ASQ) " v :
ASz‘ + Asj + g
Channel transition probabilities by considering binary inputs x; € {0, A, } and 2o € {0, A, } are
characterized as

P(y1 20’331 ZO,XQ ng) :P(yg ZO‘Xl =T1,x2 :()) = 1,

nN—i

. nN\ (nN —3\ , L _
P(yl = Z"Tl = A517X2 = xQ) = Z < i ) < ] )piup{)m(l - (pbu +pb21))nN ’ J7 1= 07 ...,TLN,
j=0
nN—1 .
. nN\ (nN —i\ ; L .
Py =i[X1 = 21,20 = A;,) = Z < ; >< j )p{,mp?m(l—(pblz—i—pbzz))”N I, i=0,...,nN.
=0

Assume P(zq = Ag,) = aq and P(zy = As,) = ag. The average constraints result in oy < «, and

az < ag,. The interference-as-noise inner bound for this channel is computed as follows:

R1 < I(Xl;Yl) = H()fl) - H(Yl‘Xl) = H()/l) - P(.T,'l = 0)H(Y1|ac1 = 0) - P(.ﬁl’,’l = Asl)H(Y1|.T1 = Asl)
nN
==Y o1((1 - ag)P(yr = ilwy = Ay, 19 = 0) + 0Py = iy = Ay, , 79 = A,,))
i=1

x log (a1 ((1 — a)P(y1 = il = Ag,, 20 = 0) + aoP(y1 = ilwy = Ay, 20 = Ay,)))
— (T = a2)((1 = a1) + a1pey,) + a2((1 — aq) + a1pe,,))

x log (1 — a2)((1 — 1) 4+ @1pe,, ) + @2 ((1 — o) + @1pe,, ) — a1 H(Yi|zy = Ay,)
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nN
= —aq log oy Z((l —ag)P(y1 =iz = As,, w0 = 0) + aaP(y1 = ilxy = Ag,, 20 = Ag,))
=1
+ o (H(}/l‘l‘l = Asl) + ((1 - a2)p010 + a2p011) log ((1 - az)pclo + anCu))
- ((1 - 041) + 041((]. - OQ)pClo + a2p011)) IOg ((1 - al) + al((l - a2)p610 + azpcu))
— alH(Yl|x1 = Asl)
= —011(1 - (1 - 02)p610 - a2p011) 1Og o1+ Oq((l - a2)p010 + OQpCu) IOg ((1 - 042)]7010 + OQpCu)

1-— a1 1-— a1
— o1 ( ai + (1 - a2)p010 + a2p811> 1Og <a1 ( oy + (1 - a2)p010 + a2p611>>

= - 1Og o1+ al((l - a2)p010 + a2p011) log ((1 - a2)p610 + OQpCu)

1-— a7 1-— (6751
— o ( ai + (1 - a2)p610 + a2p611> 10g < o + (1 - a2)p010 + a2p011> .

for some a; € [0, as,] and ag € [0, ag,]. With the same approach for Ry we have

Ry < —logag + as((1 — 01)Peyy + Q1Pey, ) 10g (1 — 01)Peyy + @1Pey, )

1—ao 1—ay
— g < - + (1 — a1)pey, + a1p021> log < o + (1 — a1)pey, + a1pcm>,

For A;, = As, = As, we have p.,, = pe,, and pe,, = Pc,,- The points where R; = Ra, without

considering the average constraints, are as follows:

Rl = R2 = kmoz}x - loga + Oé((]. - a)pclo + apcu) log ((1 - a)pclo + apcu)

11—« 11—«
- ( o + (1 - a)pclo + apcu) log (a + (1 - a)pcm + apCll)?

for some k € [0, 1]. Taking a derivative with respect to « from the above expression and setting it to

Zero we obtain
((1 - 20[)])510 + 20[])611) IOg ((1 - a)pclo + apcn)

1—
- ((1 - 206)])@10 + 2ap011 - 1) 1Og (Oéa + (]‘ - a)pclo + apcu) =0.

If we consider the average constraints with a,, = a5, = «, the above equation for the optimum value
of « is valid if the solution of the equation is lower than or equal to o, since I(X3;Y7) for a1 = s = «

is concave in «. If the solution is higher than «;, the maximum occurs when a = as.

