arXiv:2208.12005v4 [math.OC] 7 Aug 2023

Distributed Scaled Proximal ADMM
Algorithms for Cooperative Localization in
WSNs

Mei Zhang, Zhiguo Wang, Feng Yin, Senior Member, IEEE, and Xiaojing Shen

August 8, 2023

Abstract

Distributed cooperative localization in wireless networks is a challenging problem since it typi-
cally requires solving a large-scale nonconvex and nonsmooth optimization problem. In this paper,
we reformulate the classic cooperative localization problem as a smooth and constrained nonconvex
minimization problem while its loss function is separable over nodes. By utilizing the structure of the
reformulation, we propose two novel scaled proximal alternating direction method of multipliers (SP-
ADMM) algorithms, which can be implemented in a distributed manner. Compared with the classic semi-
definite programming relaxation techniques, the proposed algorithms can provide more accurate position
estimates with significantly lower computation complexity. The associated theoretical analysis shows that
our algorithms globally converge to a KKT point of the reformulated problem and a critical point of the
original problem, with a favorable sublinear O (1/7") convergence rate, where T is the iteration counter.
Numerical experiments have consistently shown that the proposed SP-ADMM algorithms are superior to
state-of-the-art methods in terms of localization accuracy and computational complexity across all tested
scenarios, varying network size, number of anchors, average number of neighbors, and noise variance
levels.

Keywords— Proximal ADMM, distributed algorithm, global convergence rate, cooperative localization,
wireless sensor network.

I. INTRODUCTION

Wireless sensor networks (WSNs) are widely used to deal with sensitive information in a variety
of applications, including healthcare, military, Internet of Things, surveillance, and industrial [1]]. In the
aforementioned applications, all collected information is meaningful only when the locations of the sensor
nodes are accurately known. Therefore, localization is an enabling technique for WSNs. The cooperative
localization problem aims to determine multiple sensor locations with the aid of a relatively small portion
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of anchors whose positions are precisely known and the relative noisy range measurements of adjacent
nodes [2]. The range measurements can be measured in a variety of ways, such as time-of-arrival (TOA)
[3]I, [4]], time-difference-of-arrival (TDOA) [5]], angle-of-arrival (AOA) [6] and received signal strength
(RSS) [[71, [8]l. In recent years, there has been a growing interest in estimating target positions through
optimization techniques due to the faster response speed of position estimation by these methods and
convergence guarantee.

Nonconvex and nonsmooth is the major difficulty of the least squares objective function in the maximum
likelihood framework [9]. It is hard to find an optimal solution with low computational complexity, and
in consequence, most existing methods resort to developing approximate solutions through applying, for
instance, the relaxation techniques, to the original nonconvex problem. A popular class of methods is
based on semi-definite programming (SDP) relaxation [10]—[12]], which can be solved by the interior-point
algorithm. Although convex relaxation techniques guarantee convergence to a global minimum point, it
is not necessarily a critical point of the original nonconvex formulation. In addition, the above convex
relaxation methods are implemented in a centralized framework, since all measurements are collected
and processed at a processing center. Centralized methods are vulnerable to the malfunction of any single
node. There have been increasing efforts in developing distributed sensor network localization methods
[L3]-[15].

Distributecﬂ methods are able to avoid the major drawbacks of the centralized counterparts for large-
scale networks, thus making them well-suited for wireless sensor network localization. Distributed meth-
ods not just have lower computational and communication complexity due to scalability but are also more
robust to node failures [[16]], [[17]. This inspired the use of distributed optimization approaches to solve
the target positioning problem in large-scale networks. Compared with the centralized SDP methods,
the work [18]] proposed a more practical alternative. By leveraging the concept of convex envelope,
the authors developed a method that is both scalable and simple to implement. They also analyzed the
total number of iterations required by the algorithm to approach the optimal function value with a high
probability for the convexified problem. Despite these advances, it still can be difficult to infer where the
solutions are the critical points of the original nonconvex problem (discussed in [19], [20]). In view of
this, non-relaxed methods may be a workable viewpoint.

In this paper, we focus on the first-order method that solves the original nonconvex localization problem

directly. In general, the design of this kind of algorithm first reformulates the problem by exploiting the

!The term distributed in this paper refers to an implementation that sensor nodes can locate themselves and neighboring nodes

based on the local network information containing neighbors, without whole network data [9], [13].



internal structure of the problem and then develops an efficient optimization algorithm to solve the
reformulated problem. For example, a nonconvex sequential greedy (NCSG) optimization algorithm was
proposed in [21]]. It is also proved that this algorithm owns the convergence guarantee inherited from
the non-linear Gauss-Seidel framework [22]. Notwithstanding, the limit point of the generated sequence
converges to the KKT point of the reformulated problem, the connection with the original problem is
yet not provided.

One efficient way is to reformulate the original localization problem as a two-block nonconvex op-
timization problem with linear equality constraints, and then a distributed ADMM method is proposed
in [23]], [24] to solve the resulting nonconvex reformulation. In [25], [26]], they show that the ADMM
algorithm may be unstable when the objective function is nonconvex and nonsmooth. In order to obtain
a favorable initial point for the method developed in [23]], the authors in [[19]] proposed a hybrid ADMM
(ADMM-H) method that contains two stages. In the first stage, a reliable starting point of the target
problem is given by exploiting the convex relaxation technique introduced in [[18]. In the second stage,
the solution will be constantly updated by adopting the method developed in [23]]. While the simulations
demonstrated faster convergence, there remain limitations both in the local minimum theoretical guarantee
and practical implementation. This is discussed in detail by [20] and our Section

Recently, for the single source localization problem, the authors in [24] adopted a simple variational
representation of the Euclidean norm, then derived an equivalent smooth reformulation with ball con-
straint. Later on, it was extended for the multi-source localization problem in [20], and they proposed
an alternating minimization (AM) method to solve the reformulated constrained smooth and nonconvex
optimization problem. There are two versions of the AM method in [20], the fully centralized (AM-FC)
and the fully distributed (AM-FD). Due to the sequentia nature of the AM-FD method, it is impractical to
apply it to large-scale networks. Therefore, the authors further propose a unifying AM (AM-U) algorithm
to remedy this difficulty. The basic idea of AM-U is to divide the sensors in the network into several
disjoint clusters and then apply the AM-FD method separately for each cluster. The convergence of the
AM-FD can be guaranteed. Since the difficulty of nonconvex and nonsmooth, the convergence rate for
the original problem is not provided.

In this work, we aim to exploit the advantages of [23] and [24] to develop an efficient distributed
algorithm with lower computational complexity for the nonconvex and nonsmooth localization problem

and establish a theoretical guarantee of its performance.

%In this paper, sequential means sensor nodes perform their update calculations in turn, that is, they have to wait for a part

of neighbor nodes to complete the update before running their local update steps.



TABLE 1

COMPARISONS OF DIFFERENT ALGORITHMS

Sensor @
Convex First order Step  Convergence Computational Communication Storage
Algorithm Relaxations Method Size Rate Parallelized Complexity Cost Space
SDP [10] v X - X - o(n®) nN; LSV Ny — |Eal* + (N —m)
SF [18 v v fixed X v O(nN;) nhN; 2n + N; + 1(parallel method)
AM-FD [20] X v fixed X X O(nN;) nN; n+nN; +N; +1
ADMM-H [19] hybridT X - X v Om*T; +nN;)'|  2nN; + N; 2N;(N; + 1)n® + 4nN; + N; +9
SP-ADMM (ours) X v fixed O(I/T)‘ v O(nN;) 2nN; 4nN; + N; + 3 (Algorithm

*is due to the convergence analysis of the SF for the convex relaxation problem rather than the original nonconvex problem.

T Here, “hybrid” means a two-stage algorithm, including a convex relaxation stage and a nonconvex stage.

* T; refers to the number of iterations required by the nonconvex Newton algorithm to converge.

T refers to the total number of iterations of the algorithm.

*|€,| denotes the number of edges in which both nodes are anchors. The value of storage space refers to the minimum total storage space required by the SDP per

step, as described in reference [27].

Our contributions are summarized as follows.

o By introducing an auxiliary variable for the nonsmooth Euclidean norm, we reformulate the classic
cooperative localization problem as a smooth and constrained nonconvex minimization problem,
whose loss function is separable over nodes and has two block variables that eventually leads to a
nice optimization structure.

o To exploit the nice structure of the new reformulation, we proposed a scaled proximal ADMM
(SP-ADMM) algorithm, which is suitable for distributed computing and parallel implementation.
Moreover, to further reduce the storage space at each node, we proposed Algorithm [2 that is
a simplified version of Algorithm [} As shown in Table [[ the proposed algorithms enjoy lower
computation complexity and storage space when compared with the existing SDP relaxation method
and ADMM-H method, respectively.

« By utilizing a novel potential function, we demonstrates that the global convergence of the sequence
generated by the proposed algorithm, that is, the whole sequence converges to a unique KKT point of
the reformulated problem and a critical point of the original problem. Remarkably, these algorithms
also exhibit sublinear convergence, with a convergence rate of O (1/7), where T" represents the
iteration counter. To the best of our knowledge, this is the first result that shows the sublinear
convergence rate of a distributed ADMM algorithm for a nonconvex and nonsmooth localization
problem.

o Numerical experiments conducted on a variety of networks have consistently demonstrated that
the proposed algorithms outperform existing methods in terms of both localization accuracy and

computational efficiency. The experimental data encompasses scenarios with different network sizes,



number of anchors, average number of neighbor nodes, and variance levels of the measurement noise.
Notation: We use lowercase bold letters to denote vectors, 1, and Oy, to represent /V;-dimensional
column vector with all ones and all zeros, respectively. Capital bold letters represent matrices, specially,
Iy, and Oy, denote N; x N;-dimensional identity matrix and zero matrix, respectively. ||x|| is the
Euclidean norm of a real vector x, ® denotes the Kronecker product. We use vec (x;,7 € N) to denote
the concatenated vector of x; for all i € N and Diag (z) to denote the diagonal matrix with the coefficients

of z along the diagonal. The projection operator of set B¢ is defined as:

projsv, (uf) :=arg min 5 lu; —ujl”

Lastly, let f : C — (—o0, +00] be a proper closed and convex function and W be a positive semi-definite

matrix. Then the scaled proximal operator of f is given by

1
o : - _ 2
prox}¥ (z) = argmin f (v) + 5 |v — 7.

where | - [|w is the scaled norm induced by W, i.e., ||z||3y := (z, Wz) for every z in RZN:i+1)n,

Synopsis: Section [ll{ introduces the reformulated smooth constrained nonconvex minimization problem.
The proposed SP-ADMM algorithms are presented in Section Section presents the theoretical
results of the convergence conditions and convergence rate of the SP-ADMM algorithm. The performance
of the proposed SP-ADMM algorithm is illustrated in Section [V] and the conclusion is given in Section
VI

II. PROBLEM FORMULATION
A. Problem Statement

The wireless sensor network that we consider throughout this paper is represented as an undirected and
connected graph, G = (N, &), and the topology is assumed to be known. The node set V' = {1,2,..., N}
consists of N nodes, some of which are anchors with known true positions collected in the set A =
{aNn—m+1,---,an} C N. For each node i € N, we define N; = {j | (i,j) € £} as the set of adjacent
nodes to node 4, and N; as the cardinality of ;. The true position of node i is represented by p; € R™ for
i € N, and the collection of all node positions is denoted by p = vec(p;,i € N) € R"™N . The available
noisy range measurement between node i and its adjacent node j € N is denoted as d; ;, and we assume
that d; ; = d;; following the convention in [3|], [18]]. Specifically, the noisy range measurement d; ; can

be expressed as in [28]], [29],
dijj = ||pi — pjll + wij, i €N, j €N, (1)

where w; ; are the zero-mean, independent, and identically-distributed Gaussian measurement noise terms.



Using these notations, the maximum likelihood estimator, as our baseline, can be obtained through
solving the following nonconvex constrained optimization problem (following [23[])
1 2
i S UIpi = pjll — di; 2
argmin 3° 3 5 (i~ gyl - i) @
iEN JEN;

subject to px = ax, Vk € A. (2b)

B. Problem Reformulation

Our first step is to derive an equivalent smooth and constrained reformulation of problem (2, which
provides the key insight toward algorithm design and its convergence of this paper. Notice that the

objective function in problem (2) can be written explicitly as

1 1
> prﬁpj\V —di; sz‘*PjH*gdij}- 3)
1EN JEN; nonsmooth

Obviously, there is a nonsmooth term in the objective function. Motivated by the recent works [20], [24],

we apply the Cauchy-Schwartz inequality to obtain
T
Ip: = pjll = max. u;;(pi —py). “)

where B := {x € R" | ||x|| < 1} is a unit ball in R™ with the center at the origin and u; ; € R" is an

auxiliary variable, then we have
—[lpi — pjll = umiéls —u};(pi — py)- (5)

Substituting (3)) into (3], problem (2) is rewritten as a minimization problem of a smooth function over

a ball constraint set as follows

. 1
argmin » ) {*Hpi = pjl? = dijul;(pi — py) (6a)
p,u : : 2
zENJEM
subject to u; € BN, Vie N, (6b)
Pr = ag, Vk € A. (6¢)
where u := vec (u;,i € N), u; := vec(u;j,j € N;), and BY' = {(x1,%2,...,xn,) | X; € B,j =

1,...,N;} is the Cartesian product of N; balls B. To decouple the loss function of problem (6)) over
nodes, we introduce auxiliary variables that duplicate the positions of neighboring nodes. Specifically,

we define Z;Lj € R™ as a copy of the position p; for each neighbor j € N;, i.e.,

7/, = py, j €N M)



Similarly, we define z; ; € R™ as a copy of the position p; assigned to neighbor j € N, ie.,

zZ,;'=Pi, J € N;. 3)

By collecting all variables associated with node 7 together, we define a new variable z; as

| o
2= |z; | €REVFD e N ©)

i
Here, z; := vec (zi_’j, j € M) € RNim is the collection of N; copies of the position p;, and z;r =
vec (z;fj, jE€ M) € RY:™ represents the collection of all replicas of p; from neighboring node j € AV;.

