arXiv:2106.02950v1 [math.NA] 5 Jun 2021

Second-Order Finite Difference Approximations
of the Upper-Convected Time Derivative

Débora O. Medeiros* Hirofumi Notsu! and Cassio M. Oishi*

Abstract

In this work, new finite difference schemes are presented for dealing with the upper-convected time derivative
in the context of the generalized Lie derivative. The upper-convected time derivative, which is usually encountered
in the constitutive equation of the popular viscoelastic models, is reformulated in order to obtain approximations
of second-order in time for solving a simplified constitutive equation in one and two dimensions. The theoretical
analysis of the truncation errors of the methods takes into account the linear and quadratic interpolation operators
based on a Lagrangian framework. Numerical experiments illustrating the theoretical results for the model equa-
tion defined in one and two dimensions are included. Finally, the finite difference approximations of second-order
in time are also applied for solving a two-dimensional Oldroyd-B constitutive equation subjected to a prescribed
velocity field at different Weissenberg numbers.
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1 Introduction

The solution of constitutive equations for viscoelastic fluids involves some important considerations, as for in-
stance, the theoretical issues concerning the existence results [[10,116}129,146], and the development of numerical
schemes for solving complex fluid flows [13,120,24].

Some forms of viscoelastic constitutive equations can be constructed considering the upper-convected time deriva-
tive or Oldroyd derivative [39]], which is defined as

v 0
= a—f + (V)L = (V) = (V)T @)

where u(x, t) € R? is the velocity field of the flow and /(x, t) € Rgfyxn‘f is a tensor to represent the non-Newtonian con-
tribution for d = (1,)2, 3. Roughly speaking, the derivative form of (I)) is generally used for describing responses
of viscoelastic fluids, as for instance, the deformation induced by the rate of strain. Therefore, the upper-convected
time derivative (1)) is employed to formulate the constitutive equations of the most popular models, as for instance

the Oldroyd-B, Phan-Tien—Tanner (PTT), Giesekus, etc [34,/47].

In particular, we are interested in the numerical approximations for model equations based on the classical differ-
ential constitutive equation for the Oldroyd-B fluid in a dimensionless form:

[+ Wil =2(1 - ) Du), )
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where D(u) = [Vu + (Vu)T]/2 is the strain-rate tensor, and the non-dimensional positive parameters Wi and 3 are
respectively the Weissenberg number and the viscosity ratio (8 € (0, 1)).

The Weissenberg number [59]] is a parameter related to the memory of the fluid, i.e., for a viscoelastic material,
the Wi is a dimensionless number which can represent the relaxation time of the fluid. From a rheological point-
of-view, the Weissenberg number can be interpreted as a number which can be used to measure the competition
between elastic and viscous forces present in the concept of the viscoelasticity. A naive form to interprete the
mathematical effect of this non-dimensional number is considering if Wi = 0 in Eq. (1.2), and in this case, the
stress, represented here by £, is given by an explicit relation with the strain-rate tensor D(u). Otherwise, for Wi # 0,
the relation between the stress and the velocity gradient (rate-of-strain) can be modeled by a differential model,
as for instance Eq. (1.2). Notice that increasing the value of the Weissenberg number in Eq. (1.2), the convected
time derivative assumes a more significant effect in the equation, and therefore, the numerical treatment of this
term needs to be improved in order to obtain a correct approximation of the solution. More details concerning the
effect of the Weissenberg number on the partial differential equations whose describe viscoelastic fluid flows can
be found in the works of Renardy [45}147]].

From a numerical point of view, in order to preserve the stability of the solutions, Eulerian frameworks for solving
equation () need to apply a high-order spatial discretization for treating the convective terms in (I). Generally,
the methods for dealing with convection-dominant terms of the upper-convected time derivative are based on the
explicit and implicit upwind methodologies [2,21,/50]. Considering explicit upwind strategies, many numerical
approaches have been proposed in the literature for solving constitutive equations of viscoelastic models based
on Eq. @), e.g. the Eulerian schemes using Finite-Element (FE) [9}[19]2349], Finite-Volume (FV) [1[12, 4T,
43]], Finite-Difference (FD) [17,133,56]], etc. It is worth to notice that the main drawback of the explicit upwind
schemes is the severe time step limitations, and the application of implicit time integrators has been used for
developing more robust frameworks [81/50,60], where a typical example is the so-called CFL condition. However,
the construction of fully implicit upwind algorithms is complex resulting in general in high-cost computational
schemes due to the solution of large systems. An additional drawback of implicit upwind schemes for solving
convection-dominant problems is the excessive numerical diffusion.

In a different framework, Lagrangian methods combined with the method of characteristics [5,16,[14,[37,/51] for
solving viscoelastic fluid flows have been proposed by [3}4},115,128130-32]]. In these schemes, the Eulerian dis-
cretization of the convective term in (D), i.e., (u- V)¢, is avoided by using a Lagrangian discretization of the material
derivative, i.e., 3 /0t + (u- V){, with the idea of the method of characteristics. The idea is to consider the trajectory
of a fluid particle and discretize the material derivative along the trajectory. Since it is natural from a physical
viewpoint and such Lagrangian schemes have advantages, e.g., the symmetry of resulting coefficient matrices of
the system of linear equations in the implicit framework, no artificial parameters and no need of the so-called CFL
condition, they are useful for flow problems appearing in the field of scientific computing.

A different approach for avoiding numerical instabilities and to obtain accurate solutions of Eq. () is mathemat-
ically rooted on the concept of the generalized Lie derivatives (GLD) [25H27]] which modifies the definition of
Eq. (I. In particular, this elegant methodology was firstly presented by Lee and Xu [25]] (see also a similar idea
proposed in [42]). In that pioneer work, the authors reformulated Eq. @) using some mathematical properties to
define generalized Ricatti equations in terms of GLD. In summary, the upper-convected time derivative () was
re-written using the concept of the transition matrix. This idea was adopted in the context of the finite element
discretization in Lee et al. [27] to numerically solve the Poiseuille flow between two parallel plates around a cylin-
der while in [25] the authors presented theoretical results concerning the discretized version of the formulation
proposed in [27]].

In spite of the good stability properties observed in the numerical results and the sophisticated theoretical analysis
of the works in [25/27], to the best knowledge of the authors, the application of the GLD for solving equations
in the form of (@) is limited for finite element discretization resulting in schemes of (mainly) first-order in time.
In [25], two finite element schemes of second-order in time are presented based on the Crank—Nicolson or the
Adams—Bashforth method along the trajectory of fluid particle. There are, however, no truncation error analysis of
second-order in time and no numerical results yet, while numerical results by a GLD-based finite element scheme
of first-order in time are given in [27]]. Therefore, main contributions of this work can be summarized as follows:



1) the combination of the GLD strategy with the method of characteristics to develop temporal second-order finite
difference schemes for treating the upper-convected time derivative (d)), and ii) the application of simple stable
algorithms avoiding the need to solve large systems as commonly occur for implicit upwind schemes.

In this paper, we present finite difference approximations of the upper-convected time derivative () based on GLD,
and apply them to simple models. The approximations are of second-order in time, where the truncation error of
second-order in time is proved in Theorem[I] and a practical form is given in Corollary[Il To the best knowledge of
the authors, it is noted that the form, cf. (22), in the corollary is new and that there are no proofs of truncation error
of second-order in time for time-discretized approximations using GLD-approach. Combining the approximation
with the (bi)linear (p = 1) and (bi)quadratic (p = 2) Lagrange interpolations, we present full discretizations of the
upper-convective time derivative of second-order in time and p-th order in space, i.e., O(A#> +h?), which are proved
in Theoreml We present two numerical schemes for simple models in d-dimensional spaces (d = 1, 2), cf. (32),
which are both explicit. The difference of the schemes is the accuracy in space, i.e., one is of first-order (p = 1) and
the other is of second-order (p = 2) in space as (bi)linear and (bi)quadratic Lagrange interpolation operators have
been employed, respectively. After the presentation of the schemes, numerical experiments for simple models
in d-dimensional spaces (d = 1,2) are presented. They are consistent with the theoretical accuracies shown in
Theorem[2]

In the case of Lagrangian finite element methods (often called Lagrange—Galerkin methods), a numerical inte-
gration is often employed in real computation for an integration of a composite function, since it is not easy to
compute the integration of a composite function exactly. In fact, a rough numerical integration may cause insta-
bility, cf. [52,153]], where a robustness of a scheme of second-order in time with a choice of Ar depending on &
is discussed in the papers. On the other hand, a quadrature-free scheme is proposed by using a mass-lumping
technique in [44]], and schemes with the exact integration of a composite function are proposed by introducing
a linear interpolation of the velocity and implemented in two-dimensional numerical experiments in [54,155)]. In
these quadrature-free schemes, there is no discrepancy between the theory and real computation. Besides them, to
the best of our knowledge, it is still a standard technique for the integration of a composite function to employ a
high-order quadrature rule, cf., e.g., [7L[11,22,136,137], whose computation cost depends mainly on the number of
quadrature points. In the end, we need to choose a suitable high-order quadrature rule by considering the compu-
tation cost and the error depending on the (expected) solution, Az, & and so on. In the case of Lagrangian finite
difference method, however, there is no need to choose a quadrature rule as no integration is used. This is an
advantage of the Lagrangian finite difference method, cf [35]]. The GLD-type Lagrangian finite difference schemes
which will be presented in this paper also have this advantage.

The paper is organized as follows. In Section 2] basic concepts for the for flow map and the upper-convected
time derivative in the framework of the generalized Lie derivative and a simple model to be dealt in this paper
are introduced. In Section[3] finite difference discretizations of the upper-convected time derivative are presented,
where truncation errors are proved. In Section 4] GLD-type numerical schemes of second-order in time and p-
th order in space for the simple model and their algorithms are presented. In Section 3l numerical results by
our schemes are presented to see the experimental orders of convergence. In Section [6] conclusions are given.
In Appendix, properties of GLD introduced in Section 2] are proved, and the main algorithms of the work are
described in details.

