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INVERSE RANDOM SOURCE SCATTERING FOR THE
HELMHOLTZ EQUATION WITH ATTENUATION*

PEIJUN LI' AND XU WANGH

Abstract. In this paper, a new model is proposed for the inverse random source scattering prob-
lem of the Helmholtz equation with attenuation. The source is assumed to be driven by a fractional
Gaussian field whose covariance is represented by a classical pseudo-differential operator. The work
contains three contributions. First, the connection is established between fractional Gaussian fields
and rough sources characterized by their principal symbols. Second, the direct source scattering
problem is shown to be well-posed in the distribution sense. Third, we demonstrate that the micro-
correlation strength of the random source can be uniquely determined by the passive measurements
of the wave field in a set which is disjoint with the support of the strength function. The analysis
relies on careful studies on the Green function and Fourier integrals for the Helmholtz equation.

Key words. Inverse scattering problem, the Helmholtz equation, random source, fractional
Gaussian field, pseudo-differential operator, principal symbol

AMS subject classifications. 78A46, 65C30

1. Introduction. The inverse source scattering in waves is an important and
active research subject in inverse scattering theory. It is an important mathematical
tool for the solution of many medical imaging modalities [8l[I4]. The inverse source
scattering problems are to determine the unknown sources that generate prescribed
wave patterns. These problems have attracted much research. The mathematical and
numerical results can be found in [7L[8I[18] and the references cited therein.

Stochastic modeling is widely introduced to mathematical systems due to un-
predictability of the environments, incomplete knowledge of the systems and mea-
surements, and fine-scale fluctuations in simulation. In many situations, the source,
hence the wave field, may not be deterministic but are rather modeled by random
processes [I3]. Due to the extra challenge of randomness and uncertainties, little is
known for the inverse random source scattering problems.

In this paper, we consider the Helmholtz equation with a random source

(1.1) Au+ (E* 4+ iko)yu = f, x € R%

where d = 2 or 3, k > 0 is the wavenumber, the attenuation coefficient o > 0 describes
the electrical conductivity of the medium, v denotes the wave field, and f is a random
function representing the electric current density.

In [4], the white noise model was studied for the inverse random source problem
of the stochastic Helmholtz equation without attenuation

Au+/€2u=g+hW, z € RY,

where g and h are deterministic and compactly supported functions, and W is the
spatial white noise. It was shown that g and h can be determined by statistics of the
wave fields at multiple frequencies. The white noise model can also be found in [6]
and [5] for the one-dimensional problem and the stochastic elastic wave equation,
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respectively. Recently, the model of a generalized Gaussian field was developed to
handle random processes [9,[I5]. The random function is said to be microlocally
isotropic of order 2s if the covariance operator is a pseudo-differential operator with
principal symbol given by u(z)|£] 2%, where u > 0 is a smooth and compactly support
function and is called the micro-correlation strength of the random function. It was
shown that p can be uniquely determined by the wave field averaged over the frequency
band at a single realization of the random function. This model was also investigated
in [20021] for the inverse random source problems of the elastic wave equation and the
Helmholtz equation without attenuation. In these work, the parameter s € [%, % +1)
and the random functions are smoother than the white noise (cf. Lemma 226)): it can
be interpreted as a distribution in W—P(R%) for any € > 0 and p € (1,00) if s = %;
it is a function in CO*(R?) for any v € (0,5 — ) if s € (4,4 +1).

In this work, we consider a new model for the Helmholtz equation (I.IJ), where
the random source f is driven by a fractional Gaussian field with s € [O,% +1).
There are three contributions. First, we demonstrate that the fractional Gaussian
fields include the classical fractional Brownian fields. Moreover, we establish the
connection between the fractional Gaussian fields and rough sources characterized by
their principal symbols. Second, we examine the regularity of the random source and
show that the direct scattering problem is well-posed in the distribution sense. Third,
for the inverse problem, we prove that the strength of the random source p can be
uniquely determined by the high frequency limit of the second moment of the wave
field. In particular, if o = 0, the strength p can also be determined uniquely by the
amplitude of the wave field averaged over the frequency band at a single realization
of the random source. It is worthy to be pointed out that (1) if s € [0, 2], the
random function is a distribution in f € W%~ for any ¢ > 0 and p € (1,00) (cf.
Lemma [2.6]), which is rougher than those considered in [9I52021]; (2) if o = 0 and
s € [4,4+1), the results obtained in this paper coincides with the ones given in [20].

The paper is organized as follows. In Section Bl the random source model is
introduced. The relationship is established between the fractional Gaussian field and
the classical fractional Brownian motion; the regularity is studied for the random
source. Section [3] addresses the well-posedness and regularity of the solution for the
direct problem. The inverse problem is discussed in Section [ where the two- and
three-dimensional problems are considered separately. The paper is concluded with
some general remarks and directions for future work in Section

2. Random source. In this section, we give a general description of the random
source on R%. Let f be a real-valued centered random field defined on a completed
probability space (Q, F,P). Introduce the following Sobolev spaces. The details can
be found in [2].

o WoP := WP(RY) for s € R and p € (1,00). In particular, if p = 2, denote
H?® = W2,

e Denote by W;? the space of functions which are locally in W*P. More
precisely, for any precompact subset O C R%, u|p € W*P(0O).

e Denote by WP the space of functions in W*? with compact support.

comp

e Denote by W;P(0O) the closure of C§°(O) in W*P(O) with O C R% In
particular, if O = RY WP = WP,

Let f: Q — & be measurable such that the mapping w — (f(w), ¢) defines a

Gaussian random variable for any ¢ € C§°. Here, S’ is the space of distributions

on R?, which is the dual space of the Schwartz space S. The covariance operator
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Qs : C5° — &' is given by
(0, Qr) = E[(f,0){f, )] Ve,9 € CF,

where (-, ) denotes the dual product. Denote by Ky(z,y) the Schwartz kernel of @,
which satisfies

waw = [ [ Ko@)

Hence we have the following formal expression of the Schwartz kernel:

Ky(x,y) =E[f(2)f(y)].