Using these notations, the objective function (6)) can be written in a separable form as follows:

>[5 1Qunl — I D +sv. ()|, (10)
ieN

Fi(z;,u;)

where D; := Diag (vec (d; j,j € Ni)) ® I, € RVin*Nin jg the measurement matrix of node i and
Qi := [1y,,0p,, —Iy] @ I, € RN (1H2Nn, (11)
By using (9), we can rewrite as a compact form
A;z; =0, (12)

where A; := [1x,, —Ix,,On] ® I, € RNmx(14+2Nn Moreover, for a pair of connected sensors i and
j, we can deduce from equation (§) that z;; = p;. Combining this equation with (7), we obtain an

additional constraint that applies to all connected sensors:
z:=vec(zj,ie N) e Z, Z:= {z|z;7rj =p; =12, VieN, jeN} (13)

Using (), the set of anchors in can be expressed as
z€ X :={z|Bz =a,Vic A}, E;:=[1,0},00]aI, cRrm1+2N)n (14)

Finally, using (10), (I2), and (13)), the nonconvex optimization problem (6)) can be equivalently reformu-

lated into the compact form

) 1
arg min Z {f 1Qizi||> — ul D;Qiz; +dz~, (ul)} (15a)
zu ¢ 2
’ eN
Fi(z;,u;)
subject to A;z; = 0,7 € N, (15b)

zcX, z¢€ 2. (15¢)



Network Constraints for node 2

Aszy = {pz B Z%’l} = 0;
P2 —Zyy

p2 - Z2’4 ’ A2 = [127 —12702] ® In

+ - + -
231 =P1=219, Z3y =P4=2y9
compact form

ZQE{X|Z;j:pj:Z;2, jENz}

anchor z:{ 1

Z+
3,1 T
Ns={1} {1,2} =N, LZi2 ]

Fig. 1. An illustrating example of a connected wireless sensor network in 2-D space (N =4, m = 1).

To show these notations clearly, we give an example of a connected wireless sensor network in 2-D space

in Fig. [1]

Example 1 Figll]| presents a wireless sensor network with 3 (inexact) positions of node i = 1,2,3 and
one anchor of node 4. If we only focus on node 2, on the one hand, since No = {1,4} and Zy 1,2y 4 e

the copies of pa, then we have
p2:zg_717 p2:Z2_74~

On the other hand, Fig. [I| presents that there exit the same partial elements in zy, z1, and z4. Specifically,
P1 is the element of both z1 and zy; zo and z4 also contain py. To enforce this trivial observation, we

obtain the following constraint
Z;:l =P1 = 21_727 23_74 = P4 = 2;27
which is part of the constraint set Z defined in (13).
Remark 1 The objective function F;(z;,u;) in problem (13)) is convex with respect to z; when u; is fixed,
however, it is NOT a jointly convex function for (z;, ;). In addition, one can observe that the objective

function is separable but the linear constraint Z is NOT separable in z. In Section we introduce a

scaled proximal term to deal with this problem.



III. PROPOSED SP-ADMM ALGORITHMS

In this section, we present the proposed SP-ADMM algorithms for solving the nonconvex and nonsmooth
optimization problem derived in (I5). The proposed SP-ADMM algorithms are built upon the ADMM
method [24]] developed for large-scale nonconvex problems.

First, we introduce the augmented Lagrangian (AL) function of problem (13)) as follows:

L(z,u, ) §['Zz:um1a
1eEN

where
Li(zi, w5, A;) = Fi (zi,0;) + 0~ (W) + (Ag, Agzg) + %llAiZiHQ, ieN, (16)

and \; = vec(N\;j,j €N;) € RN correspond to the Lagrangian multipliers, ¢ > 0 is a penalty

coefficient. We apply the following scaled proximal ADMM updates [30] to obtain

z!1 = argmin Z L (2, ul, A+ EHzi — z§||]23_TBi7 (17)
ZEZ ieN 2 1
zeX
= argmanC tH uz,)\t) *||uz —uf|f?, (18)
ieN
AL = XL+ cAZl ™ Vie N, (19)

where p > 0 is a penalty coefficient and ¢ denotes the iteration step.

The AL function £ is separable in each of the variables (z;,u;, \;), i € N and L;, i € N is convex
as a function separately of (z;, u;) when the others are fixed. These features are key to distributed imple-
mentation. In addition, we remark that the (scaled) proximal term is critical in both the implementation
efficiency and the theoretical analysis. It is used to ensure the following attractive properties:

o z; — L (z;,ul, \l) + §||z; — Zt”]QgTB is strongly convex;

o u; — L; (2 Ak ,ug, AL + Bllu; — ul||? is strongly convex;

o The sequence {(zi7 uz)} has lower computational complexity.

It should be noted that applying distinct penalty coefficients for z; and u; is necessary due to they
control different aspects of the optimization problem. The proximal term controlled by p only affects the
update for u, whereas the AL term controlled by c affects the update for z and requires the use of a
dual multiplier A to enforce the constraint. The choice of ¢ can have a crucial impact on the convergence
behavior of the algorithm. Moreover, using different penalty coefficients enables users to fine-tune the

algorithm’s parameters for optimal performance in practice presented in Section [V]



To see the first point, we reformulate the objective function of problem (I7). Combining (15a) and

(16]), and rearranging the above quadratic term, we have

c 1
L; (2s, 13, Xi) + 517 = 2|3, =5 |71, — (QF Diu} — AT X, + B Biz{, z;)
C
+ 0 () + 5 177, (20)
where
W, = Q7'Q; + cATA; + ¢B!'B,. 1)

Suppose BZTBZ- is chosen such that W; is a positive definite matrix, then the objective function of
subproblem is strongly convex, which ensures that the subproblem has a unique solution. By
completing the square of (20), we get

c 1 - 1. c
L; (zi,uj, A) + §\|Zz‘ - Z§||123;Bi = §”Zi — 2w, - 5”4“”%% + g (uf) + §HZ§||123;Bi7 (22)

where

zZi =W, (QI'Diul — AT + cB]B;z!) . (23)

)

Substituting (22) into (17) and omitting the constant terms, the optimization problem (17) is equivalent

to
t+1 _ : Ly 2 24
orgmin 35 21 I e

V4

Optimization problem (24)) presents two challenges. Firstly, obtaining an analytic solution is difficult due
to the linear constraints of both Z and &X'. Secondly, calculating the inverse matrix W in to obtain
t+1

z;" " can be computationally expensive. In the following, we demonstrate that an appropriate choice of

BiTBZ- can overcome these challenges. To facilitate the calculation of the inverse of W;, we set
B B; = c|A{ Ai| + Q] Qil, (25)

where | - | takes element-wise absolute value of a matrix. From the definition of A; and Q; in (12)) and

(TT) respectively, we get

N; 1% 0%
ATA; = |—1y Iy, Oy | ®In, (26)

N; oY -1%
Q/Q;=| oy, Oy, Oy, |®L. 27)




Substituting (26)-27) into 25), we obtain
(c+1)N; e-15 1%,
BiBi=| c-1y, c-Iy, Oy, |®L. (28)
1y, On, Iy,
With the aid of (26)-(28)), we can guarantee that W; defined in is a positive definite diagonal matrix
of the form
W, =2 Diag ([(c+ 1) Nj,c- 13,13, ]) @ I,.. (29)

*1in (23) easy to compute. Moreover, by denoting Z; := [(p;)” , (ZZ-_)T, (i*)T]T, where its

It makes zt i

last two parts are
2;::Vec< ],]6/\/> —Vec< ],jEM>,

+1

then zt can be deduced using the following remark.

Remark 2 Given B;, i € N in 25), the analytic formula of the optimal solution zt™ in is derived

as follows
pf-i-l _ pilﬁ—i-l (30)
o —Ve°<ci1<iij>t+l+c+11< Dty eN> (1)
()" = vec <c+11<i;fj>t“ + @) T EN, ) (32)

The proof is shown in the Section |l I in the supplement material. From ( one can see that z\™!

+1

can be obtained in a distributed fashion using only zt , j €N; from its neighbors.
8

To see the last point for u;, by omitting the terms that are irrelevant with u, the optimization problem
in (18) reduces to

argmin Y (—(QF Diui, 2 ) + dgm, (w) + £ lu — uf?).
u ieEN

The above objective function is separable in u; and further performing projection yields

) 1
uf“ = projgx, (ui + pDiQizf'l) , (33)
which represents a projection onto the unit ball that can be reduced to
utl = il jEN; (34)
Y max{1 el ;

where

1
vec ( tlje M) =ul + ;DiQiz';H.

zg’



In summary, problem and problem (18] can be equivalently rewritten as problem and problem

(33), respectively, and the corresponding distributed solutions are given in (30)-(32) and (34). An outline
of the distributed procedure is described in Algorithm [I]

Algorithm 1: Distributed SP-ADMM algorithm

Input: parameter c, p, and initial values of z0,u?, A =0,i=1,..., N.

Let W, =2 Diag ([(c + 1) Nj,c-1%,1%]) ® L.

for t € {0,...,T} do

for client 1 = 1,2,..., N in parallel do

a2+ — W (QiTDiuf ~ATAL 4 cBiTBizf) (35)
pitl=a;ificA (36)
end
communication:

= Broadeast (z;;)"*!, (z;7;)""" to region j € N,

« Receive (z;,)"*, (z;,)"*" from region j € N;.

for client 1 = 1,2,..., N in parallel do
Update z: ! via 30) — (32) (37)
Update u/™ via (34)

A= AL c Azt (38)

end

end

Remark 3 We show that the SP-ADMM algorithm is closely related to the ADMM algorithm derived in
[24] for single source localization. Specifically, let us set pt = pﬁ, a; = p§- forallt>0,jeN;=A
(single source localization). Then, by and the definition of E; in (14), we obtain

p=pt =Kz, i¢ A (39)



Multiplying E; on both sides of and rearranging terms yields

1
~ 41 —
pﬁ = EZN m dijug,j +(2¢+1) (P;5 - p;) - Ag,j +(2c+1) P§‘ + (Z;,rj)t - ¢ (pf o (Zid)t) ]
J i

(40)
Ifpl = (z;j)t, which is A;zt = 0,7 € N, then combining with (@0), replacing p;, zjj with a;,
and rearranging terms again we have

1 & 1
pitl — m; [aj+m (djul + (2c+ 1) (p' — ay) —A;.)]. (41)

t
1,57

Here we have replaced d; ;,u )\; ; by dj, ug-, }\E since 1 is a fixed value in the single source localization
problem. Hence, if 7! satisfies the linear equality constraint (I3b), then equation is identical to the
ADMM algorithm given in [ [24|], Equation (3.8)] except for the constant coefficients of the variables.
Therefore, the proposed SP-ADMM algorithm can be regarded as an extended version of the ADMM
algorithm in [ [24)] with extra capability to handle the multi-source localization problems.

However, in the case of multi-source localization, the ADMM algorithm can be significantly more com-
plex than in single-source localization due to coupled variables and increased computational complexity.
Coupled variables make subproblems in ADMM entangled and thus the convergence of the algorithm
is hard to prove. Moreover, the increased number of variables in multi-source localization increases

computational complexity, leading to slower convergence rates and reduced localization accuracy.

In Algorithm [I] we observed that in order to carry out the new round of iterations, node i has to
store the following values: z!, ul, A\, W;, B B;, D;, Q;, A;, ¢, p, N;. If we assume that the storage unit
occupied by any real number is one, then node i requires 13n?N?+10n?N; +2n? +4nN; +n + 3 storage
units in total. Note that although the matrices and parameters involved are fixed, the rest of the vectors
are updated with each iteration. To reduce the storage space required by each sensor to run Algorithm
we transform the update step as follows.

Let us start by giving an explicit formula for the parts of the update variables in Algorithm [I] Using
the form of A;, Q;, and D;, defined in (12), (T1)), and (I0), respectively, we have

ATX =[50 ()" vee (A e )0 ]
JEN:

T
Q;‘FDzuf :[ Z (di,juaj)T s OTi,VeC (—dmuij,j S ./\/;)T] . (42)
JEN;



Also, it follows from the definition (28) that

BT Bz, = [((c+ Nt +e Y () + 3 (2)") vee (e (bt (2)) G € )

JEN; JEN;
t Y nr
vec (pi +(z;)" 5 € M) ] . (43)

By substituting @2)-@3) into (33)) yields the following update

1
pitl=—— ~— t + oyt
B =g 2 (G — Ny e (b)) + i )], (44)
JEN:
1 1
t+1 L4~ (pt AL

(Z;5) —QCA it 5 (Pz +(z;) ) (45)
(z7) = *d ll -1-1( —|—(Z+-)t). (46)

1,3 0, ) %,j

Using once again the form of Q;,D; and A, it follows from the (34) and (38) that

- d;
ot —ul  + pu (pf“ (zF. )t+1)’

?.] 7.7
ultl — 1 att! (47)
2,9 max{l Hut+1||} 1,5
ST =N e (P = () ). (48)
~t+1

Next, we intend to remove z,"~ to reduce the storage space and computation required by Algorithm

[[} Combining (30) with (36) and (@4), we have

2ien, (2dijuf ;=20 +at +B1 ;)

_ , ifid A
pz_i_]_ 2(c+1)N; (49)
a;, if i € A.
where
afd D= Aﬁd +c <lee + (z;j)t> , (50)
Bl =—digui; +p|+(z})" (51
By adding (z;,)"*" to the both side of (43) and using (3T, we get
c+1, _ 1 1 _ 1 .
" (a) = oo (R () ) + (@) (52)
Then, substituting (#6) into (32)) and using (30)-(51), it yields
(2,,)"" = CHENCIDE (53)
j g P,

’ 2(c+1)
Similarly, we add c(ij_ﬂ-)t+1 to (46), then using (32)) and (50)-(51)) to obtain

1
(Z—‘,—])H_l m (BfJ + 0‘3’,1’) ) (54)



Algorithm 2: Simplified SP-ADMM algorithm
Input: parameter c, p, and initial values of z° € Z, u?

Compute {(ai,jv Bi,j) tienjen; defined in (50)-(51)

for t € {0,...,T} do
communications:

AO =0,i€ N, jEN;.

