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PENCIL-BEAM APPROXIMATION OF STATIONARY FOKKER-PLANCK

GUILLAUME BAL" AND BENJAMIN PALACIOS?

ABSTRACT. Solutions of stationary Fokker-Planck equations in the narrow beam regime are com-
monly approximated by either ballistic linear transport or by a Fermi pencil-beam equation. We
present a rigorous approximation analysis of these three models in a half-space geometry. Error
estimates are obtained in a 1-Wasserstein sense, which is an adapted metric to quantify beam
spreading. The required well-posedness and regularity results for the stationary Fokker-Planck
equation with singular internal and boundary sources are also presented in detail.

1. INTRODUCTION

We consider the stationary (forward) Fokker-Planck equation in the half-space R} = {z =
(2',2™) € R™; 2" > 0} in dimension n > 2 given by:

(1.1) —EoNgu+0-Vout+u=f, (2,0)€Q: =R} xS

with V, the spatial gradient and Ay the Laplace-Beltrami operator on the unit sphere S*~!. The
coefficients o(x) and A(x) are spatially-dependent functions bounded above and below by positive
constants and € > 0 is a scaling parameter. More concretely,

0<op<o(x) and 0< Ay <A,

for fixed constants g, Ag.

The Fokker-Planck equation (ILT]) may be used to model at a macroscopic level the propagation
of high-frequency waves in heterogeneous media in the regime of highly peaked-forward scattering;
see, e.g., []. It may also be formally derived from a linear Boltzmann equation, also in the highly
peaked forward scattering regime [26, 2]. In (1)), f(x,0), e20(x) and A(x), represent an internal
source/sink of particles at a point x and direction 6, the level of diffusion, and the amount of
absorption, respectively.

Our aim is to analyze the regime of narrow beam propagation. Heuristically, a beam propagating
with a diffusion coefficient of order O(1) changes directions over comparable distances or times with
normalized speed. The narrow beam structure is therefore preserved only over short distances,
which after appropriate rescaling takes the form ([LI]) with a small diffusion coefficients of order
O(€?).

The narrow beam will be initiated at the boundary of the domain, which for simplicity we
assume to be a half space in most of the paper.

In a general smooth domain 2 C R™, the boundary source of particles generates the following
incoming boundary conditions for (LII):

(1.2) u=g on I'_:={(z,0)cdQxS"': 0-v(x)<0},
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where v(x) is the outer unit normal vector at z on the boundary. Similarly, the outgoing boundary
is defined as

Iy o= {(2,0) €0Q xS"': 0-v(z) >0}

Our subsequent analysis will repeatedly use solutions to the backward Fokker-Planck equation,
which is obtained by changing the sign of the transport operator T'= 6 -V, in ([LT)) and imposing
boundary conditions on the set 'y instead.

We denote by P the Fokker-Planck operator and by P! its adjoint. The parameter ¢ > 0
measures the strength of the rescaled diffusion coefficient. We are interested in the asymptotic
regime € < 1 and 0 = O(1), where we use the standard notation O(e™) whenever a term is
bounded from above by a constant times the factor €, m > 0, and write O(¢*°) when the latter
holds for every m > 0. We use the symbol C as a generic positive constant depending on the
dimension and coefficients of the problems but independent of ¢, and which may vary from line to
line.

There is a large literature on the analysis of the Fokker-Planck and similar kinetic equations.
Existence and uniqueness questions are addressed in, e.g., [13] 10, 28] and [19] 20] from different
points for view. The question of regularity of solutions can be traced back to the classical works of
hypoelliptic operators [I8] and subelliptic estimates [23]. A more specific treatment of regularity
in Fokker-Planck, based on sub-elliptic estimates, is presented in [8]. A different approach to reg-
ularity can be found for instance in [I5] B0], where iterative methods of the form of Moser or De
Giorgi techniques are employed to prove Holder continuity of solutions under sharper conditions on
the coefficients. The results obtained from both strategies, subelliptic estimates (to obtain gains
in regularity) and iterative methods (to gain continuity conditions), will be used in the derivations
of this paper. There has been an increased interest in recent years in the study of the non-local
Fokker-Planck models with fractional angular laplacians. Some references are [II 16, 21]. Most
of the analysis presented in this work should extend to the fractional case although we do not
consider this issue in detail here. Let us also briefly mention recent work on the reconstruction of
coefficients in the forward-peaked regime of Fokker-Planck in [I1].

The regime of small diffusions ¢ < 1 in (LI]) appears, for instance, in the modeling of laser
light propagation in turbulent atmospheres [27], 17, 22 12]. In the small diffusion scaling, one
may be tempted to completely remove the diffusive part, which yields the following ballistic linear
transport equation,

(1.3) 0-Vov+v=f (x,0)cR} x st

whose solutions can be explicitly written in terms of the source functions.
We will consider the accuracy of this simple model. A more interesting and more accurate
asymptotic description is given by the Fermi pencil-beam equation,

(1.4) —GAYU 4V -VxiU +8xnU + XU = f, (X,V) e R x R"™1,

with Ay the Euclidean Laplacian. The above equation may be formally obtained from (LII)
(rescaled so that o is O(1)) by replacing the Laplace-Beltrami operator Ay by its approximation on
the tangent plane Ay and assuming that the beam direction along X™ is constant. Such solutions,
unlike ballistic transport, capture beam spreading while completely neglecting backscattering (back
to the boundary of R’}). They admit reasonably explicit expressions [14]. For some derivations of
the Fermi pencil-beam equation we refer to [6], while [7] formally investigates the accuracy of this
model with respect to Fokker-Planck and linear transport.
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To analyze the accuracy of the model, it is convenient to link the Fermi pencil-beam and
Fokker-Planck equation through a precise choice of local coordinates on the unit sphere and a
rescaling of variables at the level of the diffusion, thus depending on €. This is done by means of
stereographic coordinates (see [24], p.35]) from the south pole S = (0,...,0,—1), given by the map
§: S I\{S} — R"! such that

0 0,
(1.5) 5(9);:(1+19 "“’1+01 )

and with inverse J := §~! : R*~1 — §»~1\{S},

v — |vU 2
(1.6) d(v) = <<% %) W) = (1 4+ [o]?)/2.

Under these coordinates the local representation of the metric on the sphere is

2
g =cw)dz?, with ¢(v):= W
v
while the volume form df, the gradient Vy and the Laplace-Beltrami operator are respectively
given by

Y wydv, ¢ 2(0)V,, and V@)V, - T3 (0)V,.

The coupling of stereographic coordinates with an e-rescaling of the transversal and angular vari-
ables defines the stretched coordinate system. Namely, given macroscopic coordinates (2, z™,0) in
R7 x S*1 we denote by

(X, X" V)e R xRy x R*!
the stretched local coordinates defined by the relation
(2',2",0) = (2¢X’, X", J(V)).

This map is a diffeomorphism between R x (S*~1\{S}) and R? x R"~! =: Q.
Given the solution w to (LI)-(LZ) with sources f = 0 and formally g = d(z)d6(6 — ), for
|n — N| = O(€?) (here N := (0,...,0,1)), its pencil-beam approximation takes the form

(1.7) u(z, 0) = (20)72"DU((2¢) 12!, 2™, 7 18(0)),

for U solution to the Fermi pencil-beam equation (IL4]) with null interior source, boundary condition
G(X", V) =68(X"6(V —e18(n)), and coefficients

1 -
o= ZO’(X”T]) and A= A(X"n).

A similar approximation can be constructed by superposing pencil-beams if instead ¢ is a nonneg-
ative and integrable function on I'_. This will be considered later in the paper.

Our analysis provides a rigorous comparison of solutions of Fokker-Planck, ballistic linear trans-
port and the pencil-beam approximation. We establish error estimates in terms of powers of e.
Since the solutions model narrow beams and are therefore quite singular, we need a metric that
accounts for mass transport at the e—scale. We therefore use a natural setting for comparisons in
such instances that is based on a version of the 1-Wasserstein distance.

For a given relative open and bounded set Q C R", we define

BLy (2 xS") :={p e C(AxS" ) : |¢]lo <1, Lip(¢)) < k}.
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The 1-Wasserstein distance between two finite Borel measures in Q x S"~!, u(x,6) and v(z, ), is
defined as

(1.8) WLQ(U,'U) := sup {/zp(g;,e)(u —v) 1) € BLx( % Sn—l)} 7

and analogously, if u and v are finite Borel measures defined in the whole space RCLF xS" 1, we define
their 1-Wasserstein distance by replacing {2 with R’} above and use the notation Wi = W}f’m .
From the finiteness of the measures it is clear that

lim Wi (u,v) = Wk(u,v).
Q—R% ’

The same distance was used in [3] in the context of inverse transport theory to model possible
mis-alignments in the sources used in the probing as well as detector blurring of singular solutions.
Consider two points a # b, two distributions d,(z) = d(x — a) and d(z) = d(x — b), an approx-
imation to the identity ¢, and regularizations in L', ¢ (z) = ¢°(z — a) and ¢§(z) = ¢(z —b).
For small enough €, [|¢5 — ¢5ll1 = O(1) independent of the distance between a and b while
WL (04, ¢5) = O(er) and WL(84,0,) = k|a — b| when a and b are close enough. Here, x may be
interpreted as a confidence level in our measurements to distinguish between points a and b, as
well as the resolution we use to differentiate between measures. For the same reasons, this distance
is a natural tool to quantify the spreading of narrowly focused beams.

The approximation by ballistic transport and Fermi pencil beams is interesting only in the
setting of narrow beams. The e—broadening of an already “broad” solution is hardly observable.
We thus need to consider solutions with measure-valued boundary conditions. This poses no
difficulty for the ballistic transport and Fermi pencil beam equations as those are explicitly solved
by means of, e.g., Fourier transforms. We develop in this paper the appropriate theory for the
Fokker-Planck equation to handle singular boundary conditions in the form of Radon measures.
We obtain a unique solution u to ([LI)-(L2]) with internal and boundary sources given by finite
compactly supported measures. In the particular cases of f =0 and g(z,0) = 04, (x)0,(8), for |n+
v(xo)| = O(e?), or g(z,0) € L' (OR"} x S*~1) such that g > 0 and ||g|[,1 = 1, compactly supported
around (zg, —v(zg)) inside IR" x {|6 + v(zg)| < Ce*}, we find a second order approximation
u(z, 0) by superposing delta-generated pencil-beams of the form (7). The corresponding ballistic
transport solution of (3] is denoted by v(x,6). In this context, the main result of this paper
reads as follows.

Theorem 1.1. For dimension n > 2, there exist constants C,C" > 0 (depending on n, o and \)
such that for any k 2 1,

W(u,v) < Cre and W(u,u) < C'ék.
In addition, if the resolution parameter is taken such that k ~ €', then

1
c <Wl(u,v) <C, and W(u,u) < e

The last statement reflects the reasonable fact that at the e—scale of the beam, the ballistic
transport solution v does not accurately model the beam spreading. The Fermi pencil beam ap-
proximation, however, is still quite accurate for small e.

The rest of the paper is structured as follows. Section [2studies the well-posedness of the forward
and backward Fokker-Planck equation in the L?-setting based on a representation theorem that
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goes back to the work [25]. Continuity of solution with respect to the data is given in the L? and
L™ settings. We then consider Holder and Sobolev regularity, which are obtained by means of a
local normal form of (ILI]). The former regularity is a direct consequence of recent developments
in the theory of ultra-parabolic equations, while the latter follows from a well-known commutator
technique introduced in the work on subelliptic estimates [23]. These results are collected in
Section [3] to conclude, following a duality argument, on the existence and uniqueness result for
(L) for rough sources and continuous coefficients. All necessary results on the the fundamental
solution of the Fermi pencil-beam equation are presented in Section M Section [l performs the
approximation analysis using the 1-Wasserstein distance and states the main approximation result
of this work, Theorem [L11

2. WELLPOSEDNESS AND REGULARITY OF TIME-INDEPENDENT FOKKER-PLANCK

We first establish existence and uniqueness of weak solutions based on a representation theorem
for Hilbert spaces introduced in [25]. Continuity with respect to the boundary and interior sources
is also proven in the L2-setting for general square integrable functions f and g, while for vanishing
boundary sources we also prove continuity with respect to f in the L°°-norm. We then move to the
question of regularity of solutions for which we introduce a (local) normal form for equation (L),
and follow two different paths. As a direct application of recent developments on the study of
Kolmogorov-type equations and more generally ultra-parabolic equations, we first deduce Holder
continuity of solutions under very weak assumptions on the coefficients. We then obtain an interior
regularity result in Sobolev spaces by applying a well-known commutator technique that yields
the necessary subelliptic estimates. Before going into the analysis a few remarks need to be taken
into consideration regarding the results of this section.

