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Abstract

The game of Cops and Robbers is a well known game played on graphs. In this
paper we consider the class of graphs of bounded diameter. We improve the strategy
of cops and previously used probabilistic method which results in an improved upper
bound for the cop number of graphs of bounded diameter. In particular, for graphs of
diameter four, we improve the upper bound from n3to@ to n3+°M and for diameter

three from n3T°M) to prto(®).

1 Introduction

The game of Cops and Robbers was introduced by Nowakowski and Winkler [3] and Quilliot
[4]. There are several versions of the game and the original one has the following rules.
There are two players, one of them controls the cops and the other one controls the robber.
The game is played on the vertices of a graph GG. At the beginning of the game, each cop
will choose a vertex as the initial position and then the robber will choose a position. In
each further step of the game, first each cop moves, where to move means either staying at
the same position or changing the position to a neighbor of its current position. After that,
the robber moves. Several cops can occupy the same position at any time. This is a perfect
information game, meaning that each player has full knowledge about the playground (the
graph () and positions of all players.

The cops win the game if, for every strategy of the robber of selecting the initial position
and moves, they catch the robber, meaning that after their move some cop has the same
position as the robber. Otherwise, the robber wins the game. The smallest number &k of
cops for which the cops win the game is called the cop number of G and is denoted by ¢(G).
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One of the main open questions in this area is Meyniel’s conjecture, which asks whether
the cop number of any connected graph on n vertices can be bounded by O(y/n). For more
information see [I] and references within.

Lu and Peng [2] (and independently Scott and Sudakov [5]) proved the following theorem
which gives the best known upper bound of the cop number of general graphs.

Theorem 1. The cop number of any connected n-vertex graph is at most n2~(1+e(1)Viogn

The logarithm in Theorem (1 as well as all other logarithms in this paper are taken base
2. The following is a specific case of their results.

Corollary 2. The cop number of any connected n-vertex graph of diameter d is at most n’,
where t =1 — m +o(1).

Our Theorem [§|gives an improvement of this bound for d > 4, while for graphs of diameter
3, we have an even better bound — see Theorem [7] Our third main result is Theorem [10]
which gives an improved bound of Theorem |8 when the girth of the graph is large. At the
end of the paper we also add a new bound on the cop number of digraphs of small diameter,
see Theorem [12]

In the proofs we use a novel strategy based on “real and imaginary cops”. We first
consider a strategy where a large set of “imaginary cops” is used. We show that these cops
are able to surround the robber in such a way that many of them will catch the robber at
the same time. When there are only polynomially many scenarios for capturing the robber,
we show that there exists a subset of the imaginary cops (and these are the “real cops”) such
that in each scenario, at least one of the real cops will participate in capturing the robber.
We also show that it is possible to repeat the basic probabilistic strategy of [2] and [5] over
and over again such that after each iteration we shrink the size of the neighborhood, where
the robber can move without being captured.

2 Real and imaginary cops

Lu and Peng in [2] and Scott and Sudakov in [5] used random positioning of cops to analyze
the game. We will restate their starting tool in a more general language.

Let C = C(V, p) be a random subset of a set V' with |V| = n, where each v € V' is in C with
probability p, independently from other elements in C. Since |C| is binomially distributed
with expectation u = n - p, by the standard Chernoff-type estimate, the probability that C
has more than 2u = 2np vertices is at most e /3.

For every subset A of vertices of G and each integer i, let B(A, ) be the ball of radius i
around A, that is the set of all vertices of G that can be reached from some vertex in A by
a path of length at most 7. For simplicity, when A is a single vertex v, we write B(v,i). We
need the following lemma.



Lemma 3. Let G be a connected graph of order n and let C = C(V(G),p). For every
n > 333, the following statement holds with probability at least 0.9: For every A C V(G)
and every i such that |B(A,i)| > ]A|%, we have

|B(A,i)NC| > |A. (1)

Proof. Let a = |A|. Note that for fixed A and ¢, the number of vertices in C N B(A,1)
is binomially distributed with expectation at least aloe’n -p = alog®n, and by the stan-
dard Chernoff-type estimate we have that the probability that |B(A,i) NC| < a is at most
e~a18”n/3  The number of sets of size a is (Z) and the number of different choices of 7 is at
most the diameter of the graph, d(G). Since inequality [1| holds for a = 0, the statement is

true with probability at least
1— d(G) ZZ . ( )e—alog n/3

a
n < Tl_ < ealogn
a) — al —
we have

1— d(G) Za (Z)e_a10g2 n/3 >1— d(G) Za ealogn—alogzn/?) >1— d(G) E e—alog2 n/6.