1,57

= Broadcast o ],,3 to region j € N;,
« Receive ) ;, 3%, from region j € ;.

for client i1 =1,2,..., N in parallel do

Update p/™ via @9)
Update utJrl via (55)
Update ijl via (56)
Update oztJrl via (58)

Update )\tH via

end

end

Applying (54) to @7) and (G1)), we get

d; ;
St it
1
t+1 _ Git+1 55
S ma( L Al o)
t+1 _ tH1 it ¢ t
Bt =—dijut +p + ICES) (Bi;+aly). (56)
Substituting into and (50), we have
B 41 ¢ ¢
att = AL+ 2epith (58)

The simplified version of the algorithm is summarized in Algorithm 2] From the updating steps of Algo-

)\t

rlthm l it can be seen that each node only needs to store the following values: o T 3t i

2]7 137 d',]”je

N; and ¢, p, N;. Compared with the storage space required by node ¢ of Algorithm [T} Algorithm [2]

demands only 4nN; + N; + 3 storage units, which is significantly reduced compared to that required



by Algorithm [I| We remark that the update and (53)-(58) of Algorithm [2] should be interpreted
as an improved version that optimizes the storage requirement of Algorithm |1} Although Algorithm
offers superior storage efficiency, the presentation of Algorithm [I] still has value for several reasons.
Firstly, Algorithm [l| serves as a foundation for understanding the principles and techniques behind
Algorithm [2] By presenting Algorithm [I] first, we can demonstrate the motivation and rationale for
the modifications made in Algorithm [2] Additionally, the convergence analysis for Algorithm [I] is more

direct since Algorithm [2f streamlines the steps of Algorithm

Remark 4 (Complexity Comparison) For each iteration of Algorithm (I} the computation cost is derived
by (33) that involves the inversion of diagonal matrix W; € RMENiAD)xn(2Ni+1) \ohich is independent of
the iteration index t, and thus needs to be computed only once. Besides, equation (34)) requires calculating
the Euclidean norm of u; € R™i*1 Hence, the computational complexity of the proposed SP-ADMM
algorithm is O (nN;), which is lower than SDP relaxation method O(n3) and ADMM-H, but equal to
SF and AM-FD. The communication cost per iteration per node is directly proportional to the number
of scalar variables that sensors need to transmit to their neighboring nodes [|9]. Thus, the AM-FD, SDP,
and SF algorithms have a communication cost of nIN;, while the proposed SP-ADMM requires sending
two variables to its neighbor, resulting in a communication cost per iteration of 2nN;. It should be noted
that the proposed SP-ADMM has lower communication cost than ADMM-H since the latter also needs
to transmit a penalty parameter to its neighboring nodes at each iteration. The detailed comparisons

between the proposed SP-ADMM algorithm with the other methods have been shown in Table

IV. CONVERGENCE ANALYSIS

In this section, we present a proof for the convergence of the proposed Algorithm [T which consists of three
main steps. First, we provide an upper bound [31] for the difference £(z!*1, ut1 A1) — £(z!, u’, \?).
Then, we construct a potential function ¢! based on the AL function £(z!, u’, A!), which monotonically
decreases with each iteration and has a lower bound. Employing the Kurdyka—t.ojasiewicz property [32]-
[36], we establish the global convergence of the sequence generated by Algorithm [1} Next, we introduce
the optimal gap function F(z,u, A) to show that the proposed Algorithm [I| converges to both a KKT
point of problem (I35)) and a critical point of the original problem (2)). Lastly, we define the e-solution
and prove that the algorithm sequence converges with a sublinear rate.

First, we bound the update step of the AL function £ (z,u, A) at each iteration.



Lemma 1 Suppose cBTB takes the form of (25), and let {(z ul )\t)} be a sequence generated by
Algorithm (I} Then, for all t > 1, we have

£ (Zt+1, At+1, ut+1) o ﬁ (Zt, At, ut)

<3 |-l = Zls, — Sl — w2
ieN

3 Nmax+1 ~ —
4 20ty (g at) D, (uf i) |2

+ 3c (Nmax + 1) HZ;‘:+1 - Z§+1 - (Zﬁ B Zf) ||2AlTA7
+3 (1 + C) (1 + NrnaX) HZEJFI - Zg - (i;t o Ziil) H2BZTB’]’ 9
where Npax := max{N;,i € N'}.

Proof: See the Section [2]in the supplement material. [ ]
Obviously, the right-hand-side (rhs) of (39) is a sum of three positive terms, no matter how large ¢ and
p are, there is no guarantee that £ (z,u, A) decreases at each iteration step. Thus, it cannot be used as
a potential function. In search for an appropriate potential function, we add the constraint violation and
the proximal term to the AL function, then a novel potential function is designed as follows

t ¢ ~t)12 02 L Pyt t—12 t t—112 t oyt oot
=3 2 [RlAZ? + ral Azl + L fuf = w7+ (v 4 o) 2 — 2 g, | + 202 A ),
ieN
(60)

where k1, ko, c, p > 0 are some positive constants, which can be determined by the following Lemma.

Lemma 2 Suppose the sequence {(z ul )\t)} is generated by Algorithm |l| and CB;TBi takes the form
of @23). Then we have the following

1 k1 —1 1 c(k1—1) 1
—t < 3 [ - gl —atly, - et — e, — St — s,

ieN

P t41 o ¢(k1=6(Nmax +1)), 111 1 (s 2
Ll St D gt — gt — (3 2t) g,

ck1 — 6 (Npax + -
— (26 & )HQz( +1 _ 125) - D; (ut _ ut 1) ||2

ck1—6 (14 ¢)(NVmax + 1) -
- ) = ||Z§+1 - Zf (Zt - Z )HBTB
_ ( CK2 * Tmin . (Nmax + 1) CHI) Hit—i—l N Zt”Q

2Ngmn (¢ + 1)2 2 ! !
— (B = @ (4 2)) [t = 2] (61)

where Ny, = ZieN Nj is the total number of neighboring nodes, dmax = max{d; ;,i € N,jeN;}

is the maximum measurement distance and iy := min{(c + 1)* N? 4+ ¢2N; + N;,i € N'}.



Proof: See the Section |3|in the supplement material. [ ]
From the above analysis, it is clear that as long as k1, k2 and p are sufficiently large, the rhs of
is less than zero. As such, the potential function ¢! decreases at each iteration of SP-ADMM. Below,
we derive the precise bounds for k1, k2 and p. First, following the first five rows on the rhs of (61)), a

sufficient condition for x; is given below (for any given ¢ > 0)

K1 Z 6 (Nmax + 1) <1 + i) . (62)

Second, for any given ¢ and k1, according to the sixth row on the rhs of (6I)), we need

>zumn@+wf(wmm+1pﬂ

(63)

K9 -
Tmin

Finally, given c, k1, k2, and based on the last row on the rhs of (6I)), parameter p requires to satisfy
p>4d> . (ki + Ka). (64)

We conclude that if (62)-(64) are satisfied, then the potential function ¢’ will decrease at every iteration.
Now, we are ready to establish the main result. To this end, let us define the function F (z’, u’, X'

as the optimal gap of problem (I3) given by

F (el A) = 3 [l12t = projy z (2 — (VP (2 uf) + ATA)) |2 + Azt + Juf = ul™2].
ieN
(65)

Based on the function F (z!,u’, A') defined above, Lemma [3| establishes its relationship with a KKT

point of problem (I3) and a critical point of problem ().

Lemma 3 When F (z',u', ") =0, then (2z',u’, X') is a KKT solution of problem (I3) satisfying:

z! € argmin Z F; (zi, uf) + (AL, Ayz;), (66a)
z€EZ
ZGX ’LGN
0 €V, F; (2, uj) + ddpv. (i), (66b)
0 =A;z. (66¢)

Moreover;, (pt,u') is a critical point of problem (6), and p' is a critical point of the original problem
@).

Proof: See the Section [] in the supplement material. [ ]
Lemma [3] suggests that we can demonstrate the sublinear convergence of Algorithm [I] to a critical point

of the original problem (2)) by proving the sublinear convergence of the sequence {(z!, u’, A\Y)} to a KKT



stationary point of problem (I3)). This convergence can be illustrated by invoking the following definition

and lemma.

Definition 1 Given problem (15)), we define (z,u,X) as an e-solution if |A;z;|| < € and there exists a
vector vi € V, Fi(zi,0;) + A\ + 0dxx z (2;) and a vector va € V4, Fi(z;,u;) + 0dg~, (u;) such that

Vil <& vl <e.

Lemma 4 Let parameters c and p satisfy (62)-(64), then for any t > 1, there exists a constant M > 0
such that we can find an s € {1,2, ...,t — 1} satisfying (z57, 03 X5TY) being a M/+/t — 1-solution.

1 )

This implies that an e-solution can be obtained within M?/e? iterations.

Proof: See the Section [5]in the supplement material. [ ]

Theorem 1 For each nodes i € N, suppose the sequence {(zg, ul, )\f)} is generated by Algorithm
and the conditions (62)-(64) are satisfied by properly setting the parameters. Then we have

o Lower Bound:

J¢> 00 st " >¢ VE>0.
o Eventual Consensus:

tlim 7t — 7l 0, tlim AL Ao,
— 00 —00

t+1

lim u;

Jm —ul -0, tli)rgo Azl — 0.

« Global Convergence: the sequence {y' = (z',u’, ") } has a finite length, i.e., Y2, [y —y'|| <
00, and it converges to a KKT point of problem (13).

o Convergence to Stationary Pointﬂ: F (zt, u’, /\t) — 0 and the iteration sequence {(zt, u’, )\t)}
converges to a KKT stationary point of problem (13).

« Sublinear Convergence Rate: For any given €1 > 0, suppose that F(z',ut, \!) in (63) is less than

€1 for the first time in the T-th iteration step, i.e.,
T := argmtin]:(zt, uf, A < ¢,

Then there exists a positive constant ea > 0 (the specific form is defined in the (S.119) of the

supplement material) such that €, < 25, which means the convergence rate of function F (zt,ut, AY)

is O(1/T).

3Given the linear constraint and nonsmooth term in the nonconvex optimization problem (I3), we refer to the points that

satisfy the KKT condition as the stationary points (or KKT points) of the problem @, such as [26]], [[37]-[40].
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Proof: See the Section [0]in the supplement material. [ ]
To our knowledge, Theorem |1]is the first result that shows the O(1/T") convergence rate of the distributed
ADMM algorithm for the nonconvex and nonsmooth localization problem. Since Algorithm [2] is a
simplified version of Algorithm [I| in Section the convergence result also holds for Algorithm
In the next section, numerical results will corroborate that the SP-ADMM algorithms can demonstrate

more favorable convergence behavior than the benchmark methods.

V. NUMERICAL RESULTS

We consider the two-dimensional sensor network localization problem and evaluate the performance of
the proposed Algorithm [I] against several other state-of-the-art methods, including SDP [10]], SF [18],
AM-FD [20] and ADMM-H [[19]. We remark that the proposed Algorithm [2| only simplifies the storage
space of Algorithm [I] Therefore, there is no difference in positioning accuracy between Algorithm [T] and
Algorithm 2] Note also that the first two methods employ convex relaxation, the third one solves the
original nonconvex problem directly, and the last one is a hybrid convex/nonconvex solver. Following
[20], we will also examine the performance of SP-ADMM-NAGS50 and AM-FD-NAGS50, where SP-
ADMM-NAGS50 means that we run 50 steps of the NAG method [41]] to obtain a good initial point, after
that, the proposed SP-ADMM is used until convergence. For fairness, AM-FD-NAGS50 uses the same
initialization.

The criteria under which we compare the above algorithms are the practical running time counted as
the maximal computation time among all parallel computing components and the averaged root mean

squared error (RMSE) in a particular iteration, as described in [19], 23],

[p! — pill?
RMSE(t) = | » —1
i€(N/A) N—m

where N/ A represents the set of agents with unknown positions, which has N — m elements, p; is the
true position of node i and p! is the estimated position of node ¢ in the ¢-th iteration of the algorithm.

In addition, to check the convergence of the proposed algorithm as stated in Theorem |1} let

S(t) =Y IVaFy (2 uf) + AT X%,

ieEN
Ut) = Z [l — ul )2,
iEN
P(t)=>|Aazl| (67)

ieN
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TABLE II

BENCHMARK NETWORK AND ALGORITHM SETUP

Method Parameters
Network Parameters ADMM-H AM-FD
N m  Crange Tadd Doy €e Ce Te 0. Se Amax u’
500 10 0.3 0.02 14.15 0.002 0.25 0.008 0.98 1.01 10? 0
1000 20 0.1 0.007 11.09 0.003 0.07 0.002 0.98 1.01 10° 0

where S(t) and U(¢) are defined as the stationarity gap while P(t) is defined as the feasibility gap for
problem (13]). The MATLAB code that implements the proposed SP-ADMM is available at: https://github.com/zm-
stu/SP-ADMM.

A. Benchmark Network

In the experiment, various methods are applied to the benchmark network data collected by the Stanford
Computational Imaging Lab [42]). Table [[I|lists the details of the two networks and the specific parameters
used for both the ADMM-H method and AM-FD method, which refer to the settings in [[19] and [20].
Crange and Dyye := % Zie A Vi in Table |l represent the communication range and the average number
of neighbors, respectively. For the proposed algorithm, parameters are set to p = ¢ = 0.11,u’ = 0
for N = 500 networks and p = ¢ = 0.0197,u’ = 0 for N = 1000 networks. The initial point z°

for both networks is selected from a uniform distribution, Unif (—1, 1)"(4l‘€|+N )

. Following [15]], we
consider two different kinds of measurement noise: one is an additive white Gaussian noise (AWGN)
with standard deviation 0;; = 0,44, While the other is the range dependent Gaussian noise, namely a
zero mean Gaussian distribution with range dependent variance a?y = 0add||Pi — Pj||?- The purpose of
including the range-dependent Gaussian noise experiment is to evaluate the robustness of our proposed
algorithm.