ASSUMPTION 2.1. The source f is assumed to have a compact support contained
inD C R The covariance operator Q of f is a classical pseudo-differential operator
with the principal symbol p(x)|€|~2%, where s € [0,% +1) and 0 < p € C5°(D).

The positive function p stands for the micro-correlation strength of the random
field f. The assumption implies that the covariance operator Qs satisfies

1

Q@) = gz [ el )i Ve O

where the symbol ¢(x, €) has the leading term p(x)|¢|~2¢ and
9O = Fllle) = [ e u(a)do
Rd

is the Fourier transform of ¢ [16,[17]. By the expression of Q sy, we can deduce the
relationship between the kernel Ky and the symbol ¢(z, §). In fact, noting that

(0, Qs¥) :/Rd o(z) {(2710(1 /Rd eim.fc(x,gm(g)dg] dx

g7 [, oo [ et [ /. e—iy'%(y)dy} déda

_ /R d /R d {# /R d ei(m—y).fc(x,g)dg} (@) (y)dady,

we get that the kernel K is an oscillatory integral of the form

(2.1) Ky(a) = gz [ @07 e )

2.1. Fractional Gaussian fields. We introduce the fractional Gaussian fields,
which can be used to generate random fields satisfying Assumption 211

DEFINITION 2.2. The fractional Gaussian field h® on RY with parameter s € R
is given by

he = (=A)"3W,
where (—A)™% is the fractional Laplacian on R defined by

(2.2) (=A)%u=F[[EPFl€)], acR,
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and W € 8' is the white noise on R% determined by the covariance operator QQy;, :
L? — L? as follows:

{0, Qut)) =E(W,0)(W,9)] = (0,9)12 V0 € L2

We denote by G,(R?) the space of fractional Gaussian fields with parameter s.
Let h® ~ G4(RY) if h® is a fractional Gaussian field on R? with parameter s. If d = 1
and s = 1, h' turns to be the classical one-dimensional Brownian motion. If s = 0,
h° = W is the white noise on R If s < 0, h® is even rougher than the white noise.
We refer to [24] and references therein for more details about the fractional Gaussian
fields and the fractional Laplacian.

To make sense of the expression h* = (—A)~2W, we define

S {pe8: [puzp(x)dz=0 V]a| <r} ifr>0
B ifr <0

Denote by T the closure of S, 4 in H™*. Then the expression h* = (=A)"3W in
Definition is interpreted by

(.= (W, (-8) ) = [ (~8)Fo@laW(o) VoeT.

The kernel Kp: for the covariance operator Q- of h® satisfies

23 @)= [ [ Kn@ye@isdy Ve.weCET,

Moreover, the kernel has the following expression. The proof can be found in [24].
LEMMA 2.3. Let h* ~ G4(R?) with parameter s € [0,00). Denote H := s — 4.
(1) If s € (0,00) and H is not a nonnegative integer, then

KhS(fI:,y) = Cl(S,d”(E - y|2H7

where C1(s,d) = 2_257T_%1"(% —5)/T(s) with T'(+) being the Gamma function.
(i1) If s € (0,00) and H is a nonnegative integer, then

KhS(fI:,y) = 02(S7d)|x - y|2H 1n|x - y|7

where Co(s,d) = (—1)T12725F 105 /(HIT(s)).
(iii) If s =0, then

Kps(x,y) = 6(z — y)?

where §(-) is the Dirac delta function centered at 0.

2.2. Relationship with classical fractional Brownian fields. For any h® ~
Gs(R?), we define its generalized Hurst parameter H = s — 4. If s € (4,2 +1), h* co-
incides with the classical fractional Brownian fields B¥ determined by the covariance
operator Qg :

@) (e.Qurt) = [ [ 5P+ P o =) @)ty dady,
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(0,1).

where the Hurst parameter H €
2+ 1) and h® ~ G4(R?). Then the stochastic process

LEMMA 2.4. Let s € (¢
defined by

3

he(z) = (h*, 8, — &o)

has the same distribution as the fractional Brownian field BY with H = s — % €(0,1)
up to a multiplicative constant, where §,(-) € H™* is the Dirac measure centered at
r € R4

Proof. By Theorem 23] the kernel of the covariance operator reads

E[h* (2)h* (y)] = E[(h*, 85 — 8o)(h*, 8, — 6o)]
= Cl(s,d) /Rd ‘/Rd |7°1 — T‘2|2H(5$ — 60)(7‘1)(51/ — 60)(7‘2)(17‘1(17‘2
= Ci(s,d) (lz =y — | —JyH),

which is a scalar multiple of the kernel of the covariance operator Qg defined in (24]).
The result then follows from the fact that the distribution of a centered Gaussian
random field is unique determined by its covariance operator. O

Note that (h®, 6, — dp) is actually a translation of h®. It indicates that we can
identify h® ~ G4(R?) as the fractional Brownian field B with H =s— ¢ € (0,1) by
fixing its value to be zero at the origin. Define a random function
(2.5) f(z,w) = a(z)h®(z,w), xRy weq,
where s € (4,24 1) and a € C5° with supp(a) C D. We claim that such an f defined
above satisfies Assumption 2.I1 More precisely, the covariance operator Q¢ of f has
the principal symbol a?(z)[¢|~2% up to a multiplicative constant.

PROPOSITION 2.5. The random field f defined in [ZF) with s € [0,%+1) satisfies
Assumption 21 with @ = a®.