Since

The last inequality holds when logn —log*n/3 < —log® n/6 which is true for n > e3. So the
statement is true with probability at least

L= d(G) 3, (7 M/0) > 1 — d(G) £ =1~ d(G) 7

lee— log2 n/6 elog2 n/6_1"

Note that d(G) < n and el°&* /6 > los”n/6 — ploan/6  Thyg in order to guarantee the
truth of the statement with probability at least 0.9, it satisfies to have

1—d(G)W>1 W>09
which is true for n > 333. O

Although the above proof is using properties of random sets, it is important to observe
that there exist an actual set C with the desired property.

Corollary 4. For any 0 < p < 1, there is a set C C V(G) with |C| < 2np such that for every
i € N and for every A C V(G) with |B(A,7)| > |A|% we have |B(A,i) NC| > |A].

Now let us select a set Z randomly from vertices of G which has the property of Corollary
for probability p;. Next, from vertices in Z we select a subset R by taking each element of
7 with probability ps. In Lemma (3| and Corollary l B(A,i) can be changed to B(A,7) T
and we obtain the following corollary.

Corollary 5. Let T be a fixed set of vertices of G and let 0 < p < 1. There is a set R C T with

2
|R| < 2|Z|p such that for every i € N and for every A C V(G) with |B(A,i) NZ| > ]A|1°gT"
we have |B(A,1) NR| > |A|.



3 Graphs of diameter four

Let G be a graph of diameter at most 4 on n vertices. Lu and Peng [2] proved that the
cop number of every such graph is at most n5t°M_ In this section we will first improve this
result to n§+°™® and then to nsoW.

Let C be a random subset of vertices of G, where a vertex v is in C with probability
p= n=s. As discussed above, C has less than 2y = 2np = 2ns vertices with probability at
least 1 — e™/3. We will put one cop on each of the vertices in C.

Although we speak of a random set C, what we mean is a concrete set C C V(G) that
satisfies the condition of Corollary

Let r be the position of the robber. If the size |B(r,1)| of the neighborhood of r is
greater than ns - log®n, then by the property of Corollary 4| there is a cop in the robber’s
neighborhood who will capture the robber at the very beginning. So we may assume that
|B(r,1)| < ns -log?n.

Consider the bipartite graph H with partition classes B(r, 1) and B(r,3) N C defined as
follows. The edge uv exists in H if and only if there is a path of length at most 2 between
(the corresponding vertices) u and v in G. Note that B(r,3)NC might be empty and also we
may assume that B(r, 1) and B(r,3) N C are disjoint sets (a cop in B(r, 1) can capture the
robber immediately). If we can move some cops from B(r,3) in at most 2 moves to occupy
all vertices of B(r, 1), then there is a matching in H that covers all vertices of B(r,1).
This means that in one move, the cops can guard B(r, 1) and the robber cannot move and
therefore will be captured.

So we may assume that this matching does not exist. Therefore, by Hall’s Theorem,
there is a set S; C B(r,1) such that |S;| > |Ng(S1)| = |B(S1,2) NC|. Furthermore, by
Hall’'s Theorem there exist a set Sy such that there is a matching in H covering B(r, 1) \ S;.
Therefore the cops in C N B(S},2) can move so that all vertices in B(r,1) \ S; will be
guarded by cops after their move, and the robber cannot use them or will get caught. As
a consequence |B(S1,2) NC| < |B(r,1)]. If |B(S1,2)| > ns|B(r,1)| - log>n, then by Lemma
Bl |B(S1,2) NC| > |B(r,1)|. This would be a contradiction. So we may assume that
|B(S1,2)| < ns|B(r,1)] - log’n < ni -log’n.