Convergence performance: Let us first examine the convergence behaviors of the proposed algorithm,
SDP [10], SF [18]], AM-FD [20], and ADMM-H [19]. Fig. and Fig. display the RMSE versus
the iteration number when we use AWGN and range-dependent Gaussian noise, respectively. As shown
in Fig. that ADMM-H based on a two-stage approach performs the best and its RMSE approaches

the Cramer—Rao Lower Bound (CRLB) [43]], but it is less advantageous in terms of the running time (see

Table [[II). We note that the AM-FD-NAG50 and SP~-ADMM-NAGS50 show lower RMSE than both SF
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Fig. 2. Performance with benchmark network (N = 500,m = 10). Measurement noise: AWGN (first row) and Range-
dependent Gaussian noise 01-27]» = 0ad||Pi — P;||? (second row). RMSE value (left column); feasibility gap and stationarity gap

(right column).

and SDP, illustrating that non-relaxed problems generally result in better location estimation than that of
the relaxed problems. When we focus on the first-order methods, Fig. and Fig. demonstrate that
the SP-ADMM-NAGS50 algorithm achieves higher accuracy with fewer iterations than other methods for
both AWGN and range-dependent Gaussian noise scenarios. Furthermore, we see that AM-FD-NAGS50
outperforms AM-FD, which reflects the advantage of using the NAG method to provide an initial value
that is beneficial for the nonconvex localization problem (2)).

In Fig. 3| we plot the RMSE versus the iteration number for a large network with (N = 1000, m = 20).
Further comparing Fig. (Fig. with Fig. (Fig. Ic)), we observe that the performance of
all the methods is degraded. Intriguingly, Fig. shows that the proposed method achieves the best
performance under range-dependent Gaussian noise. It implies that the proposed method may be more
suitable for a large network in reality, possibly due to the noise and error elasticity of ADMM [9].

Gap: To further examine the convergence of the SP-ADMM algorithm, we plot in Fig. (Fig.
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Fig. 3. Performance with benchmark network (N=1000, m=20). Measurement noise: AWGN (first row) and Range-dependent

Gaussian noise 07 ; = oual|pi — p;||> (second row). RMSE value (left column); feasibility gap and stationarity gap (right

column).

109}

SF
—o— AM-FD
—4—SP-ADMM

iOOQ step

<

Fig. 4. Comparison of RMSE and communication cost for different methods in the benchmark network with AWGN noise.

1 2 3
Communication Cost ., 1 o7

(a) N =500,m =10

RMSE

100 ¢

SF
—e— AM-FD
—4—SP-ADMM

- :IDQO step

0 2

6 8

Communication Cost 4 07

(b) N = 1000, m = 20



24

TABLE III

COMPARISONS OF RUNNING TIME

Run time (seconds)

Algorithm RMSE (AWGN) Parallelized Sequential(Per Step)

Benchmark Network (/N = 500, step = 1000, CRLB ~ 0.014)

SF 9.85e02 0.05401 1.24e03 (1.2428)

AM-FD 4.99e-02 - 6.19e02 (0.6193)
AM-FD-NAG50 2.75e-02 - 6.75¢02 (0.6753)
SDP 2.97e-02 - 1.98e02 (6.1815)
ADMM-H 1.49e-02 0.1518 3.50e03 (3.4957)
SP-ADMM-NAGS50 2.03e-02 0.01091 6.64e02 (0.6642)
SP-ADMM 2.98e-02 0.01784 6.30e02 (0.6298)

Benchmark Network (/N = 1000, step = 1000, CRLB =~ 0.005)

SF 7.41e-02 0.045 6.09e03 (6.085)

AM-FD 5.07e-02 - 1.43e02 (0.1430)
AM-FD-NAG50 4.17e-02 - 1.45e02(0.1455)
SDP 4.19¢-02 - 1.56e03 (23.9601)
ADMM-H 2.73e-02 0.152 1.06e04 (10.5978)
SP-ADMM-NAGS50 2.94e-02 0.034 9.63e01 (0.0965)
SP-ADMM 3.73e-02 0.033 9.04e01 (0.0905)

@ These symbols “-” in the table mean that the methods cannot be implemented in parallel.

and Fig. (Fig. the curves of the optimal gap of problem (13]) versus the iteration number.
Observe explicitly that the performance gap of our proposed SP-ADMM algorithm reduces as the iteration

number increases. This result verifies the efficacy of the Theorem|[I] which states that the iterative sequence
{(zt, u’, )\t)} generated by Algorithm |1| converges to a KKT stationary point of problem and the
convergence rate is O (1/7).

Running time: Table [II]] shows the running time of the methods in Fig. 2] and Fig. [3] It can be
seen that the proposed SP-ADMM algorithm is most efficient in computation time than other methods.
Note that while SF has a competitive running time compared to ours, its RMSE is bigger than ours. In
addition, although the SDP solver here uses SeDuMi [44]], it still consumed a lot of computational time,
especially when the network size NV is large. SDP terminates when the norm of the constraint gap reaches
the order of 10~7, while the other methods perform 1000 iterations. In contrast, AM-FD and AM-FD-

NAGS50 require modestly increased computation time as the network size grows. Nevertheless, compared
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Fig. 5. Convergence performance of different methods with various sizes. (a)-(d) RMSE value vs. iteration number; (e)-(h)

RMSE value vs. communication cost.

to other parallel methods, AM-FD and AM-FD-NAGS50 are not the most sensible choices for large-scale
networks and networks with a large average number of neighboring nodes, causing extra delays by the
sequential structure under distributed networks. As a result, the structure of parallel implementation would
be more efficient. Lastly, we note that the application of the ADMM-H method to large-scale networks
is impractical due to the unaffordable sequential running time. Moreover, it can be seen from Table [[I]
that the ADMM-H has more parameters to adjust for different networks.

Communication cost: To evaluate the efficiency of various communication methods, we performed
a comparison of the RMSE of different methods under benchmark networks as communication costs
increased, as depicted in Fig. ] Our results reveal that although the proposed SP-ADMM incurs a
higher communication cost than the SF and AM-FD algorithms during the same iteration (i.e., 1000
steps), it achieves higher accuracy at the same communication cost once convergence has been reached.
Additionally, Fig. [] also indicates that the AM-FD and SF methods were incapable of meeting higher

accuracy requirements, even with sufficient communication resources.

B. Synthesized Network

In this subsection, we evaluate the performance of the proposed SP-ADMM algorithm in comparison

to ADMM-H [19], SDP [10]], SF [18]], and AM-FD [20] under varying factors that could potentially
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TABLE 1V

SYNTHESIZED NETWORK AND ALGORITHM SETUP

Method Parameters

Network Parameters ADMM-H AM-FD

N m Crange Tadd Davg €c Cc 0. Oc Amax Te u

Random (Changing m)

495 5 0.3 0.02 12.88

515 20 0.3 0.02 16.48 0.002 0.25 0.008 0.98 1.01 10° 0

525 30 0.3 0.02 18.50

impact localization accuracy.

1) Influence of the Number of Sensors (N): We initiated our investigation by evaluating the per-
formance of random networks with sizes N=2000, 3000, 5000, and 10000. Similar to the benchmark
networks, the anchor number was set to 2% of the network size, and the value of 0,99 of AWGN was
chosen to be 7% of the communication range. The results of our experiments are presented in Fig. [5 where
Fig.[5[a)-(d) depicts RMSE versus iteration steps and Fig. [5[e)-(h) illustrates RMSE versus communication
loss. Similar to the results obtained for the benchmark networks shown in Fig. ] our findings demonstrate
that the proposed SP-ADMM algorithm incurs a higher communication cost compared to the SF and AM-
FD algorithms during the same number of iterations (i.e., 1500 steps). However, once convergence has
been achieved, the SP-ADMM algorithm provides higher accuracy at the same communication cost.
Moreover, Fig. Eke)—(h) show that even with sufficient communication resources, the AM-FD and SF
methods are incapable of meeting higher accuracy requirements.

2) Influence of the Number of Anchors (m): The parameters for the random networks and ADMM-
H method are summarized in Table The three networks of the experiment are formed by randomly
removing 5 anchors, randomly generating 10 anchors, and randomly generating 20 anchors on the
benchmark network (N = 500,m = 10). Fig. [6] explores the influence of the number of anchor
nodes on positioning accuracy. In all three networks, the parameters of our algorithm were set to
p=c=0.11,u" = 0, and z° from a distribution Unif (—1,1)"4€*+N) Ag expected, the localization
accuracy of most methods improves as the number of anchors increases. This is due to the anchors
know their true locations, thus can provide more accurate position estimates of the neighboring nodes. In

addition, we can see that except for the ADMM-H method, the SP-ADMM-NAG works better than other
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Fig. 6. Convergence performance under a different number of anchors with AWGN for the N — m = 490 nodes network.

RMSE value (left column); primal feasibility and stationarity gap (right column).

methods and gets closer to CRLB when increasing the number of anchors. A closer inspection shows that
for the AM-FD (light blue line), which is also a nonconvex relaxation method, the proposed SP-ADMM

(green line) performs better even though it converges not so fast at the beginning. AM-FD-NAG50 (dark



TABLE V

COMPARISONS OF RUNNING TIME

Run time (seconds)

Algorithm RMSE Parallelized Sequential(Per Step)

Random (N = 495, m = 5, step = 2000, CRLB ~ 0.016)

SF 4.64e-01 0.0402 1.97e02(0.0984)

AM-FD 1.86e-01 ! 1.23e02 (0.0613)
AM-FD-NAG50 9.25e-02 - 1.24e02 (0.0623)
SDP 7.99e-02 - 1.59¢02 (4.9609)
ADMM-H 7.47e-02 0.1412 6.27e03 (3.1338)
SP-ADMM-NAGS50 7.45e-02 0.0256 1.16e02 (0.0581)
SP-ADMM 1.38e-01 0.0251 1.11e02 (0.0554)

Random (N = 510, m = 20, step = 1000, CRLB ~ 0.013)

SF 9.40e-02 0.04971 1.39¢03 (1.3411)

AM-FD 4.67e-02 - 7.20e01 (0.07202)
AM-FD-NAG50 2.31e-02 - 7.66e01 (0.0768)
SDP 2.65e-02 - 3.24e02(10.4481)
ADMM-H 1.38e-02 1.31 3.56e03 (3.5575)
SP-ADMM-NAGS50 1.97e-02 0.03232 8.10e01 (0.0881)
SP-ADMM 3.72e-02 0.0388 8.29e01 (0.0811)

Random (N = 520, m = 30, step = 1000, CRLB ~ 0.013)

SF 7.94e-02 0.0411 1.81e03 (1.8142)
AM-FD 3.67e-02 - 7.51e01(0.0752)
AM-FD-NAG50 1.90e-02 - 8.20e01 (0.0821)
SDP 2.56e-02 - 5.57e02(18.5801)
ADMM-H 1.33e-02 1.41 3.51e03 (3.5150)
SP-ADMM-NAGS50 1.35e-02 0.0343 8.54e01 (0.0854)
SP-ADMM 1.90e-02 0.0351 8.51e01 (0.0811)

@ 9

® These symbols in the table mean that the methods cannot be implemented in parallel.



10° ;
—A—SF
—8— AM-FD
-+-SDP
~—4— SP-ADMM
®
< 10"
o
102~ ‘ ‘ ‘ ‘ ‘
0 200 400 600 800 1000
lteration Number
(a) Dayg = 7.30
10° j
—A—sF
—8— AM-FD
-+-SDP
107" —4—SP-ADMM| |
L
N
S
oC
102 Foto -
107

0 200 400 600 800 1000
lteration Number
(¢) Dayg = 12.57

10°

10°

10—1 L

—A—SF
——AM-FD
-+-SDP
—4—SP-ADMM

0 200 400 600 800 1000
lteration Number
(b) Dyye = 9.87

—d— SF
—&— AM-FD
=+ =-SDP
—4— SP-ADMM

EE S T s SpE g TpaprR

0 200 400 600 800 1000

(d) Daye = 14.43

29

Fig. 7. Convergence performance under different average number of neighboring nodes (D.y;). Here, we adopt g.aa = 0.02;

N =108, m = 8.

blue line) and SP-ADMM-NAGS50 (red line) also have such performance. The running time is shown

in Table [V] and we find that the SP-ADMM is most computationally time efficient due to the parallel

implementation. The results here are similar to those in Table [IT] and consistent with Table [T}

3) Influence of the Average Number of Neighbors (D,,s): Fig.[l| investigates the influence of the

average number of neighbors on the performance of four algorithms: the proposed SP-ADMM algorithm,

SF, SDP, and AM-FD. The network (N = 108, m = 8) randomly placed in the 2D [0, 1] x [0, 1] area.

and we set the parameters p = ¢ = 0.0265, z° = 0, and u® = 0.5 - 1. As shown in Fig. [7 the RMSE

values of most algorithms decrease as the average number of neighbors increases. The reason may be that

each node communicates with more neighbors at each iteration, which leads to the position estimated

by different nodes for the same node reaching consistency faster. Notably, the SP-ADMM algorithm
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Fig. 8. Position estimates obtained by the SDP, SF, AM-FD, and the proposed SP-ADMM algorithm in 2-D plane. Here, we
adopt 0aa¢ = 0.02, N = 108, m = 8, Dayg = 12.57 (Crange = 0.23). Here, the anchors are marked by M, the true agent positions
by + and the estimated ones by o.

consistently achieves the lowest RMSE in all scenarios. Fig. [§] visualizes the position estimates obtained
in Fig. It clearly shows that the positions estimated by our approach are very close to the true
agents’ locations.

4) Influence of the Measurement Noise Variance (o;;): To test the robustness of the proposed
algorithm against different measurement noise profiles, the localization scenarios are further extended to
sensor networks with different measurement noise variances aﬁ ;= Oadd||Pi — pj||2. The corresponding
convergence results we obtained are depicted in Fig. 0] Both the network and our proposed algorithm
used the same parameters as in Fig. Note that Fig. shows the test results for g,4¢ = 0.02, while
we show some other configurations in Fig. 0] Here, we have similar observations as in Fig. [7] Although

the performance of these methods demonstrates certain loss with the increase of the noise variance, the



31

10° ; 10° :
—A—SF —A—SF
—&—AM-FD —e— AM-FD
-+-SDP -+-sDP
10_1 —4— SP-ADMM | ~—4— SP-ADMM
5 0
= =
o o o ® 9
102
B e e TR R S
102 1
10'3 L L L L L L L L L L L L
0 200 400 600 800 1000 0 200 400 600 800 1000
lteration Number Iteration Number
(@) oaaa = 0.01 (b) oaaa = 0.03
10° : 10° :
—A—SF —A—SF
—&—AM-FD —e— AM-FD
-+-3DP -+ =SDP
—4— SP-ADMM —§— SP-ADMM
& 107 & 107"
= =
o ® ® ° oc
Bk e e S - S S
102 102
0 200 400 600 800 1000 0 200 400 600 800 1000
lteration Number Iteration Number
(c) 0aaa = 0.04 (d) o.4a = 0.05

Fig. 9. Convergence performance under different measurement noise variances. Here, we let N = 108, m = 8; communication

range is set to 0.23.

localization error of our proposed SP-ADMM algorithm is consistently lower in all scenarios. Moreover,
one can see that the non-relaxed methods are relatively insensitive to measurement noise compared with
the other convex relaxation methods. Perhaps the reason that the solution of the convex relaxation method
is an approximation of the original problem.