Proof. According to the expression of the kernel ([2I)) and Definition 22 the
covariance operator @Qp= of h® satisfies

(0, Quet) = E[<hsv<ﬂ><hs,¢>]—EUR (—A)"E(ap)dW [ (=A)7%(ap)dW

da Rd

|8 wa)=8) e

o7 [ FICAT H @] OF () eo)] (€)de,

where the Plancherel theorem is used in the last step. It follows from the definition
of the fractional Laplacian given in (22) that we get

) = 1 25 (00)(€) (at)
(6. Quev) = g [ @R @) e)de

— i 187 | [ ae@eas] [ [ atume i) dg

— #‘/Rd /Rd /]Rd (p($)1/1(y)ei(m—y)'£a2(x)|§|—2sd§d$dy

—# /R ) /R ) /R . o(2)P(y)e! @V Ea(x) (a(z) — aly))|E| 2 dedady
=1 + I>.
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Noting that a(z) — a(y) = @’ (0x + (1 — 0)y)(z — y) for some 0 € (0,1) and

[ il = (-8) 0w~ ),

we obtain that the term I3 is more regular than the term I;. The proof is completed
by comparing the term I; with 2IJ). O

2.3. Regularity of random sources. By Proposition 2.5 for any function f
satisfying Assumption 2] with parameter s € [0, % + 1), its principal symbol has the
same order as the principal symbol of the random field ah®. Without loss of generality,
we only need to investigate the regularity of random fields given by f = ah®, where
a € C§° and supp(a) C D. Moreover, we assume that f is a centered random field to
avoid using the modification (h*,d, — dp).

LEMMA 2.6. Let s € [0, %l +1) and h ~ G4(R?). Define the random field f := ah®
with a € C§° and supp(a) C D.

(i) If s € (g, g +1), then f € C% a.s. for all a € (0,5 — %)

(i) If s € [0, %], then f € We=2¢P q.s. for any e >0 and p € (1,00).

Proof. (i) If s € (£,4 + 1), it follows from Lemma [Z4] that f has the same
distribution as a B, where B is a classical fractional Brownian field on R? with the
Hurst parameter H = s — 4 € (0,1). Note that B is (H — ¢)-Holder continuous for
any € € (0, H). Hence, f € C%* with a € (0,H) = (0,s — 4).

(ii) We first consider the case s = 4 and hence H = s — 4 = 0. By Lemma 23]
the covariance operator () satisfies

(0. Q) = / / K (2, ) ily)dady
- / / a(2)aly) Kn- (2, y) (@) (y)dady
- / / Ca(s, d)a(z)a(y) In |z — ylp()(y)dedy

for all ¢, € C5° NTs. We may choose Ky(z,y) = Ca(s, d)a(x)a(y) In|z — y| in this
case. Following a similar proof to that of Theorem 2 in [19], we consider the Bessel
potential operator . := (I —A)~2 with e > 0, where I is the identify operator. It can
be expressed through the kernel in the form G.(z,y) = C(e,d)|x — y|~9T¢ + S(z,y)
such that

Jeu = /Rd Gz, y)uly)dy,

where C(e,d) is a constant depending on € and d, and S(x,y) is the more regular
residual. Note that J. : WP — WTSP is an isomorphism for ¢ € R and p € (1, 0)
(see e.g. [25, Section 3.3]). It then suffices to show that J.f € LP a.s. for any € > 0
and p € (1,00). In fact, this result is obvious since the kernel of 7. f is uniformly

bounded:
R
/ / d‘rdy S /
R4 JRd 0

for some positive number R such that D C B(0, R).
If s € [0,2), the result can be obtained directly by noticing f = a(=A)"stEf

with f := (=A)"$W € W~°? and the result obtained above for s = 4.0

1n|;v—y|
Ix— Jz —yld—e

Inr

5 r¢ldr < oo
7 —€

GJI
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3. Direct scattering problem. This section is to investigate the well-posedness
and study the regularity of the solution for the direct scattering problem.

3.1. Fundamental solution. Let x? = k? + iko. A simple calculation yields
that

k4t 4 k202 4 k2 3 k4 L k202 — |2 3
R[k] = Ky = rhoT , Skl =ki = tho ,
2 2
and
. Rr . T
31 SRR T BT

Then the Helmholtz equation ([I]) can be written as
(3.2) Au+rK?u=f inR%

The Helmholtz equation ([B2]) with a complex-valued wavenumber has the fundamen-
tal solution

HP (sl —yl),  d=2,
(I)n(xay) = {41 e(i)'w‘\m*y\ d=13

ar Jz—y]

where Hél) is the Hankel function of the first kind with order 0.

LEMMA 3.1. For any given x € R?, it holds that ®.(z,-) € VVli’f, where p € (1,2)
ifd=2andpe (1,3) if d=3.

Proof. Let D C R? be any bounded domain. Denote r* := SUp,ep | — y|, then
D C By«(z).

For d = 2, we have ®,(z,y) = iHél)(n|x—y|). It suffices to show that Hél)(/d:z:—
|) € LP(D) and DY HSY (k|2 — ) € LP(D) with 0 < |a| < 1. Note that

1
()| < e 0-58)’

" (©)|

for any v € R and any real number © satisfying 0 < © < |z| (cf. [IIl Lemma 2.2]).
By choosing z = k|x — y| and © = R(2) = .|z — y|, on one hand, we have

p n?
/ ‘H(gl)("ﬂw - yl)‘ dy g/ e PTaT o=l
b D

r* r2
s [ e
0

For the above integral, since Hél)(nrr) ~ Z1n(k,r) asr — 0 (cf. [I, eq. (9.1.8)]), we
only need to consider the integral

P
H (rnf = )| dy

Hél) (Ke) Y rdr.