B(51,2) \ 53 B(53,2)

Figure 1: The neighborhood of r as the robber moves. The sets shown are not disjoint. Note
that B(r,2) C B(r,3) and B(r,2) C B(Si,3), etc. The robber will be in the i'* set B(r, 1)
after i moves and if goes to the set S in the first step, will be in the set B(S1,i—1) C B(r, ).

Let us mention that this basically proves that ¢(G) < n1te® . Note that since the
diameter is 4, any cop can move to any vertex in B(S7,2) in 4 moves and also can guard it
(get to one of its neighbors) in 3 moves. Therefore, since |B(5,2)| < nite@ we can move
our (additional set of n%“(l)) cops and in 3 moves guard all vertices in B(S1,2), before the
robber is able to reach any vertex in B(S1, 2)\ B(S1, 1), through which he could have escaped
out of B(S1,2). Also if we would consider p = n_%, then we would be able to argue that
(@) < n3T°W_ This strategy has been used in the work of Lu and Peng [2] and also by Scott
and Sudakov [5]. However, there is some improvement possible that was not discovered in
[2, [5].

Our plan is to send some cops from B(S7,4) to occupy vertices in B(S1,2). Let Z be a
random subset of vertices of G, where a vertex v is in Z with probability n='/% - log® n. The
probability that |Z| is smaller than n™/® -log® n is at most e"*18*n/3 We will call vertices
in Z imaginary cops. Also let R be a random subset of vertices of Z, where a vertex v is in
R (independently uniformly at random) with probability p’ = n=1. We would like to put
one (real) cop on each vertex of R. Note that [R| > 2|Z|p/ = 2n? -log® n with probability at
most e~"*18°7/3  Also note that the (real) cops that we are using in this step are different
from those used in the first step.

Now we consider the bipartite graph H’ with parts B(S1,2) and B(S1,4) N Z defined
in the same way as H was defined above (if there is a vertex in both parts remove it from
B(51,2) to make the two sets disjoint). If there is a matching in H' between vertices in
B(S1,2) and the imaginary cops in B(S1,4) then we can occupy B(S7,2) with imaginary
cops in two moves. Otherwise, using the previous argument and Hall’s Theorem, there is a
set S3 C B(S1,2) such that |Ss| > |B(Ss3,2) NZ|. Thus, |B(Ss,2) NZ| < |S3] < |B(S1,2)]
and there is a matching between B(Ss,2) N Z and B(S:,2) \ S5. Now by Lemma [3] if
|B(S5,2)| > ns|B(Sy,2)] - log? n, then |B(S3,2) NZ| > |B(Sy,2)|, which is a contradiction.
Therefore we have |B(Ss,2)| < ns|B(Sy,2)] - log>n < ns - log® n.



Note that since we have at least ns - log® n imaginary cops and the set B(Ss3,2) is at
distance at least 3 from 7, we will have enough time to get our (imaginary) cops to occupy
all vertices in B(S3,2) (since the diameter is four and the cops start the move, this is possible).
Therefore after two (case 1) or four moves (case 2), the robber’s entire neighborhood will be
occupied by imaginary cops.

Let us discuss these two cases separately. At the beginning, the robber is in r and is
forced to move to S; and then to a vertex ro in B(S7,1). Now we need to show that the
robber’s neighborhood in B(S7,2)\ S; is small (case 1). Note that (since there is a matching
between B(S3,2) N Z and B(Si,2) \ S3) when the robber gets to s, its neighborhood in
B(S1,2) \ S5 is occupied by imaginary cops.

Claim 1. If X = (B(S51,2)\ S3) N B(ry, 1) has more than ni - log?n vertices, then at
least one of the imaginary cops in X is real and can capture the robber.