We also conducted an experiment to investigate the influence of range-dependent noise on the po-
sitioning effectiveness of various methods in extreme cases. To this end, we randomly generated a set
of 100 nodes and 8 anchors within a [0, 1] x [0, 1] square. The communication distance is set to 0.23,

and the network topology is depicted in Fig. [I0fa). The distance measurements between sensors are

2

subject to Gaussian-distributed noise with zero mean and variance 07 ; = 0u4dPi — p;|%>. The initial

positions are drawn from a uniform distribution Unif(—1,1)?°°, and we calculated the corresponding
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Root-Mean-Squared-Error (RMSE) value as follows:

1 1 Nye 100
RMSE(0) = — > > (0 —p)T (P - pi),
Nuc 100 7= ie(N/A)

where Nj;c denotes the count of independent Monte Carlo trials, while p?’

F symbolizes the initial
position vector of the i-th node in the k-th Monte Carlo trial. For Fig. [I0} we set Njc = 50. When the
RMSE of the algorithm is larger than the initial RMSE, it means that the algorithm has failed to improve
the accuracy of the sensor positions and may have even made it worse. From Fig. [I0} one can observe
that the proposed SP-ADMM failed to provide appropriate position estimates when the variance of the
range-noise is bigger than 60. Additionally, Fig. [I0] shows that the RMSEs of all methods increase as the

noise variance becomes larger. Nevertheless, the proposed SP-ADMM shows the slowest performance

degradation, indicating that the proposed method is more robust than AM-FD method and SDP method.

C. Evaluation of the Proposed SP-ADMM Algorithm Versus Penalty Parameters

We simulated the proposed SP-ADMM algorithm under different values of the penalty parameters c, p,
as well as the initial value u’. The different network parameters (Cicale, Cranges Nmax = {Nj,i € N}
are also considered. Fig. [I2] summarizes the RMSE after 1000 iterations. Fig. [T1] and Fig. [I2] not only
show the sensitivity of the proposed SP-ADMM algorithm to parameters p, ¢, and u’, but also provide
practical advice that can assist users, using the proposed SP-ADMM algorithm, to reduce the time in

adjusting parameters p, c, u’ on different networks.
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Fig. 11. RMSE curves achieved by our proposed methods with different penalty coefficients under the benchmark network

(N =500, m = 10) with AWGN noise.

1) The Selection Strategy of p and c: Theorem |l| guarantees that the proposed Algorithms will
converge if p is selected in accordance with (62)-(64) for a given c. To corroborate this claim, we present in
Fig.[TT|the RMSE with iterations for different values of p, while maintaining ¢ = 0.1 under the benchmark
network (N=500, m=10). Our experimental results demonstrate that, in practical implementation, the
selection of proximal penalty coefficients impacts the convergence rate and final accuracy of the proposed
algorithm. Specifically, for a benchmark network with N = 500 and m = 10, we observed that choosing

a smaller value of ¢ or p within an appropriate range resulted in the fastest convergence and highest

accuracy. For instance, as depicted in Fig. [11j(a)| (Fig. [11{b)), when ¢ (p) is in the range of [1.1p, 2p]

([0.7¢,1.2¢]), the algorithm’s performance improves with decreasing values of the parameter c. However,
selecting a value of ¢ or p that is too small or too large may significantly slow down the convergence
rate and compromise the final accuracy, as evidenced by the yellow, brown, red, and purple lines in the
two subfigures of Fig.[TT]} The appropriate range of the parameter values is typically selected empirically
based on the specific data used.

2) Localization Performance with u and c Selection: Fig. and Fig. validate this statement.
Cscale denotes the side length of the square area where the network is deployed, for example, Cyeae = 10

indicates that the network deployed over [0, 10] x [0, 10] area. Fig. [12(a)(b) employ the same sensor

2

network as Figure , except for the variance of the measured noise o; ;, which is set to ai?’ e 0.02||p; —
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Fig. 12. Localization accuracy of the SP-ADMM algorithm at iteration step 7' = 1000. Measurement noise variance a?yj =

0.02||pi — p;||*: Cscale denotes the side length of the square area where the network is deployed; u; initialized as u? =

u - 1n,,Vi € N; Crunge refers to communication range; Nmax = max {N;,7 € N'}. (a) penalty parameter c is fixed at 0.0265;

(b)(c)(d) initial parameter u is fixed at 0.5.

P; |2. We can see that the curves at different Cycye show tiny fluctuations for varying « than in changing
c. This is because the convergence rate is strongly dependent on the penalty parameter c: please see
the supplementary material for the specific form of the convergence rate. These results indicate that the
performance of the proposed SP-ADMM is not sensitive to initial parameter u but sensitive to penalty
parameter c. Besides, Fig. [[(b)] shows that the appropriate interval value of ¢ for different Cycae is
consistent, and cannot be too large or too small. Therefore, parameter ¢ should be adjusted more carefully
when the proposed SP-ADMM algorithm is applied to different networks.

3) The Selection Strategy of c based on the Communication Range: In this part, we focus on
how the parameter ¢ should be chosen for networks with different communication ranges. The network

composed of N = 108, m = 8 nodes located over [0, 1] x [0, 1] square area and the measurement noise
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with variance 02 ;= 0.02|p;—p; |?. Fig. depicts the evolution of RMSE under networks at different
communication ranges. Under the same number of iterative steps, it can be seen from Fig. that
networks with large Crapge can obtain a lower RMSE by choosing a large ¢, networks with smaller Capge
can reach lower RMSE by selecting smaller c.

These results are consistent with (62)-(64) derived from Lemmal[2] In detail, the maximum measurement
distance d,.x, the maximum number of adjacent nodes Ny, and the total number of adjacent nodes
Ngum all increase as Crynge increases. Therefore, according to (62)-(64), p needs to be increased to ensure
the convergence of the proposed algorithm. Since we set p = c in all experiments, it is reasonable for
c to larger. Moreover, we also obtain similar results for the benchmark network, such as p = ¢ = 0.11
(Crange = 0.3, N = 500) is greater than p = ¢ = 0.0197 (Crapnge = 0.1, N = 1000). These results serve as
the rule-of-thumb for selecting the parameter ¢ of the proposed SP-ADMM algorithm when it is applied
to different networks.

4) Convergence rate with Ny ,y: Fig. displays the RMSE versus the maximum number of
adjacent nodes Np.x for different values of c. The sensor network graph is the same as Fig. at
Crange = 0.25. As seen in Fig. a lower RMSE is obtained at a larger Vy,,x, which means that for
the same penalty c, the proposed algorithm converges faster on a network with a larger Nyax. This is
indeed consistent with our convergence rate of Theorem (1| It can be seen from the supplement that the
coefficient e of the sublinear convergence rate is inversely proportional to Ny, When c, p, k1 and kg

are fixed.

D. Summary

The proposed algorithm has been evaluated against SDP, SF, AM-FD, and ADMM-H methods in terms
of RMSE, running time, and communication cost across a range of network scenarios. These scenarios
include different number of anchors and sensor nodes, average number of neighboring nodes, and different
variance levels of the measurement noise under both benchmark and synthesized network configurations.
Furthermore, we have included an empirical investigation on the impact of the penalty parameters p and
¢ for our proposed SP-ADMM algorithm.

The results indicated that the proposed algorithm surpasses the SDP, SF, and AM-FD methods in terms
of localization accuracy, while exhibiting lower computational complexity and communication cost than
the ADMM-H method. Although the communication cost of the proposed SP-ADMM is higher than that
of the SF and AM-FD algorithms per iteration, it provides higher accuracy at the same communication
cost once convergence has been reached. Overall, the proposed SP-ADMM is a promising solution for

cooperative localization problem in wireless sensor networks.
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One possible future direction is to explore selective communication strategy among nodes to reduce
the communication burden. This involves nodes randomly or sequentially choosing a subset of neigh-
boring nodes to communicate with during each iteration. Additionally, addressing outliers in realistic

measurement data and fusing other types of measurements are also important areas for future research.

VI. CONCLUSION

In this paper, we have proposed novel distributed parallel SP-ADMM algorithms for wireless sensor
network localization in Gaussian measurement noise. Our proposed algorithms directly tackle the chal-
lenging nonconvex and nonsmooth problem without resorting to convex relaxation. We have shown that
Algorithm [T has a low computational complexity (in Table [) and proved that the algorithm converges
to a critical point of the original problem (in Lemma EI, and Theorem |[1)) at rate O (1/7"). Moreover,
we have proposed Algorithm 2] which is an improved version of Algorithm [I]in terms of storage space.
Simulation and experimental results not only have shown that the proposed SP-ADMM algorithm is
robust and performs well in the different average number of neighboring nodes, measurement noise
variance, coverage area, and the number of anchors and non-anchors, but also provided suggestions of

the parameters for migrating the proposed algorithm to different networks.
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1. Proof of the Remark 2]

Recall that
Z:{z|z;fj:pj:zj_yi, VieN, jEM},

and W; is a diagonal matrix defined in (29). Substituting them into (24)), then the optimization (24) is
rewritten as

. _ 2 — 2 - 2
min Y [(e+ 1) N o= B + 3 ella, — )+ 3l - @] s

zeX
ieEN JEN; JEN;

From the definition of A" in and (S.I), we immediately obtain the optimal solution for pﬁ“ as
follows
pitl fori¢ A,
pitt = ¢ P ’ (S:2)
a;, for i € A.

Combining (S.2) with (36) yields
pitt =plt Vie V. (8.3)

The terms in problem (S.1) related to z, ; are

2 2
c —(z;j)HlH + z;j—(z;.;)tHH Vi€ N,jeN,.

Zij
By the optimality condition, we have
2 BN A | e A TS A A A
c <(Z”) - (Zi,j) > + ((Z”) - (Zj,i) ) =0.
After rearranging the terms, we obtain

_ 1 ~, )
@)+ = =5 (o @)™ + (7)) (S.4)

Similarly, for i € N, j € N;, we can obtain the closed form solution for z;rj as follows

1
(Z)" = — () + e (7)) Vi€ NG € NG (S.5)

This completes the proof of Remark [2] by combining (9) and (S.3)-(S.5).
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2. Proof of the Lemmal/l]

In , we take z; = z!t! and z; = z, it yields that

c 1 - 1 -
&@?%%A3+*W“—dﬁwm—&&iﬂAD=§W?1 Ry, — Sllet - 2+,

5|

(2
(S.6)
Since z Lis the optimal solution from Remark I and z ceZNAXA, z leznx , then we have
1 _ 1 .
Szt =27 Ry, < Sllzf -2 R (S.7)
2 2
Substituting (S.7)) into (S.6), we obtain
Lo (™ uf, X) = £ (2 ul ) < D2t — 2l - (38)
Using the u update in (I8) with the same technique, we can obtain the following inequality
L; (ZEH, ultt, i) = L; (zf“, ul, Al) < —gHuEH —u? (S.9)
Recall that AT = XL+ cA;z!™ in (B8), we have the trivial equality
1
L (7w LN = £ (2 TN = SN = A (S.10)
Applying (23), we have
AN = QI Dl — Wzl + BBz (S.11)
Both sides plus the term cAT A;z! ™, by (38), it yields
AN = QI Diuf — Wizl ™! + cBY Bz + cA] Azt
=Q/Diul — Q/ Qizit — cATA; (2T — 2T — BBy (2" —z), (S.12)

where the last equality dues to the definition of W, in 2I). Let ,,,;, denote the smallest non-zero

eigenvalue of AT A;, we have
Tmin| AT = N7 < [JAT (AT = D).

From the definition of AiTAZ» in (26), it derives i, = 1. The above inequality combined with (S.12)

implies that
I = X2
<HQTD (u _ u ) QTQZ( t—l—l ~t) ATA [ t+1 Zﬁ-‘rl _ (22 o Zt)]

_ CBTB [ t+1 Zt (Zt _ Z )] H2

7

2

<B(Ni+ 1) [1Qi (27" - 2) = Dy (uf —uf™") |7+ 37 (N; + 1) 20" — 2! — (2 — %) [Ara,

+33 B Bi||[|zit — 2t — (2 —2,7") |Br. (S.13)
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where the last inequality holds because of the triangle inequality and | Q7 Q;|| = |[ATA;|| = N; + 1

denotes the spectral norm of a matrix A7 A;. Along with the form of the matrix

¢BI'B; in (28), we have

1 1+ Nmax
B B < ( +C)(C+ ), (S.14)

where Npax := max{N;,7 € N'}. Substituting (S.14) into (S.13)) and the resulting applied to (S.10), we
have
Li (7 u A — £ (20 ul )

3 Nmax + 1 ~ — ~
<Aty (35— 2t) Dy (™) 7 4 B (N + 1) 20— 20— (2~ ) a1,
+3(1+¢) (1+ Nax) |20 —2f — (2] —2;7") |Brg,- (S.15)

Combing (S.8), (S.9), (S.13), moreover, taking summation over i € A/, we obtain the final result (59).

3. Proof of the Lemma

The following Lemma shows the descent of the desired term.

Lemma 5 Suppose cBZ-TBi takes the form of (23), then the following is true for Algorithm
S IR + Sl — 2,
ieN

C
<3 [SNABI + st — o g, — Sl — s, — 5l
ieN

t+1 ZfH?QTQ?

d2
+ 52 uf -y ? - !!Qz('§+1 z;) —D; (uj —ui ™) ||?

2 7
C, . . N; +1 .
fuz?l—zi*l—<z§—z§>ui;Ai+—( D gt

~t+l t t
SN - 2l - (3 - 2 s,

where dmax := max{d;j,i € N, j € N;}.