Remark 2.1. (1) Everything we present in this section also holds for the backward Fokker-Planck
equation and the proofs are identical but for minor differences such as interchanging the incoming
boundary I'_ with the outgoing one I'y. (2) In all the results presented in this section, the domain
R% x S"~! may be replaced by any set of the form € x S*~!, for Q a bounded domain with
sufficiently regular boundary. (3) The assumption of Ay > 0 is assumed to simplify the analysis
and obtain global and integrable solutions on the whole half space. Such an assumption would not
be necessary on a bounded domain as long as Poincaré-type estimates are provided, something we
do not consider here.

We define @ := R} x S and write L*(I'y), k = 1,2, to denote the space of L¥ functions at
the boundary sets I'y endowed with the measure |0 - v(z)|dS(z)df. Here, df stands for the volume
form on S"~! while dS(z) = da’ is the surface measure on OR". We also denote by L? (Q) the
space of functions u so that yu € L?(Q) for any y € C°(R").

2.1. L?-global theory and other properties. Consider the following Hilbert space
H:={uec L*Q): Vou € L*(Q)}

with norm [Jul|3; = |[ull?, + €*[|Voul|3, and 3 its dual space. We denote by T the transport
operator Tu = 0 - V,u. We look for solutions in the sub- Hilbert space

Y= {u € H:Tue H} with norm |jul§ == ||ullF + || TulF0.
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Definition 2.2. A function u € Y is a weak solution of ([[LI)-[2) if for all p € C=(Q) such that
@0 =0 on 'y, it satisfies

/Q (0 (2)Vou - Vop — u(8 - V) + Mugp) dedd

(2.1)

:/ fcpda:d@—i—/ gpll - v(z)|dS(x)db.
Q r_

Theorem 2.3 (Wellposedness). For any f € L*(Q) and g € L*(T_), there exists a unique weak
solution u € Y to (LIN)-(L2)), which for some constant C = C(||o||l0o, 00, Ao) > 0 satisfies

lully < C(IIfllz2 + llgllz2)-
Furthermore, the traces of u on I'_ and I'y. are well defined, with ulr_ = g and u|r, € L2(I'y).

The main ingredient in the proof of existence is given by the next theorem. The rest of the
proof follows the approach of [I3] (see also [10]).

Theorem 2.4 (Lions [25]). Let H be a Hilbert space provided with the inner product (-,-)s and
the norm || - ||sc. Let F C H be a subspace provided with a prehilbertian norm | - |, such that the
injection of F into H is continuous. Let us consider a bilinear form a : H x F — R, such that
a(-, ) is continuous on H for any ¢ € F and such that a(p, ) > alp|? for any ¢ € F with a > 0.
Then, given a linear form L € F' continuous with the norm | - |, there exists a solution u € H of
the problem: a(u,p) = L(p) for any ¢ € F.

Proof of Theorem [2.3. )
1) Ezistence. Denote by F the set of test functions ¢ € C*°(Q) such that ¢ = 0 on I'y, and
consider the prehilbertian norm on &,

1
T 2
ol == llellae + SNl 22 _j0.000) as (o)

It is clear that JF is a subspace of H whose inclusion is continuous. In order to apply Theorem 2.4],
we define the bilinear form a : H x F — R as the left-hand side of ZI):

a(u,p) := / (620(:17)V9u Voo —u(l - Vap) + Augp)dzdd,
Q
and the bounded linear operator L : ¥ — R as the right-hand side of (21)):
L(y) :/ fgpdxd9+/ gpl0 - v(x)|dS(x)do.
Q r_

Under these notation, a weak solution to the FP equation should satisfies the equality
(2:2) a(u,p) = L(p), Vo €T,

For an arbitrary ¢ € F, a(-, ) is a bounded linear operator in H and moreover a(-,-) is coercive
when restricted to F x F. Indeed, for any ¢ € F we have

o(p.9) = [ (Co@Top- Top 4 Aw)?)drdd + 5 [ - vwlas(e)ir

> min{l,ao,)\o}\gp\gf.
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Here we used standard integration by parts in R™ on the integral of ¢(0 - V). It follows from
Theorem [27] that there exists a weak solution u € H satisfying (2.2). In fact, u € Y because Tu
is a distribution given by

(2.3) (Tu, p) = —/ (620(:17)V9u - Vo + Aup — fgo)d:nd@, Vo € C(Q),
Q
thus |[(Tu, )| < C|l¢|lsc. By density, the previous holds for all ¢ € H therefore (23] defines
Tu € H' for solutions of ([LI]). In addition we have:
(2.4) [Tullse < max{||olo, [[Alloo Hlullsc + [1f] L2

2) Trace. To show uniqueness, we first need to make sense of the trace of a solution v on I'_ (and
I'}), and we do so by a density argument. The subset Y = C°(Q\I'g) of Y is known to be dense
[0, 10, 13]. Take an arbitrary ¢ € Y that vanishes on I';. Then, Green’s identity implies

el T2 .00 1as(ya0) = —2/Q<P(T<P)d$d9 <2|lellac| Tollse < llell3-

Analogously, if ¢ € Y vanishes on I'_ instead, we get
121220, 0@y asan < 2lellac Tellse < ol
Therefore, since any ¢ € Y can be decomposed into ¢ = @y + @_ with ¢4 vanishing on 'y, we
deduce
ol 220y ur_ 6.0 (2)ds(2)a8) < ll@lly-
Consequently, the density of Y implies u|p, € L2(I'y; |60 - v(z)|dS(x)d6) for all u € Y. In addition,
for any pair p,9 € Y, we have

/ (T ddd + / (Tp)dadd = / o(0 - v(2))dS ()do.
Q Q r_ury
By density we can extend the previous identity and write for any uy, us € Y,

(2.5) (w1, Tug)gc a0 + (w2, Tur)sc 50 = / urug (6 - v(x))dS(x)db.
r_ury

In particular, if u; = u is a weak solution of (LI) and we take ug = ¢ € Y such that it vanishes
on I'y, then we obtain

0= / (= g)ol0 - v(2)|dS(x)d, Vo€ .
I

This follows by recalling that u satisfies ([23) for all ¢ € H, thus in particular for all ¢ € y
vanishing on I';, and on the other hand, by definition of weak solution, for the same functions ¢

(2.6) (u, T)sc a0 = /Q (620'($)ng Vo + Mup — fo)dzdf — /F 9|0 - v(x)|dS(x)db.

3) Uniqueness. Let wi,ws € Y be two weak solutions of (ILI))-(LZ). Therefore, u = w; — ws is a
solution of the same equation replacing (f,g) by (0,0). We first use the definition of T'u in the
distributional sense (2.3]), which also holds if we take p = u € Y C H. Therefore,

(u, Tu)g 30 = —/ (20 (z)Vou - Vou + Au?)dzdf.
Q
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On the other hand, by plugging u; = uy = u into (2.5]) we obtain
2(u, Tu)gg 90 = / u?|6 - v(x)|dS (x)db.
ry

From the previous two equalities, one deduces

—% / u?0 - v(z)|dS(x)dd = / (o(2)Veu - Vou + Au?)dadf > min{og, Ao }H|ull3,
A Q

and consequently, since the left-hand side is nonpositive, the above is true only for u = 0.
4) Continuous dependence. A weak solution u of (LI)-(L2) satisfies Tu € H' given by (23).
Choosing ¢ = u, we get

(u, Tu)gc g0 = —/ (Eo(z)Vou - Vou + Mu? — fu)dzdo.
Q

This together with ([235]) applied to u; = us = w implies
2.7) min{oo, Ao} ulZ < /Q Fudzdd + % /F 6210 - v(x)|dS(x)do,
where the first integral in the right-hand side is bounded ;s follows

| gt < 5521 ooy + 50 s

We then choose § > 0 small enough in order to absorb the last term with the left-hand side of
27). Combining (24]) with the above inequalities concludes the proof. O

Lemma 2.5 (Non-negative solutions). For f,g as in Theorem 2.3, if f,g > 0 a.e., the unique
solution to (LI)-(L.2)) satisfies that u > 0 a.e. and the same holds for its trace on I'_.

Proof. Let us denote u* = max{0,+u} and set A = Q\supp(u*). We denote the characteristic
function of A as 1 4. Then, v~ € H with Vyu™ = (Veu)1 4. Moreover, Tu~ € H' is a distribution
given by

(6, Tu) = — /A (Co(2)Vou™ - Vod + Aa)ud + fo)dedd, Vo € CZ(A),

whose definition extends to all ¢ € H supported in A. On the other hand, identity (Z3]) for u~
gives

2(u™, Tu Yy — /F O v@)as (.

From the previous two equalities and using that u|pr_ = ¢ > 0, thus v~ |p_ = 0, we deduce that

AA]U‘ded@ + % / lu™[2(0 - v(z))dS(x)db

L

:—62/0(:5)\V9u_\2da;d9—/fu‘dmd@,
A A

where by virtue of f > 0 it leads to
)\0/ |u—|2dxd9+1/ = [2(6 - v(x))dS(2)dd < 0
A 2 Jr,

In consequence v~ = 0. ]
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Following [19, Lemma 3.4], we obtain the following continuity in the L°°-norm for vanishing
boundary source.

Lemma 2.6. If f € L*>(Q) compactly supported and g = 0, then, the solution to ([[L1I) satisfies
the estimate |[ulloo < Ay || flloo-

Proof. Let M = ||f|lco- Arguing by contradiction, let’s assume there exists & > 0 and a bounded
set A C Q with positive measure such that, with out lost of generality, u(z,0) > M\, 4 owon A
Notice that v € L?(Q) since f is also square integrable.

For any sufficiently small § > 0 we can find a ball B C ) such that

(2.8) meas(B N A) > (1 —d)meas(B),
(see for instance [29]). We take h € C2°(Q) so that h > 0, supph C B and

/ <$B(B) - h) dzxdf

and consider ¢, solution to the backward Fokker-Planck equation
(2.9) —E0(2)Dpp —0-Vaop+Ap=h, ¢|r, =0.
According to lemma applied to ([2.9) we deduce ¢ > 0. Then, we have

/ fodrdd < M/ pdzdd < M1+ 6).
Q Q

1— /hdmd@‘ <4,

The last inequality follows from the fact that ¢ is indeed a strong solution of (2.9]) (as we will see
in §2.2.3]) and then integrating (2.9]) over Q. Indeed,

/hdmd@z/ (= 0-Vap + Ap)dadd
Q Q

where we used Green’s identity on the unit sphere: fSn71 Agpdf = 0. Stoke’s theorem and the
lower bound Ag < A then yield

/\0/ gpdxd@ﬁ/ hd:z:d9+/ 0(0 - v(x))dS(z)dd < ||h|L1,
Q Q

where by definition of h, ||hl|;1 <1+ 6.
On the other hand,

/ fodxdd = / uhdxdd = I + I,
Q Q

with
I :/ uhdxdf
BNA
S —1 XB B / XB
> (MX," + ) (/BOA meas(B)dxde . <meas(B) h) dzd6
- BnNA) _

- 1 meas( B 1 B

> (MN," + ) <7meas(3) d) > (MN," +a)(l —20),
and

I = / uhdzdd < ||ul| ;2 ||h]|cemeas(B\A)? < ||[u]| 12 ||h||scmeas(B)'/25/2.
B\A
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Bringing the above together, we obtain that for some C' > 0 independent of 9,
(MA3 + @) (1 = 26) — C6Y2 < MAGL(1 + ),

which then implies that
MM +a < M+ C5Y2

It remains to take § small enough to obtain a contradiction. O

2.2. Regularity. The regularity of solution to Fokker-Planck is obtained by using an appropriate
local representation of the equation. These beam coordinates were already used in [6] to derive the
Fermi pencil-beam equation from an asymptotic expansions of Fokker-Planck and linear Boltzmann
equations.