2 Preliminaries

In this section, we present some basic concepts concerning the flow map and the ideas of the generalized Lie
derivatives. For these purposes, we need to consider some mathematical statements.

Let 2 c R? (d = 1,2,3) be a bounded domain and 7 be a positive constant. Letu : Q@ x (0,7) — R4 be a given
velocity with the following hypothesis:

Hypothesis 1. The velocity u is sufficiently smooth and satisfies ujpo = 0.

Let At > 0 be a time increment, Ny := |T/At] the total number of time steps, and #* = nAt (n € Z). For a



function f defined in Q X (0,7), let f* = f(-,¢") be the function at n-th time step. We define two mappings
X, X, :9x(0,T) - R? by

Xi(x,1) == x— Atu(x,1), Xi(x, 1) = x = 2Atu(x, 1),

which are upwind points of x with respect to u(x, ). We introduce a symbol “o” to represent a composition of
functions defined by
(g ° XP)(x) = g(X{(x)),

for a function g defined in Q, where X7(x) = X;(x, ") = x — Aru"(x). We prepare a hypothesis for Az
Hypothesis 2. The time increment At satisfies At|ulcoo 1y,wie ) < 1/8.

Remark 1. Hypotheses[lland Dl ensure that X,(2,t) = X1(Q,1) = Q, and that Jacobians of the mappings X(:, t)
and X, (-, 1) are greater than or equal to 1/2, fort € [0, T], ¢f. [48/53]. We note that Hypothesis 2l has no relation
with the so-called CFL condition as any spatial mesh size is not included in it.

2.1 Lagrangian framework and the generalized Lie derivative

For a fixed (x,7) € @ x [0, T], let X(x,1; s) € R be a solution of the following ordinary differential equation with
an initial condition:

0
6—X(x, ;8) = u(X(x,t;5),5), s€(0,7), (3a)
N
X(x, t;1) = x, (3b)
for (x,1) € Q x (0, T). Physically, X(x, #; s) gives the position of fluid particle at time s whose position at time ¢ is

x. It is known as a flow map and an illustration of this concept can be seen in Fig. 1}

time

xn  (x,1) R
Fig. 1: Sketch of the flow map for X(x, #; 5).
For (x,1) € 2 x (0, T), let us introduce a matrix valued function L(x, f; -, ) : (0, T) x (0, T) — R9* defined by

0 ..
Lij(x,t;11,12) = [%Xi(z, tl;t2)1|z:)((x,t;t1)’ i,j=1,....d, “4)



which is the so-called deformation gradient. It is known that the function L has the following properties:

L(x,t;t1, ) L(x, t; 0, 1) = L(x, t; 11, 11) = 1, (5a)
;L(x, tt1,8) = (V) (X(x, 13 5), s)L(x, 1,11, 5), (5b)

)
215,00 = ~Ls 5, )T, 19),), (50)

S

for 11,1, € [0, T], where I € R¥¢ is the identity matrix. Although the proofs can be found in, e.g., [27], we give

sym
the proofs again in Appendix [A.Ilunder the assumption of unique existence of smooth regular L.

Let D/ Dt be the material derivation defined by
D 0

— =—+u-V.
Dt Ot "

For a function ¢ : Q x (0, T) — R%, it is well-known that the material derivative of ¢ can be written as
D¢ oc 0 ]
5000 = [+ V)]0 0) = -l (X 1:9), 9) (6)
Here, we define the so-called generalized Lie derivative £,{ by
0
(L)X 1:5).5) = L 151, 5) o L0 15, 00X, 1:9), $)L0x 15,07 |Lx 1:1,9)T @)
s
From (@), the upper-convected time derivative can be rewritten by using £,Z, i.e.,
{(x, 1) = (Lud(x, 1) = (LDX (X, 159), 5), 5y ®)
which is shown in Appendix[A.2l

2.2 The model equation

Based on the above description, we consider a simplified model equation in order to present the application of
finite difference schemes for dealing with the generalized Lie derivative. Particularly, based on the Oldroyd-B
constitutive equation (@), the problem is to find £ : 2 x (0, T) — R%¢ such that

Ssym

= F inQx(0,7), (9a)

{ = Ln onliyx(0,T), (9b)

¢ = ¢ inQ atr=0, (9c)

where [, is an inflow boundary defined by Iy, = {x € 9Q; u(x,?) - n(x) < 0} for the outward unit normal
vectorn : 0Q - R, and F : 2% (0,T) — Rglyxr‘,{, Gn i Tin X (0,T) = Rgfyxn‘{ and ¥ 1 Q — Rg;;,{ are given functions.

Remark 2. (i) From ®), Eq. ©Qa) can be reformulated using the generalized Lie derivative resulting in:
Lil=F inQ2x(0,T). (10)

(ii) In general, the inflow boundary [, depends on time t, i.e., I'iy = I'iz(t), while I'i, is the empty set under
Hypothesis[ll Throughout the paper, we deal with the inflow boundary I'y, independent of time t (€ (0, T)).

3 Finite difference discretizations

In this section, we present descriptions concerning the spatial and temporal discretizations. The main results related
to the numerical analysis of the schemes are also described in details.



3.1 Space discretizations and interpolation operators

In this subsection, we introduce spatial discretizations and interpolation operators in one- and two-dimensions. Be-
fore starting them, for an integer i and a positive number ¢, we prepare two functions ngl)( -;0)and nlgz)( 50 R—
R. The former, ngl)( -;0), is defined by

(—Ss—i+1 (s € [(i - )3, i6)),

i (s:0) =i 41— (—SS (s € [i6, (i + 1)o]),

0 (otherwise),
and the latter, ’71(‘2)( -;0), is defined by
(1) i : even number
(;; —i+ 1)(2—2 - é + 1) (s € [(i = 2)8,15)),
n2(s;6) = (i+1- (_SS)(%' - 2_Sa) (s € [i6, (i + 2)51),
0 (otherwise),

(i1) i : odd number

0 (otherwise).

The functions ngl)( -;0) and ’71(‘2)( -;0) are used below for the definitions of (bi)linear and (bi)quadratic interpolation
o (1) 2 :
perators /1, and I7,”, respectively.

3.1.1 One-dimensional case (d = 1)

Initially, we consider one spatial dimension, i.e., d = 1. For the sake of simplicity, we assume Q = (0, a) for a
positive number a. Let N € N be a number, & := a/N a mesh size, and x; := ih (i € Z) lattice points. We define a
set of lattice points £, and a discrete function space V), restrict to the number N, by

Q={xe€Q,i=0,...,NJ(cQcR!=R),
Vi =1y : .Qh HRZI;%} ={vp : Qh — R}

‘We introduce a set of basis functions {tpgl) :Q—>R;i=0,...,N} defined by

@) =" h), i=0,...,N.

The functions 1,0(()]) and 4,05\',) are simplified to

:{1—% (xE[xo,x1]):{xlh_x (x € [x0,x1])

0 (otherwise) 0 (otherwise)

h
0 (otherwise)

b}

(])(x) _ % —N+1 (x€[xn-1,xn]) _ X T AN (x € [xn-1, xn])
0 (otherwise)



as defined in Q = [xg, xx] = [0, a]. Let H;l]) : Vi = CY(Q) be the linear interpolation operator defined by

N

(1" vp)(x) = Z on(x)e; (x).

i=0

We describe the ideas for using a quadratic interpolation. Let N € N be an even number, and M := N/2 € N. For
the definition of the quadratic interpolation operator 1%, we define a set of basis functions {tpl@ QSR i=
0,...,N} by

¢P) =nP(xh),  i=0,...,N,

2

where (,0(()2) and ¢’ (= tp(z)

> ) are reduced to

&1 =02 —x) (x € [x0, x2]),

o (x) = 212
0 (otherwise),
(x = xy-1)(x — xy-2)
T L
0 (otherwise).

Let 1722) : Vi, = C%(Q) be the quadratic interpolation operator defined by

N

(ngz)vh)(x) = Z Uh(xi)‘Pz(‘Z)(x)‘

i=0

Remark 3. Fora, B € R (a < B), and Ny € N with 6y = do(a, 8, Ng) = (B — a)/Ny > 0, let I(-;a,8,Np) : R —
{0, ..., No} be an integer-valued index indicator function defined by

r _ “J (s € (. B)),

5
T(s:,B,No) = (;) e (1)
No (s 2 p).

We note that the integer iy = I(s;a,B8, No) satisfies igpdp + @ < s < (ip + 1)0g + a for s € (a, ), and that, for an
even number Ny with My = Ny/2 € N, the integer ko = I(s;a, 8, My) satisfies 2kodo + @ < s < 2(kog + 1)d¢ + « for
s€(a,PB)asdy=(B—a)/My=2B—-a)/No.

For d = 1, we introduce two notations of intervals,

Ki(l)l/z =[x, Xie ], i€f0,....,N—-1},
K;i:.] =[x, X2142], kef0,...,.M—1)},

whose measures are h and 2h, respectively. Let x € R be given arbitrarily. Then, the following are practically

useful in computation:
(i) Let ip .= I(x;0,a,N) € {0,...,N}. When x € Q, the integer iy satisfies x € Kfoll]/z = [Xi,» Xip+1], and we have
two-points representation of (I1 él)vh)(x),

(7 0n)(x) = 03yl () + vig10) ) (1), (12)

where we have used a notation v; = vy(x;).
(ii) Let ko == I(x;0,a,M) € {0,...,M}. When x € Q, the integer ko satisfies x € KS{ZH = [X2ky, Xoky+2], and we

have three-points representation of (H;lz)vh)(x),

U, 0r)(3) = Vst Pl () + Vot 1Py () + Vakgr2Pe o (), (13)



Sfor v; = vp(x)).