” ~i2
/ e PTeI"| In(kpr) [Prdr < oo,
0

which leads to Hél)(/ﬂ:v —-|) € LP(D). On the other hand, we have

Yi — X 1
ey~ sl =)

Yi — Ty
lz —y|’

8y, HiV (k] — y)) = kHS" (k|2 — y)) =12
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J,

Hence

Plyi — i
lz =y

p
O (oo = yl)| dy

p
0, 1" (nle — D[ dy =Iwl? [ [#1 wix ~ )|
D

—pﬁ\w—u\

< e PTxi !
D

r* 2

—prarr

5/ e PTul
0

where H 1(1) is the Hankel function of the first kind with order 1 and it has the asymp-

totic expansion Hl(l)(mrr) ~ %ﬁ asr — 0 (cf. [1, eq. (9.1.9)]). Since

P
HF)(/@T)‘ rdr,

*

L o |
/ e PTel" —rdr < oo, pe(l,2),
0 P

we obtain that DYH" (k| —-|) € LP(D).
inlo—yl

For d = 3, we have @, (z,y) = ﬁw and 9y, P, (z,y) = % (iklz —y| — 1),

1 =1,2,3. Noting for p € (1, %) that
J,

ey, — )

|z —yf?

cirlz—yl

p r* 1
dy < / —7r2dr < oo
o

|z -y

and

p r* 1
dy < / Tr2dr < 00,
o TP

J,

we complete the proof. O

3.2. Well-posedness and regularity. Using the fundamental solution ®,, we
define a volume potential

Vef)@)i= = [ @ulef)ds
The mollifier V;; has the following property. The proof can be found in [19}20].
LEMMA 3.2. Let O and U be two bounded domains in R%. The operator V, :
Hy?(0) — HPU) is bounded for 5 € (0,2 — 2].
THEOREM 3.3. Letp € (§,2], s € (d(3 +3) —2,5], and H =5 — § € (£ -2,0].
Assume that f € Wcﬁr;g’p for any € > 0. Then the scattering problem (L) admits a
unique solution u € VVlg:He’q a.s. in the distribution sense with q satisfying %—i—% =1.

Moreover, the solution is given by

u(aik) = = [ @ulen)f )iy

Proof. We only need to show the existence of the solution since the uniqueness
follows directly from the deterministic case. Let D be a bounded domain such that
supp(f) C D. Then f € WH=4P(D). For any = € R?, define the volume potential

waih) == [ @iy == [ odenrwi.
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First we show that u, is a solution of (II]) in the distribution sense. In fact, we
have for any v € C§° that

(At + K2, v) = —(Vg, VO) + 52 (g, v)

= [Vl [ oot Vo@s = [ [ [ antesody]oies
— [ | stemp@rsesdy— [ [ [ adenseiod

/Rd /R (K*@p(@,y) + d(z —y)) v(x) f(y)dedy — K* /R [/R @K(x,y)f(y)dy}v(x)dx

It then suffices to show that u, € WI;CH e which is equivalent to show that
du, € WHT4 for any ¢ € C5° with support U C R?. Define a weighted potential

(Vea) = =ota) [ @)l dy. a e

By Lemma B2 the operator V : Hgﬁ(D) — HP(U) is bounded for 8 € (0,2 — %}
Noting the Sobolev embedding theorem with fractional index that W"™? is embedded
continuously into W with r > ¢t and 2 = 1 — =L we get that Wl P(D) —
q P
Hy®(D) with —H + ¢ < 8 and —H + e = d(3 — )+ 8 € (0,2 2], and H () —
W-HTeq1) with %—i—% = 1. Consequently, V, : W =P(D) — W-H+eay) is
bounded, which shows that ¢u, = V. f € W~H+%9 and completes the proof. O
REMARK 3.4. It follows from LemmalZ8l that the random source is a continuous
function for s € (g, g +1). The well-posedness of the scattering problem (L)) is well
known since the source f is compactly supported and regular enough [10].

4. Inverse scattering problem. This section addresses the inverse scattering
problem. The goal is to determine the strength p of the random source f. We discuss
the two- and three-dimensional cases, separately.

4.1. Two-dimensional case. First we consider d = 2 in which s € [0, % +1)=
[0,2). Recall that the Hankel function has the following asymptotic expansion [I]:

(4.1) 2V (2 ZaJ 2)e* 2 e, |2 = oo,

. Cd
where ag = \/ge_% and a; = \/g(é) ( IT(21 —1)2/5! ) —T,j > 1. Denoting

=1
1 —(i+1) iz i 1
HiX () 1= agz 020, @ (ay) = L H{ (ke — ),

we have

O, (2,y) = O (2,) + O(|slz — y||V*+H)), NeN
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as |k|lz — y|| — oo due to k; > 0. Based on the truncated fundamental solution
®2(z,y) by choosing N = 2, we consider the approximate solution

u?(zyk) = —/ 2 (0, 9) F(y)dy = —2 [ (]w — yl) = einle=v1 f(y)dy
R2 4 R2
ia —_3 iklz— ia -3 ik|r—
— 7 | (sl =y R ) dy = 22 [ (sle - y) R )dy, x € RE
]R2 R2

Let U C R? be a bounded domain satisfying dist(U, D) = rg > 0. First we show
that the strength p of the source f given in Assumption 2] can be reconstructed
uniquely by the variance of the solution u on U.

PROPOSITION 4.1. Let k > 1 and the assumptions in Theorem hold. Then
the following estimate holds:

Elu?(z;k)|* = Te(2) 6] "5 2 + O (57%7%), z€l,

r

where

T 1 —2ki|z—y| J
w(2) = ﬂ/w WM(?J) Y.

Proof. For any x € U, we have from straightforward calculations that
Bat(asift = 00 [ [ ) e
u“(x; y)f(z)]dydz
16|l<&| R2 JRR2 |;[;—y| |$—Z|
m\z y|—ik|z—z]
apay
——— —E[f(y) f(2)]|dyd=z
e[ gt] [ Bl
[ v
z z
TGP o Jus o — gl Tw—2f T
m\z y|—ik|z—z|
apaz
E[f(y)f(2)ldyd=
[&MH]A%@Mx—MIw—d

a1as eirlz—y|—ik|le—z|
[8|"f|3 ] /11&2 /Rz |lo — y| |z — z| 3, Elf(y)f(2)ldydz

2 m\w y|—ik|z—2z|
(1.2 e [ B (i

o = yl3 o — 2|3

To estimate all the above terms, it suffices to consider the integral

m\z y|—ik|z—z|
I k) K(y,2)0(x)dydz, 11,15 € {0,1,2},
b /R2 /Rz |z — y|3Hh |z — 2|3+ £y, 2)0(@)dydz, 1o €4 '

where § € C§° such that 0y = 1 and supp(d) C R*\D. Define Cy(y,z,7) =
Ki(y,z)0(x) and c1(y,z,8) = c(y,£)0(x) with c(y, &) being the symbol of the co-
variance operator @ of the random field f. Furthermore, ¢; € S™2% with S™ being
the space of symbols of order m, m € R, has the principal symbol