2.2.1. Beam coordinates. Consider the map B : S’}r_l — R"! transforming the upper hemisphere
S’fr_l ={0cR" 10| =1, 6, >0} and given by

B(6) == (%Hg:)

and whose inverse is defined as the map B! : R*~! — S’fr_l such that
v 1
w1 = (2 1),
(v)" (v)
Under such coordinates, we obtain the local representations:

§= ﬁ ([d - (%) (<Z—>)T> db = (v)"dv,
Vo= 0)2(Id+vw!)V,, and Ay= )"V, )2 "(Id+vw!)V,.

2.2.2. Normal form and Holder reqularity. The regularity properties for Fokker-Planck solutions
are obtained by assigning to (ILI]) a normal form for which regularity issues are well understood.
The same analysis applies to backward Fokker-Planck.

Let us pick an arbitrary 6y € S"~!. By embedding the unit sphere in R", we consider spatial
coordinates so that 6y = (0,...,0,1) =: N. On the unit sphere, we choose beam-coordinates
mapping the hemisphere {# € S*~1: 6.6y > 0} onto R"~L.

Let U, C R"} be a neighborhood of an arbitrary point xo € R’} and U, a neighborhood of the
origin in R"~!. For any test function ¢ = (v)"*1¢ € C°(U, x U,), in local coordinates, equation
(L) takes the form:

2

(o)}

o(x)

O (Id + vo ) Vyu, V, ((0)" 1))

/—u@mnqﬁ —uv -V + (
(2.10)

+ (VYN ug drdv = /((v)f)quxdv.
We re-label coordinates by writing (y,t) := (2/,2™), and define
(2.11) At y,v) = Eoly, ) () (Id+wvoT),  Blt,y,v) = E(n+ 1oy, t){v)*v;

A~

and c(y,v) = (V)A(y,t), f(t,y,v) = (v)f(t,y,v). Then, assuming enough regularity on wu(y,t,v)
one verifies that it satisfies the equation

(2.12) Ou+v-Vyu=V,- - (AVyu) — B-Vyu — cu+ f, in U, x Uy,
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in the weak sense, i.e. u,Vyu,0u+v - Vyu € leoc(Um x Uy). We call this equation the normal
form of ([I.I]). We point out that the matrix-valued function A is positive semi-definite at every
point while the vector-valued function B and the scalar function ¢ are bounded in U, x U,.

If a null boundary source is imposed, that is ¢ = 0, we can also write equation (II]) in normal
form around (outgoing) boundary point (zg,6y) € I'; by extending the problem across I'y. Indeed,
let (x9,0p) € Ty and U C R™ x S~ ! a sufficiently small neighborhood of (x¢,6p). Denote by iy
the unique solution to the exterior problem

(2.13) — €20 gUoyt + 0 - Valloys + Migys =0 in R™ x S"71
with (exterior) incoming boundary conditions
Uoyt =u on ',

Here, 0 and X\ are any positive extension of the coefficients that preserve the original regularity.
It turns out that ey = uh@i + Uout|re satisfies that

/€2Uveuext Voo — uext(9 : Vx¢) + )\ueact(l5 dxdf = /fext¢ da;d@,

for all ¢ € C°(U), with fe,: the zero extension of f. We can choose beam coordinates with respect
to (zo,00) and deduce that ., satisfies (in a weak sense) an equation of the form (212, for all
(y,t,v) in a bounded open set.

A first consequence of the normal form (2I2]) is the Holder continuity of solutions. This issue
has been studied by several authors in the context of equations of the form (ZI2) (see for instance
the recent results [15], [30], and the survey [9]). The following is a direct consequence of Theorem
1.1 in [30] (or [Theorem 3 in [I5]] in the case ¢ = 0).

Theorem 2.7. Let u be solution to (1)) for f,o,A € L>®(Q). Then, there is o € (0,1) so that
u € C%(Q). If in addition g = 0 in (LI)-C2) then u € CO*(QUT ).

Remark 2.8. In the context of backward Fokker-Planck with null boundary condition ¢ = 0 on
'y, the analogous result gives u € CO*(QUT_).

2.2.3. Sobolev regularity and strong solutions. Let us introduce the operators D3 := (I — Am)5/2’
with s € R, defined by

1

Diu=— "
z (271')"/2

[ e ) Ratkdn, - vue 2R

where * stands for the Fourier transform. Following the notation x = (2/,2"), we analogously
define D, for an operator acting only on z’.

Theorem 2.9. Let u be a weak solution to (1)) with source f € L*(Q). Then,
Agu, 0 -V u, Dg/gu e L2 .(Q),

loc

and in particular w is a strong solution. Moreover, for every compact X and open O such that
X C O CQ, there exists a constant C' > 0 so that

|| Agull p2gac) + €21 D23 ul| 250 + 110 - Vaul| p2)

(2.14) )
< C(IIf 2oy + €IVoull L2y + llullL2(g)) -
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Remark 2.10. Estimates of the form (2.I4]) are usually referred to as subelliptic estimates, in this
case with a gain of 2 derivatives in the angular variable and 2/3 derivatives in the spatial variable.
Assuming smoothness in f, o and A, repeated differentiation of (I.I]) combined with the subelliptic
estimates lead to the hypoellipticity property.

Remark 2.11. According to §2.2.2] extending the solution near a point (z,0) € I'y across the
2/3

boundary implies Agu, 6 - Vyu, Dy/"u € L*(X) for any compact X C QUT,.
We give a brief proof of the theorem and we refer the reader to Appendix[Al for a more detailed
one.

Proof. Tt is enough to obtain the estimates in a neighborhood U of an interior point (z¢,6y) € Q.
Up to some rotation, we can always assume that 6y is contained in the span of (1,0...,0) and
(0,...,0,1) = N. We first consider beam coordinates on the upper hemisphere S’fr_l ={6" > 0},
thus N = (0,...,0,1) is identified with 0 € R"~!,

After standard mollification and localization arguments we reduce the problem to obtaining
the desired estimates for a smooth compactly supported function u, solution to the normal form
equation

(2.15) Tu—V, - (AVyu) +B-Vyu+cu=f, V(z,v)el,

with f (different from the original one) a smooth and compactly supported function with L2-norm
bounded by the norm of the original source and the H-norm of the Fokker-Planck solution. Here
T stands for the transport operator

T = (89371 +v- Vx/),
which satisfies the commutator identity:
(2.16) Opi = Oy, T =Ty, j=1,...,n—1

The bulk of the proof is analogous to [§] where a central role is played by the (Hérmander-type)
identity (ZI6]). The main difference is the more general form of the principal term, which is easily
addressed due to the positive-definiteness of the anisotropic coefficient A. The technique consists
in obtaining the estimates

(2.17) IV, - AVyull2 < C|lfll2 and  [|D2ullp2 < Ce 23| f| 2,

from which one deduces
)| Agull 2 < C| |-

On the other hand, by considering instead beam coordinates on the hemisphere {# € S"~! :
6! > 0} we can repeat the computations leading to (2IT7) but now in terms of the operator
D3, = (1 — A,n)*2, where we decompose the spatial variables as z = (z',2”). We then obtain
2/3 —2/3
1D ull g2 < CeP £ 2,

which implies an analogous inequality for the full derivative Di/ 2.

The proof is complete by considering a convergent subsequence with respect to the mollification
parameter, with respective derivatives converging weakly in L?, in a smaller neighborhood V of
(x0,00), to Agu and Di/ 3 for u now the Fokker-Planck solution. The estimates for the mollification
yield the following subelliptic estimate for the limit,

|| Agull 2wy + 1DZ3ull 2wy < CUIF Il 2wy + llullse),
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where here f is the source term in (ILI]) and W C @ a slightly larger open set containing U. Finally,
it follows directly from the equation that

10 - Vaull g2y < CUfllL2wy + [lullso)-

3. FOKKER-PLANCK WITH SINGULAR SOURCES

Our main motivation to study Fokker-Planck equation is the modeling of narrow beams with
a source represented as a delta distribution. The above well-posedness theory does not allow for
such objects, and hence it is necessary to extend the equation to delta sources or more general
finite compactly supported measures. We achieve this following a duality argument which implies
the need of continuity results for solution to the backward Fokker-Planck equation. These results
follow from §2 and the paragraph at the beginning of that section.

All the measures considered here will be of Borel type. Let f and g be finite measures in () and
I'_ respectively. Below we denote by P the forward Fokker-Planck operator while P! stands for
the adjoint (or backward) Fokker-Planck operator.

Definition 3.1. A distribution u € D'(Q) is said to be a solution of ([LI)-([L2) whenever
(Pu,p) = (u, P'o) = (f,0) + (910 - v(z)|,0)r_,
for all p € C§°(Q) such that p =0 on Ty,

Remark 3.2. (1) The factor |0 - v(z)]| is introduced to agree with the standard definition of weak
solutions for Sobolev spaces in Definition (22)). (2) Notice that if u is a finite measure, the
above extends to all ¢ solutions to ([B.1)) for some ¥ € C.(Q), the set of all continuous functions
with compact support in . This is because those solutions belong to C'(Q) N L?(Q) and can be

approximated (with respect to || - ||oo) by compactly supported smooth functions.

Theorem 3.3. Let 0, A € C(R}) and f and g (positive) finite measures with compact support,
defined respectively on @ and I'_. Then, there is a unique (positive) finite measure in Q satisfying

CID)-@2).
Proof. Due to the Holder-regularity result of Theorem 2.7 and particularly the remark after it,
and Lemma [2.6] the source-to-solution map associated to the backward equation

(3.1) —Eo(x)Agp — 0 - Voo +Ap =1, olr, =0,

maps Sy ¢ Ce(Q) — C(Q UT_) continuously. It is a well defined map due to the inclusion

Ce(Q) C L*(Q).
We claim that u, defined by

(3.2) (u, ) = (f, Saaqjt)q + (910 - v(z)], Sagi¥)r_, Y € Ce(Q),

is a finite measure and satisfies (LI)-(L2)) in the distributional sense. It is clearly a bounded linear
map on C.(Q), thus by (Radon-Riesz representation) duality it defines a Radon measure on Q,

and it is finite since f and g are. Moreover, since any ¢ € C2°(Q) satisfying that ¢|p, = 0 can be
regarded as the unique solution to the backward system for ) = Plp € C°(Q), then

(f.0)q +(gl0 - v(@)], )r_ = (u, P'p)q,

which means u is a weak solution.
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Let v be another finite measure solution to ([LI)-(L2]). For an arbitrary ¢ € C.(Q) and denoting
@ = Sqqj¥ we have
(u—v,9) = (f,0) +{gl0 - v(@)], o)r_ — (v, P'p) =0,

which implies © = v. The positivity is a direct consequence of the definition and the analogous
result of Lemma for the backward problem. O

4. FERMI PENCIL-BEAM EQUATION

This section collects all the results we need on the Fermi pencil-beam solutions.
For ¢ and A continuous functions depending only on X" > 0 and bounded from below by
positive constants, the Fermi pencil-beam equation is given by

(4.1) PU) == —GAyU +V -VxU + dxaU + NU = F, (X,V) € R x R"™1,
and is endowed with boundary condition
(4.2) Ulxn=o = G(X/7 V), (le V)€ R,

The following solvability result goes back to work of Eyges [14] on transport theory of charged
particles. Below we write §x/[-] to denote the Fourier transformation with respect to the variable
X', that is
1
Sx[F](€) = (2n) 072

Sv is given analogously for a phase variable . We also write 7y to denote the translation map
on the spatial transversal variables, i.e. [ry/ f](X') := f(X' = Y").