(iii) If the value (H}(lp)vh)(x) (p = 1,2) is needed for x ¢ Q, we can employ, instead of it, the closest end value
of vy, i.e., vo = vp(0) (x < 0) or vy = vp(a) (x > a), while the value vy or vy should be given by using iy as x
corresponds to an upwind point and x ¢ Q means the high possibility of existence of “inflow” boundary near x.
The function I(-;a,pB,N) is, therefore, also useful for x ¢ Q in the sense that I(x;a,f, N) provides the closest
index of lattice point.

3.1.2 Two-dimensional case (d = 2)

We consider two spatial dimensions, i.e., d = 2. For the sake of simplicity, we assume Q = (0,a;) X (0, ay) for
positive numbers a; and a;. Let N; € N (i = 1,2) be numbers, h; = a;/N; (i = 1,2) mesh sizes in x;-direction,
hmin := min{h;; i = 1,...,d}and h = hp, = max{h; i = 1,...,d} minimum and maximum mesh sizes, and
xi,j = (ih1, jho)" (i, j € Z) lattice points. We assume a family of meshes satisfying the next hypothesis:

Hypothesis 3. There exist positive constants hy, y1 and y, such that

he0,hy], and vy <

< Y2

Remark 4. The hypothesis is set for d = 2 essentially, as it always holds for d = 1 withy; = vy, = 1.

We define a set of lattice points Q;, and a discrete function space V}, restrict to the numbers N; € N (i = 1, 2), by
.Qh = {xi,j € .Q; = 0,...,N1, j= O,...,Nz},
Vh = {Uh . Qh - RdXd},

sym

where it is noted that Q, ¢ Q c R? (= R?). Using ngl)( -16), we introduce a set of basis functions {tpf.’]j) 0>
R; x;; € Qy, i, j € Z} defined by

00 = ¢ (x1,x2) = 0 e o' (eas o).
Let I7, }(11) : Vj, = C%(Q) be the bilinear interpolation operator defined by

P = Y wpelco

.’C;\/EQ},
The extension of the above interpolation using the biquadratic interpolation strategy can be defined as follows. Let

Ni, N, € N be even numbers, and M; := N;/2 € N for i = 1,2. For the definition of the biquadratic interpolation
operator 17(2), we introduce basis functions {tpg.) 0> R; X € Q,) defined by

¢ = ¢ 0n, x0) = 0 s k' (a3 ho).
Let 17,52) : Vi, = C%(Q) be the biquadratic interpolation operator defined by

(TP v)(x) = Z Uh(xi,./)@i')(x)'

X €2,

Remark 5. For d = 2, we introduce two notations of boxes (cells),

K)o a1 p = Lihn, G+ D X [, (G + Dhal, (i, J) €40,..., Ny = 1} x{0,..., N, — 1),
K1 oy = [2Kkhy, 2k + 2)h] X [21hy, (2 + 2)hy), (k) €{0,..., M, — 1} x1{0,..., My — 1},



whose measures are hihy and 4hih,, respectively. Let x € R? be given arbitrarily. Then, the following are
practically useful in computation:

(i) Let iy == I(x1;0,a1,N1) €{0,...,Ni}and jo = 1(x2;0,a2,Nz) €{0,...,No}. When x € Q, the set of integers
(io, jo) satisfies x € K = [ioh1, (io + Dh1] X [joha, (o + Dh2], and we have four-points representation

in+1/2,jo+1/2
1
of (1" v)(x),
1 1
(1" vy)(x) = g Digtmjotn P jy 1> (14)
m,n=0,1

where we have used a simplified notation v; j = vp(x; ).
(ii) Let ko == I(x1;0,a1, M) € {0, ..., My} and ly = 1(x2;0,a2, M) € {0,..., M}. When x € Q, the integer ko

satisfies x € KS{ZH = [X2ky, X2ky+21, and we have nine-points representation of(ngz)vh)(x),
2 2
(H,i o) (x) = Z U2k0+m,2lo+n§0;k)0+m’210+n(x)- (15)
m,n=0,1,2

(iii) If the value (H;lp)vh)(x) p=12) is_neededfor x & Q, we can employ, instead of it, the closest end value of vy,
i.e., one of the values of vy(x; ;) (xi; € Q, N 0Q), while the value should be given by using {in as x corresponds to
an upwind point.

Remark 6. We omit the extension of the interpolation operators Hf(lp ) (p = 1,2) to the three-dimensional case, i.e.,

D1, x2,x3) = 0 G hon' P e oy (s ha)

d = 3, since it is naturally defined by introducing basis functions tpf’;)k(x) =9

for p = 1,2 in a similar manner.

3.2 Time discretization: truncation error analysis

For the velocity u, let Ly, L; : Q x (0, T) — R? be matrices defined by
L 1) =1+ AVu)(x, D), Li(x 1) = I + 2A6Vu)(x, 1), (16)

which are approximations of L(x,t; t — At,t) and L(x, t; t — 2At, 1), respectively, cf. Lemma [I] below. Now, we
present a theorem which provides an approximation of the upper-convected time derivative of second-order in
time.

Theorem 1. Suppose that Hypotheses Il and 2 hold true. Let ¢ : Q X [0,T] — R be a sufficiently smooth
function. Then, for any x € Qand t € [2At,T], we have

Z(x, 1) = ﬁ [3§(x, £ — 4L (x,H(X((x,0),t — ADL (x, )"
+L1(x, DX (x, 1), t = 2AD L (x, t)T] + O(AP). 17

We give the proof of Theorem [l after giving a remark and preparing two lemmas.

Remark 7. (i) Let us consider (x,t) € Q x [2At, T] as a fixed point and employ simple notations X = X(x,1t; -)
and L(-, -) = L(x,t; -, ). Then, an approximation of {(x, t) of first-order in time is obtained as follows:

{0 = (LH(X(s). 9)),, (by (B))
= L(t, s)% [L(s, NC(X(s), )L(s, t)T]L(t, I, (by definition (7))

] T
= L(t.9) 5 | L(s. DE(X(5), 5)L(s. 1)

— L(s — At, (X (s — Ap), s — A)L(s — At, t)T]L(t, S)|Ts:t + O(AY)



(by the Euler method with respect to s)

é[_((xa), ) = L(t = At DI(X(t = A, t = ADL(t — A, DT | + O(AY)

(by substituting ¢ into s and (3a)))

1
< (e, ) = Li (e, 50(X0 (x, 0,1 = ALy (x, )7 | + O(AD),
where the last equality holds true from the initial condition Bb) for X, i.e., X(t) = x, and the relations,
Li(x,1) = L(t — At, 1) + O(A), X, (x, 1) = X(t — A) + O(AFP),

which will be shown in Lemmas[land 2 with k = 1 below, respectively.

(ii) Theoremllpresents an approximation of {(x, t) of second-order in time based on the two-step Adams—Bashforth
method, i.e., for a smooth function f : R - R,

/ _ d _ 1 _ _ _ 2
f@= —dsf(S)|S:, = A7 [3f(r) = 4f(t - Ap) + f(t = 2A0)] + O(Ar),
in place of the Euler method in (i).

Lemma 1. Suppose that Hypotheses [I] and [2] hold true. Let k = 1 or 2 be fixed. Then, for any x € Q and
t € [kAt, T, we have

L(x,t;t — kAt t) = I + kAt(Vu)(x, 1) + U(x, 1) + O(AP), (18)

(kA?)>
2

where U : Q x (0, T) — R is a function defined by

D(Vu)

= (Vu)? -
U= ==,

Proof. From the Taylor expansion, we have

L(x,t;t — kAt 1) = L(x, t; s — kAt 1)|5=¢

(kAD? &
S ol 15,0

= [Lx, 15 5,0) = kA= L(x, 1 5, (Vi) (X (x, £ 5), )]+

(kAf)* 8

5 55 L s V(X 19, )]+ OGP (by )

(kAD? 8

5 7o [LOn £ 5, DV (X (.2 5), )]

d
= [L(x, t5,1) — kAta—L(x, £ 5,0) + . O(AP)
)

ls=

+

=1+ kAt(Vu)(x, 1) — + O(AP). (19)

[s=t

We evaluate % [L(x, £; 5, )(Vu)(X(x, 1; 5), 5)],._, as follows:

|s=t

é[L(x, t; 5, )(Vu)(X(x, 1; 5), s)]l »
Jds s

= [(%L(x, t5,0)(Vu)(X(x, 15 5), 5) + L(x. 1; 5, t)(%(Vu)(X(x, £5),9))]

|s=t

= [—L(x, t; 5, H(Vu)2(X(x, 1; ), 8) + L(x, 1; 5, 1) D(thu) (X(x,1;5), s)]|S:[
— (V) (x, 1) + D(thu)(x, B = -Ux, 1). (20)
Combining @20) with (I9), we obtain (I8). m|



Lemma 2. Suppose that Hypotheses [I] and 2] hold true. Let k = 1 or 2 be fixed. Then, for any x € Q and
t € [kAt, T], we have the following:

(i) It holds that
kAt)? D
X(x,t;t — kAt) = x — kAtu(x, t) + ( > ) u( ,1) + O(AP).
(ii) Let ¢ : @ X (0, T) = R™ be a sufficiently smooth function. It holds that

2
L(XCr 11— KAD. £ — k) = {(x — kAtu(x, 0,1 — kr) + E20

Z(x, 1) + O(AP),

where Z : 2 x (0, T) = R™ is a function defined by

Du

Z = (Dt

V).