Ky, x,8) = ply)(z)|€ .
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Based on (Z1]), we have

1 .
Ci(y,z,x) = / W= Ee (y, 2, €)dE,

(2m)? Jge

which is compactly supported in DY := D x D x supp(f). Moreover, C; is a conormal
distribution in R® of Hoérmander type having conormal singularity on the surface
S :={(y,z,7) € R®: y — z = 0} and is invariant under a change of coordinates [I7].

To calculate the integral in (2), different coordinates systems will be considered.
Define an invertible transformation 7 : R® — RS by

(Y, 2,2) = (9, h, v),
where g = (g1,92) and h = (hq, ha) wit
= 2wyl =) 9= |lo —ylaresin (L22L) o — 2 avesin (2220
=(|lz — T —z = resin — |z — z] arcsin
1 1 — —
hi §(|x—y|—|—|x—z|) hg_§[|x—y|arcs1n(7;_z|l)+|x—z|arcsin(7;_z|l)}.

Under the new coordinates system, we get

I (‘T k) - / / emr(lm_yl_lm_zl)_“i(‘m—y\+|w—z|) Ch (y7 va) dydz
1,2 (D - |x—y|%+l1|x—z|%+l2

(4'3) _ /2 /2 ei2nr(61.g)—2m(e1vh)C2(g, h,x)dgdh,
R2 JRR
where e; = (1,0) and

det((f‘l)’(g, he)
(g+h) e)*™" ((h—g)-e)= ™"
(4.4) =:C1(t7 (g, h,z))L" (g, h, ).

Cy(g,h,x) = C1 (77 (g, h, x))

To get a detailed expression of Cy as well as its principal symbol, we define another
invertible transformation 7 : RS — RS by

n(y,z z) = (v,w, ),

where v = y — z and w = y + z. Consider the pull-back C3 := Cy o n~! satisfying

Cs(v,w,z) = Cy(n (v, w,z)) = C’l(

v+w w—v )
2 5 7

1 i 1 .
= (271_)2 /R2 elv~§cl(v—i2-w,$7§)d€ = W/R2 ew-EC3 (w,x,g) dg,

where we have used the properties of symbols (cf. [I7, Lemma 18.2.1]) and that c3
has the following asymptotic expansion:

es(w,3,6) = e*“DwD@cl(” )]

1DU,D V4w
NZ g 1( 2 71;76)
j=
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Moreover, the principal symbol of cs is
w w 9
w2, &) =& (5..6) =n () 0@l

Finally, we define a diffeomorphism v := no7=! : (g,h,z) — (v, w, ), which
preserves the plane {(g,h,z) € RS : g = 0}, i.e., if g = 0 then v = 0. By Theorem
18.2.9 in [I7], the pull-back Cy := C3 o7 can be calculated by

C4(gu h,.’L’) = 03(7(97 h,l’)) = # /R2 eig'£c4 (h,$,§) d§7
where
ca(h, 2, €) = e3(72(0, b, ), (¥11(0, h, 2)) =€) [det (74, (0, h, )| + r3(h, 2, 6)

Cg (72(07 ha I)a (711 (07 ha I))i—rg) |det (Vil(oa hv ‘T))|71 + T4(ha €L, 5)

Here the residuals r3,74 € S72°71 v = (v1,72) with y1(g, h,2) = v and Y2(g, h, ) =
(w,x), and ~1; is determined by the Jacobian matrix

N = [ 1 M2 ]
- !/ !/ .
Y21 V22
Hence, ¢; € S72¢ is still C*°-smooth and compactly supported in the variables (h, )

with the principal symbol

(45)  (h,z,€) = M(M

Noting that C4y = C30y = Cion lonor ! = (C; o7~ ! and combining with
[Z4), we obtain
CQ(gv h’a I) = 04(97 h’a I)LT(gv h’a I)

)0(@) [ (3520, )~ 7 Idet(91,(0, b )| "

@0) = gz [ €S (€ I g.ha)de = g [ ees(hm. )

where we have used Lemma 18.2.1 in [I7] again and the fact that the function
L7 (g,h,z) is smooth in the domain 7(D?). Similar to the asymptotic expansion
of c3, we have

coth€) ~ Y EPEDL (e € L7 (g, )|

:0'
Jj=0 g

Using (5] and the expression of L™ defined in ([4), and residual 75 := ¢5 — ¢} €
S~25=1 we obtain the principal symbol

E(h,z,8) =clf (h,z,&) L7(0, h,z)

@ = () (g 0.h, )T

det((771)'(0, h,x))
|det(711(07 h,x))| (h - el)l+l1+l2 .

Let a = Z—f Simple calculations show that

v Qv Ouy
Wil(oahv‘r) = 6—(O,h,x) = % % (O,h,I)
9 dg1  0g2

- sino —acosa  coso
7| cosa+asina —sina
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is invertible since det(v4;(0, h,z)) = —4 and ¥2(0, h, z) = (w(0, h, x), ) with
. h2 h2
w(0, h,x) = (2h1 sin (—) + 221, 2h cos (—) + 2$2).
h,l hl

Moreover, a straightforward calculation gives

—1\/ 0 h . 6(y727£[])
(T ) ( ’ 7‘I)_ a h
(9, h, )
9=0

sino — v cos « cosay  sino—a«cosa cosa 1 0
cos o + asin « —sina cosa+ asina —sina 0 1
| —sina+acosa —cosa sina—acosa  cosa 1 0
" | —cosa—asina sina  cosa+asina —sina 0 1
0 0 0 0 1 0
0 0 0 0 0 1

and det((771)/(0,h, 7)) = 4.
Combining ([3]) and ([G)—([@1), we obtain

Il1,l2($;k):/ / gi2rr(er-g)=2nier-h)
R2 JRR?