/ e X ER(X Y dX'.

Proposition 4.1. For any F € C(R.;8'(R*™ 1)) and G € 8'(R*"V), there exists a unique
solution U € C(Ry; 8/ (R2™=1)) to @I)-@2) given explicitly by

U(X,V) = e do XMsr, o (H, + G)
(4.3) X"
+ / e_ ft )\(S)dSTX'nV(H2(t) k T_tVF)dt,
0

for Hi(X,V) and Ha(X,V;t) Gaussian kernels, namely

1 12 / 2
—W(EOLX‘ +2E1 X V+Ex|V| )

(471'\/ EsFEy — E%)"_l

(4.4) H,(X,V) =&

with Ep(X™) := fOXn s¥5 (s)ds, and Hy defined analogously by replacing the terms Ey, with E(X™;t) :

ftXn skG(s)ds.
Proof. A solution U to (@) should satisfy (formally)

(Oxn +1V - € —5(X™) Ay + NFx[U] = Fx/[F).
Define o

U(é.,Xn, V) — eiX"(V'f)-i-fOX )\(t)dtst/ [U]

and F(S,Xn,V) _ eiX”(V'5)+fOXn X(t)dtg)(,[F]’
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for which the following equality holds
OxnU — G(X™)é ixn(ve)+fX" th ( —ixn(vg)— X" dtU)
Denoting now U = Fy[U](€, X", n) and F = Fy[F](&, X™,n), and recalling the identity
Su[e VORW)](n) = Fv[A(V)](n - X"€),
by applying FT with respect to V' in the previous equality, we obtain the following equation
OxnU +5(X™)|n— X"¢)*U = F,

which we endow with the boundary condition U(¢,0,7) = Fx/v[G](€,1) = G(&,1). U is then
given by

n

n . X n ~ ~
UE, X", ) = G(e,p)e o I=ePad 4 / e I In=sEPTO R (¢ f )t
0
with f‘(f, t,n) = elo X(S)dSSX/,V'[F](g, t,n —t&). Consequently, the FT of U has the form

X"y A
SxvIUIE X" ) = el XOMT (e Xy + X7¢).
The explicit expression for U follows directly from the previous two equalities. O

Remark 4.2. A quick application of Plancherel’s identity implies the following integration by part
formula that will be used later: if U is a pencil-beam with null interior source and boundary
condition G = §(X' —Y")d(V — W), then for any ® € C(R? x R" )N H'(Ry; LA(R"~! x R*71)),

(4.5) / Udxn®dX'dX"dV = — / OxnUDAX'dX"dV — (Y, 0,W).
R? xRn—1 R” xRn—1

The approximation analysis of the next section requires estimates on various derivatives of the
solutions to Fermi pencil-beam equation. This is not an issue for large values of (X, V) due to
the exponential decay at infinity but becomes more tedious when approaching X™ = 0, where the
pencil-beam solutions are singular. The precise integrals that need to be controlled are summarized
in the following lemma.

Lemma 4.3. Let U be a solution to @I)-@2) for F =0 and G = 6(X")0(V — ©), for some
O € R ! and coefficients 7 € C3(R4.), A € C(Ry). The integrals

I1X7 = X O VI8, 00U, j € {1,...,n— 1}
are finite:

(i) in general for any integers l,m > 0 and multi-indices p,q > 0 so that 31 > 3|p| + |q|;
(i1) and for any l,m >0 and p,q > 0 so that 3l +m > 3|p| + |q| if © = 0.

Furthermore, the same conclusion holds for a solution U to @I)-@2) with G = 0 and F =
(X' — X"0) - &(X™)oLU, |q| <3 and & continuous and bounded in Ry (this will be used in the
proof of lemmal5.3).

Proof. Let us write n = n(X") := e~ X g6 that for F = 0 and G = §(X')6(V — ©) the
Fermi pencil-beam equation can be written as

(4.6) U(X, V) = T](Xn)Txanl(X, V- @)
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For any polynomial p(X’, V) and function f(X’, V') such that the following quantities are finite,
we have

/ p(X', V) rxeny f1(X, V)AX'dV = / p(X' + X"V, V) f(X',V)dX'dV,
and thus, the previous identity along with a change of variables gives

X7 — X" VI, 0LU|| 1
an- < > ( DX + XV + 7] (X O T0TH (X, V).

We write the kernel H;(X,V) as

1 12 ’ 2
4. Hi(X, V)= —— ¢ (@XP+28X"Viry V)
e V)= A

where A = ac — b% > 0,

Xxn Xxn xn
(4.9) a(X”):/O a(s)ds, b(X”):/0 so(s)ds, c(X"):/O 525 (s)ds,

with ¢ > 0, and
a b c

@ -2 d ~—

i P o TR

Near X" = 0 and for any extension of & € C3([0,0)) to R, we deduce from Taylor’s theorem that
there is hg > 0 and a function h : R — R such that

(4.10) ac — b = (X")*(hg + h(X™)),

with h(X"™) — 0 as X" — 0. In addition, in the limits X" — 0 and X" — oo, the coefficients a, b
and ¢ behave respectively as X", (X™)? and (X™)3, and this implies

am (X")70 B (XM7Y and gy (XM
To estimate the terms on the right hand side of (7)) we need upper bounds for integrals of the
form Iy, := [%_ |t|Fe=ot+28t gt for k > 0. We list a few of them:

52
Tea k=0,
\/_ 8 52 1 = 52
1+ﬁferf(7) 04) S a(1+|ﬁ|\/g€a) ]{7:1,

o =

I, = f@aaijg/ﬁ) k=2,
La+Z 4 (2 1 3)8 \/_erf( e k=3.

(142 4 (2 4 3)8l T

Performing the integrations over X’ and V' and using the values of the integrals above one can see
that each factor |X?| scales in the estimates as (X™)3/2 since it bring a division by a factor \/a,
while each |V7| scales as (X™)1/2 (division by /7). Symmetrically, every derivative taken with
respect to an X° bring a factor a X’ 4+ SV to the estimates which after integration translates into
a division by (X™)%2, and similarly every derivative with respect to V7 brings to the estimates a
factor X7 4+ vV7 which leads to a division by (X™)'/2. The condition imposed on exponent and
multi-indices in (@3] then implies that after integrating with respect to X’ and V, integrals of the
form

I TX VI PO A08 U r - and - [[(X™) VIR 1,
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with m € {0,m}, are bounded by a constant factor times [;°n(X")(X")*dX", for some non-
negative rational number s depending on [, m,p and ¢. The rlght hand side is finite since s is
nonnegative and the exponential decay at inﬁnity of n.

The two cases in the statement of the lemma derive from the previous estimation by noticing
that for © = 0 there is no integral with m = 0, and we just need 31 +m > 3|p| + |¢| instead of the
stronger requirement 3/ > 3|p| + |¢|.

The second part of the proof consist in estimating the same integrals with U replaced by the
more intricate function U. We write

X7L
U(X, V) = / T]t(Xn)TXn\/(HQ (Xn, t) * T_tvF(t)dt,
0

)\(s

for n; := e~ I % and kernel

1 —(a 72 /. 2 n
(4.11) Hy(X,V;t) = We (| XTPH26: X" VEnlVE) 4 e (0, X™).

Here we use the notation Ay = aycp — b% for
X7L X?’L X7L
(4.12) a(X™) :/ a(s)ds, b (X") :/ so(s)ds, ¢ (X™) :/ 5% (s)ds,
t t ¢

andat:ﬁaﬁt:f—&,%:f—&t-
Let us analyze F(t) = (X' —t©) - £(t)0},U(t) (with |r| < 3) first. We see that
v F(t) = T (X' = 0) - ()0 (n(t)ry Hy (X', £,V — ©))]
7\ 4171 7 oor—7
()3 (L) 050 B (X .V - )]

r<r

&(
=71 [(X —tO) - &(

:iZOt"“ DENE(X* +H(VF — 0405 0 THL (X', 1,V — ),

k=17r<r

Denoting by e the multi-index with a 1 in the kth-position and the rest all zeros, and also writing
r=(r,...,m—1), then

(XF 4+ t(VF — 0M)0%. 07 TH (X, t,V — ©)
= 0 T[(XF + t(VF — M) H (X', £,V — ©)]
— (1 = o7, )0y, 0 TH (X, 1,V — ©)
— (1= Go(r i 10X 0P HL(X 1,V — ©),
with d;; the Kronecker delta. Convolving 7_;/ F'(t) with Hy gives several terms of the form
Hy + t1H 52l (1) €8 ()% 100752 [(XF 4 ¢(VE — @F))1-leus2l | (X 1,V — 9)]
with |(s1,s2)| < 1. Therefore, the estimation of ||| X* — X"0|!|VI|mdk., 0% U|| 11 reduces to obtain-

ing upper bounds for

X7l _
I [ S S L ACR OIS
X R IOL T (Hy # 0,187 *2[(XF 4 ¢(VF — @F))-lrsall (X7 1,V — ©)))dt| .,

with 4,7,k € {1,...,n — 1}, and multi-indices p < p, ¢ < ¢, 7 < r, |(s1,82)] < 1.
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Notice that
8§<—tq~8€/_q~(H2 % 85(781 a{’/—?—é’z[(Xk + t(Vk _ @k))l_‘(81782)|H1(X/, t,V — @)])
_ ag{-ll-a-l-?—&ag/—a—i-r—?—sz (H2 % [(Xk + t(Vk _ @k))1—|(sl,sz)\H1(X/, £V — @)]) )

Q

g

1 _ _
(Xk + th)Hl = —§<(2 1ka7ka1)1 + (X 1vXk7ka1)2),

k
On the other hand, denoting by ¥ = < 5), then Vxr v Hy = —2H % <)‘§k> and consequently

where X1 =4 (_c _ab>. This yields

b
(XF +t(VF — OF)H (X', t,V — ©) = 2(tb(t) — c(t))0xr Hi (X', 1,V — O)
—2(ta(t) — b(t))0y+Hy (X', 8,V — ©).
Therefore,
O T8 (Ho (X 1) % O, 072 [(XF 4 ¢(VE — @k))1-Ilrs2llly (X7 1,V — 9)))
QAT U= Tt TS ()« Hy (X, 8,V — 0)), (s1,52)] = 1,

2(th(t) — c(t) D% TR T T (Hy « Hy (X7, 1,V — ©))
—2(ta(t) — b(t)) O T OL T TR (Hy « Hy (X, V — ©)), |(s1,82)] = 0.

The factors (tb(t) — c(t)) and (ta(t) — b(t)) behave respectively as t* and 2, in the limit ¢ — 0.
We now write H = Hy * H;, therefore

(4.14) H(X,V;t) = e~ an @X'PHBXVHAVI) -y (o XM,

1
(4m VA1
for A = aé — b? and

(X" t) = a(X™) 4+ ar(X™), b(X™t) = b(X™) + b(X™), &(X™t) = (X)) + cr(X™).