Proof. We prove (i). Recalling that X(x, 7; 5) is a solution to (3) and noting that the following identity,

!
X(x,t;t— kAt) = x — f u(X(x, t; 5), s)ds,

t—kAt

holds true, we have

X(x,t;t — kAY) — [x — kAtu(x, 1)]

X — f u(X(x, t; s), s)ds — [x - f u(X(x, t; 1), t)ds]
t—kAt t—kAt
f [u(X(x t;0),1) — u(X(x, t; ), s)]ds = f ds[u(X(x t; 51), sl)]

—kAt

f dsf —(X(x t;51), s1)ds) = f dsf (x 1)+ O(At))ds]
t—kAt s t—kAt s

2
(kAzt) @(x 1) + O(AP),

which completes the proof of (i).

We prove (ii). From (i) and the Taylor expansion, we have

(X (x, 851 — kAD), t — kAr)
(kA Du
2

- g(x ~ kAtu(x. 1) + EON kAt) + O(AP)

kAt) [ (

= ¢(x — kAtu(x, 1), t — kAt) + (x,1)- V){](x — kAtu(x, 1), t — kAr) + O(AF)

= [(x — kAtu(x, 1), t — kAt) + kAz y Z(x, 1) + O(AP),
where we have used the relation,
[(%(x, ) V)¢|(x — kAtu(x, 1), = kAT) = Z(x, 1) + O(AD),
for the last equality. O
Proof of Theorem[Il In the proof, we often employ simple notations, L(-,-) = L(x,t; -,-) and X = X(x,f; ), if

there is no confusion, since (x, f) is considered as a fixed position in space and time. From the Adams—Bashforth
method, i.e., for a smooth function g defined in R, ¢’(s) = %N[Sg(s) —4g(s — Af) + g(s — 2A0)] + O(A#?), we have

v 0
L0 = (L)1) = (LOK($). ey = Lt 8) 5[ Ls 0 LXK (51, LG0T L 9T,

11



= L(, s)ﬁ [3L(s. 1) £(X(9). $)L(s, )T = 4L(s = At, 1) {(X(s — An), s — AL(s — At,1)T

+ L(s — 2At, 1) £(X(s — 2A1), s — 2A1)L(s — 2At, t)T]L(t, )T _ + O(AP)

|s=t

ﬁ [3§(X(x, t;5), 8) — 4L(t, $)L(s — At, 1) {(X(s — AL), s — A)L(s — At, ) L(z, 5)"

+ L(t, $)L(s — 2At, 1) £(X(s — 2At), s — 2A0)L(s — 2At, )T LAz, S)T]|s:t +O(A?) (by (Ga)
1

= 5A7 |3¢Cx.1) — 4L(t = At, 1) {(X (2 - Ar), 1 = ADL(t = At,0)T

+ L(t — 2At,0) £(X(t — 2A1), t — 2A0)L(t — 2At, t)T] + O(A?) (by @BB) and (Ba))

ﬁ[mx, f-4[L + A%ZU](x, 0 L(X(t = A, t = Af)| Ly + ATIZU]T(x, )
+ [Ly + 2A2%U(x, 1) £(X(2 = 2A0), 1 — 2A0)[ Ly + 2A2 U] (x, t)] + O(AP)
(by Lem. [ with definitions of L; and L;)
= 2%; [30Cx, 1) = 4L1(x, ) £(X(2 = AD), £ = ADLT (x, 1)
+ Li(x, 1) {(X(t = 2A0), 1 = 2A0) L] (x, 1)
—2AP[L(X(t = AD), t — Ar) — E(X(1 = 2A0), t = 2A0)]U T (x, 1)

—2APU(x, D[E(X(t — AD), t — Af) = L(X(1 = 2A1), 1 — 2At)]] + O(AP)
1

Y |34Cx, 1) = 4Ly (x, 1) (X (2 = AD), £ = ADL] (x, 1)

+ Ly(x, 1) £(X(r = 2A0), 1 = 2A0) LT (x, z)] + O(AP), 1)

where the relation,
L(X(t = Ab), t — At) — Z(X(t — 2A0),t — 2A1) = O(AD),

has been employed for the last equality. Combining Lemma 2}(ii) with @I) and recalling x — Atu(x, 1) = Xi(x, 1)
and x — 2Atu(x, t) = X, (x, ), we obtain

v 1
L(x,1) = oA [3§(x, 1) = 4Ly (x, ) (X1 (x, 1), t — Af)L{ (x, 1)

+L1 (6, DR (x, 1), 1 = 200 L] (x, 1) + O(AP),

which completes the proof. O

Substituting * into 7 in (I7), the discrete form of second-order in time for the upper-convected time derivative is
given as follows.

Corollary 1. Under the same assumptions of Theorem[l] we have

p 1 - n n n n— Vi n

L(x,1") = E[3_{”(;@ — 4L )" o XL ()T + L1 (0)(" 2 o X)) ()L (x)T] + O(AP) (22)
forn=2,...,Nr.
Remark 8. Although the approximation 22) on'(x, ") of second-order in time is combined with the finite differ-

ence method in this paper below, one can combine it with other methods, e.g., the finite element method and the
finite volume method.



3.3 Full discretizations of the upper-convected time derivative

Suppose that £ € C([0, T1; C(2; R%)) and O = {{,’1’}5:70 C Vj, are given. Forn € {1,...,Nr}and p € {1,2}, let

sym

A Q — R and 3{;‘% : Q, — R be functions defined by

sym sym
L
2At
[(ALN(x) = +L X o XWILWT] (2 2),

[3¢"(0) = 4L 0 XL )T

1
[ @ - L@ e x| =1,

1
T 36 = AL G) 0 XLy ()T
(AP 1(x) = +L ULV o KWL T (n22), (23)

1

L1600 - LI g) o XWLIWT] (= 1),
respectively. Using the notation A", we can write Eq. 22) as, forn = {2,..., Nz},

L, ') = [ACN(x) + O(AP).

Now, we present a theorem on the truncation error of our finite difference approximations of the upper-convected

time derivative, where the function ?IZ’(” ){ DOy - Rg’;,ff to be used in the theorem has meaning since { €

Cc(0,T1; C(Q; Rg’yxmd)) can be considered as a series of functions in Vj, i.e., { = {" }iV:TO c V.

Theorem 2. Suppose that Hypotheses [l 2l and 3| hold true. Let £ : Q x [0,T] — R be a sufficiently smooth
function. Then, we have

{1 = (AP L(x) + O(AP + ) (24)
forx e Q,ne {2,...,Nr}and p =1,2.

Proof. Since for x € Q), we have

LG, 1) = [AL() + O(AP)
= [A " 10 = (1A, 10 = [ALN(0) + O(AL)

2
= [ﬂZv(p)(](x) + EL?(X)[(H;[”g"*I _ é/n—l) ° X?](X)L?(X)T

1 . ~ -
— S LWL = 7)o HIWLIWT + 0(Ar) (25)

from Corollary[I] it is enough for the proof to show the following estimates,

2
S =7 o X710 = Ok, (262)
1 -

Sl = 72 0 X1 = o), (26b)

where simple estimates (3I)) are easily obtained as shown in Remark [ later and the key issue is to eliminate the
negative order in Az from (3I)) and get (26). We prove the former equality of 28) for d = 2 only, as the equality
for d = 1 is simpler and the latter one is proved similarly. Let x = x;; € Q) and " = X{(x) = x —u"(0)Ar. To
simplify notations, we omit superscripts ”~' and ” from ¢"~! and y" in the rest of proof, respectively, if there is no
confusion.



Let us start with p = 1. From Hypotheses[Tland 2] we have y € Q and there exists a pair of indexes (i, jo) such
that y € Kl‘(olil/z’joﬂ/z (= [ioh1, (i + D] X [joha, (jo + Dha]). Let A(l)(y) be a set of pairs of indexes of lattice
points near y defined by AV(y) = {(io, jo), (o + 1, jo), (o, jo + 1), o + 1, jo + D}. Leta = (a1,a2)" =y — x; j, =
(G —io)h1 — u(x; DAL, (j = jo)ha — u5(x; j))Ar) and a = (@1,a2)7 = Xiy+1,jo+1 — y. Without loss of generality, we can
assume that w}(x; ;) 2 0 (k = 1,2),ip </, jo < jand ay,d; =2 0 (k = 1,2), cf. Fig.ll Then, we have

x=xl-,j

y = X1'(x)

Xio.jo K .
lg+1/2,]o+1/2

Fig. 2: Notations in the proof of Theorem[2]

|7 - ) 0 X7](0) = U1 O)() - ¢()
= > K-l by Supenon @) = 1)

(k.DeAD (y)

= Z [((y + s(xg — !J))];O ‘Pﬁl)(-’/)

(k,DeAD (y)

|
- Z j(; ([(Xk,z -y V]é’)(.l/ + 51(xkg — y))ds) gpf:l)(y)

(k,DeAD (y)

1 St
= Y [ [ 1m0 T+ 52t = ) )0 @7)

(k,DEAD ()
(by X neanin (s = 1) - VIO () = 0),

and, for (k, 1) = (i, jo).