Proof: According to (S.12)), we get
(AT = X0, = ) = (W (0~ ) + QID (uf —ul ™) 2+~ 3)
+ (cATA; (it —2l) + BB, (2 —2z71) 2/ —2l).  (S.16)
Let us bound the left-hand side (lhs) and the rhs of separately. First, the lhs of can be

expressed as

) [}

<A’ZT(AZ+1 At) ~t+1 it> <CATA Zt+1 it+1 ~§> ,
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where the equality dues to dual update in (38). Furthermore,
<CATA Zt+1 ~t+1 ~t>

= <CA,L~TA1' (zf+1 —z}) A zi) — <cATA izt 7t —z)

1) 7% Z’z

— — St — gl — () -

2 (2 (2
*IIA (z —2) |” - HA (2 —2) |I* + HA ~t+l||2_§”Aii§H2v (S.17)

z) ara, + *H”ﬁ+1 — Zj[[ara, + *Hzt+1 —zil[ara,

where the final equality dues to (a,b) = —3|la—b||? + }|a[|? + 3|/b||? for any a,b € RENi+Dn - And
from the compatibility of the norm that

c 5 c(N; +1
ClA (& -zt P < CDi T

5z =P, (S.18)

where |ATA;|| = N; + 1 due to (26).

Second, we have rewritten the first row on the rhs of the (S.16):

(~Wi(zl"! ~ 2) + QIDy(ul — ul ), 2~ 2)

=— |zt — 2|3y, - - ||Qz(t“ z) — D; (uf —uj ") |’

fllczz(f-“ z) II” + IID(u—u HIz. (S.19)

(2

For the second row on the rhs of the (S.16), we have
(cATA; (27 —2!) + BB, (2! — 27" 2" — Z!)
7HA ( t+1 ) H2 ”A ( t+1 ) ”2 H~t+1 ~7§ (ZI;—H o Zf) ”i?"Al
”~t+1

~ % grp, + *IIZ —z; HBTB**H”+1 z; — (2 — 2, )llgrp,- (S.20)

Recall W; = QF'Q; + cATA; + ¢B!'B;. Combing (S.19) and (S.20), then the rhs of (S:I6)) can be
expressed as
(-W; (21" - 2) + QI D; (ul —ul™h) 2l — z)
+ <CATA' (z?r1 ) + cBI'B; (z! — 2!~ 1) ,iﬁ“ — if>
= - *HQz (zi" —2i) = Dy (u —u ") |* ~ HZ'”r1 2 — (2" —2{) | ara,

1 5 1
Hzt+ Zi W, — IIZ’f+1 z; — (2 — 2 )|gre, Jr*HA(t+ z) |

sz —z; s, 5 ||D (uf —wi | (S:21)
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From the optimality conditions for the strongly convex optimization problem (24), for any z, € Z N X

we have

> Wizt — 2™, 2 — z) <0,
1EN

> Wizl - 2}),20 — ;) <0.
ieEN

t

Plugging z; = z! into the first inequality and z; = ziJr1 into the second, adding the resulting inequalities,

we have
D (Wi (@™ — 2 +af —2it) 2 — 2t <.
ieN
Rearranging the above inequality, we have
D oz — 2 Ry, < ) (W (27 - 2) 2 — 7). (S.22)
ieN =

Using (a,b) = —}la—bl* + 3l + } b

(5:22) becomes

> fH R <D 5 Sz = Ry, H*+1 z— (2" )P 523
iEN zeN
Substituting (S.18) (S:23) into (S.I7) (S:21), respectively, againg using W, = Q7' Q; + cAT A, +B!'B;
and combining (S.16]), we obtain the result. [ |

Note that it remains to bound the term ||z — z*!(|? in Lemma [5| Next, we establish a simple Lemma

to ensure that the term decreases.

Lemma 6 Let {(z u! )\t)} be the sequence generated by Algorithm cBiTBi takes the form of (23).

Then we have

Z 1Az + 2H 2" — 2|5,

ie/\f
d? C " Tmi
< e A 2 z! —Z 4 Jmax 11 tfl 2 min Zz?_it}rl 2
D L e O

where Tpin = min{(c + 1)2 N2+ ?N; + N;,i € N} and Ny = Y ien Ni-
Proof: Using (S.12) again, we can get

(AT (N — XD, 2t — gty = (=W, (20T — &) 2l — 2) + c||A; (211! - 20) ||?

1) 7%

+(QD; (v} —ul™!) + BB, (z —z!7") 2" —zl).  (S.24)

? z
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First, the lhs of (S.24) can be expressed as
(AT = XD 2™ = 20) =(cAuz ™ Az — Agzf)
c
=S Iz P = Sl Az + S]IA: (2 — ) |1 (5.25)

where the first equality dues to (38), and the second equality dues to (a,a—b) = |la—b||?+ i|al®> -
1||b|? for any a,b € RGNi+1n,
Next, we deal with the rhs of the (S.24). By (S.22)) yields
ST-Wi (E - 2 gl < =N [l - 2y (S.26)

eN ieN
And using the Cauchy—Schwarz inequality, we have

<Q-TD~(u —ut 1)—i—cBTB (Z —zt 1) z'?+1—zt<>

? % 1
*HD (i —ui ™) [I* + HQz‘ (zi —2f) > + HZ — 2z, grp, + *Hzt+1 — 2| grp,. (527
Combing (S:24)-(S27) and using W; = cBIB; + cATA; + QF'Q;, we have
C C
Z §\|Aizg+l”2 + §HZ§+1 - Z§||]23iTBi
ieN

S e Wars, +5 SID: (uf —uf™) 2 = JjIA, (2 —2) 2] (s28)
ieN

Hence, we will use the dual residual}";_ || A; (0T — 2) ||? to bound 3, ||zt — 27| Recall the

definition of z; in (9) and A; in (12), we have

tH1 ot L _ gt — \t+1 —\t
A, (zi+ ) {pﬁ b; — ((Z@j) - (Zz‘,j) )LEM )
then it yields
]_T A t+1 t — t+1 t_ —\t+1 —\t S.29
Nin * 434 (Zi Zz) Z P, —P; (Zi,j) (Zi,j) . (5.29)
JEN;
Substituting (30)-(3T) into (S.29), rearranging the terms, and summing the above relation over i € N,

we obtain
%\:/1 ‘ t+1 ZGN ZEN [ ( o pf o ((Z 7J)t+1 (Z;j)t>>
1 i j
et (prrl —pi - <( 2, = (Zi_,j)t)) } (S.30)

For the first row on the rhs of the (S.30), using (12)) again, we have

> Hil <f>§+1 —pi — <(i;j)t+1 _ (z;j)t)> =>"1%.,.- H%Ai (2 — gt | S3D)

1EN JEN; ieN
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For the second row on the rhs of the (S.30), since z?“ is an optimal solution of forall ¢t > 1, we

have z! € Z, then we can deduce that

(z,;) = ()", Vie N, jeN. ($.32)

1/7]

Hence, together with (S.32), the second row on the rhs of the (S.30) can be expressed as

S5 (B - pt (@ - e))

ieN jEN;
1 - N
=33 5 (B el (@0 - (7))
iEN JEN;
1 N
=) 1y, ——Qi (" —2), ($.33)
4 c+1
ieN

where the last step is due to (II)) and rearranges the terms. Substituting (S.31)) and (S.33) into (S.30),
we can get

D

ieN
Let A := diag (A;,7 € N) denote the block diagonal matrix whose diagonal coefficients correspond to

the A;,i € N and Q := diag (Q;,i € NV), 2'+! == vec (Z/!,i € NV), then (S34) can be rewritten as a

‘ Tt Hzl [eAi + Qi) (7 — =) H2 (S.34)

compact form:

1
(c+1)°
where Ngum := ) ;s IVi. Due to the Cauchy—Schwarz inequality, we can upper bound the lhs of

1N - A (27 —2") | = 1% - [cA+Q] (7 —2') |2, (S.35)

Nomn - [|A (27 = 28) |2 > |18, - A (27! —2") |2 (S.36)
For the rhs of (S.35)), we have

13,0 A+ Q] (2 —2') |” > T2 — 2|7, (8.37)

sum n

where 7, is defined as the smallest non-zero eigenvalue of [15 - (cA + Q)]T 1% - (cA+Q)].
From the definition of A; and Q; in (T2) and (TT), it derives Fin = min{(c 4+ 1)> N>+ N;+N;,i € N'}.
Substituting (S.36) and (S.37) into (S.33), we obtain

c C* Tmi
= A Zt-‘rl o Zt 2 > min ~t+1 t 27 S38
S1A( )IIF = N (e £ 172 I (8.38)

which can be rewritten as a summation over network nodes:

c- T .
> plA (! ) P > 3 T g (5.39)
iEN 7,6_/\/' Sum ( )

Finally, we substitute (S.39) to (S.28)), and the proof is complete. [

Using Lemma [1] Lemma [5| Lemma [f] and the definition of the potential function ¢ in (60), we can
get the desired result of (61).
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4. Proof of the Lemma

If F (z',u’, A) =0, it implies that, for any node i € N/,

7! — Projy =z (2! — (Vs F; ( u)) + A?Af)) =0, (S.40)
Azt =0, (S.41)
u —ut=0. (S.42)

According to the definition of the projection operator, we have

Projy z (zi — (Vg Fi (zi,u)) + AT)\t)) = arg min sz — 2t + (V,, F; (2}, u}) + AT)\t)H , (S5.43)
zEZ
zeX

Using (S:40), we deduce that z! is an optimal solution for problem (S.43). Therefore, based on the first

order necessary condition of (S.43), we obtain
(Vo F (zh,ul) + ATALx —2l) >0, Vxe X,x € 2. (S.44)

Since F; (z;,u;) + (A, A;z;) is convex over X and Z for any fixed u;, then the above expression (S.44)

implies that z! is also sufficient for z! to minimize F; (z;, w;) + (X\i, A;z;) over X and Z, i.e.,

z} € argmin F} (zz, ) (AL Ayz).
zE)Z{
7€

Thanks to the separable property of the objective function about node i, we know z' shall satisfy the

KKT condition

z! € argmin Z F zz7 ) <)\ A;z;). (S.45)
Similarly, the primal variable u; is updated as follows
u! = projgw, (it =V
Combing it with (S.42), we have
0= [[uj™" —uf|? = [[uj™" — projg~, (ui™" — Vu, F (2], uf))|1%,

t—1

Therefore u;” " is the optimal solution of the following problem

min [lu; —ul"" + Vo, F (2, ul) |12 (S.46)
uieBNi

Based on the optimality condition of problem (S.46) and equation (S.42)), we have

0 <(VuyF; (zg, uf) ,u; — uf— + u§ — u§_1> = (Vu,F; (zg, uﬁ) ,u; — u§>, vV u; € BN:. (S.47)
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Since F; (z;,u;) is convex for any fixed z;, it implies that

ul € argmin F; (zg, uf) , (5.48)
u;eBNi
which is also written as
0eVyFE (Zg, uf) + Jdpn; (uf) (5.49)

Combing (S43), (S:49) and (SAT), one can observe that (z', u’, X’) satisfy the KKT condition (66).
Next, we show that if (z’, u’, A?) is a KKT solution of Problem (T3]), which satisfies (66), then (p?, u’)

is a critical point of the nonconvex problem (6] satisfying:

0= (pl —p! —dijul, +pl—pt+djul,), ¥ie (N/A), (S.50a)
JEN;

0€ —di; (p} —p%) + 005 (uf;), VieN, jEN, (S.50b)

p;=a;, VjeA (S.50c)

Firstly, since z’ is an optimal solution of (66a), we have z' € X, thus (S.50¢) is proved.
Secondly, we prove (p‘, u?) satisfies (S.50b). Since z' is an optimal solution of (66a), we have z! € Z.
By combining this with the KKT condition (66c]), we can deduce that

(z;) =pj=(z;,)", Vie N, VjeN,. (S.51)

By using the definition of F;(z!,u!) and (S:51), we obtain
YV Fi(zl uf) = ~DiQiz} = vee (—di (b} — (1,)1) j € Ni) = vee(~di (b} — B}), j € Vi),
(8.52)

where

D; = Diag (vec (d; j,j € N;)) ® I, Qi = [1n,,On,, —In,] @ L,
t T N T Tt ok

z; = |(p;)", vec ((z”) ,J € M) , Vec <(z”) ,J € /\/,) ) (S.53)
By combining (S.32) with KKT condition (66b), we have that (z,u} ;) satisfies the critical condition
(S.508).

Finally, let us prove (S.50a). Recall that
1

Fi (zi,ui) = 5 | Qizi]|* — uf DiQizi, (S.54)

X ={z|E;jzi=a;,Vie A}, E; = [1,0Ti,07]:;i] ®1I,, Z:{z:fj:pj:z_ VieN,jeN}.

VEA
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Substituting (S.53) and (S.54) into (66a)), then the optimization problem (66a) is rewritten as

argmanF (zi,u;) + (Ni, Ayz;)
:g)z{ ieEN

= argmm > <sz = 2ll* = dijug;(pi — 20;) + X 5(pi — Zm')>

ri=z ieN jeN;
pﬁauzeA

. 1 _ _ _
=argmin Y ) <2le' =21 = dijui;(pi — 2,) + A (i — Zm')>

PisZi;  Ge(N/A)JEN;
L5 (gl dni i ><>) 559
i€ AjEN;

where the last equality holds by substituting the constraints z;~ Vie N,jeN;and p; = a;,i € A

7 ] ] i)
into the objective function of the first equality. Using the KKT condition (66a), we know that z’ is an
optimal solution of problem (S.53). By using the optimality condition of (S.33)) about variables p; and

z; j, we have that

0="> (p’i—(zj}»)t dijul;+ X ) Vie (N/A),
JEN;

0= ((z;j)t —pl +djul; — >\;j) L Vie (N/A),
JEN;
Adding the above equalities together, we get
0= 3" (bt~ (57,)" — digul; + (z,)" = P} +djaul, ) , Vi € (N/A), (3.56)
JEN;
By using the KKT condition , we have (z; ;)" = p}, (z;,)" = p}. Then (S:50) can be rewritten as
0=> (p|—ph—dijul;+p}—p;+dul,;), Vie (N/A). (S.57)
JEN;
which shows that z* satisfy (S.50a).

We have thus established that if (z’,u’, A\!) is a KKT solution of problem (T3), which satisfies (66),
then (p?,u’) is a critical point of problem (6). Furthermore, we can demonstrate below that p’ also
qualifies as a critical point of the original problem (2).