Noting that n(X™) = n:(X"™)n(t) and recalling that £(¢) is bounded, we deduce that the estimation
of [@I3]) reduces to bounding from above several integrals of the form

| ey

0
X7L ~ . . . .

x / X+ X" (V= ) VI Py HX, XV = O50) | 1, dbdX™,
; ,

with Px/ 1 any of the following differential operators:

ag{“l‘a-i-?—m 8?/—§+T—?—827 ‘(81, 82)‘ -1
2(tb(t) — C(t))@?{‘tﬁ-i—?—i—eka;]/—a-‘rr—? and 2(ta(t) . b(t))@g;q—i_?ag/_a—i_r_?—’_ek,
These last expressions are bounded by the same arguments as in the first part of the proof. [

We conclude this section with a few words regarding the adjoint problem associated to (£II)-
([£2)). Following an analogous argument as in the existence result for equation (4.1]), if we are given
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a bounded and compactly supported function ¥, the solution to the backward Fermi pencil-beam
system

(4.15) —GAYW —V -V W — OxaW + AW =T,  (X,V) e RT x R" 1,
augmented with a vanishing condition at infinity
(4.16) lim W =0,

X" —o00

can be written in the form

o0 ~
WOY) = [ e B RO oy (1)« w0t
for a given Gaussian kernel Hs defined similarly as H; in (£4]) but with coefficients Ej replaced
by [ ;@1 sG (s)ds. Formula (4.18) is derived similarly as in the proof of Proposition 4.1 and the Xn
details of this can be found in Appendix Bl

Using this explicit expression we directly obtain Lipschitz continuity of W. For a proof of this
we refer the reader to Appendix

Lemma 4.4. Let ¥ € C.(Q) and Lipschitz continuous with respect to the variables Z = (X', V).
There exists C > 0 so that, for W solution to (AI5])-(4I0),

(W(Z1, X™) = W(Z2,X™)| < CLip(¥)|Z1 — Za|,
for all Zy,Zy € R2=1) gnd X™ > 0.

5. 1-WASSERSTEIN COMPARISON ANALYSIS

5.1. Approximation via pencil-beams. We now consider the approximation of narrow beam
solutions to the Fokker-Planck equation by ballistic transport and Fermi pencil-beams, which cor-
respond to the limit ¢ < 1. The modeling of narrow beams is best modeled as beams propagating
in a half space with singular boundary sources. Heuristically, each delta source term gives rise to
Fokker-Planck, Fermi pencil-beam, and ballistic transport solutions. More general source terms
may then be modeled as superpositions of such delta sources. We first state our comparison results
for delta source terms and then consider some models of linear superposition. As we mentioned in
the introduction, all comparisons are obtained in the well-adapted notion of 1-Wasserstein distance.

5.1.1. Delta boundary source. We consider first the case of a delta incoming boundary condition
(5.1) g(z,0) = 5(x)dgn-1(f —n), for ne€S"' suchthat |N —n|=O0(),

where N = —v(0) = (0,...,0,1) and we let u be the solution to (ILI)-(L2]) from Theorem
Associated to n = (1/,n"), whose stereographic projection with respect to the south pole (see

(LX) is given by
77/ n—1
S(n) = e R" %,
() = 7 e

we set

GIX', V) = 5(X)S(V — e-18(n)), & = ia(X"n) and X = A(X™n),

where the coefficients & and A have an indirect dependence on € through the direction 7. Let-
ting U be the solution to (A1) with the above choice of parameters, we define the pencil-beam
approximation as

u(z, 0) = (20)72=DU((2¢) 12!, 2™, 7 18(0)).
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Throughout this section, we assume o € C3(R) and A € C*(R?). The extra regularity of o is
needed to control the integrals that appear when applying Lemma (3]
We then have the following approximation result:

Theorem 5.1. There exists a positive constant C = C(||o||cs, || A|c2) such that, for k 2 1,
W (u,u) < Ce?k.

Proof. Consider an open and bounded set €2 C Rﬁ and let 1) € BLy ,(Q x S*™1) which we extend
to the entire half-space as a continuous and compactly supported function preserving its Lipschitz
constant. Let ¢ the unique (strong) solution to the backward Fokker-Planck system,

(52) - 620’A9Q0 - 0 . v:c‘P + )‘(10 = 1/}7 gp’FJﬁ - 07

which is continuous in @ U T _ due to Theorem 7] and the remark after it. The goal is to show
that

/ ¥, 0) (1 — 1) = O(28) + o(1),
Qxsn—1

where the error term goes to zero as ) — ]R+ since it is bounded by chxgn,l(u + u)dzdd. It
appears due to the fact that we are extending ¢ in space. From the definition of weak solutions,
the left hand side of the above expression reads

| e o) =) = to.610 vt~ | uie )4 0)drt
= (0.0~ | u(o, 0y, 0o
and consequently our objective is to show that
(5.3) /Q whdadd = (0, )" + O(er).

In order to achieve this we rescale the equation and pass to the stretched coordinates (at the level
of the diffusion), which we recall is defined by the equality

(2 2", 0) = (2eX', X", 3(eV)),

with § = 8! the inverse of the stereographic projection from the south pole (defined in (L5)-(L8])).
We then set ® and ¥ as the following rescalings of ¢ and 1, respectively, which preserve the
L°°-norm:

(5.4) o(r,0) = &((2¢) 12, 2™, e718(0)) and  (x,0) = U((2¢) 12, 2", e718(0)).

By noticing

/ u(x, 0)(x,0)dxdd = / u(—€e20Agp — 0 - Vo + \p)dzdd
Q Q

= ¢ / o(Agu)pdzdd — / w(f - Vyp)dadd + / updzdd,
Q Q Q
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we pass to stretched coordinates and analyze individually every term on the right hand side. The
first one gives

—62/ o(Apu)pdrdl
Q
. / F(X")(AyU)DdXdV
Q
+ / io(2eX’,X”)<1 - 23_"c”‘3(eV))(AVU)<I>dXdV
Q

—e(n—3) /Q 3 (V)o(2e X, XM ((Ve) (V) - VyU) D2 " HeV)dXdV

v / (o(X™) — 0(2eX", X)) (AyU)DdXdV.
Q

For the second term we have

B V- -Vx® 1— V|2 A H(eV)
/Qu(e-vxtp)dxcw _/Q [(m)wr (m)(axn@w]wdxw

Thus, after integration by parts (where we use (@A) for the X"-variable) we obtain
—/ w(@ - Vyp)dzdo
Q

IS e (V]

. 2
e

=y (14+0(e2))  (due to &)

_ /(V Y DNBAXAV + B(0, 0,1 8(n))n" + O(e2)
Q

21—ncn—1(ev)
+/Q<TZ‘!VP —1)(V - Vo U)BXAV

+ (0,0, 18(n)) (

1_62"/‘2 1-n n—1
+ /Q <TZ‘IVP2 (V) = 1) (e U)@AXAV.

Finally, the third term gives

/ updrdf) = / NU®IX AV + / A2eX!, X™M) (2N eV) = D UDAX AV
Q Q Q
- / (A2eX', X™) — \(X"n)UDIXdV.
Q

Summarizing all the above and recalling that U is a solution to the Fermi-equation (i.e. P(U) = 0)
we have

/Q w(z, 0)i(z, 0)dwdd = (0, )™ + J1 (®) + Jo(®) + O(2),
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with
T (D) = / ia(2eX’,X")(1 - 23‘”c"_3(eV)>(AVU)<I>dXdV
Q
—e(n—3) / c3(V)o(2e X, XM ((Ve) (V) - VyU) D2 " HeV)dXdV
Q
21—ncn—1(ev)
+/Q <T2IVI2 —1)(V - Vo U)@dXaV
(5.5) 1 €2|V|2
1-n _n—1 o "
+/Q (1+62|V|22 ¢ (eV) = 1) (9xnU)BAX AV
+ / A2eX, X™)(2 e eV) — 1)U PAX AV
Q
5
= Z J1,is
=1
and
Jo(®) = i / (0(X™) — 0(2eX", X™)) (Ay U)X AV
(5.6) 9

- / (AMX™)) — AM2eX!, X") ) UDIX V.
Q

To estimate |.J1| we notice that for m >n —3 (n > 2),

m \4E
62 Ek:l W, m > 0}
(5.7) 1=27"c"(eV) =4 o, m=0
-2V |3, m = —1,

and thus for all m > n — 3,
|1 — 27 (V)| < |m|e?|V 2.

Furthermore, (Vc)(eV) = — > and

4eV
(1+e2[V[?)
A A(eV) 1

= <1.
A1+ V2R~ (1+ V)2 =

We then have that
il + [J12] + [
< CE|[®loo (In — 3’|HV‘2AVU”L1(R’}F><R”*1)
+ V- Vv Ul g @a xge-1) + U] 21 @ xmn-1)) -
The term J 3 is bounded since

21-nen=1(eV) - 1
_1‘: 2172 < ne|V 2,
e N T e <l

1The equality follows from the difference of powers formula: z?™! —yP+! = (x—y)(zP+ 2Py +- -+ ay? L yP).
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while the estimate for J; 4 follows from
1—e|V|?
1+e2|V|?
We obtain

21 (V) — 1( < <1 - ! ) ( eVE

< eV 2.
aravey) tarappy =t

[ J13] + |J14] < CE[|@|oo (n]||V?V - VxUll L1 gy xrn-1)
+(n+ 1)”’V’28X"U”L1(RQXR”*1))7
where we use the Fermi Pencil-beam equation to get
IV PoxaUllpr < IVEAVU |+ VIRV - VUl g+ [[VIPU] 1

In summary, and recalling that || ®[ls = [¢]lcc < Ay |¥]lo (from lemma (), we have obtained
that
[Jil < CE(IIVPAVU |+ [V - VU

HIIWVPV - VUl + VU + U)o
All the factors involving integrals of U are finite due to lemma
We now estimate Jo. When o and A are constant, then Jo = 0. Otherwise, we notice first due

to our hypothesis (5.I)) we can write n = N — 2¢20 for some © € R", |0| = O(1), thus by Taylor
expansion and the above we can write

1
(@) = e / (X' 4 X0, eX"O") - Vo (X n)(AyU)®dXdV

+ 26/ (X' +eX"0,eX"0") - VAX"n)UPIXAV + ||®[|scO(e?)

where | @0 < Ay ']l and with the remainder depending on integrals of the form
lollc2 (| X"+ eX™O'|? + | X 0" *) AvU | 11
and  [|A|cz[|(| X" + eX"O')? + €| X"O"*)U| 11

which are uniformly bounded for © in a bounded region (guaranteed by (G1])).

To gain the extra factor € on the leading term, we notice that due to the symmetry of U with

respect to the spatial direction 8(n) = 5 +217" €20’, for any vector £ € R*~ 1,

Lo (X exme) - guax'ay = o)
n— X n—
(this can be obtain for instance by passing to Fourier domain) while
/ (X4 X0 AVUAXAY =0,
R7—1xR7—

Therefore we write

1
Jo = ——e/ (X' 4+ eX"0) - Vxio(X™n)
R xRn-1

x (AyU)(@(X', X", V) — ®(—eX"O, X",0)))dXdV
+ 26/ (X' +eX"0') - Vx A(X™n)
R xRn—1

x U(®(X', X" V) — ®(—eX"O0', X",0))dXdV + O(?).
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Ideally, we would like to say that @ is a Lipschitz continuous function with constant bounded by the
W1norm of ¥, and this would give us the extra e we need for the second order approximation.
However, we only have shown Holder continuity of ®. A way of bypassing this lack of regularity
is with the aid of the following lemma that allows us to substitute ® with an O(e)-approximation
W that is indeed Lipschitz continuous. Its demonstration can be found at the end of this proof.