1 S1 1 S ~
[ as [ (1= 920w + s - s )| =| [ asi [t VPOw - s 552
0 0 ’ 0 0 hihy

<cila; + )|l ||C2(K’f(;)+]/27j0+]/z;ngxnd‘)hlhz < cj(aray + axd)|l¢ ||c2(Q;R§yX,ﬁ)
(by ay, @y < hy, k =1,2, and Hyp.[3) (28)
for positive constants c¢; and ¢ independent of & and At.
We evaluate aja;. Let U = |lullegorc@rey = max{lug(x, Hl; x € Q,t €[0,T],k = 1,2}. From y1 = [xij -

u”(x,;j)At]] € lighy, (ip + 1)hy], it holds that

(i —ip — Dhi < uf(xi At < (i —ig)hy.
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Inthe case of i—ip— 1 € N, from A % < U*At, we have a,d; <h < hU®At. Inthecase of i—ip—1 =0,

from a; < hy and &y = u(x; )At < U*At, we have aja; < hUAr Hence it holds that, for any case,
aja; < hU™A:.
Since it holds that a,d, < h, U™ At similarly, we obtain
a1dy + axa, < 2hU% A, 29)

where this estimate holds also for (k, 1) = (io + 1, jo), (io, jo + 1), (ig + 1, jo + 1) similarly. Combining 28] and 29)
with (27), we have, for a positive constant ¢, independent of /4 and At,

2
At

which implies the former equality in (26) with p = 1, and the latter is obtained similarly. Thus, we get @4) with
p=1

=1 - ¢) 0 X7]() < 2UhIEllcqoryceiapassy, = O,

sym

In the case of p = 2, the result, i.e., @4) with p = 2, are obtained similarly by taking into account the next identity,

[(ngz)§ —{)o X{’](x) f ds f dszf [(Xer —y) - VI ()(!J + 53( X0 — !/))dS%‘P (),

(k.DeAP(y)

where A(2)(y) = {Q2i. + p,2j. + q); p,qg = 0,1,2} for i, € {0,...,M;} and j. € {O,..., M,} satisfying y €
[2ich1, 230 + Dh] X [2j:h2, 2(j« + Dha]. O

Remark 9. It is obvious that

p+l

{06t = LA 1) + O(AF + hA—t) (30)

forxe Q,ne{2,...,Nr})and p = 1,2, since H,ﬁ”)g has an accuracy of O(h"*"). In fact, from the approximation
property ofH}(lp)g“, we have

p+1

2 n— n— n h
Sl = o X710 = 0( =), (3la)
(P) pn-2 _ n—2 v _ hp+l
VLS ) o X1 = 0(~—-). (31b)

and the relation (3Q0) is obtained by combining (B1) with (23). Theorem [2 eliminates the negative order in At
from (BQ) and ensures that we can take small At even for a fixed mesh size from a view point of accuracy.

4 Numerical schemes

In this section, we present finite difference schemes of second-order in time and of first- and second-order in space
for problem (@) by using the ideas of discretizations given in Section[3l

Suppose that u € CO([0, T]; C'(Q; RY)) and £° € C°(2; R%4) are given, and that Hypotheses [Tl 2l and B hold true.

sym

Our schemes are written in a unified form ford = 1,2(,3) and p = 1, 2; find {§;l1 € Vi, n=1,...,N7} such that

(AP G1(x) = F'(x), xeQn>l, (32a)
x) =), x €y, (32b)

which are equivalent to

1
34 = AL @I G ) o XL )T

15



+ LT 7)o KL 0T | = F (), xeQ nz2, (33a)

1 _
S|4 - LiWIUTg) o XIWLIWT] = F'@), xed, (33b)
{0 =), xe Q. (33¢)

The unified scheme (32)) (equivalent to (33)) includes four schemes, i.e., p = 1 and 2 correspond to schemes of first-
and second-order in space, respectively, and the spatial dimension d (= 1,2) is implicitly dealt in the symbols ©Q,
and V.. An approximate initial value £ € Vj, is given by (33c). We find £} € V), from (33B) and £ € V), forn > 2
from (33a). Here, we additionally provide practical form of (32):

4
J(x) = §L’f<x>[(ﬂ,i”>§,;‘) o XM ()LI(x)"

1. L 2A i

- §Lq’(x)[(17f(lp){z_2) o XI(0)L}(x)" + TtFn(x), XEQy n>2, (34a)
4 = LiWIUTY ) o XL + AtF (), xeQ, (34b)
0 =), x €y, (34c)

which imply that scheme (32) is explicit.

Remark 10. From Hypotheses[ll and[2l and Remark[l) we have I'iy = 0 and X,1(2,1) = X1(Q,1) = Q (t € [0, T]),
i.e., all of upwind points are in Q. Hence, the functions (H;”)g,f*l) oX{ (nx1)and (H;”)g,f*?) 0)~(’11 (n = 2)are well
defined in Q for p = 1,2.

Remark 11. In scheme (32), we employ the backward Euler method (33D) of first-order in time once to find {)
needed in (33d) with n = 2. It is expected that there is no influence on the second-order convergence in time,

cf- [38].
Remark 12. Suppose that Hypotheses[lland2lhold true. Then, under F € C(Qx[0, T];R®?) and {° € C(Q; R¥9),

_ Sym Sym
the scheme (32) preserves the symmetry, i.e., {}(x)" = £ (x) (x € @, n = 0,..., Nr) from the following. Ford = 1,
it is obvious, and let us consider d = 2(,3). g?(x) (x € Q) is symmetric from the symmetry of (°. We show the
symmetry of {}(x) (x € Q). Noting (34B) and letting A(x) = L}(x), B(x) = [(H,ﬁ”)gg) o X!(x), and C(x) = AtF'(x),
we have

407 = [ABWAX)T + C(0)]" = AX)BX)TAMX)T + C(x)T
= AW)BWAMX)T + C(x) = £ (x),

which implies symmetry of{,“,i (x) for x € Qy, where we have used the fact that B(x) and C(x) are symmetric for the
second equality from the last. For n > 2, the symmetry of {}/(x) is obtained similarly from (33a).

4.1 Schemes in one-dimensional space (d = 1)

In this subsection, we rewrite the finite difference scheme (32) in a unified form ford = 1 and p = 1,2. We
introduce simplified notations, ¢ := £j'(x;), uf = u"(x;), Vu} = (Vu")(x;), F} = F(x;,1"), Ao = {0,..., N}, and
Ar ={1,...,Nr}. The schemes are to find {{ € R; i € Ag, n € Ar} such that

o= ‘5‘(1 + AVEPITP L) 0 X0 ()

l

1 " 2At

-3+ ANV E72) 0 X7 (x) + = F i€Ag, n>2, (352)
&=+ AU TP ) © X 1(xi) + A, i € Ao, (35b)
& =), i€ Ao (35¢)



We give the algorithm as follows:

Algorithm 1 (d = 1). Set Qp ={x; € Q; i € Ao} with h = a/N, and {{?; i € Ag} by (35d) to get {,“,? € V,,, where N
is an even number and M = N/2 for p = 2.

Setn=1.

For eachi € Ag do:

1. Compute F}, u}, Vu}, and y! = X|(x;) = x; — Atu].

2. Compute Z"'? = [(I1"'¢%) o X1N(x;) = (IT")(y)) according to (I2) with iy = I(y!;0,a,N) for p = 1, or

1

([13) with ko = I (y; 0, a, M) for p = 2.
3. Compute ¢! by (33D), which is equivalent to
.= + AtVu; T+ ALE
é«ll (1 A V 11)2 Zl] () A Fll

(Here, computation of £ ,1 € V), is completed.)
Setn = 2.

While n < Nr do:
For eachi € Ao do:
1. Compute F7, u!, Vu, y? = X{(x;) = x; — Atu}, and j! := f(q‘(x;) = x; — 2Atu}.

2. Compute Z"? = [TV {1~1) o X1(x) = (TP &)y} according to (I2) with ip = Z(y";0,a,N) for p = 1,
or (I3) with ko = Z(y?; 0,a, M) for p = 2. Similarly, compute Z]"" := [(I1." ") 0 R1(x;) = (TP )@,
3. Compute £ by (33a), which is equivalent to

4 1 5 2At
=50+ AV 2P — (0 20NV 7P 4 =5 Fh

(Computation of {; € V), is completed.)
Setn=n+1.

4.2 Schemes in two-dimensional space (d = 2)

Similarly to the previous subsection, we rewrite the unified finite difference scheme (32) ford =2 and p = 1, 2.
Let us introduce simplified notations, §fj = (X)), ufj = u"(x;), V”Zj = (Vu")(x;)), F;fj = F(x;,t"), and
Ao =1{G,J); i=0,....,N1, j=0,...,N>}. The schemes are to find {{fj e RZ2: (j, J) € Ag, n € A7} such that

sym?

4 T
&ty = U1+ MOV UL G 0 X1 I + AV )]

3
1 5 2A
= U+ 280V AT 572) 0 X1 (i IT + 280Vl )] + Tthf » o ()eNg n=2,  (36a)
&=+ M Vul DALY o X {1 DI + AVul )]T + At} , (i, J) € Ao, (36b)
2, =y, (i, j) € Ao. (36¢)

We give an algorithm of schemes (36) for d = 2 and p = 1, 2, while the construction is analogous to Algorithm 1
ford = 1.

Algorithm 2 (d = 2). Set Q;, = {xi; € Q: (i, j) € Ao} with h; = a;/N; (i = 1,2), and {g“gj; (i, j) € Ao} by (B&d) to
get {2 € Vy, where N; (i = 1,2) are even numbers and M; = N;/2 (i = 1,2) for p = 2.

17



Setn = 1.
For each (i, j) € Ag do:

1. Compute Fl I u1 P VuA1 P and yl = Xl(x;,j) =x;;— At ”il/-

2. Compute Z,\" = [(I," %) o X!1(x;) = (IT,” {0y} ;) according to (@) with iy = T((y} ,)1, 0,a;,Ny) and
Jo = I((yw)z, 0,as,N,) for p = 1, or (I3) with ko = I((yl’])l, 0,a1, M) and I = I((yw)z, 0, az, M>) for
p=2.

3. Compute g“i{j by (36b), which is equivalent to

1 _ 1 1L(p) 1 T 1
gl = 1+ AVl DIZP1T -+ AVul )] + AtF} .

(Here, computation of ¢ }l € V), is completed.)
Setn = 2.