X {(27102 /Rz o196 (ci(h,a:,é)y(o,h,:z:) + T5(h,x,§))d§} dgdh

:/ / 6_2"“(61"”[ci(h,:v,g)LT(O,h,x)+r5(h,x,§)}6(2f$rel—i—f)dfdh
Rz Rz

= / e~ 2ri(erh) {cﬁ (h, 2z, —2Kce1) L7(0, h,z) + r5(h, x, —2@61)} dh
R2

= _/Rz e*2m(el-h)u(M)9(I) ’(711(0, hvx))—‘r(_zﬁrel)’f%

1 —2s5—1
“ler - h)IF+ dh + O, )]

- 6_2Ni(el'h) ’U}(O, h7 JI) —2s —25—1
B _/]R2 (e1 - h)1t+htl M( 9 )e(x)dh:| Ky 2% 4+ O(k; )

=: M, (z)k; 2 + O(k 2571,

where we have used the fact that §(§) = ﬁ fRd e €d¢ in the second step and

. e 2alerh) - rw(0, h, x)
M}, () = /R2 (1 - h)1+11+12“( 2 )H(x)dh.

To simplify the expression of M, [ (x), we consider another coordinate transformation
p: R? — R? defined by

plh) =(:= (hl sin (Z—j) , hy cos (Z—j)) + x,

which has the Jacobian

; ha\ _ ha ho hy
S ( ) h1 COS Ty COS (h

det(p’) = ! =—1.
cos (@) + Z—fsin Z—f —sin Z—)
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Noting that det((p~!)") = ﬁ(p,) = —1, we get

—2ki|lz—(|
2 —
Mll,l2 (:E) - /]R? |£L' — C|1+[1+12 H (C) dCa zel.
Combining the above estimates, we obtain

|a;|?
16|x|3

|aol®
16|k

aoal

Bl (a; ) = S

100(17 k)+%|: IO 1( k):| + Il 1($ k)

[ CL()CLQ
8[|

a1az

R
- STkPs

2092 1o (a k)] +§R[ Io(a; k:)} a2 " 102l gy (23 k)

16[x[°
_ Jaol?

16]x|
R |28 (Mg ()2 4+ Ok 2 ))]

R

(Mg ()% + Ok 2]

2
ai K —2s —2s5—
1|6| ||3 [Ml,l(‘r)'%r ? + O(Kr g 1)]

+§re[

+

CLQCLQ

8[|
a1a2

R

i [8| Br

|a‘2|2 K —2s —2s5—
+W (Mo (x)k % 4+ O(rk; )]
~ aol?

16
which completes the proof. O

THEOREM 4.2. Let f € L?(Q, WH=¢P) with H, e, and p satisfying the conditions
gwen in Theorem[33. Then for any x € U,

Co(@)a| ™ m > + Ok 72),

r

1 e—olz—yl
: 2541 A _.
Jim kST Elu(zs k)T = o5 /RQ P p(y) dy =:T'().

Proof. Note that
E* M Eu(z; k) |? = B2 T Elu?(x; k)2 + 2k TIER [u2(x; E)(u(x; k) — u?(x; k)

+E*TIE |lu(a; k) — u?(2; I€)|2
=: Vi(k) + Va(k) + V().

Next we calculate the limits of V7, V5, and V3, respectively.
Using the asymptotic expansions of the Hankel function in (&I]), we get

|HD (klz —yl) — H N (k]2 — y))| = O(Ixlz — y|| =N+, k= oc.

Noting Hél)/(z) = —H§1)(z), we have

_ 3
0y Y (sl = yl) = 0y H (sl = y)| = O(1sl =Y+ Do =y~ D)k = oc.
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Hence

2

Elu(z; k) — u?(z; k)| ‘/ % (2,)) fy)dy

Sz, ) = 3 (2, ) [0 0y IS Iy 1.0 (0)
S 1@, ) = @5, o) BNy s-cnp) S 6177

where f € L2(Q,WALSP) C L*(Q,Weoiih) for H € (4 —2,0] and p € (1,2] and
% + 1—1) = 1 according to Theorem B3 with d = 2. It then indicates that

Va(k) S K270 = K24 (k4 4 k20%) 8 = 0

as k — oo since s < 2 for d = 2.
For V(k), we have

(S

Va(k) < 2 (R EJu (e k)?)* (K2 Elu(a: k) — u(@sK)[2) * = 2V (k) B Va (k)3

which converges to 0 if the limit of V3 (k) exists.
For Vi (k), by Proposition [£1]

Vi(k) = To(2)k> T k| L2 + O(K* T 272).

We have from ([B]) that

lim Vi(k) = lim T (z) = |“0|2/ e
k— o0 ! _kﬂoo " o 16 R2 |I—y| HY) 4y,

which completes the proof. O

REMARK 4.3. It can be seen from the above proof that only two terms are needed
in the truncation of @) if the source is extremely rough with s € [0,%). More
precisely, it suffices to consider the approximate solution

ul(x; k) = — L
(@sk) == [ L) fu)ay

instead of u*, where V3(k) < k** k|73 — 0 as k — oo since s < 4 =1.
THEOREM 4.4. The strength p is uniquely determined by

T 1 e—olz—yl p U
(I)—E/RQW#(ZU) Yy, xed.