Lemma 5.2. Let ®, ¥ and U be as above, and consider
=X +eX"0) - &XMU or f=(X'+eX"0) &X™)AYU,

for some bounded function &. Then, for W solution to the backward Fermi pencil-beam system
[ETI5)-(4I0), there exists C' > 0, depending on o, X and &, such that

‘ / FOAXAV — / dede‘ < Ce|| |-
Q Q
Using this lemma, we replace ® with W in the last expression of J to get

1
Jy = ——e/ (X' +eX"0) - Vxio(X™n)
R

4 n —1
+><R"

X (AyU)YW (X', X", V) — W(—eX"O', X™,0)))dXdV
+ 26/ (X' +eX"0') - Vx ANX"n)
R? xRn—1

x UW(X', X", V) - W(—eX"0', X" 0))dXdV + O(e?),

which we rewrite more concisely as
Jy = e/ WX, VYW (X, X7, V) — W(=eX™0/, X", 0))dXdV + O(e2).
Q

Lemma (4] implies
| Jo| < Cel||(X" + €X', V)[h(X', V)| L1(a) sup Lip x/ 1 (¥(X")) + O(€),
X7>0

where the finiteness of the integral involving h follows from lemma43l Moreover, it follows directly

from (5.4]) that
Lip .y (B(X™)) < CeLlip,,($(X™)) < Ce,
and thus we deduce the estimate
| J2| < CE(|[Y oo + k),

for a constant C' independent of 2, with the latter present in the estimate only through the support
of . The above estimate then depends only on the supremum norm and the Lipschitz constant
of v, which are both uniformly bounded in BL; ,, thus we can take €2 arbitrary large. By taking
supremum among all ¢ € BLj ,(Q x S"~1) we deduce that

W,lig < Cé’k + o(1),
and the proof is completed by letting €2 — Rﬁ_. O
Proof of lemma[5.2 Let U be a solution to the (forward) Fermi pencil-beam problem
—GAYU+V -Vx U+ 9x:U+AU = f, (X,V)eR? xR Ulxng =0,
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given explicitly by
Xn n o~
-~ A(s)ds
UX,V) = et Txny (Ha(t) * 7y f)dt.
0

Denoting
1

u(z,d) = 7(26)2@_1)

U((20)1, 2", " 13(0)),
we have

/ deXdV:/U\IdedV
R” xRn~1 Q

= / u(g;,e)zp(g;,e)dxdeJr/U\I/(zl—"c"—l(d/) —1)dXdv .
Q 9

Il I2
It is clear from (B.7]) and lemma (3] that
L] < VU 118l < O ¥ ]|oo
On the other hand, we use that ¢ is a strong solution of (5.2]) and we integrate by parts to get

L = /Qf@dXdV—i— JQ(CI)) + Ji(®) + JQ((I)),

where

(5.8) To(®) = / (0 - v(2))dS(z)do = 0,

since U = 0 on X" =0, and J; and J defined as in (5.5) and (5.6]), respectively. Estimating J;
as in the proof of the previous theorem and using one more time lemma 4.3 we obtain

[ < CE(IVPAVU|p + IV - Vv U
VIV - Vo Ullp + [+ VU V) 18]oe < CE1¥]|oo,
while |J| has a straightforward upper bound given by
| Jo| < Cel| @[l (||X" + eX"O|AVU| 1 + || X" + eX"O'|U| 1) < Ce|¥||ox,
for a constant depending on ||o||c1 and ||A||c1. O

5.1.2. L'-boundary sources. We now consider more general boundary sources such that for some
C > 0 independent of ¢,

(5.9) g(z,0) € LYT_), supp(g) €IRT x{#cS" 1.0 —N|<C&}cT_.
+

Let {Uyn(X,V)}yn be a family of pencil-beams with respective boundary conditions G =
§(X")S(V — €718(n)) on OR” and null interior source F = 0. The subscript (y,7) € supp(g)
indicates that each pencil beam is constructed using the coefficients

- 1 -
F(X") = o(y+X"n) and N(X") = Ay + X"),

and they are all given by the explicit formula ([Z3]).
We define u(z, 6;y,7) as the following transformation of U, ,:

(5.10) u(, 5 y,m) o= (26) 20, o TS, (y,m) € supp(g),
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where
T :R" x S5 (2,0) — (X,V) e R x R*!
is the transformation defined as
(X, V) = (207 (2" —¢/),2", ¢ 18(0)).
In other words, Ty defines stretched coordinates after performing a spatial translation x — x —y.

The rescaling is chosen such that it preserves (up to a O(1) factor) the L' norm of the pencil-beam.
Our superposition of pencil-beam model is the distribution in @) given by

(5.11) u(z,0) = /F oy, mu(, 0 y,m)dS (y)dn,

so that
(1, 6) = / / o(y, mu(, 0y, )b (z, 0)dzdBdS(y)dn, Vo € C(Q).
r-JQ

We can extend the definition of u to all continuous functions in @ since for all (z,¢) € supp(g),

lu(-, 52, < sup HUyﬂ?HLl(RixR”ﬂ) < +00.
(y,n)€supp (g)

In this setting, we have the following approximation result:

Corollary 5.3. Let u be a distributional solution to (1) with incoming boundary condition g as
in (B9). There exists a constant C = C(||o]|cs, |Ml|lcz) > 0, independent of €, so that

W, (u,4) < Cllgll s

Proof. This proof is quite similar to that in the single pencil-beam case. We take an open and
bounded 2 C R’}r. For any ¢ € BLq (92 x S"~1), which we extend as a continuous compactly
supported function preserving its Lipschitz constant, let ¢ be the unique solution to the backward
Fokker-Planck equation,

—0Ngp —0-Vap+ Ao =1, ¢, =0.
We have

/Q (2, 0)(u — w)dzdd = (gl6 - v(x)], )
- /F /Q oy, mu(e, 0 y, )b, B)ddbdS (y)dn

:/r 9(ysme(y,n)n - v(y)|dS(y)dn

- [ st [ e, o)idsasyin.
The proof reduces to showing that

(5.12) ‘/Qu(wﬁ;y,n)w(wﬁ)dwd@ — oy, nn"| < Ce?k,

uniformly for (y,n) € supp(g). Notice that applying the translation z = x — y we get

/u(:n,@;y,n)zb(:r,@)d:nd@:(\/56)_2("_1)/ Uy,n(e_lz',z",6_18(9))1Z(z,9)dzd9,
Q Q
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with 1/)( 0) = ¥(z + y,0). Thus, (B.I2) is precisely what we obtained in the proof of Theorem
5.1 (see (|5_._£{|)) Going over those computations, one realizes that the constant in the estimate are
uniform in (y,7n) and only depend on ||o||cs, || A]|c2z and the dimension n. We then have

/’ $(,0) (u — wdadd < Cgllr + o(L),
QxSn—1

for all 1 € BLj (2 x S*=1), for a constant C' > 0 independent of the set €, thus we conclude by
taking supremum among all those functions and then letting {2 — R’} ([l

5.2. Comparison with ballistic linear transport. We now compare the Fokker-Planck solu-
tion to the ballistic transport equation in the narrow-beam regime. Narrow beams are by essence
well approximated by a distribution supported on a half line, at least when one considers ap-
proximations in the 1-Wasserstein distance. We consider such an approximation and show that
the Fermi pencil-beam solution is significantly more accurate than the ballistic transport solution.
At the appropriate beam scaling, i.e., at distances from the beam center scaled in e, we show
(using k ~ e~ ') that the Fermi pencil-beam is still accurate while the ballistic transport solution
(obviously) fails to account for dispersion.

Since diffusion is weak in a narrow beam regime, simply neglecting its effects leads to the ballistic
transport model:

(5.13) 0-Vyo+ =0, (r,0)€cR:xS"! with vp =g.

Rather than comparing v with u, we compare v with u instead since we already know how close
u is to u. We obtain the following result.

Lemma 5.4. For o € C3(R%) and A € C(R7%), let g and u be as in §5.1.2, and let v be the solution
to (0I3). There ezists a constant C(||o||cs, Ao) > 0 independent of € such that

W (v,u) < Crellgl|:-

Proof. The transport solution v can be written as

7_(x,0)

v(z,0) =€ Jo Ma=s0)ds (3 — 7_(2,6)0,0).
Thus, applying the change of variables
(x,0) =T, t,n) == ((y + ', t0"),m), VT t,m)] = [n"]
we get that for any ¢ € BLy 4(R" x S"71),

/mbda:d@ —/ / / e~ Jo MW 0)+sm VA5 ((y,0) + tn, n)n™dtdy’dn
S§n—1 JRn—1

/ / / e Jo MO0 ksds (o 0) 4, m)dtdy/dn
gn 1 Rn— 1
+ O(e 2\|9||L1||¢Hoo),

where the last equality is obtained from the fact that for all € OR", g(x,) is supported in a €2-
neighborhood of N. On the other hand, recalling the definition of u in (5.I0)-(5I1) and denoting
U(X, V) =(2eX’', X™, J(eV)) with J the inverse of the stereographic projection with respect to
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the south pole, we have that

/ wpdrdd
Q
cn—l(

v
= / 9((9/70)777)[]1/,77()(/ - iy,X",V)\II(X, V) _61 )dXdde,dn
I xRA—1 xR 2n
+

_ / 9((,0), MUy (X' — Lo/, X7 VYU (X, V)AXdVdy'dy + R(),
I'_ xRn—1 fol

with remainder |R(e?)| < Ce?||Y)||sollgllz1- Combining both integrals above and performing the
dilation Y’ = £y’ we obtain

/ O, 0)(v — w)ddo
Q

N / / ) GOV W)eJo A" 0)+58(cW))ds
]RZ(nfl) 0

x U(Y', X", W)dX"dY'dW

—/ / §(Y,7W)</ Utaey,0),9(ewy (X, X", V)
R2(n71) 0 R2(n71)

X U(X'+Y, X", V)dX’dV) dX"dY’dW

(5.14)

+ R(€%),

where g(Y', W) := (2¢)2"Dg((2¢Y",0),d(eW)), thus its L'-norm is of the order of ||g||;1. We
recall that Uy, is the solution to the Fermi pencil-beam equation for 5(X") = 1o (y + X™n) and

A(X™) = Ay + X™n), and moreover
/ vaﬁ(X,7 Xn7 V)dX,dV = e fOX )‘(y+577)d8.
R2(n71)
Consequently,

/ P(z,0)(v —u)dzdl
Q

< / / g(Y/7W)‘ / U(2EY’,0),5(6W)(X/7XTL7V)\II(Y/vXnv W)dX/dV
R2(n-1) Jo R2(n—1)

N / Useyr oy g(ew (X', X VIW(XT + Y7, X", V)dX’dV‘dX"dY’dW
R2(n—1)

S/ / §(Y/7W)/ Uzey,0),3(em) (X', X", V)
Rz(nfl) 0 R2(n—1)
x [U(Y, X" W) = WX + Y, X" V)|dX'dVdX"dY'dW
<Celip(®)( sup Uy (X, VIX W) iago) ) 1122
(y.m)€supp (g)

We conclude by noticing that ||g]|;1 = ||g]|1 and

sup ”Uyﬂ?(Xa V)‘(Xlav)’”[/l(Q) < 0,
(y,m)€supp (9)



PENCIL-BEAM APPROXIMATION 29

and taking supremum over all ¢ € BLLR(R:‘_ x SP1). O

We now obtain a lower bound on the mismatch between ballistic transport and the pencil-beam
model. This shows that spreading is indeed not accounted for by the ballistic transport solution,
and this effect becomes visible once we set a high measuring resolution of order ¢! or higher.

Lemma 5.5. For a resolution parameter x > e ' and o,\ € C(]err), there exists a constant
C(n, 00, [|\|eo) > 0 such that

1
ol < Whw,w).
Proof. For any ¢ € BLy,(R? x S"™1), we have equality (EI4) for the rescaling ¥(X,V) =
P(2eX’, X™ J(eV)). We take an specific ¥(z,0) = 11 (x™)1hy(0) satisfying that:
L 0 <11, <1and [[¢flc = 1;
2. 1h2(0) = 1 in the support of g (i.e. for all |[N — | < Ce?);

3. denoting Wo(V') = 12(d(eV)), suppV¥a C B(n) with n > 0 to be chosen;
4. suppi1 C (a,b) € (0, 00).

For this choice of test function (and recalling g(Y’, W) = (2¢)2*~1g(2¢Y",0,3(eW))) we have
/ O, 0) (v — w)dadd

> / /Oo gy W)e™ T A((eY7,0)+s(eW,1))ds
RZ(nfl) 0
X Wy ( Yn)\l’z(W)andY'dW

/ / GV W)W (X™)
R2(n—1)

</R2(n , Yo aem (X X V)W (V)AX'dV ) dX"dY'dW
— |R(e)].