While n < Ny do:

For each (i, j) € Ag do:

1. Compute F , u! , Vu X{(xij) = xij = Arud , and 57 = X((xij) = xij — 2804 .

u’yu

2. Compute Z"j(”) [(H(”)gh") o XM(xij) = (H(p)gh")(y ) according to (I4) with iy = I((y} s 0,a1,N)
andjo = I((y )2, 0 a2,N2) fOI'p = 1 OI'([EI) with k() = I((y )1 0 al,Ml) and l() = I((y )2,0 ay, Mz) for

p=2. Slmllarly, compute Z" ®) [(H(p){j,’l‘ %) o XM(xi)) = (H(p)g“,’l‘ 2)(% P
3. Compute ¢}'; by (36a), which is equivalent to

4 1 2A

U+ AV )Z, ZIP1 + AVl )] - U+ 280V 7, 211+ 280V )] + TIF”
(Computation of g}/ € V), is completed.)

Setn=n+1.

i =

5 Numerical results

In this section, numerical results for problems with manufactured solutions are presented to observe experimental
convergence orders of proposed schemes. In the following, we denote scheme (32)) with p = 1 and p = 2 by (S1)
and (S2), respectively. From Theorem 2] the expected orders of convergence are of O(A#> + h”) for p = 1,2. To
see the experimental orders of convergence, the efficient choices of At for (S1) and (S2) are respectively At = ¢ Vh
and At = ¢’h, for positive constants ¢ and ¢’. The choices of At for (S1) and (S2) lead to an expected order of
convergence of O(At?) (= O(h”)). In the computations below, as mentioned in Remark [3l(iii) and Remark [B}(iii),
we employ a value of i, at closest lattice point to an upwind point X} (x) or f({’(x) forx=x;(d=1)orx;;(d=2)
when the upwind point is outside the domain, where the integer-valued index indicator function I given by (IT) is
used.

Foryy, : @y » Rand ¢, = {¢) : @, > R; n=1,...,Nr}, let| - [l=(,) and || - [le=c=) be norms defined by

Wnlle @, = Wonlles(@, ) = max{lya(0)l; x € O},

lpnlle=(e=y = max{llgyllp~,y; = 1,...,Nr}.
Let E;; = E;j(At,h), i,j =1,...,d, be errors between a numerical solution ¢;, = {§Z}nN=T] C V}, and a corresponding
exact solution ¢ € C([0, T1; C(Q RZd)) defined by

Ejj = Ej(Ath) = 160 = Gifl| ooy BT = 1eds

and Eq; is denoted by E simply when d = 1.



Remark 13. 7o solve the problems proposed in this Section, we are assuming a defined source term and a pre-
scribed velocity field. In addition, we need to establish at least one initial condition and a wall condition where
we can call the flow inlet. The initial condition {,’2(x) is directly derived from the exact solution {exact(x,0). The
boundary condition is computed assuming a Dirichlet-type condition, i.e., we use the exact solution (i = {7, (x0)
at the first point of the boundary for a positive velocity field (if u"(x) < 0 then the inlet of the domain is located
on the opposite side, making us consider 7, ,.(xy)). Therefore, when we have the case described in Fig. 3l the
interpolated point X{(xo) at previous time is outside the domain; thus we have imposed the boundary condition

gﬁl(x) = ggxact(x)'

For the opposite side of the domain as represented by Fig. Wl we do not impose any wall conditions, since our
method can also be used to update the value of unknown function i} (xy) on the outflow wall. In addition, it is
also possible to assume a Neumann boundary condition on this wall and then we apply the method until xy_ and
update the last point as in an explicit scheme (i} (xy) = {7} (Xn-1)-

More details about the implementation of these strategies can be found in Appendix[A.3]

, characteristic
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Fig. 3: Sketch of the wall treatment for unknown boundary condition.
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Fig. 4: Sketch of the wall treatment for Neumann boundary condition.

5.1 Examples in one-dimensional space (d = 1)

We consider the next example in one-dimensional space.

Example 1 (d = 1). In problem ), letd = 1, Q = (0, 1) and T = 1. We consider three functions for the velocity:
@) u(x,t) =t, (@) ulx,t) =x+1t, (ii1) u(x, r) = sin(x + 1),

which imply I'y, = {0} (t € (0, T)). The functions F, i, and {0 are given so that the exact solution is

L(x,f) = sin(x + 1) + 2.
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We solve Example [l by (S1) with Az = ¢ Vh for ¢ = 1/50 and (S2) with Ar = ¢’h for ¢ = 1, where the mesh is
constructed for 2~ = 1/N with N = 10, 20, 40, 80, 160 and 320, the constants ¢ and ¢’ are as larger as possible in
order to numerically verify the convergence order of the temporal discretizations. Tables[I] and 2] show the values
of error E and their slopes in Az. According to the results in the tables, we can confirm that (S1) and (S2) are of
second-order in At for the three cases of velocity, (), (if) and (iii). These results are consistent with the theoretical
results in Theorem 21

Table 1: Example[Iby (S1) with At = ¢ vVh (¢ = 1/50): Values of E and their slopes in At.

@) D) (i)
N E Slope E Slope E Slope
10 1.54x1072 - 3.45%x 1077 - 2.11x 1072 -
20 8.07x1073 1.86 1.83x 1072 1.87 1.11 x 1072 1.86
40 4.15x 1073 1.92 9.38x 1073 1.92 5.69x 1073 1.92
80 2.10x 1073 1.96 4.75x 1073 1.96 2.88x 1073 1.96
160 1.06x 1073 1.98 2.39%x 1073 1.98 1.45x 1073 1.98
320 531x10™ 1.99 1.13x 1073 2.16 7.27x 1074 1.99

Table 2: Example[[Iby (S2) with At = i (¢’ = 1): Values of E and their slopes in At.

0] (i) (i)
N E Slope E Slope E Slope
10 4.65x 1073 - 8.05x 1072 - 1.65x 1072 -
20 L.11x1073 207 2.19x 1072 1.88 5.45x 1073 1.60
40 2.68x107*  2.04 5.63x 1073 1.96 1.53x 1073 1.84
80 6.59x107°  2.03 1.42x 1073 1.98 4.02x 1074 1.93
160 1.63x107°  2.01 3.58 x 107 1.99 1.03x 1074 1.97
320 4.06x107%  2.01 8.96x 107>  2.00 2.61x1073 1.98

In order to numerically verify that our methodology is stable for small time-steps, we have fixed a coarse mesh
h = 1/40 and the finest mesh # = 1/320 simulating the reduction of the time-step as At(k) = % for the first-

order scheme and as Ar(k) = z—hk for the second-order method. Results for (S1) in Table Bl while in Table d we have
described the results for (S2).

According to these tables, we can confirm that our methodologies, first- and second-order spatial discretization
schemes, are unconditionally stable since the errors are decreasing as At is reduced. It is important to highlight
that error for the smallest time-step in Table M for 2 = 1/40 is approximately two order smaller than the error of
the largest time-step, confirming the good stability property of the second-order scheme.

5.2 Examples for the two-dimensional case (d = 2)

We set the next example in two-dimensional space.

Example 2 (d = 2). In problem ), letd = 2, Q = (0,1)? and T = 1. We consider three functions for the velocity:

Oux,H=0@0", (Hux,)=x +t,x+07,

(ii1) u(x, t) = (sin(x; + xp + 1), sin(x; + x, + 1) 7,

which imply T'y, = {(5,0)T € 0Q; s € [0,11}U{(0, s)T € 09Q; s € [0, 11} (¢ € (0, T1). The functions F, (i, and £° are
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Table 3: Example[Ilby (S1): reducing the time-step as Az(k) =

h =0.025

k At Error

0 3.16x107° 1.18375x 1072
1 158x1073 1.08387x 1072
2 791x10* 1.03445x 1072
3 3.95x10™* 1.01025%x 1072
4 198x107* 9.98198 x 1073
5 9.88x107° 992182x1073
6 4.94x107° 9.89128x 1073

h =0.003125

k At Error

0 1.12x107° 1.94633x 1073
1 559%107* 1.57935x 1073
2 2.80x10* 1.39709x 1073
3 140x107* 1.30627 x 1073
4 6.99%x1075 1.26087 % 1073
5 349x107° 1.23823x 1073
6 1.75%x107° 1.22691x 1073

Vh/50

2k

Table 4: Example[Ilby (S2): reducing the time-step as Az(k) = %

h =0.025

At

Error

AN A W= O

2.50x 1072
1.25x 1072
6.25% 1073
3.13x 1073
1.56 x 1073
7.81x 107
3.91x 107

5.63x 1073
1.50 x 1073
430%x 10
1.58 x 107
8.97x 107>
7.27 x 1073
6.84 %1073

h =0.003125

At

Error

AN N R W= O

3.13x 1073
1.56 x 1073
7.81x 107
3.91x 107
1.95x 107
9.77x 1073
4.88x 1073

8.96 x 107
2.34%x 1075
6.64 % 107°
2.41x107°
1.36 x 107°
1.10 x 107°
1.03x 107°

given so that the exact solution is

g('xv t) -

_|sin(xg +xp + 1) + 2
sin(xy + xp +1)
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sin(x] + xp + 1)
sin(x; +xp + 1) + 2|

We solve ExampleRlby (S1) with Az = ¢ Vh for ¢ = 1/20 and (S2) with At = ¢’h for ¢’ = 1/10, where the mesh is
constructed for iy = hy = h = 1/N, i.e., Ny = N, = N, with N = 10, 20,40 and 80. Tables [3] and [6] show the values
of error E; and their slopes in At. Slope results for Ej, and E»; adopting different velocity fields (i), (ii) and (iii)
are very similar to those obtained for E;;; thus they are omitted here in order to save space. We can confirm that



(S1) and (S2) are of second-order in At in two-dimensional space for the three cases of velocity, (i), (if) and (iii).
These results are consistent with the theoretical results in Theorem 2l

Table 5: Example[2lby (S1) with Az = ¢ vVh (¢ = 1/20): Values of E; and their slopes in At.