APPENDIX E

PROOF OF LEMMA [4]

Let

po1o = Py OB (@) = Ay 20 =0),  pror = 0y O (21 = 0,20 = Ay,),
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SMSR
Dby = Py (xl :AslvaZASg)v

K nN
pCm:P<y:O’x1:A817x2:0): (A /Y+H> ,
S1 ¥

Channel transition probabilities by considering binary inputs z; € {0, A, } and 2o € {0, A, } are

characterized as

P(y=0|x; =0,29 =0) =1,

Assume P(x; = Ag,) = 3. The average constraint for the first transmitter results in o; < ag,. In
the following, the maximum achievable individual rate for the first transmitter, C', is computed. The

approach for computing C5 is the same. Without considering the average constraint we have
Cl = gglag[cl I(Xl,Y|X2 = CCQ) = glagtcl H(Y|X2 == .’Eg) — H(Y‘Xl, X2 = 1,‘2)

= max H(Y|Xy =22) — P(x1 =0)H(Y|x1 =0, X9 = x9) — P(x1 = As, )H(Y |1 = As,, Xo = x2)

T2, Q1
N
= Inax — ZP(y =i Xo =mx9)log Py =i|Xo =22) — (1 — 1) H(Y |x1 = 0, Xo = z2)
i=0

— a1 H(Y|xy = Ag,, Xo = x9).
We can write this as follows:
C1 = max{cio, c11},
c10 = IraaXI(Xl;Y|x2 =0), c1= naaxI(Xl;Y|x2 =A,,).

For ¢1¢9 we have
nN
€10 = Max — Z P(y =ilzg = 0)log P(y = i|lza = 0) — a1 H(Y|z1 = As,, 22 = 0)
=0

niN
= max — Z a1 P(y = i|z1 = As,, w2 = 0)log (e P(y = i|z1 = As,, 22 = 0))
i=1

(071
- (1 — a1+ alpCm) lOg (1 — a1+ alpclo) - OélH(Y|.T1 = A817x2 = 0)

= II})%X —Oél(l - pCm) log ] + Oélpcm longm - (1 — Q] + alpclo) log (1 — Q] + alpcl(])-
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Taking a derivative with respect to a;; from the above expression and setting it to zero we obtain o, =

L Then,

Pcyg logPcyg ?
—Pe1o P8 Pe1p.

1—pe,,te ~Pe1o
_ 1 g(pclo)
Clo - H(l _|_ eg(p610)> B 1 + eg(pﬂu))’
where H(p) = —plogp — (1 —p)log (1 —p), g(p) = %I;). If we consider the average constraint, the

above equation for ¢y is valid if s, > o since I(X7;Y1|z2 = 0) is concave in a;. If 0 < o, < of,

the maximum occurs when a; = «y,. For ¢1; we have

nN
ci1 = n(llz%xI(Xl; Y|z = Ag,) = max — Z P(y =ilzg = As,) log P(y = ilxe = As,)
=0
— (1 — ()[1)H(Y|$1 = O,ZEQ = Asz) — ole(Y|x1 = ASI,I‘Q = A52)
niN
= max — (1 —o)P(y=ilz1 = 0,290 = As,) + an P(y = ilz1 = As,, 22 = Ag,))
i=0

xlog ((1 —a1)P(y =iy = 0,290 = As,) + a1 P(y = i|z1 = As,,m0 = Ay,))

—(1—a)HY|z1 =0,29 = As,) —an H(Y|z1 = As,, 20 = As,)
nN
= max — {(1 —a1)P(y =il = 0,29 = Ag,) log <(1 —a1)+ o

Qg
=0

Py = i|lry = Ag,, 12 = As,)
Py =ilz1 = 0,29 = Ay,)

. Py =ilr1 = 0,20 = A,
+a1 Py =ilzy = As,, w0 = Ag,) log ((1 — al)P(;y_ i]a’cll— I ;2 — 2 )) —|—a1>] .

Taking a derivative with respect to «; from the above expression and setting it to zero we obtain

nN )
. Py =i|lzy = Ag,, 20 = As,)

Y|Py =iley = 0,22 = Ay)log ( (1 - ; 1 2

i=0 [ (=l e 2)log (( o)+ P(y =ilzy = 0,20 = Ay,)

) Py =ilx; = 0,290 = A,
—P(y =ilxy = As,, 20 = Asg,) log <(1_a1)P(gjy:i\a‘311:A ;QZA))+Q1>:| =0.

If we consider the average constraint, the above equation for the optimum value of «; is valid when the
solution of the equation is lower than or equal to «, since I(Xy;Yi|xe = Ag,) is concave in «g. If the

solution is higher than «ay,, the maximum occurs when o = a, .
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