We rewrite this inequality as

/1/} x, 9 U — u)dxdf > / / Y/ —f )\((EY’,O)-FS(eW,l))dS
R2(n—1)
x I(X™ Y, W)Wy (X™)dX"dY'dW — |R(e?)),

(5.15)

where I,(X™; Y, W) is defined as
Iﬁ(Xn7 Y/7 W)
=1-— /I\& 1 » )efOX )\((EY,’O)—l—S(EW’l))dSU(EY’7(])73(€W)(X/,Xn, V)dX/dV
n X

We see that
_ |2
e 1B (XTYTW)

L(X™Y' W) =1 —/ —dV
B(n) (4mEo(X™ Y, W)) 2"

[v|2

e 1B (XY W)
:/ o
Vi>n (drEo(X™ Y, W)) 2
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with Eo(X™; Y\ W) = 4 fo ((eY”,0) + s(eW, 1))dt. By considering spherical coordinates and
noticing that
n

T, !
< =119, V(Y ,W)e€su X" € (a,b),
VB (XYL W) - dyag, (Y', W) € supp(9), (a,b)

we have

o
L(X™Y' W) > cn/ e_r2r”_2dr,
70

for ¢, = % =2I'((n —1)/2)~'. For n = 2, we can choose R > n° so that

> I 1
(5.16) / e dr > = e rdr = ﬁ(e_”g - e_RQ).
70 70
If now n > 3, it is not hard to verify that
© A
(5.17) / e 2dr > e 2—];77’01_3_1‘3.
1o k=0

The parameter 1 imposes a restriction on the size of the support of the (angular) test function
Uy (V'), which says that suppWo C B(n). In order to fulfill this support condition we want our test
function not to decay too slowly, which means we need to have a function ¥ as above and such
that

|Wslloo =1 and Lipy (¥g) > 77_1.

Going back to the original angular variable 6 this translates into

CLipg(¥2) > (en) ™",

for some constant C' > 0 (independent of the parameters), hence, this condition is fulfilled by
choosing 7 such that
k> eyt
In dimension 2, we choose n = O(¢ " 'x~1) so that 79 = ¢ 'x~!, and R = /219, thus we obtain
L(X™ Y W) > ceme_(“)ﬁ(l - e_(“)ﬁ),

for some constant ¢ independent of € and uniform with respect to X™, Y’ and W. According to
our assumption k£ > e~! we deduce that for some ¢ > 0,

L,(X™ Y, W) > cek.
Similarly in dimension n > 3, for n as above we get the next uniform lower bound

KL

L(X™Y W) > e ()7 (er) TR > ¢

51 ]

)

B
Il
o

for another constant ¢ > 0. Introducing this lower bounds into (5.15)) yields that for £ > ¢!

NI gl (1 =€) < C/?Z}(:E,@)(v — w)dwdd < CW,(v,u).
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We summarize the previous results of this section in the form of our main theorem which we
rephrase here.

THEOREM 1.1. Let u be the solution to Fokker-Planck with boundary source g as in (B9]) and
llgllzr = 1. Let u the superposition of pencil beam in (B11) and v the ballistic transport solution
of &I3). For any dimension n > 2 there exists a constant C(n, ||o||cs, |[|[\||c2) > 0 such that for
k21,

Wi (u,v) < Cre and W(u,u) < Cék.
Moreover, if the resolution parameter is such that k =~ €', then there is C > 0 so that

C™t <W(u,v) <C and Wk(u,u) = O(e).

Proof. Tt follows directly from corollary and lemmas [5.4] and O
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APPENDIX A. COMPLETE PROOF OF THEOREM

We follow the method presented in [§] which is based on a Hérmander-type identity for the
commutator of certain operators.
1) Localization and Mollification. Let n° be a mollifier and y a cutoff function supported in a
neighborhood U € @ of a point (x¢,6p). Let V and W be two open sets containing (xg,6y) and
such that x =1in V and V € U € W. We choose § > 0 small enough so that U + supp(n°) C 'W.
Since we can always rotate the coordinate system in R™, we lose no generality in assuming that 6y
is contained in the span of (1,0...,0) and (0,...,0,1) = N. We first consider beams coordinates
on S"! with respect to the north pole N. Then N is identified with 0 € R"~! and we write
n?(x,v) and x(x,v) for the respective representative function of 7% and x in the local coordinates.
We abuse the notation and write U interchangeably for the set considered above and its image
under local coordinates.

Let’s plug

into equation (ZI0). From the transport part we get

~x(@0) [y w)@ + w0 V)l @ oo~ w)dydw
= x(z, v)/ u(y, w)(@xnn5(az -y, v—w)+v- Vx/n‘s(x —y,v —w))dydw

- x(z v)/ u(y —w) - Vo' (z — y,v — w))dydw

= (O + v Vo) [x(u ') = (ws ) (@anx + 0 - Vorx) + x(ux (v Vo)) .

=91
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Using the notation in (ZIT]) the diffusion term gives

o
x(z,v) /< <w>7(fi)2 (Id + ww )V, Ve ((w)" 9 (@ — y, v — w)))dydw

= —y(z,v) / Vau - (A(y, w)Von® (@ — y,v — w)) + u(B(z,w) - Von' (z — y,y — w))dydw
= Vo (AV, (x(u %)) + (wx 1) (Vy - AV,x)
+B-Vy(x(uxn’)) = (uxn’)(B- V,x)

— x(z,v) / Vot - Hy(y,w)[(z —y,v — w), VUU6($ —y,v — w)|dydw

() / u Hp(y, 0)[(z — 4,0 — ), Vor (& — y,y — w)|dydu

=~V (AVy(x(u 1)) + B - Vy(x(uxn’)) = g2,

for some multi-linear operators H 4 and Hp arising from the Taylor expansion of A and B, respec-
tively, around the point (z,v). Finally, the zero order term in (2.I0]) gives

x(@,0) / (y, wyuly, ) (& — , 0 — w)dydu

= c(x(uxn’)) = x(2,v) /U(% w)((x —y,v— ) he(y,w))n’ (z — y,v — w)dydz

=93

with h. from the remainder of the first order Taylor expansion of ¢(x,v). From the previous we
deduce that the function

u® = (uxn)x € C(W),
satisfies
(A.1) — Vo (AV 1) + Opntl® +v- V'’ + B Vo' +cu’ = 2, VY(z,0) € U,
with
fo=(F*n°)x + g1+ g2 + g5 € C ().
One verifies that
g1 + g2 + gsllz2q0 < Clllullz2q + €I Voullr2a)
for some constant depending on ||o||c1, [[Mlct, |70 and [||(z,0)|Ven? || 1.
Since u, Vyu € L*(V) and x = 1in V, then v’ — v and V,u’ — V,u, as § — 0, in the L?-sense.

Furthermore we have the following estimate:
1£21 20 < I1f 2wy + C(€1Voull 2wy + l[ull 12 (w))

< | flz2wy + C(ElIVoullz2(g) + 1wl 2(0))

uniformly with respect to 6 < 1, and where the constant C' > 0 depends on ¢ and A through they
C'-norms.

(A.2)

2) Higher reqularity estimates for smooth compactly supported solutions. Let’s drop the subindex
¢ for a moment and assume u is smooth and compactly supported. Without lost of generality we
assume U = X x O, neighborhood of (xg,0y) € Q.
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At the core of this proof is the next commutator identity. Denoting the transport operator
T = (0un +v-Vau),
we have:
Opi = 0T =Ty, j=1,...,n—1
Under our new notation (A.I]) rewrites as
(A.3) Lu:=Tu—-V,  (AVyu)+ B -Vyu+cu=f, ¥Y(z,v)el
We abbreviate the above expression as Tu = h with h of the form
h =V, (AVyu) — B-Vyu—cu+ f.
Denoting (f,g) = [ fgdzdv the L?-bracket, we have:
|5 P05 ulz: = (D 0,5, 0,0u)
— (D20, 0, Tu — TO,u)
— (D20, 0y, b — T, u)
— —(0,;D.20,5u, h) + (TD,*0,,1,0,u)
=—(0wD,, 20,5, h 2 /30,5 T, 0,1
= —(0y; D_2 /3 0., h h D_2/38x381)3u>
= —(0,i D_2/3 0,5, h

+ (D,

(

(D,20,50,5u, )
—2%e(D_*%0,,0,1, h).

)+
)
)=
)=

We can then bound from above as follows,

”D—1/3 xauHL2 < QHD_2/38 8UjUHL2Hh”L2
. oz||p—2/3a Foullzall

smmmemmma
therefore,
(A.4) 1D ull2 < DY Voul| 2|l -
On the other hand,
£D,*u=DY*f +1£,D)’lu.
which implies

(T —V,-AV)Du=DY*f + v, - (DY*A)V,u— DY*B-Vu) - D3 (cu).

Multiplying by Dm,/ 4 and integrating gives us

x xT

33

/ (AV,D*u, V, D P uydzdv = Re(Da, D (f — cw)) + Re(D 0, v, - (DY A)V,u)
n wRn—1

— Re(D?0, (f — cu)) — Re(D*V,a, (D AV u),
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where some of the term have vanished due to integration by parts. Then, recalling that A is
positive definite, we obtain

||\ DYPul2, < CI D2 Pul| 2| 1l 2 + |V DY ull 2| (DY A) V| 2
2/3
< CIIDul| 2| f |l 2 + Cell Vo DY ull 21 £ 2,

where we used the inequality €||Vyul|| + [|ul|z2 < ||f|lz2 which is the natural energy estimate of
(AZ3). We can directly combine the previous inequality with (A4]) to deduce

(VD222 < CIDYAV | V2RI £l 2 + Cel| VoD Pl 2|1 £ 2

1

Simplifying some terms and applying Young’s inequality: ab < % + % for p~1 4+ ¢~ = 1; we get

1/3 3/2 _ 1/2 _ 3/2
VoD Pu| 27 < Ce 2 |h|350 £l + Ce 2| £I155,

which can be rewritten as

IV Dy ull g2 < O BIRIEIAITE + €M fll2).-
Plugging this into (A.4]) gives
(A.5) 1D ul 2 < ORI + V2 IR,

If we now multiply (A3 by —V, - AV, @ and integrate, this yields

Re(—V, - AV, a, Tu) + / | =V, - AV, u2dedv = Re(—V, - AV, —B - Vyu — cu + f).

However,
|Re(—V, - AV, Tu)| < [Re(AV,1, V, Tu)|
= |Re(AV, 1, TV u + Vyu)|
= |Re([~T, AV, Vyu) | + |Re(AV, @, V)|
< C(E|Voule + 1Dy Vol 21D, Vvt 12)
< C(EIVoul}e + 1Dy Vol 2| D2 ull 2)-
therefore

IV - AVyul72 < C|[Vy - AVyull 2 (| Voul 2 + [[ull 2 + [ f]22)
+C(@Vulla + 1DV
It follows from Holder inequality in Fourier domain that

1/3 2/3 1/2 1/2 2/3 1/2 1/2
1DV ull 2 < |IDXPul 21 Aul 2 < CIDXPull )|V, - AV yul|1

Vol 2| D2 ul|2).

which plugged into the previous estimate gives
IV - AVyullFe < C|[Vy - AVyul| 2 (€% Voul 2 + [[ull 22 + (| 1] 22)
+ O (VuulFa + V0 - AVull 2107 ull72)
< C|IVo - AV g2 || fl 22 + ClIfII72
+CIIVy - AVull 2 (Al 2 IF11 "+ A TR,
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which then implies
/2 | — 3/4,, 13/4\4/3
IV, - AVyull7e < ClLFIGe + C (e Rl £115 + 41155 RI5R) Y
_ 4/3) 12/3 | —
< C(IF172 + IR 117 + el IRl 12)
Young’s inequality yields
IV - AVyull 2 < C([fllz2 + €Il]),
thus, from the estimate ||h||z2 < ||V, - AVyul| 2 + C||f|l12, we finally deduce
|V - AVyul[g2 < Ol f| 22
It follows from the local representation of Ay in beam coordinates that
e[| Agull 2 < C|lfl 2

On the other hand, the previous inequality implies ||h]|;2 < C||f||12, therefore (ALH]) yields

1Dl < O fllie + 2| fl12) < Ce3| o0

Considering local coordinates given instead by beam coordinates around (1,0...,0) (whose
domain contains ), we can repeat the computations above in terms of the pseudodifferential op-
erator D3, = (1—A,n)*/2, where we decompose the spatial variables as = (z!,2”). Consequently,

we obtain an analogous inequality for HDi,/,guH 2. It then follows that
1D ull 2 < Ce | f| 2,
for D3 = (1 — A,.)%/?, which is obtained by recalling that in Fourier space:
(L+ 62 < U+ 1EP + 1416772 < L+ [E17)>2 + (1 + €712,

3) Back to original solution. We now go back to our original notation and write u® for the smooth
compactly supported solution and w the original solution to (IIl). From the previous, we can

find a sequence {J;} so that Agu% and D230 converge weakly in L2(V) to Agyu, D3y e 1?2 V),
respectively, as 7 — co. Moreover,

1D ull 2wy < limint | DFu® | 2wy < ClLF4 |2y < UL 2wy + lullsc)

and similarly for [|Agul[z2(y). We have proven that Agu, D?3y € L2 (Q). Moreover, for every
compact X and open O such that X C O C Q, there exist a constant C,C’ > 0 so that

e[l Agull 2xy < C(If |20y + €I Voull 2 + llul £2)

and
D2 ul| 250 < C' (122 0y + €I Voull 2 + [[ul z2).