Proof of Claim 1. The number of (real) cops in X is binomially distributed with probability
p = n~1 and with expectation at least ni - log®n - ni = log? n. By the standard Chernoff-
type estimate we know that the probability of having no (real) cop in X is at most e~ log*n/3,
We have at most n choices for 7 and since the sets C and Z have been selected before, the
sets S1 and S3 can be uniquely determined by the position r of the robber. Since we have n
different choices for r, the statement is true with probability at least
1—n2. e—log2 n/3
which is greater than 0.9 for n > 1085. This confirms that the claim is true with high

probability. In other words, we can select our set R from vertices in Z in a way that Claim
1 holds. ]

By the above claim, if the robber wants to move to B(S1,2)\Ss, then, since it is occupied
by imaginary cops, .
| X| < nt-log”n.

On the other hand, the robber can decide to move to S3 and then to a vertex r, in
B(S5,1) where B(r4,1) C B(S3,2) (case 2). Note that the sets S; and S5 are determined
by r and the position of cops. In order to get to r4, the robber needs to move 4 times.
Since the diameter of the graph is 4, we have enough time to move our (real) cops to any
position in B(S3,2) that we want. By Corollary [5] there is a set R’ in B(Ss3,2) for our
cops such that if |B(ry,1)| > log*n - |B(Ss,2)|/|R’|, then |B(r4,1) N R’| > 1. Therefore, if
|B(ry,1) > ni - log? n, then there is a real cop there that can catch the robber.

So in both cases, we get to a point where the first neighborhood of the robber is of size at
most n1 -log? n. Repeating the argument of the first step for 5 or 74 (instead of 7), the new
set S7 corresponding to ry (or 74) is smaller than ns - log* n. Since we have enough time, we
can move another set of nst°1) (real) cops to occupy B(Sy,2) and therefore we can capture

the robber. Therefore the cop number of a graph of diameter at most 4 is bounded above
by nsto),



3.1 Repeating the strategy

In the previous section we introduced an approach to catch the robber with nsto® cops in a
graph with diameter 4. In this section we want to improve this result to n5T°W and in order
to do that let us repeat the same process in a more general manner. For simplicity, we will
drop the poly-log factors. Assuming that n is sufficiently large and since the exponent k of
any log® n factor will not depend on n, this can be covered by the o(1) term in the exponent
of n.

Assume that we have n cops and they are randomly positioned throughout the
graph. Therefore the probability that a vertex contains a cop is p = n~%. Using the same
argument as above, it is easy to see that |B(r,1)| < n®*°() or with high probability we will
catch the robber in the first round.

Define S; and B(Si,2) as above and similarly conclude that |B(S1,2) NC| < |B(r,1)|
and therefore |B(Sy,2)| < ne+o(),

Now consider n'~7+°() imaginary cops (each selected with probability n~71) where each
imaginary cop is a real cop with probability n”'~®. Again by using the same strategy, we
conclude that |B(Ss,2)| < n?*tm+oM) and if 2o+, < 1 — 7, then we can occupy the
whole B(Ss,2) by imaginary cops. Therefore, by selecting v; = 1_220‘, the robber will face a
neighborhood which is occupied by imaginary cops and hence the density of real cops in the
robber’s neighborhood is n"1~**°(1) Update r and the definition of used sets based on the
new position of the robber.

Now we can repeat the strategy again to get a better density of cops. Assuming that we
have n!=72%°() (new) imaginary cops and each imaginary cop is a real cop with probability
n2~% we will have:

1—a+o(1)

|B(r,1)| < ne= oM |B(Sy,2)| < nPntol) | B(8s,2)| < n2emntzted)

and if 2o — 1 + 72 < 1 — 79, then the new set of imaginary cops can occupy B(Ss,2) to get
a better density. We can select 7, = % + %. We can continue doing this and get

i

1
%:(1—2@)25,

Jj=1

therefore v; < 1 — 2a. When i is large enough, we have v = 1 — 2o — o(1).

In this part of our strategy we need to capture the robber with real cops. We have
|B(r,1)| < n® W |B(S),2)| < n?* M) and we want |B(S,2)| < n!=**°M) to be able
to occupy B(S1,2) with real cops. So we have the following two conditions to hold:

vy=1—-2a—o0(1) and 2a —y <1 —a. (2)

Combining these conditions we get av = % —0(1) which means that it suffices to have nsto)
cops. Therefore, ¢(G) < nstoM when G is a graph of diameter at most 4.
Note that we need to repeat the strategy many times (depending on how close to ns we

want to get). Although we might need to repeat on and on, we need only seven groups of

7



(real) cops. In particular, every time we only need that the first neighbourhood of  becomes
smaller and smaller. So after three steps of the game, the cops used in earlier steps can be
released and in at most four steps (because each related cop can reach the intended position
in d(G) < 4 steps) they can take the role of the cops in that later step.