@ (i) (UD)
N E Slope E Slope E Slope
10 3.87x 1072 - 3.84x 1072 - 3.87x 1072 -
20 1.98x 1072 1.94 1.96 x 1072 1.94 1.98 x 1072 1.94
40 9.99x 1073 1.97 9.94 x 1073 1.97 9.99 x 1073 1.97
80 5.03x1073 1.98 5.01 x 1073 1.98 5.03x 1073 1.98

Table 6: ExampleRlby (S2) with Az = ¢’h (¢’ = 1/10): Values of E;; and their slopes in At.

@ (&) (UD)
N E Slope E Slope E Slope
10 2.07x10™* - 2.18x 1073 - 9.79 x 10~* -
20 5.10x 107 2.02 5.35x 107 2.02 2.53x 107 1.95
40 1.27x107° 2.00 1.32x 107 2.02 6.39x 1073 1.98
80 3.17x107°° 2.00 3.27x 107 2.01 1.61x 107 1.99

5.3 The Oldroyd-B constitutive equation in two-dimensional space

We apply our approximations of the upper-convected time derivative of second-order in time (24) in Theorem[lfor
solving a problem governed by the Oldroyd-B constitutive equation in two-dimensional space; find ¢ : 2x(0,7T) —
R%d quch that

sym
C+ Wil =2(1-B)Dw) + F in Qx(0,7), (37a)

{ =l onlj, X (0,7), (37b)

=0 inQ, att =0. (37¢)

The scheme to solve problem (37) is to find {{}' € Vj,; n = 1,..., Ny} such that

i) + Wi [3{2’<P)§h](x) =2(1 - BDW")(x) + F"(x), xeQy, nx1, (38a)
4 =), x e Qy, (38b)

where 712’(” 'y + @, — R ig the function defined already by (23). When an upwind point is outside the

sym
domain, we employ a value of i, at closest lattice point to the upwind point similarly to the case of scheme (32)
as mentioned in Remark [3+(iii). In the following, scheme (B38) with p = 1 and p = 2 for problem (7)) are called
(S1)" and (S2)’, respectively.

We set two examples below:

Example 3 (d = 2). In problem D), letd = 2, Q = (0,1)4, T =1 and 8 = 1/9. We consider six values of the
Weissenberg number Wi,
Wi =0.025,1,5, 10,50, 100,

and the following function for the velocity field:

u(x, t) = (sin(x; + x2 + 1), sin(x; + x, + 1)),
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which implies I'y, = {(5,0)" € 0Q; 5 € [0,1]}U{(0, 5)" € 0Q; s € [0, 11}. The functions F, &, and {0 are given so
that the exact solution is

(0.f) = sin(x; + xp +1) +2 sin(x; + xp + 1)

e 1) = sin(x; +xp +1) —sin(x; +x + 1) + 2|

Example 4 (d = 2, [57]). In problem 30, letd = 2, Q = (0,1)4, T = 0.5, 8 = 0.75 and Wi = 0.25. We consider
the following function for the velocity field:

u(x, t) = (exp(=0.1¢) sin(zrxy ), —m exp(=0.1#)x; cos(rrx1)) ",

which implies T'iy = {(5,0)T € 02; s € [0,11}U{(0, )T € 0Q; s € [0, 11}. The functions F, i, and £° are given so
that the exact solution is

exp(—0.1¢7) sin(rx) —mexp(—0.1£)x, cos(mxy)
—mexp(—0.1f)x; cos(mx;)  exp(—0.1¢) sin(mx;) cos(mxy) |

{(xn =

We solve Example Bl by (S1)" with Ar = c¢Vh for ¢ = 1/50 and (S2) with At = ¢’h for ¢ = 1/5, where the
mesh is constructed for Ay = hh, = h = 1/N, ie.,, Ny = N, = N, with N = 10,20,40 and 80. In order to
further investigate the errors and the orders of convergence of the schemes for solving problem (37), we give the
results for the three different components 11, 12 and . Tables [7] and [§] show the results by (S1)’ and (S2),
respectively, for Wi = 0.025. From a quantitative point of view, the results are consistent with the theoretical
results in Theorem 2l

Table 7: Example[3by (S1)’ with At = ¢ vVh (c = 1/50): Values of each tensor entry E;j, E12, E»; and their slopes
in At for Wi = 0.025.

N Eq Slope E» Slope Ex» Slope
10 2.03x1073 - 2.03x 1073 - 2.03x 1073 -
20 1.02x1073 1.99 1.02x 1073 1.99 1.02x 1073 1.99
40 5.11x10™ 1.99 5.11x 107 1.99 5.11x 107 1.99
80 2.56x107* 1.99 2.56x 107 1.99 2.56 x 107 1.99

Table 8: Example[Blby (S2) with At = ¢’h (¢’ = 1/5): Values of each tensor entry E |, E1», E2y and their slopes in
At for Wi = 0.025.

N E Slope E Slope E>» Slope
10 7.62x107 - 7.24 x 107 - 7.62 %107 -
20 1.89x10°° 2.02 1.80 % 107° 2.01 1.89 x 107 2.02
40 4.75%x10°° 1.99 4.57x107° 1.98 475 %107 1.99
80 1.21x10° 1.97 1.17 x 107° 1.96 1.21x10°° 1.97

A computational challenge in viscoelastic fluid flows is the application of high values of the Weissenberg number,
i.e., Wi > 1. In fact, the infamous High Weissenberg Number Problem [18}23/[33] depends of some particular
factors on viscoelastic flows, as for instance, domain geometry, boundary conditons, fluid type, mesh size, etc.
In summary, this instability is related to the unbounded values of the stress tensor during the transient solution
resulting in the fail of the numerical methods. It is important to highlight that some classical methods, i.e. with-
out stabilization techniques, have failed for Wi = O(1) exhibiting numerical oscillations of the solution. Rougly
speaking, the High Weissenberg Number Problem can be interpreted according to a critical value of the Weis-
senberg number, Wi,,;;, which the numerical solution is boundly maintained during the simulation of the classical
constitutive formulations. For example, considering the traditional Oldroyd-B model, Fattal and Kupferman [18]]
described Wi, ~ 0.5 for the cavity flow while Oliveira and Miranda [40] pointed out Wi,; =~ 1 for unsteady
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viscoelastic flow past bounded cylinders. Moreover, Walters and Webster 58] presented results for the 4 : 1 con-
traction problem with the critical Weissenberg number near to 3. Therefore, there is an effort of the researchers to
circumvent the High Weissenberg Number Problem developing new formulations that can be stable in simulations
with Wi > Wi,;.

It is important to highlight that the schemes presented in this current work can deal with high values of Wi without
the need to employ stabilization strategies. To test the accuracy of (S2)’, we vary the values of Weissenberg number
as Wi = 1,5, 10,50, 100 in Example [3| and the results are presented in Table |9l The main focus for varying the
Weissenberg number is to verify the ability of (S2)’ for dealing with the Oldroyd-B constitutive equation defined
on the context of high elasticity. From the results presented in Table [0, we can notice that the numerical order
of convergence of (S2)’ is of second-order in both time and space, and that the effect of varying the Weissenberg
number is not significant for this example.

Table 9: Example[Blby (S2)’ with At = ¢’h (¢’ = 1/5) and different values of Wi number.

Wi=1.0
N E Slope E» Slope E>» Slope
10 1.55x1073 1.06 x 1073 5.54x 107* -

20 4.23x107™* 1.88 2.93x 107 1.85 1.48x 1074 1.91
40 1.09x107* 1.95 7.65%x 107 1.94 3.79x 107 1.96
80 2.77x 1073 1.98 1.95% 1073 1.98 9.58 x 1076 1.99

Wi=5
N E Slope E» Slope E>» Slope
10 1.97x1073 1.37x 1073 7.13x 107*

20 536x107*  1.87 3.80x 10  1.85 1.97x10™*  1.86
40 1.39%x10™*  1.95 990%x 1075 194 514%x 1075 194
80 3.51x107°  1.98 252x 1075 1.98 1.31x107° 197

Wi=10
N E Slope E» Slope E>» Slope
10 2.03x1073 1.42 %1073 7.38 x 107

20 5.54x107* 1.87 3.93x 107 1.85 2.04x 107 1.85
40 1.43x107* 1.94 1.03x 1074 1.94 535x 1073 1.93
80 3.63x 1073 1.98 2.61x 1073 1.98 1.36 x 1073 1.97

Wi =50
N E Slope E» Slope E>» Slope
10 2.08x1073 1.46 x 1073 7.59 x 10~

20 5.69x107*  1.87 405x10™*  1.85 2.11x10™* 185
40 147x10* 1.95 1.06x10™* 194 553%x 107 1.93
80 3.72x1075  1.98 268x 1075 1.98 1.41x107° 197

Wi =100
N E Slope E» Slope E>» Slope
10 2.09% 1073 1.46 x 1073 7.62x 107 -

20 5.71x 107 1.87 4.06x 1074 1.85 2.12x 107 1.85
40 1.48x107* 1.95 1.06 x 1074 1.94 5.55x 1073 1.93
80 3.74x107° 1.98 2.69x 1073 1.98 1.42x 107 1.97

Finally, example ] employs the manufactured solution used by Venkatesan and Ganesan [57]. Notice that in this
study we are investigating the numerical behavior of the schemes for non-homogeneous boundary conditions in
parts of the domain. Table [[Q] describes the results for Example by (S2)’ with At = ¢’k for ¢’ = 1/10, where the
mesh is constructed for iy = h, = h=1/N,ie., N; = N, = N, with N = 10, 20, 40 and 80. From this table we can
see that these results are consistent with our truncation error analysis in Theorem 2l
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Table 10: Example by (S2)’ with Az = ¢’h (¢’ = 1/10): Values of each tensor entry E1;, E12, Ex, and their slopes
in At for Wi = 0.25 and 8 = 0.75.