Proof. We first consider the function V (z) := e~?!*! /|z|' for some positive number
o and integer | > 1, which can be regarded as a composition of functions U(s) =
e=7%/s! and r(z) = |z|, i.e., V(z) = U(r(z)). A simple calculation shows that

AV (z) =U"(r(x))Vr(z) - Vr(z) + U'(r(z))Ar(z)
o 0'2 2lo' l(l —+ 1) 70,‘1‘ + a —l eig|m|i
SR

ol e T e ol T 2]

l2 (2l — 1)U ag _O.III
= 2]+ BEE +W € :
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Hence, if T'(z) is known in U, then so is A"T'(z) for any n € N. It implies that the
following integral is determined by the measurement T'(z):

[P et
- /:2 P(%) e—:T Mxy'_r u(y)dS(y)} dr
B /:211 P(t)e_tatll {/m_y_tl u(y)dS(y)} (—é) dt
- / P(t)e“jl {/w_y_tlu(y)ds(y)} dt,

where P(t) = ijo c;jt? is any polynomial of order J € N with real numbers c;,
j=0,---,J, 1 =mingep | —y| > 19 > 0 and ro = max,ep |x — y|.

Denote S(z,r) = f‘m_y‘:ru(y)ds(y), which is continuous and compactly sup-
ported on [ry,73]. Since the polynomial space on the interval [ry ', 7 '] is dense in
i1
C([ry*,r']), the function %S(z, t=1) can be uniquely determined on [ry ', r; ],
and so does S(z,t~1). Hence S(z,7) can be uniquely determined on [ry,72].
To recover the strength p based on S(z,t), the classical deconvolution is used.

2
_ |zl

More precisely, we consider the convolution between p and g(x) = e~ 2 :

(gene) = | Y 7 S, rr,

which is known since S(x,r) can be recovered. Then the Fourier transform yields

Flul(e) = TEHLED - o g e,

which implies that u can be uniquely determined. O

4.2. Three-dimensional case. Now we consider d = 3. By Theorem B3] the
solution of the direct problem is

pirlz—yl
(48) u(a k) = - / T b y)dy.

dn rs [T =Yl

Following the same procedure as that for the two-dimensional case, we first show that
the strength p is uniquely determined by the variance of the solution wu.

THEOREM 4.5. Assume that f € L*(Q, WH=P) with H,e and p satisfying the
conditions given in Theorem[Z3. Then for any x € U,

1 e—olz—yl
lim k*Elu(z;k)|* = dy =: T(z).
Jim BBl b = 5 [ )y = T(w)
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Proof. Using (IM), we have for any = € U that

m\z |—iRk|z—z]
Elu(r; ) =1 / L e B el

|z = yllz — 2|

m\w y|—ik|z—2z|
A —— 0(x)dyd

/ / i (ja—y|— o=z =z —yl+la—ah) _C1W2T) o
1671'2 R3 JR3 |£L'_y||(E— | ’

where 65° such that )y = 1 and supp(d) C R3*\D,
1 o
(27)? /11&3 W2y (y, @, §)de.

Here ¢1(y, x, &) := c(y,£)0(x) with the symbol ¢(y, §) satisfying (2. Then the prin-
cipal symbol of ¢; has the form

Ky, 2,8 = ply)(z)|€ .

We first define an invertible transformation 7 : RY — R? by 7(y, z,z) = (g, h, z),
where g = (g1, g2, g3) and h = (hy, he, h3) with

Cl(y,Z,LL') = Kf(y,z)ﬁ(ac) =

1 1
n=5le—yl=le—2), h=g(z—yl+lz-=l),
1
92=5 | — y|arccos ( ) — z] arccos ( )
17 Y3 — 33
he = = ||z — y| arccos ( ) + |z — z] arccos ( )
2 |l — |z — z|
1 Y2 — Zy — T2
g3 = —[|x—y|arctan( ) |:E—z|arctan( )}
2 Y1 — x1 zZ1 — o1
T
hg = 3 |x—y|arctan(y2 I2) + |z — z] arctan 2 I2)}
L — T

Then

1 .
E -k 2 _ 2mr(61-g)—2m(elvh)c h dadh
|’U,(£L', )l 1672 ~/]R'§ /R3e 2(97 75[]) gan,
where e; = (1,0,0) and

det ((T_l)'(g, h, 3:))
((g+h)-e)((h—g)-e)
=:0C1 (T_l(g,h,a:))LT(g, h,x).

Next is to get an explicit expression of Cy with respect to (g, h,z). We define
another invertible transformation n : R — R? by n(y, z,7) = (v,w,x) withv =y — 2
and w = y + z, and define the diffeomorphism v := no 771 : (g,h,z) = (v,w,z).
Following the same procedure as that used in Proposition ] by defining C3 :=
C1 on~ !, we obtain

Ca(g,h,x) = C1(t (g, h,x))

Cs(v,w,x) = Ci(n~" (v, w, 7)) = Ol(v;w wz_v"’”)

= e, (LEW _— / o
@) Jos Cl( 2 " )d§ 21) Jas © cs (w,z, ) de,
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where ¢ has the principal symbol c§(w,z, &) = ¢ (%
By Theorem 18.2.9 in [17],

-gwaxag) |v:0 = /L(%)|€|7259($)

C4(gah7$) = C3 O/y(gu h,.’L’) =

(27)3 /11&3 €95 cy(h, z, §)de,

where ¢4 has the principal symbol

Sl 2,€) = & (3200, 1,2, (4110, ) 7€) Idet (74,0, b, 2)|

and 72(0, h, z) = (w(0, h,x), x),v11(0, h,x) = g; (0, h,x). Noting that Cy = C30v =

Ciontonor=t=C;o77! we are able to give the expression of Cs:
02(97 h’a I) =Cyo Tﬁl(ga hv x)LT(ga hv CC)

= [ et L g b )i = o [ ez e,

where the principal symbol of ¢5 is

B(h.6) = (b, L7 (0.h,2) = (LS Y o)

](gv(o h,z) )J&‘f2 (g—;’(o,h,x))’ldet (=10, h,2))