Theorem 6. Let G be a graph of diameter at most 4. Then ¢(G) < ns o).

4 Graphs of diameter at most 3

Let G be a graph of diameter 3. Previous section shows that ¢(G) < n5t°M_ In this section
we will improve this bound.

The proof in the previous section gives a strategy involving n'~® cops. Under that
strategy we make 2 or 4 steps (depending on the robber’s moves), after which the robber has
fewer and fewer available neighbors where he can move without being caught. By repeating
this sufficiently long time, the set of possible neighbors of the robber, which we simply treat
as B(r,1) (where r is the current position) becomes smaller than n®~7+°(1) and this upper
bound keeps being valid after every 2 or 4 steps. We may assume this happens at even
steps of the game. By using another set of cops, we achieve the same property at odd
steps. It is easy to see that in every four consecutive steps we encounter a situation that two
consecutive positions, r and 7/, will have |B(r,1)| < n®*°M and |B(r',1)| < n® M) for
every 1’ € B(r,1). Having the current position r of the robber and knowing B(r, 1), we can
take n22=27+°() cops and, since the diameter of G is 3, we can bring in two steps one cop
to a neighbor of each vertex in B(r’, 1), for each ' € B(r,1). This means that, whichever
position 7" € B(r, 1) the robber moves to, its neighborhood will be completely guarded, and
he will be caught.

By choosing v = 1 —2a—0(1) and a = 2 —o(1), the condition 2a —2y < 1 —a is satisfied,
thus we have enough cops to complete the task in the very last steps of the strategy. This
gives the following improved bound for graphs of diameter 3.

Theorem 7. Let G be a graph of diameter at most 3. Then ¢(G) < n7°@).

5 The general case

Now let us consider the general case where the diameter of the graph is d. We would like to
find an upper bound for the cop number in terms of n and d.

Theorem 8. Let G be a graph of diameterd. Then ¢(G) < n', wheret =1 — 2(1?2dl+1 +o(1).

Proof. Assume that we have n'=**°(1) cops randomly positioned throughout vertices of G.
Using a similar argument as in Section [3| we will get:

|B(r, 1)| < not°® | |B(Sar_y,2%)| < n*tete for k=1,... [logd] — 1.



Now assume that we have a set I of n'=7"°(1) imaginary cops where each of them is a real
cop with probability n?=®.

Let k = [logd] — 1. If there is a matching between vertices in B(Syx_q,2%) and the
imaginary cops in B(Sq_1,2 - 2) then we can occupy B(Sas_1,2%) with imaginary cops in
2% moves (here we consider the matching with respect to the bipartite graph whose edges
correspond to paths of length < 2% in ). Otherwise, using the previous argument and Hall’s
Theorem, there is a set Sort1_1 C B(Sor_q,2%) such that |Sorii_q| > |B(Sqrs1_1,28) N I|.
Thus

| B(Syre1-1,2") 01| < |B(Sp_1,2")],

and therefore by using Lemma (3] |B(Syr+1_1,2%)] < n?T°W|B(Syr_q, 2F)| < nlkrDatytold)
Note that we have n!~7*°(1) (imaginary) cops and we consider the set B(Sow1_,2¥) after
(at least) d steps of the robber. If 1 —~ > (k + 1)a + 7, then we can get our imaginary
cops to occupy all vertices in B(Sqe1_1,2"%) at the considered time. Therefore after 2% or
21 moves, the robber’s entire neighborhood will be occupied by imaginary cops and the
density of real cops will improve from n~ to n?~%. Thus, for the position of the robber at
that time, say r, with high probability, we have:

B(r, 1)] < n® 700 |B(Sy,2)] < n2 7 B(Spe_y, 2°)] < plkDesrto),

Repeating the argument with a new set of n'~#+t°() imaginary cops can improve the
density of real cops in the first neighborhood of the robber and we can get

’B(Sgk-‘rl,l, Qk:)‘ < nkta—r+6+o(1)

And if (k4 1)a — v+ 5 < 1 — 3, then the new imaginary cops can improve the density. We
can continue this until v =  which means that y =8 <1 — (k+ 1)a.