N Eq Slope E» Slope Ex» Slope
10 4.10x 1073 - 7.64 x 1072 - 1.98 x 1072 -
20 1.02x1073 2.01 2.11x 1073 1.86 5.19x% 1073 1.93
40 2.82x10™ 1.86 5.83x 107 1.85 1.32x 1073 1.97
80 7.47x107 1.91 1.54 x 107 1.92 3.30x 107 2.00

6 Conclusions

The application of the generalized Lie derivative (GLD) for constructing schemes to deal with the upper-convected
time derivative is an alternative form in the numerical solution of constitutive equations. In spite of the success of
this strategy firstly proposed by Lee and Xu [235]], to the best knowledge of the authors, the methodology was only
applied in the context of finite elements. In this work, we have combined a Lagrangian framework with GLD to
develop new second-order finite difference approximations for the upper-convected time derivative. Particularly,
the schemes are constructed based on bilinear and biquadratic interpolation operators for solving a simple model
in one- and two-dimensional spaces. The schemes are explicit and no CFL condition is required as the Lagrangian
framework is employed. Truncation errors of O(A#> + h”) (p = 1,2) for the finite difference approximations of the
the upper-convected time derivative have been proved. A numerical integration of composite functions may cause
an instability in the case of Lagrangian finite element method, our schemes, however, do not have such instability
since there is no numerical integration thanks to the finite difference method. According to our numerical results
for simplified model equations, the new finite difference schemes can reach second-order of accuracy in time and
space (p = 2) corroborating with the theoretical analysis. Moreover, the proposed strategy has been also applied to
solve a two-dimensional Oldroyd-B constitutive equation subjected to a prescribed velocity field. The results have
been very satisfactory since the increasing of the Weissenberg number did not influence the good properties of
accuracy and stability of the finite difference approximations. As a future work, we intend to extend our schemes
for solving viscoelastic fluid flows governed by different constitutive equations at high Weissenberg numbers.

Appendix

A.1 Proofs of properties in (3)

Firstly, we prove (53d). The second equality of (3a)) is obtained immediately from the definition of L in (@) as

0 0
Lij(x,t;01,11) = [iji(Z, tl’t')]lpxu,z;rl) = [gjzz‘]kzx(xm) = [0i])=x () = Gio

where 6;; (i, j = 1,...,d) is Kronecker’s delta function. For the first equality of (3a), we prove
I'=L(x,t; 11, ) L(x, 1, 12, 11). (A.1)
Let x € Qand t1, 1 € [0, T] be fixed arbitrarily. For any y € Q, it holds that
y = XXy, t311), 15 12),

which is equivalent to

yi = XiX(y, s 1), ti3), i=1,...,d. (A.2)
The differentiation of both sides of (A.2) with respectto y; (j = 1,...,d) implies that
d
0 0 0
8= —(XiX(y, t: 1), 113 02)) = > | =—Xilz, 115t —Xi(z, o3t : A3
J 6%( (X(y.:01).11:12)) ;[azk @1 2)]|Z=X(y,,2;t1)[azj W], 2, (A.3)
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Substituting X(x, 1; 1) into y in (A3) and using X(X(x, 1; 1), f2; 1) = X(x, 1;11), we get

d

d
0 0
0ij = ;[a—zkxi(z, tl,lz)]lz - X(x.1: t1)[£jxk(z’ lz,ll)]lz = X(ntit) " kZ; Lig(x, t; 11, 1) Lij(x, 15 12, 1),

which implies (AI). Thus, the first equality of (3a) holds true.
Secondly, we prove (3b). From the definition of L in @), we have

0 0
Lij(x.t:1,5) = | o 5 —Xi(z. 115 9)]

9
ds |2 = X(x,1;11)

o 9 0
=5 5X(Z’“’S)]|z X =l uX@n3 9, . = xx, 1)

ou; & duy
[kz 6_ (X1 9, s) Xk(z’ tl’s)]l = X(x,5:11) Z a_ (X 59, S)[ X"(Z’ t"s)]lz X(x,1511)

k=1

d
= Z[Vu]ik(X (x,1;5), $)Lj(x, 1; 11, 8),
k=1

which implies (3b).
Finally, we prove (3d). Property (3a) gives an identity,

I'=L(x,t;11, )L(X, 15, 11).
Considering the derivative of the identity above with respect to s, we have
0
0= 6_[L(x’ 0, L 1 s,1)] = [ L(x, t; 11, $)|LCx, £ 5, 11) + L(x, 1 tl,s)[ L(x, t;5,11))
= (Vu)(X(x, 1; 8), S)L(x, t; 11, 5)L(x, £5 5, 11) + L(x, 1; tl,s)[ L(x.t; s, tl)] (by (BB))
= (Vu)(X(x,1; ), 5) + L(x, £: 11, s)[ Lix.t;s,1)|  (by (),

which completes the proof of (3d) as

%L(x, t;s, 1) = —L(x, t;11, s)_'(Vu)(X(x, t;8),8) = —=L(x, t; 5, 1)) (Vu)(X(x, 1; 5), 5) (by (3a)).

A.2 Proof of (8)

For the sake of simplicity, we employ simple notations, L(-,-) = L(x,t; -,-) and X = X(x,t; -), as there is no
confusion. From the definition of the generalized Lie derivative in (7)) and the properties of L in (&), we have

0
(L6, 1) = (LX), 8)|,, = Lt 8) 5[ Lls. 04X (), )L, 0T Lt )T

= L(t, 5) ( L(s. 0){(X(s), s)L(s. )T + L(s, z)( ~{(X(). s))L(s 7 + L(s, D¢(X(s), s)( L(s,1) )]L(t, D

= L(t, s) ( L(s, )(Vi)(X(5), $)){(X(s), $)L(s, DT + L(s, t) (X(s) S)L(s, )"

™~

+

(5, DEX(5),9)(~Lis DX (), 9) |2 907,

= L(1, 5) >—L(s, H(Vu)(X(s), $)Z(X(s), S)L(s, )T + L(s, t)%(X(s), S)L(s, )"
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— L(s, (X (s), s)(Vu) " (X(s), $)L(s, D) |L(2, S)Tls:l

D
= |-(V)(X(s), 5){(X(5), 5) + Fi(X(S), $) = £(X(s), 5)(Vu) " (X(5), 5) o

D
= (Vi) D06 ) + 1) = 205 D) (5,1,

which completes the proof of (§].

A.3 Pseudo-codes for the proposed scheme
The Algorithm[AT] contains the steps of the interpolation process for the evaluated function on the characteristic
curve at a previous time.

The main algorithm (see Algorithm has all declarations and computations used to update the numerical
solution on time.

Algorithm A.1 Interpolation algorithm

Require: y} .hy(d = 1,2), (i, j), Ao, P, Xijs Qp, and &
1: Calculate the index on the discretized mesh (i, jo) € Ap, i.e., index(yl’{j) = (io, jo)-

(p)

2: Calculate 17[(,: ) and n

3: if p=1 then

X = Xj_
7101 (-x € [-x[()*l?-xio))’
hy
Dy — ; -
Ty () = % (x € [xi» Xig+11),
1
0 (otherwise),

and the same to calculate the function n;:)) using the index jy and space-step ;.
4: else

X = Xig—-1 X = Xjp-2

(x € [xip-2, x3,)),

hy 2y
2) (. — ) Xig+1 — X X — Xjp42
M, (x; hy) = 0+h1 . 2h10+ (xe [xip, X[0+2]),
0 (otherwise),

and the again to compute the function nﬁ) using the index jy and space-step ;.
5: end if
6: Define the basis function t,off )jo as

e W) = 0wl hon ) ).

i0,Jo iy

7: Compute the interpolation of the given function ¢, at yl'fj by

i0,jo

ZH0 =P = ) Gl el W)

.’C;\_/-E.Q/,

return Zl.' ’j(” ).
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Algorithm A.2 Main algorithm

Require: The domain Q2 with a; (d = 1,2), division numbers N, (d = 1,2), interpolation order p, final time T,

1:

21:

22:
23:
24:
25:

AN U

time step At and the exact solution {7, .. (x; ;).

Calculate hy = aq/Ny (d = 1,2) and @y, where Ny (d = 1,2) are even numbers and M; = N;/2 (d = 1, 2) for
p = 2, the indexes domain Ao = {(i, j); i =0,...,N;, j=0,...,N,} and the number of time steps N7.
Initialize the value {7 (x;j) = (X)) for n = 0 with (i, j) € Ag and x;; € I'n = {(s, 0)" € 0Q2; s €

[0, 113 U{(0,5)T € 9Q; s € [0,1]} (t € (0, TD).

Define the functions uz P Vu;” ; and F 7 i
Setn =1.
for (i, j) € Ao do
Calculate Ehe interpolation point y}’j = X (X ) = xij— uilyjAt.
if (y}’]. ¢ Q) then
g[{j = fih(xi,j)~
else
Compute Vi ; and F}; using the velocity field ;.
Use Algorithm[A Tl for y} ; to get Zil’*j(lf) =( H;lﬂ) gh)(y},j)'
Update /,’llj by an approximation of first order in time
gy =1+ AVl D1ZEP1T+ AVl )]+ ALF] .
end if
: end for
while n < Ny do

for (i, j) e Ap do )
Calculate the interpolation points y:fj = X (xij) = xij — uffjAt and g;fj = X (xij) = xij — 2uffjAt.
if (4], ¢Qorj}; ¢Q) then
&= Cnxiy)
else
Compute Vu} ; and F}'; using the velocity field u}
Use Algorithm [A.] for 4} ; to get ZZ_’].(” b=y ){,“/,)(y:fj) and solve again for 77, to get ZZ’;p ) =

1P 5
Update (:;fj by an approximation of second order in time

4 . n
&= 21+ AV DIZP [T+ A )T

L] 3
1 n 51,(p) n\1T 2A1 n
- §[I + 2At(Vui,j)]Zi’j [1+ 2At(Vu[,j)] + TFi’j'
end if
end for
ne—n+l.
end while
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