Using the equation satisfied by u we also deduce 6 - V,u € Lj OC(Q) and
10 - Vaul[g2x) < C(||f||L2((‘)) + €| Voul 2 + l[ull12),

for some C' depending on the compact X.
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APPENDIX B. EXPLICIT SOLUTION TO (@.I5])
Let W be solution to the backward Fermi pencil-beam equation
—GAYW =V -V W = 9xaW + AW =¥, (X,V) € R x R" 1,
for ¥ compactly supported and with vanishing conditions at infinity

lim W =0.

X" —o00

We solve the equation in the whole space R” x R"~! and claim that W takes the form

WX, V) = / e S NS L (8) + W (1))t

n

Let’s introduce the following functions:
UX,V)=W(-X,V) F(X,V):=¥(-X,V),
defined for X™ < 0. Then U satisfies the equation
—FAYU+V -VxU+0xnU+AXU=F, (X,V)eR"xR"
with 5 () = 5(—t) and A~ (t) = A(—t). Let’s set

UE, X", V) = X" VO @bz (1) and F(€, X", V) = X" VORI @dsg (),

therefore
~ . x5
OxnU = [i(V - &) + XU 4 X" VOHLLA (s (1)
- X"~ - X" T
_ 5_€ZX (V-§)+f700 A (s)dSAV(e—zX (V{)—fioo A (s)dsSer(U)) +F
— 5_eiX”(V'E)AV(e_iX”(V'f)SX/(U)) +F
Denoting

ﬂ(faX"aﬁ) :gV(U) and F(&Xnﬂ?) :SV(F)v
then taking Fourier Transform on the equation above and using twice the identity
Jv[eORV))m) = v bV — 1€), tER,
we obtain
Ox»U+5"|n— X"€*U =F.
Recalling the vanishing condition imposed at infinity, limx»_._o, U = 0, an explicit expression for
U is given by
Xn n n .
X = [ e S s O g

—00

Since U(g, X", ) = e X g, L [U](6, X7, n — X7¢), then
U(X, X", V) = e X @Mzt G5(g, X7, 5+ X79)](X, V)
— e PN g NV ORI T g, X7, n)](X, V)
S L[ S A )
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Therefore
LX) = e S A (9)ds oy lC
UX', X" V) = e e ey (e [0)
X"y X 7
I P (s)dsTXnV( Hj (1) * &}},V[F(t)]dt>
with

X

Hy (X', X", Vit) = §xh e o X =)elfam()ds

Analogously as for U, we have
FX'4,V) = e X*<s>ng)—;7V[ﬁ] (X —tV,t,V),

L . -1 fﬁ A~ (s)ds
which implies §y/ |/ [F] = e/- T_4v(F'), and consequently

Xn n ~ ~
U(X/,Xn,v):/ o I A*(s)dsTXnV(Hg(X,v;t)*T_tV(F(X’,t,V))>dt.

Going back to the original function, for X™ > 0 we obtain
WX, X" V)=U-X"-X"V)
X" e ~
= / e i AT s <H3(—X,V;t) « gy (F(— X', t, V)))dt

_ / eI O (By (<X, Vi) (X4, V) )t

= [ e B A0y (Ha(X, Vi) £ (X8, V)))

We conclude by writing H3(X, V;t) = Hg(—X, V; —t).

APPENDIX C. PROOF OF LEMMA [4.4]

37

Let W be the solution to the backward Fermi pencil-beam equation with vanishing condition

at infinity (LI5)-(ZI6). It is given explicitly by

W(X, V) - / e f)t(n X(S)dST_Xnv(Hg(t) * TtV\IJ(t))dt

n
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For (X}, X™, V1), (X4, X™, Va) € R2™~1) we have
|W(X{7Xnyvl) - W(Xé7Xn7V2)|

§/ e‘ffgnx(S)ds//Hg()N(’,X",‘7;15)

X |U(X] = X'+ (X" =)V +tV Vi = V) = O(X) — X' + (X" — t)Va + 1V, t, Vo — V) [dX'dV dt

< [Ceeron [ La @ xn v

X [(X] — XL+ (X" — t)(Vi — Vi), Vi — Va)|Lip (®)dX'dV dt

n

— Lip(¥) / e L MO [Hy (X )1 a0y | (X — X5+ (X7 — £)(Vi — Va), Vi — Va)|dt

=const.
< CLip (W)|(X}, V) — (X5, Va)| [ e FxnXo)dspy — xmjay
Xn

n ~
+X b

:(JLip(q/)y(X{,vl)_(Xé,VQ),/ o ST s)ds g
0

< CXNG2Lip (9)|(XT, V1) — (X3, Va)|.

REFERENCES

[1] R. ALonso, & W. SuN, The radiative transfer equation in the forward-peaked regime, Comm. Math. Phys.,
338(3) (2015), pp. 1233-1286.

[2] M. ASADZADEH, The Fokker-Planck operator as an asymptotic limit in anisotropic media, Math. Comput.
Model., 35(9-10) (2002), pp. 1119-1133.

[3] G. BAL & A. JOLLIVET, Generalized stability estimates in inverse transport theory, Inverse Probl. Imaging,
12(1) (2018), pp. 59-90.

[4] G. BaL, T. KOMOROWSKI & L. RyZzZHIK, Kinetic limits for waves in a random medium. Kinet. Relat. Models,
3(4) (2010), pp. 529-644.

[5] C. BARDOS, Problémes aux limites pour les équations aux dérivées partielles due premier ordre a coefficients
réels; théorémes dapproximation application a léquation de transport, Ann. Sci. Ecole Norm. Sup. Partis, 3
(1970), pp. 185-233.

[6] C. BORGERS & E. W. LARSEN, Asymptotic derivation of the Fermi pencil-beam approzimation, Nuclear science
and engineering, 123(3) (1996), pp.343-357.

[7] C. BORGERS & E. W. LARSEN, On the accuracy of the Fokker-Planck and Fermi pencil beam equations for
charged particle transport, Medical Physics, 23(10) 1996, pp. 1749-1759.

[8] F. BoucHUT, Hypoelliptic reqularity in kinetic equations, J. Math. Pures Appl., 81 (2002), pp. 1135-1159.

[9] M. BRAMANTI. An invitation to hypoelliptic operators and Hormander’s vector fields, New York: Springer, 2014.

[10] A. CARILLO, Global weak solutions for the initial-boundary-value problems to the Vlasov-Poisson-Fokker-Planck
system, Math. Meth. Appl. Sci., 21 (1998), pp. 907-938.

[11] K. CHEN, Q. L1 & L. WANG, Stability of inverse transport equation in diffusion scaling and Fokker—Planck
limit, STAM J. Appl. Math., 78(5) (2018), pp. 2626-2647.

[12] E. CuEvA, M. COURDURIER, A. OsSES, V. CASTANEDA, B. ParAcios & S. HARTEL, Mathematical Modeling
for 2D Light-Sheet Fluorescence Microscopy image reconstruction, Inverse Problems, (2020).

[13] P. DEGOND & S. Mas-GALLIC, Ezistence of solutions and diffusion approzimation for a model Fokker-Planck
equation, Transport Theor. Stat., 16(4-6) (1987), pp. 589-636.

[14] L. EYGES, Multiple scattering with energy loss, Physical Review, 74(10) (1948), pp. 1534.

[15] F. GoLsE, C. IMBERT, C. MOUHOT & F. VASSEUR, Harnack inequality for kinetic Fokker-Planck equation with
rough coefficients and application to the Landau equation, Ann. Sc. Norm. Super. Pisa Cl. Sci., 19(1) (2019),
pPp. 253-295.



(16]

(17]

PENCIL-BEAM APPROXIMATION 39

C. GoMEz, O. PiNvauD, & L. RyzHIK, Hypoelliptic estimates in radiative transfer, Comm. Partial Differential
Equations, 41(1) (2016), pp. 150-184.

F. HansoN, I. BENDALL, C. DECKARD & H. HAIDAR, Off-axis detection and characterization of laser beams
in the maritime atmosphere, Applied optics, 50(18) (2011), pp. 3050-3056.

L. Hérmander, Hypoelliptic second order differential equations, Acta Math., 119 (1967), pp. 147-171.

H. J. HwaNG, J. JANG, & J. JunG, On the kinetic Fokker-Planck equation in a half-space with absorbing
barriers, Indiana Univ. Math, J., 64(6) (2015), pp. 1767-1804.

H.J. Hwang, J. Jang, & J. Jung, The Fokker—Planck Equation with Absorbing Boundary Conditions in Bounded
Domains, SIAM J. Math. Anal., 50(2) (2018), pp. 2194-2232.

C. Imbert, & L. Silvestre, The weak Harnack inequality for the Boltzmann equation without cut-off, J. Eur.
Math. Soc., 22(2) (2020), pp. 507-592.

A.D. Kiv, & J. B. KELLER, Light propagation in biological tissue, JOSA A, 20(1) (2003), pp. 92-98.

J. J. KonN, Pseudo-differential operators and hypoellipticity, Proc. Symp. Pure Math, 23 (1973), pp. 61-69.
J. M. LEE, Introduction to Riemannian manifolds (Vol. 2), Springer, 2018.

J. L. Lions, Equations différentielles opérationnelles et problémes auz limites (Vol. 111). Springer-Verlag, 2013.
G. C. POMRANING, The Fokker-Planck operator as an asymptotic limit, Math. Models Methods Appl. Sci, 2(1)
(1992), pp. 21-36.

N. Rovy, & F. REID, Off-axis laser detection model in coastal areas, Optical Engineering, 47(8) (2008),
pp- 086002.

Q. SHENG, & W. HAN, Well-posedness of the FokkerPlanck equation in a scattering process, J. Math. Anal.
Appl., 406(2) (2013), pp. 531-536.

E. M. STEIN & R. SHAKARCHI, Real analysis: measure theory, integration, and Hilbert spaces, Princeton
University Press, 2009.

W. WANG, & L. ZHANG, C*-regularity of weak solutions of non-homogeneous ultraparabolic equations with drift
terms, preprint, [arXiv:1704.05323v2 [math.AP], 2019.


http://arxiv.org/abs/1704.05323

	1. Introduction
	2. Wellposedness and regularity of time-independent Fokker-Planck
	2.1. L2-global theory and other properties
	2.2. Regularity

	3. Fokker-Planck with singular sources
	4. Fermi pencil-beam equation
	5. 1-Wasserstein comparison analysis
	5.1. Approximation via pencil-beams
	5.2. Comparison with ballistic linear transport

	Acknowledgement
	Appendix A. Complete proof of Theorem ??
	Appendix B. Explicit solution to (??)
	Appendix C. Proof of Lemma ??
	References