Now after having the desired density of real cops in the first neighborhood of the robber
(i.e. v = B), we would like to capture the robber. If (k+ 1)a — v < 1 — @, then we can
use another set of real cops to guard the set B(Syr_q,2%) in at most d — 1 < 2! — 1 steps.
Note that we need to guard B(Sys_;,2%) when the robber enters it after 2**! — 1 moves
(2% 4+ 2k1 ... + 241 moves) which gives the cops the required time to guard these vertices
and capture the robber.

Now combining the conditions (k+ 1)a —y < 1 —a and v < 1 — (k+ 1)a, we see
that o < 52~ works. Therefore, ¢(G) < O(nlfﬁ“(l)), where k = [logd] — 1 and d is the

2k+3
diameter of G. O

6 Graphs of large girth

In this section we will improve the strategy of cops and decrease the derived bound on the
cop number for graphs of large girth. Define B'(A,i) = B(A,i) \ B(A,i —1).
Let G be a graph of girth g and let p = Lg%glj. The following lemma is our main tool.

Lemma 9. For every vertex u, if the robber is not in B(u,2p—2), then two cops can prevent
the robber from entering B(u, p).



Proof. For p = 1, the robber is not in B(u,0) and a cop, by staying at u can prevent the
robber from entering B(u,1). So we may assume that p > 2 and therefore g > 7. Now let
us assume that cops C} and Cy are at u and the robber has entered B'(u,2p — 1) and it is
the cops’ turn. Because of the girth condition, there is a unique vertex x in B’(u, p) that
the robber can enter in p — 1 moves. Therefore C; will move one step towards that vertex
to be able to guard it in p — 1 moves. From now on, C; will copy the movements of the
robber: if the robber moves closer to z, then C will moves closer to x as well and if the
robber moves away from x, then C; will move back towards u. Note that when the robber
is in B’(u,2p — 1), the entrance vertex in B’(u, p) can be changed in one move. In this case,
the other cop, Cy, will move one step towards the robber and C; will get back to u. So if
the robber is in B'(u,2p — k), then there is one cop in B'(u, k) and one in u. Therefore, by
using this strategy, the two cops can prevent the robber from entering B’(u, p). O

Now we have the tool to improve the result from the previous section.

Theorem 10. Let G be a graph of diameter d and girth g and let p = ||, Then ¢(G) < nf,

g
1
_ 2
where t =1 — grorsms + o(1).

Proof. We will use the same strategy as in the previous section with the exception that
instead of having each cop guarding a vertex and its neighbourhood, we replace each of
them with two cops at each such vertex u and will make them guard B(u, p), as shown in
Lemma [9

In the first step of our previous strategy, we used the probability of having a cop in the
first neighborhood of the position of the robber to bound the size of the first neighborhood
of the position of the robber. To get a better result, assume that we have (two sets of)
nl=eto() cops and place two cops (instead of one) randomly on each vertex with probability
p.

Let us first assume that two cops are at u but the robber is already in B(u,2p — 2). To
start our strategy in Lemma @, we need to push the robber out of B(u,2p — 2). When the
robber is in B(u,2p — 1), there is a unique shortest path from u to the robber’s position and
there is no cycle in B(u,2p — 2). Sending an extra cop to follow the robber will force the
robber to move either towards u and eventually get captured or to get out of B(u,2p — 2)
(and enter B'(u,2p — 1)).

Let r be the position of the robber. After some steps, if there is a vertex in B(r, p) that
was selected to contain (two) cops, then it means that r € B(u, p) where u contains two
cops. By Lemma |§], the robber should have been captured by now. So by Lemma [3| (and
ignoring the logn term) we may assume that |B(r, p)| < notoW).