(h-e1)?
and the residual r5 :=c5 — ¢k € S~ 251,

It then suffices to calculate ¢£. Noting that

hi+g=|r—yl, hi—g =|r—2,

h2+92 (yg—xg) h2—gg (2’3—173)
= arccos , = arccos ,
hi+ g1 lz -yl hi = |z — 2|
hs +gs Y2 — X2 hs —g3 Zo — Xo
= arctan , = arctan ,
hi+ g1 Y1 — 1 h1 —q1 Z1 — X1

we get

y1 =21 + (h1 + g1) sin

Y2 = x2 + (h1 + g1) sin

ys = 23+ (h1 + g1) cos

(i)«

(i)

(rsn)
sm(hz—w) (e,

0w (5=5)

v (725)

29 = x2 + (h1 — g1) sin

zZ3 = I3 —|— h,l COS
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A simple calculation yields that

19

sincos S — acosacos S+ Bsinasinf cosacosf —sinasinf

0
a—v((),h,x):2 sinasinf — acosasinf — Bsinacos S cosasinf  sinacos ,
g cosa + asin —sina 0
. hs g._ hs
where o := hf,ﬁ =2, and
10 19
399 209 1
=1y = 19 19
(77)(0,h, ) -5 I
0 0o I
Here I is the 3 x 3 identity matrix. It can be verified that
v . 8sin? a
det(a—g(o,h,x)> =8sina, L7(0,h,x)= m,
and
9 e sinacos3 cosacos 3+ asinacos 3 —322 + Bsinacos B
(a—g(oah,ﬂ@)) =3 sinasin3 cosasinf + asinasin ansg + Bsinasin 8
cos o —<osB _ Bgin arsin B B cos a
Sin o

We then have

Elu(x; k)|?

where

Define

By noting that |¢ — 2| = hy = h-e; and det((p™!)’) = dﬁl(p/)

/

p:

1 2ire(e1-9)—2ri (e1-h)
= in(erg) =2 M) 0y (g, b, x)dgdh
167T2 ‘/]R% /R3e 2(97 ,.’I]) g

1 2i ( 1'(])—2 ( 1,h) 1 / ig-¢
= T6n2 e 9 ey (h, 2, €)d¢dgdh
1672 /R /Rf s [, ¢ Seslho . €)dedy

1 —2ki(e1-h
= T6n2 /Ra e (ex )05(h,:1c, —2k,e1)dh

1 ok (e1-h) w(0, h, x) _os sSina
_ ri(e 0 s
1672 /Rge “( 2 ) @ e

w(0, h, x)
2

another coordinate transform p : R3 — R3 by

+ r5(h, z, —2k.e1) | dh,

= (h1sinacos 3, hy sinasin 8, hy cos ) + z.

p(h) = ¢ := (hysinacos B, hy sinasin 8, hy cosa) + .

sinacos 3 —acosacos B+ Bsinasin3  cosacos 3
sinasin 8 — acosasin S — Bsinacos S cosasinf

cosa + asina —sin o

the data E|u(z;k)|? turns to be

Elu(ei ) = |

2372 Jou (= a2 "

with

—sinasin 8

sin acos 3 ,
0

: / © L Qew)d] 5+ O )
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Finally, for any = € U, we have from [B.1) that

1. szE k 2 1. 1 6_2’“‘4_1‘ dh k 2s j:’
Jim BBl = i o [ S om (L) =)
which completes the proof. O

Repeating basically the same proof as that of Theorem 4] we may show the
uniqueness of the inverse problem in three dimensions.

THEOREM 4.6. The strength p is uniquely determined by

T 1 e—ole—yl . y
(‘r)_247T2/RS |x—y|2u(y) Y, T e .

4.3. The case o = 0 and ergodicity. If o = 0, the model (L)) reduces to the
one considered in [20]. In this case, the ergodicity of the solution can be obtained by
following the same way which was investigated in [I9)20]. This result makes it possible
to uniquely recover the strength p by a single realization of the measurements.

PROPOSITION 4.7. Assume that f € L?(QQ, WH=¢P) with H e and p satisfying
the conditions given in Theorem [3.3. Let s = H + g. Then

(i) if d=2,
. 1 B e 2
lim -1 E= T u(as k) |°dk = T(z)  a.s.,
1
(ii) if d = 3,
: 1 ® 2s 2 T
lim -1 k= u(z; k)|*°dk = T'(z)  a.s.,
1

where T and T are defined in Theorems .3 and [J-3, respectively.
Proof. If o = 0, following the same procedure as that of Lemma 3.4 in [20] or
Proposition [I] we may obtain for any ki, ke > 1 that

B [ (@ ) (@ k)] | < OO+ [k = hal) >,
[E [ (@3 b Ju? (3 k)] | < OO+ Pl = k)7

which, together with the fact that

1 K
I{].E}noo ﬁ . X(t)dt = 0, a.s.,
if |[EX (t1)X (t2)| < C(1 + [t1 — t2]) ¢ for a centered real-valued stochastic process X
with continuous paths and some e > 0 (cf. [I2LI9/20]), one can get the desired results
by following the proof in Theorem 3.10 in [20]. The details are omitted for brevity. O

5. Conclusion. We have studied the inverse random source scattering problem
for the Helmholtz equations with attenuation. The source is assumed to be a frac-
tional Gaussian random field. The relationship is established between the fractional
Gaussian fields and the generalized Gaussian random fields. The well-posedness of
the direct problem is examined. For the inverse problem, we show that the micro-
correlation strength of the random source can be uniquely determined by the passive
measurement of the wave fields.
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There are some future works which can be considered. For instance, if the medium

is inhomogeneous, the solution cannot be expressed explicitly through the fundamen-
tal solution. The present method is not applicable, a new approach is needed. Another
interesting problem is to consider that both the medium and the source are random
functions. Similar problems for the Schrodinger equation were investigated in [22,23].
The Helmholtz equation is more difficult because of the coupling of the medium with
the wavenumber. It is an open problem for the Maxwell equations with a random
source. The singularity of Green’s tensor may limit the roughness of the source. We
hope to be able to report the progress on these problems elsewhere in the future.

Q00 0 0 @Rz
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