Recall that the function F; (z;, u;) is defined as

1 1 .
Fi (zi,0;) = 3 1Qizi” — v/ DiQiz; = Z 3 [Hpi —pill* — dijul; (pi — Pj)}, VieN. (S5.58)
JEN;
Therefore, combining (S:48) with (S.38) yields that uf ; is the optimal solution of the following problem
minB —d; Ju (pZ pz) .

u; ;€
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From this, we can derive that

ul, = VieN,jeN,. (S.59)

jsi w’
Using (S:39) and (S.50), we obtain that

p; —pj € 005 (u; ;) forallie N, jeN;.

Since 5 (+) is a proper, lower semicontinuous, and convex function, it follows from [ Theorem 4.20,

p. 104] that
uf; € 005 (pf — pt), foralli e N, j €N,

Here, d5; represents the Fenchel conjugate of dg. From [ , Example 2.31, p. 28], we also find that

oz (-) =1 -[|. Hence ug,j €| - ||(pf - P;) for all € A and j € N;. Substituting this fact, along with
(S:39) and (S:30¢), into (S-30a), we can get
0= (pi—pj)—dijui;, Vie(N/A), (S.60a)
JEN;
uf; €9 -[(pi —ph), VieN,jeN, (S.60b)
p;=a; VjecA (S.60c)

Therefore, from (S.60) we know that p' is a critical point of the original nonconvex problem (2).

5. Proof of the Lemma 4

According to equations (62)-(64), it can be observed that the value of ¢' decreases after each iteration.
Combining this observation with the first part of Theorem |I|, it can be concluded that for any ¢ > 1,

there exists an s € 1,2,...,¢ — 1 such that ¢* — ¢5t1 < £ == g >, By utilizing equation (61)), we can let

L m—1 clm—1 — 6(Nimax + 1 — 6(Nopax + 1
K:(€O—S)'max{f M c(k1 ) P C(’L{l 6( max + 1)) ¢k1 — 6(Nmax + 1)

2 2 ' 2 4 2 ’ 2¢ |
CKg - o (Nmax + 1) ck1 p
min - max 5 ' — 2, (k1 + HQ)}-
and we obtain
K LS 7 =
L e R ] s S A Al kOl OV e s

- K _ . _ K
||Qz( s+1 _ f) - D; (u _ us 1) H2 < m, ||z‘.9+1 _ zf — (Zf — zf 1)”]23?]31 < m (S.61)

From problem (I7), we have

Cc
ZZS,Jr1 = argmin F; (Zl, ) <)\S Aizi> + §||Zz - Zf||%3TBZ + 5X><Z(Zi)~

Zz



Then by applying the optimality condition, we can get

0 €V, F (25, uf) + AT + B! Bi(zi 1! — 25) + 06xxz(25 ).

Letting
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= Vo, Fi (277w + AT =V, F (257 uf) — AT — B By(z] " —2),

then we have

[vi]l = = QID; (0™ —uf) + AT (AT = A9) + B By(zi T — z5)|

1

/Ny + T =4 /N LA = X (14 )4 N 2 — 2] (5.62)

where the last inequality holds due to || Q7 Q;| = ||[ATA;|| = N; +1 and (5.14). Substituting (S.61) and

(S.13) into (S.62), we have

VK
vill € ==
vt—1

(14 6)(1+ Nonax)
VM

= ;
t—1

(dmax\/Ni +14 VN +1(/Ni+14cy/Ni+14 (1 +¢)(1 + Niax))

where M := K (dmaxVNi + 14+ VNi + 1I(VN; + 1+ e/ Ni + 14+ (1 + ¢)(1 + Npax)) + (1 4+ ¢)(1 +

Nmax))? > 0. Recall the u update step, we have

wt = arg min F(z

(2
u

PHLw) 4 Dl = uf P 4 8 (w),

By the optimality condition,
0 € Va Fi(z ™ ul™) + p(ud™ - uf) + 985w, (u™).

Letting

v = Vyu F( s+1 5) Vu F( s+1 s+1) _ p(u$+1 _ us) _ _p(u§+1 _

Z

then we have
vy € v F( s+1 s+1)—|—85 ( s+1)'

By the inequality (S.61), we get

[vall <

), (S.63)

(S.64)

(S.65)

where M, := Kp? > 0. Then the Lemma 1 holds for vy, vy and M := max{Mj, M5} and (z*,u’, \!)

is a M/+/t — 1-solution. It indicates that the proposed algorithm converges to a KKT stationary point of

problem (13) at a sublinear rate.
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6. Proof of the Theorem 1]

Lemma 7 Suppose c,p, k1, ko are chosen according to (62)-(64). Then the following statement holds
frue

J¢> -0 st. ">, Vt>0.

Proof: By using the update step (38) of the dual variable Ait!, we have

[/(ZtJrl, At+17 ut+1)

C
=3 R a) L A At

ieN
— ZF b1 t+1) <}\t+1 )‘t+1 )‘§> —||A t+1H2
ieN
1 c
=3[R ) - N = N2 X =N+ SlAE ] (566
ieN
Adding from ¢t = 1 to T, we obtain
T
ZE(Zt+1,At+1,ut+l)
=1
T
c 1
=22 [F (2 i) + G A P+ o (NP = NP X W)] o (S6T)
t=14ieN

From the definition of F; it follows that

ZF”' (Z;§+1’u§+1) :Z qu fHH ( t+1 D Qz t+1

ieN ieN
2 1
—gHszt“ " = 5
>y - i [ul*® > —o0, ¥t > 0, (S.68)
ieN

where the last inequality is due to u} € BN: Vi € N,t > 0. Therefore, according to the definition (60)
of potential function, (S.67) and (S.68)), it shows that

> ¢t > —00,¥T > 0. (S.69)
t=1

When ¢, p, k1, k2 satisfy (62)-(64), Lemma 2] show that the potential function ¢* decreases at eatch iteration
of Algorithm |1} Hence, by (S.69) we can infer that ¢t > s> —o0, Vi > 0. [ ]
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Lemma 8 Suppose the parameters c, p, k1 and ks satisfy (62)-(64), then the iterative sequence {(z!,ul, At)}
of Algorithm [I] satisfies

lim z]“r1 —z! =0, lim A;z! — 0,
t—o00

t—o0
lim AL — Al — 0, lim u/™ —u! - 0,vi e NV.
t—o0 t—o00

Proof: Since W; is a positive definite diagonal matrix, combining (6I) and Lemma [7}, we have

lim z*! — 2! — 0. (S.70)

t—o00

Using the update step of L™ (cf.(38)), we have from (S.10), (S.13) and Lemma EI that

lim A;z ™ — 0, lim AL 0. (S.71)

t—o00 t—o00

By the inequality (6I) and Lemma [7] we further obtain

lim utJrl u’ — 0. (8.72)
t—o0 v

Lemma 9 (Sufficient decrease condition) Suppose the sequence {(z',u’,X')};>1 is generated by Al-

gorithm (I} ¢cBI'B; takes the form of 23), and the conditions (62)-(64) are satisfied. Then we have

oot <3 minfe, 1)+ 2 - 22 - Bt - ul2 - Co AL - X2 - a2l - 2
ieN

L miH{CH1—6(Nmax+1)70(051_6(1+C)(Nmax+1))} R CK2 Tmin _ (Nmax"l‘l)(:ﬁl R
where Co i= T BN 1), 3e0 ) (L Na) - 97 C1 3= 53, ey 2z max =

max{d;;,i € N,j € Ni}, Nmax := max{N;,i € N}, Nyw = Y ;cn Ni is the total number of
neighboring nodes and Ty, = min{(c + 1)> N? + N; + Ny, i € N'}.

Proof: Substituting (S.14) into (S.13)), we have

INT = AP <max{3(N; + 1), 3¢(1 + ¢)(1 + Numax) } (I!Qz (zi" —2f) = Di (uj —ui ') |?

I = (3 ) [Bra, + I =2 — (3 =) [, ) Y i €.
(S.73)
Combining (S.73), (29) with (6I)), we can derive the result. [

Lemma 10 (Bounded sequence) Suppose that conditions (62)-(64) are satisfied, the graph obtained by
the network is connected, and there is at least one anchor sensor. Then the sequence {(zt, u’, \Y, it) }tZl

generated by Algorithm [I] is bounded.

Proof: We establish the boundedness of {u’};>1,{z'}i>1, {A\'}i>1, and {z'};>; sequentially:



1)

2)
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It is evident from Algorithm (1] that {u’};>1 C BN%i, where B represents the unit ball constraint.

Hence, the sequence {u’};>1 is bounded.

Using the update rule of X?“, we obtain
E 1
Z > AP = Z SR - A2 < Z (=) < o (¢ —9) <o (874)
t=1ieN t=1ieN 0= 0

where the first inequality is due to Lemma [9] and the second inequality comes from Lemma
Consequently, {||A;z!||};>1 is bounded for all i € A. Similarly, by using Lemma H and Lemma EI

again, we can show that {Hif“ —zf|} 4~ is also bounded for all i € \. Recall that
then with simple algebraic manipulation, we can derive

On,On, —In]®1,-QF =1y, [On,On,—In]®L,-AT =0, VYicN. (S.76)

St+1

In addition, substituting (29) into the update step of z, ", we have

QI Qizl = -W,; (ZIT! —2!) + Q/Djul — cAT Az — cATAL, Vie . (8.77)
Multiplying both sides of (S.77) by [On,, On,, —In,] ® I,, and taking the norm, we obtain
1Qizt ]| = || [0n,, O, ~In] @ Ln - W, (2" — 2) + Diul| < 2[12;"" — 2| + dunac [,

where diyax = max{d;;,i € N,j € N;}. The first equality is due to (S.76), while the second
inequality follows the triangle inequality and (29). Since the right-hand side (rhs) of the above
inequality is bounded, it follows that {||Q;z!|}:>1 is bounded for all i € \. Recall the definition

of z; = [p!, (z; )T, (z;)T]" and Qi, A; in (S.73), we have
Qiz! = vec (p;f — (2] ) jE /\f) Az} = vec (pz - (z;i)t,i € /\/}) : (5.78)
By using the triangle inequality, for all ¢ > 0, we have
1z < pill + 115 = (275 1 151 < 11(250)" | + NP — (25,)" - (S.79)
Recall the update step of z!, we have

() = (z;,)', VieN,jeN; and p;=a; Vie ACN. (S.80)

/L?]

Since we have at least one anchor, combining with (S:80), we can get

P51 < Nall + 11pF — (2"l + [P — (2;,)°ll, V€N, i€ A (S.81)
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4)

54

Therefore, the sequence {||p||};>1 is bounded for all j € Nj,i € A due to the rhs of (S.8T) being
bounded, which is a consequence of the boundedness of {||Q;z!|}:>1 and {||A;zl|/}¢>1 for all
i € N (see (S.78)). Using the definition of z§- and the triangle inequality, we have

Iz < > 35l + 195 — (27,)" | + lIp§ — (2)ll, ¥V jeN. (S.82)

1EN;

Since the rhs of (S.82) is bounded, then the sequence {||z}||};>1 is bounded for all j € N;,i € A. By
applying a similar argument as in the derivation of (S:79)-(S-82), we can show that z! is bounded
in a neighborhood of the nodes j € N;,i € A. Given that the graph is connected, we can thus
conclude that the sequence {z!};>; is bounded for all i € N.

Rearranging the terms of (S.77) and taking the norm yields
INI < AT < 1QF Quzi]| + Wi (25" — 27) || + [|Q/ Diwi]| + [lcAT Az, (S83)

where the first inequality holds due to the smallest eigenvalue of AiAlT being 1 from (S.73), and
the second inequality follows from the triangle inequality. Since the rhs of (S:83) is bounded, it
follows that {A!};>1 is bounded for all i € N.

Since ||zi ™| < |2l — zt|| + ||zt||, and the rhs is bounded, it follows that the sequence {Z}};>1 is
bounded for all i € N.

Lemma 11 (Subgradient bound) Let {y' = (zt, u’, Xf)}tzl be a sequence generated by Algorithm

K1,K2,¢ and p are parameters used in the potential function '. Then we have

t+1 = (

A% Vgt+1, Vyt+i, Vt+1, Vgt Vut,Vzt) S a§t+l, Vit>0,

where

A =W, (zf — iﬁ“) + QZTDi (uf — uﬁ“) + (k2 + l)AlT (Aﬁ“ — )\f)

+ (cAiTAi + Q;‘FQz +c (k1 + K2) B,L»TBi) (z;‘f+1 — zf) \
1 -
Vu:+1 ::g (lllzt — u§+1) y VA:‘FI = E ()\EJrl - )\g) y Viﬁ“ = I€1AZT (CAZ (ZEJrl - Z§+1) + )\?1 - Ai) s
Vut ::g (u;f — uf'H) , Vgt = c (K1 + K2) B!B; (zf — z’g"'l) , 1eN. (S.84)

Moreover, for every t > 0, it holds that

IV < 3l =z S (0 /N 1) [l =l 4 3 AAT - N

ieN ieN ieN
<Colly™*! = y¥|, (S.85)
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where

2N; (¢ + 1) \/nN Ngyu(N; + 1)
V7~_min ’
1
B; IZN/Ni+1(f€1+1+/€2)+E7 Cy = v3N‘maX{ai,p+dmaX\/Ni—i—l,ﬁi,z’6/\/}. (S.86)

a;:=(c+1)(N;+1)+2 (k1 + r2) (14 ¢) (1 + Npax) +

+1 t+1 )\tJrl t+1 t

Proof: By taking partial derivatives of ¢! with respect to zf ,ul,z! and using

the update step of Xﬁ“, we obtain
Vz:+1< =V Li (25 0i AT + m2AT (AT = X)) +e (i + k) B{Bi (77 —77)
Dyt = D (A LX) 12 (),
Vs =V Li (2] uf T A
Vo™ = vz, Ve = vy, Vad™ = vy, (S.87)

z 1 , we have

where v 70+ Vuts and v, are defined in (S:84). Using the update step of z;
V..Li (2 b1 ﬁ“,)\ﬁﬂ) _w, (Zt _ it+1> Q'D; (uf _ uﬁ“) +AT (}\gﬂ _ )\;s)
+ (cATA + QI Qi) (21! —2z}). (S.88)
Combining (S-88) with (S5.87) yields Ve = szﬂgtﬂ. By the optimality condition of u subproblem
(T8), we have
0 € 0u.Ls ( 1 t+1 At) i ,0( t+1 _ t) B, L ( 1 t+1 )‘t+1) + ,0( t4+1 uﬁ) ' (S.89)
Combining (S.89) with (S:87) yields Vgt € 8115“ ¢*1. Applying the update formula of )\EH, yields
vars = - (A = At = U £ (5l M) = 9t
By using the expressions for vi™! and the triangle inequality, we obtain the following bound
IV <IWlIES = 2L + (2e(1 + k)BT By + | AT A + IQT Q) 1207 =2 (5.90)
+ (M2 QT Il + ) It — wll + (22 (AGAT) sz + 1) + - IAT — AL

where omax (QiQiT) and omax (AiAiT) denote the largest eigenvalue of QiQiT and AiAiT, respectively.
By taking the square root of both sides of the inequality (S.38), and combining the result using the fact
that ||x||2 < ||x]|1 < V/N|x|l2, ¥ x € RY, we obtain

_ (c+1)vVnNN,
o lEtt ==l < N S A (2 -2 |- (S.91)
ieN Tmin ieN

Furthermore, using (29) and (S.73), we have

Wil = 2(c + 1)Ni, Omax (AAT) = omax (QiQF) = N; + 1. (S.92)
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Substituting (S.14), (S:91)), and (S.92) into (S.90), we get
V< S e = g+ 3 (¢ /N 1) 3D AN X (599

ieN ieN ieN
where «; and j3; are defined in (S.86). By the fact that ||x||; < V3N|x|l2, ¥V x € R?*", we obtain

IV <Cally™ =,

where constant C is defined in (S.:86). This concludes the proof. [
In the following, we denote by w ({x'};>1) the set of limit points of the sequence {x'};>1, and we

define crit £ := {y : 0 € 9L (y)} as the set of all critical points of L.