In the next step (in the previous approach) we defined the set S; to be (roughly) the set
of vertices that cannot be guarded by the cops in B(r,3). We can redefine S; to be the set
of vertices in B(r, p) that cannot be guarded by the cops in B(r,2p). Note that although
the cops are moving first, we cannot bring cops from B(r,3p) to cover S; (since p can be
more than 1). As usual, we can see that not only |S;| > |B(S1,p) NC|, but also with high
probability we have |B(S, p)| < n?**°(). Note that in the next step we can define Ss in

10



B(S1, p) and calculate the upper bound for |B(S3,2p)|. The radius of the ball around S; will
grow exponentially and we have

d
|B(Soky1,2%p)| < ntktDote@®  for k=0,... [log—].
p

_2
2k+3

with [log %1 — 1) the cop number is at most n', where t =1 — m +o(1). O

Now we can follow the previous strategy to get o < and therefore (by replacing k

7 Digraphs of bounded diameter

In this section we will consider digraphs of diameter two and bipartite digraphs of diameter
three, which are the digraphs such that between any two vertices u and v there is a directed
path of length at most two (for the first case) or three (for the second case). Note that such
digraphs will automatically be strongly connected.

We will basically generalize the method that was introduced in [6] to digraphs.

Lemma 11. Let k > 0 be an integer, D be a digraph of diameter 2 or a bipartite digraph of
diameter 3, and let H be a sub-digraph of D, such that the maximum out-degree of H s at
most k. Suppose the robber is restricted to move on the edges of H, while the cops can move
on D as usual. Then k+ 1 cops can catch the robber.

Proof. Let r be the position of the robber, a vertex of out-degree [ < k with out-neighbors
v1,...,u; and let ¢1, ..., cpr1 be our set of cops.

Let us first assume that D is a digraph of diameter 2. Assign ¢; to cover v; (for i =
1,...,1). Since the diameter of D is 2 (the diameter of H can be different), each ¢; can get
to v; in at most two moves and therefore in one move can get to an in-neighbor of it. Thus,
in one move, the cops can position themselves in a way that the robber cannot use any of
its out-neighbors. So the robber cannot move. Now send another cop (we have at least one
cop more than the number of out-neighbors) to capture the robber.

Now let D be a bipartite digraph of diameter 3 and let V(D) = LU R be the bipartition
of vertices of D. Move k cops to R and let the additional cop follow the robber and force the
robber to move. Consider the position r of the robber when r € L. Now the out-neighbors of
r,vi,...,v are in R. Assign ¢; to control v;. Since the diameter of D is 3 and D is bipartite,
there is a directed path of length at most 2 between the position of ¢; and v;. So each ¢; by
moving once towards v; can guard it. Therefore the robber cannot use any of v;’s (without
being caught) and the cop who is following the robber will catch the robber. O

For a pair (D, H) where H C D, we define ¢(D, H) to be the minimum number of cops
that can capture the robber, when the robber is forced to move on H while the cops can
move on D.

Theorem 12. Let D be a digraph of diameter 2, or a bipartite digraph of diameter 3, of
order n. Then
c¢(D) < V2n.
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Proof. By the definition we have that ¢(D, D) = ¢(D). We will prove that ¢(D, H) < v/2m,
m = |V (H)| for all H C D.

The proof will go by induction on m, the size of H C D. It is clear that ¢(D,H) =1
when |[V(H)| = 1 or 2. Now let m > 3 and assume that there is no vertex of out-degree
greater than or equal to [v/2m]. Then by Lemma (11 we are done and ¢(D, H) < |v/2m].
Now assume that there is a vertex v of out degree at least |v/2m|. Put a stationary cop on
v to protect v and its out-neighborhood. From now on the robber cannot use these vertices

or will be captured by the stationary cop. Therefore, we can remove v and its out-neighbors
from H to make H'. Note that |V (H')| < m — |v2m] — 1. By the induction hypothesis, we

have ¢(D, H) < 1+ (D, H') < 1+ /2(m — [vZm| — 1) < [V2m].
Since this inequality holds for all subgraphs H of D, then, ¢(D, D) = ¢(D) < v/2n. O

Let us mention that it is not clear whether our methods used for undirected graphs can
be applied to digraphs or not.
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