Lemma 12 (Properties of limit point set) Ler {(z!,u’, \!)};>1 be a sequence generated by Algorithm
Suppose that conditions (62)-(64) are satisfied, and let Q := w ({(z', u’, A", z", u'" 2" 1)} ;>1), we
have the following results:

1) the set ) is nonempty and compact;

2) lim dist[ (zt,ut,kt,it,utfl,ztfl) ,Q} =0;

t—o0
3) QC{(z,u,\,z,u,2) : (z,u,\) € critL};
4) any critical point of L is a KKT point of problem (13));

5) the potential function <! is finite and constant on ().

Proof: We prove the results item by item below.

1) Since {(z’,u’, Af,z")};>1 is bounded by Lemma (10, and thus €2 is nonempty and bounded. By the
definition of (2, it is closed and therefore compact.

2) As a consequence of the limit point definition.

3) Let (z*,u*,A*) be a limit point of the sequence {(z’,u,A")};>1, which exists since the se-
quence {(z’,u’, A") };>1 is bounded. Consequently, there exists a subsequence {(z', u’, A%)};;
of {(z',u’, A\)};>1 that converges to (z*,u*, A\*). Note that Lemma |§| with Lemma EI implies

D AR R g I o YR
ieN ieN ieN
which means {(itk,utk_l, zt’“_l)}kzl converges to (z*,u*,z*). Hence, (z*, u*, \*, z*, u*, z*) € Q,

and from the continuity of ¢t it follows that

lim ¢t = ¢*.
k—o0

On the other hand, from Lemma [9] Lemma[11] and Lemma [7] we know that v** € d¢t* and vi* —
0 as k — oco. The closeness property of ds (see [ [32]l, Remark 1 (ii)]) implies that

0 € o™ . (5.94)
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In addition, according to we also have
Ot = 9L (z",u*, \"). (S.95)

Combining (S.94) with (S.93), we conclude that (z*, u*, A*) is a critical point of L.

4) Let (z*,u*, A\*) € crit £. Thanks to the separable property of £ about node i, we have

0 =V, Li (20,0}, X)) = V,, Fi(z},w)) + ATAY + cAT Az, (5.96)
0 € Ou,L: (2,0}, X)) = Vi, Fy(z},uf) + Do, (), (5.97)
0=V L (z5,ul, A\F) = Az?. (S.98)

Thus, it follows from (S.96) and (S.98) that
V.. Fi(zi,u}) + ATXr = 0. (S.99)

Since Fj(z;,u;) + (A, A;z;) is convex over X’ and Z for any fixed u;, then the above expression
(S299) implies that z! also satisfies
z; € argmin lim Fj(z;,u}) + (A}, A;z;). (S.100)

z€EZ
xeX

Combining (S.97), (S.98), and (S:100), we obtain (z*, u*, A*) as a KKT point of problem (T3]
5) The sequence {¢'};>; decreases by Lemma El and is bounded from below by Lemma [7, thereby

implying its convergence to some finite limit ¢*. It follows that ¢! is constant on €.

|
To achieve our main goal to establish the global convergence of the whole sequence, we recall the

following key result obtained in the existing literature [32]]-[36].

Lemma 13 (Uniform KL property) Let Q be a compact set and let o : R? — (—oc0, 00| a proper and
lower semicontinuous function. Assume that o is constant on ), and satisfies the KL property at each
point of Q. Then there exist € > 0,1 > 0 and ¢ € ®, such that for all u in 2, and all u in the following

intersection

{u e RY: dist(u, Q) < 5} N[o(@) < o(u) < o(@) + 1),

one has,

¢ (o(u) — (@) dist(0, do(u)) > 1. (S.101)

We can now conveniently summarize our convergence results.
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Lemma 14 (Global convergence) Letr {y' = (z',u’, \')};>1 be a sequence generated by Algorithm

Suppose that conditions (62)-(64) are satisfied, then the following statements are true:

1) the sequence {y'};>1 is bounded and has finite length, namely,

o0
Doyt =yl < 4o
t=1

2) the sequence {y'}i>o converges to a KKT point of the problem (I3).

Proof: As in Lemma we denote by Q := w ({(z',u’, A", 2", u’"!,z""1)};>1), which is a
nonempty and compact set. From the proof of Lemma [12| and the continuity of ¢, it follows that
lim ¢' = ¢*, for all (z*,u*, A\*,z*, u*,z*) € Q. (S.102)
t—o00
Moreover, from Lemma [0, we have
Cally™! —y|> <t ="t v > 1 (S.103)
where C3 := min{c, 1, §, Co}. We consider two cases.
1) If there exists an integer ¢ > 0 such that ¢t = ¢*, then using the decreasing property obtained by

Lemma [9] and (S.103), we have
Cslly™ —y'[IP < —="TH<f—¢r =0, t>*
Thus, y'™! = y! for any ¢ > ¢, and it is clear that > 5, [|y'™ — y'|| < +oo holds.

2) Since <! is non-increasing from Lemma El, we have ¢! > ¢* for all ¢. Therefore, let us assume that

¢! > ¢* for all ¢t. Again from (S.102)), we know that for any n > 0, there exists ¢y > 0 such that
<4, >t

According to Lemma , we know that lim dist [(z',u’, A", 2", u'~!, 2z1) | Q] = 0. This implies
—00

that for any € > 0, there exists ¢; > 1 such that dist [(zt,ut,)\t,it,ut_l,zt_l) ,Q] < ¢ for all

t > t1. Summing up all these facts, we obtain the following inequalities for any n,e > 0
dist[(z',u’, A", 2" 01271 Q] <e, and ¢ <¢' <¢*+n, forall t >ty = max{ty, t1}.

According to Lemma it has been established that < is a constant on (2. Moreover, we note that ¢*
is semi-algebraic (a polynomial function) and satisfies the KL property (see [ [34], Theorem 6.1]).

Therefore, we can apply Lemma [I3] with 2. Consequently, for any ¢ > to, we have

o' (ct - g*) - dist (O, Bgt) > 1. (S.104)
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Due to the concavity of ¢, we get
(=) —p (=) > ¢ (¢ —¢*) (¢ =) (S.105)
From (S.83) of Lemma [[1] we also have
dist (0,0¢") < Colly' —y" |, C2>0.

By combining this with (S:103), (S-I04), and ¢’ (¢* — ¢*) > 0, we obtain

o1 P (=) (=)
- I (-t -~
¢ (¢t —¢*)
<Colly' =y [p (s" =) — o (s = ¢")]. (S.106)

For convenience, we define the following for two arbitrary nonnegative integers p and ¢
Apg =@ (=) =T =¢").

Combining (S.106) with (S.103)), we conclude that for any ¢ > to, the following inequality holds

Cally™ —y'|? <" =" < Colly' =y M| A,
Using the fact that 2v/ab < a + b for all a,b > 0, we can infer

Oy
2y =y < Iyt =y + @At,m. (S.107)

Let us now prove that for any ¢ > 9, the following inequality holds
t

Cs
oI =y <y -y + 0, Dttt
ka1

Summing up (S107) for k =to + 1,t2 +2,...,¢t yields
t

t t
_ Co
2 2 I =i X0 I =ytlH G Dl Ak

t+1 ¢
k k—1 Cs
< > IR+ N > Appi
—ta+1 3 h=tat1

t

Cs
< D I =y Iy = YRl A,

where the last inequality follows from the fact that A, , + A, = A, for arbitrary nonnegative

integers p, g, and r. Since ¢ > 0, we have for any ¢ > t9 that
t

Co
Sy =y < Iy T =yl + e (T =)
k=tat+1 Cs
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As the right hand-side of the inequality above does not depend on ¢ at all, it immediately follows

that the sequence {y'};cn has finite length, that is
oo
Dy =yl < oo
t=1

This means that the sequence {y’};>1 is a Cauchy sequence and hence a convergent sequence.

Thanks to Lemma there exists y* € critL such that tlim y! = y* and y* is also a KKT point of
—00
problem (I3). We complete the proof. [

Lemma 15 Suppose CBZ-TBl' takes the form of [23), and the sequence {(zﬁ, ul, )\f)} is generated by the
Algorithm [I} Then we have

Z |1 — Projy z (Zﬁ - (VziFi (Z§> uf) + A?Af)) I
ieN

<Y [l — 2 + oallzf — 2P + 367 (Noma + 1) [ Az
ieN

where

2
0123(2(0—1—1)Nmax—1)2+6max{(1+c)2,<1+i) }7

3 ) 1\?
02:2max{(1+c) ,<1+C> } (S.108)

Proof: Using (33) and the definition of the F; given in problem (T3)), we have

Vo Fi (26 ui) + ATA =Qf Qiz{ — QI Do + AT X]
=— W,z —2!) + cAT Azt
Hence, with the above equality, we have
i = projye,z (2} = (Va Fi (74, w) + AT X)) |
=|lz; — projy z (277" + projx z (2") — proj z (2 + (Wil2{™ — 2}) + cAT Aiz))) ||
<|lzf —projy z (Z1) || + || (T = Wy) (27 — z}) — cAT Az, (S.109)
where the inequality dues to the triangle inequality and the nonexpansive property of the projection

operator [46]. By completing the square and using the Cauchy-Schwarz inequality, we further obtain
12§ — projy z (2} — (Va, Fi (21, ) + AT X)) |I?

<3|zt — proju 5 (2) I + 3 AT Aizl|> + 3] (T — W) (27 — t) > (.110)
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Now, let us consider solving projy z (ZZH). Since

prot (8") = angming 3 [l =27
ieN

subjecttoz € X,z € Z.
By a similar argument as the proof of Remark [2] we can derive
proj z (271) = Wi (207 —2[*") + 2, (5.112)

where iﬁl =a; if i € A and

W, = % - Diag <[0, (c+1)-1%, CJCF L 1%]) @1, (S.113)
Then, by and Cauchy—Schwartz inequality, we have
|7 — proja,z (21) I =z} — 2! = Wi (2! — ] + 2 — 2 |
<2 (L + W) (2} — 2%1) |12 + 2 W (2 — 27 P
<L + Wil [12) — 27| + 2 Wi 1?26 — 212 (S.114)
For the third part of (S.110), by using the Cauchy—Schwartz inequality again
(X = W) (277 = 2))I” < ||L — Wa?|2 — ]|, (S.115)
Substituting (S.114)-(S.113)) into (S.110), we have
12 — projy z (25 — (Va.Fi (2, w)) + ATX)) |2
< (618 + Wil 4 3IL — Wil1?) 12t — 271117 + 6 W12} — 2+ 2 + 3% | AT Az

=oullz; — 2" ? + 02|z} — 2P + 3¢ (Ninax + 1)7 || Az,

where the last equality follows from (26), and (S.113)), and 01, o9 are defined by (S.108). Hence we
finish the proof of Lemma [I3] u

Note that it follows from (63]), Lemma (8, and Lemma (15| that the sequence {(z;,u;, \;)} generated
by SP-ADMM algorithm converges to critical point of the original problem when the parameters
satisfy (62)-(64).

Finally, we prove the third part of the Theorem 1| Let us scale the upper bound of F (z,u, A) even

further. Using the Cauchy-Schwarz inequality, we have

JAZIP = A (2 — 20+ 2 2 < 20 A () - 2) 2 + 2 AP (S.116)
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Together (63) with Lemma [15] and (S.116)), we have

F (2, ", \) (S.117)
<Y oz - 2P + oallz) — 2P+ = ul T 208 A (2] - 2 |17 + 208]| Azl TP
ieEN
N _ 203
<Y ollZT = 2 + (02 + 203(Nmax + 1)llzf — 207117 + luf — w72 + = AT = AP
iEN

where o1 and o5 are defined in (S.108), 03 = 3¢ (Nmax + 1)2 + 1. The last inequality holds due to the
update step of A*! and ||[ATA;|| = N; + 1. Matching the bounds of Lemma |§I with those of (S.117),
we obtain

F(z' ', ') <e(sh =6, (S.118)

min{c,l, 4 70070177 - max(K’lJ’_Hz)}
max{01,02+203(1+Nmax), 1,25 }

first time in step 7', with Lemma [7] and add up the inequality (S.118)) of the previous T step, we can get

where € = Suppose that F(z!, u’, A!) reaches the lower bound ¢€; for the

€1 <7Z]:Z 11 )\t

“T-1
< 1 6(§1 _ CT+1)

“T-1

< —g) = . .
Sr—1e¢ —9 =7 (S.119)

because of €2 = e(st —¢) > 0 is a constant, we can deduce that F(z!, u’, X!) converges at O(1/T) rate.
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