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Abstract

Reduced-order models of time-dependent partial differential equations
(PDEs) where the solution is assumed as a linear combination of pre-
scribed modes are rooted in a well-developed theory. However, more gen-
eral models where the reduced solutions depend nonlinearly on time vary-
ing parameters have thus far been derived in an ad hoc manner. Here, we
introduce Reduced-order Nonlinear Solutions (RONS): a unified frame-
work for deriving reduced-order models that depend nonlinearly on a set
of time-dependent parameters. The set of all possible reduced-order solu-
tions are viewed as a manifold immersed in the function space of the PDE.
The parameters are evolved such that the instantaneous discrepancy be-
tween reduced dynamics and the full PDE dynamics is minimized. This
results in a set of explicit ordinary differential equations on the tangent
bundle of the manifold. In the special case of linear parameter depen-
dence, our reduced equations coincide with the standard Galerkin projec-
tion. Furthermore, any number of conserved quantities of the PDE can
readily be enforced in our framework. Since RONS does not assume an
underlying variational formulation for the PDE, it is applicable to a broad
class of problems. We demonstrate the efficacy of RONS on three exam-
ples: an advection-diffusion equation, the nonlinear Schrödinger equation
and Euler’s equation for ideal fluids.

1 Introduction
Reduced-order models are routinely used to facilitate computational and math-
ematical analysis of nonlinear partial differential equations (PDEs). The theory
is well-developed when the reduced-order solution û(x, t) =

∑
i qi(t)ui(x) is a

linear combination of time-independent modes ui (see Refs. [10, 31], for ex-
haustive reviews). However, a robust mathematical framework is missing when
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the model û(x,q(t)) depends nonlinearly on a set of time-dependent variables
q = (q1, q2,· · · ,qn).

This is despite the fact that such nonlinear reduced-order solutions are ubiq-
uitously used, e.g., in prediction of rogue waves [17, 23, 33], vortex methods in
fluid dynamics [8, 15], tracking shocks in supersonic flows [19], and shape opti-
mization [24, 35], to name a few. In these studies, the reduced solutions depend
nonlinearly on amplitudes, length scales, traveling speed, phase, etc. Currently,
these parameters are evolved in an ad hoc manner based on domain expertise
and familiarity with the underlying PDE. The purpose of this paper is to pro-
pose a unified framework that is broadly applicable to time-dependent nonlinear
PDEs.

Nonlinear reduced-order solutions û(x,q(t)) are often better suited for ef-
ficiently quantifying the dynamics, as compared to their linear counterpart∑
i qi(t)ui(x). As a rudimentary example, consider the heat equation in d di-

mensions, ∂tu = ∆u, and its fundamental solution

u(x,q(t)) = A(t) exp

(
− |x|

2

L2(t)

)
, (1)

where A(t) = (4πt)−d/2 and L(t) =
√

4t. Here, the parameters are q = (A,L)
where the solution depends linearly on the amplitude A and nonlinearly on the
length scale L. We use this example throughout the paper for illustrative pur-
poses. But, more importantly, it already showcases the potency of reduced-order
models that depend nonlinearly on time-dependent parameters. If we were to
approximate solution (1) as the linear combination of time-independent modes
ui, i.e.,

∑
i qi(t)ui(x), several modes would be required to obtain a reasonable

approximation. On the other hand, the solution can be expressed with a single
mode (1) when allowing nonlinear dependence on time-dependent parameters.

Here, we develop a unified framework for evolving the reduced-order solu-
tions û(x,q(t)) which depend nonlinearly on time-dependent parameters q(t).
For a prescribed dependence on the spatial variable x, we view û as a map from
the parameter space to the function space H of the PDE. The image of this
map is a manifold immersed in H. We require the evolution of the parameters
q(t) to minimize the instantaneous discrepancy between the reduced-order dy-
namics and full dynamics of the PDE. This leads to a set of nonlinear ordinary
differential equations (ODEs) for q(t), defined on the tangent bundle of the
manifold. In our framework, any number of conserved quantities of the PDE
can be readily enforced. Since it does not rely on the variational formulation
of the PDE, our method is broadly applicable. We also show that when û de-
pends linearly on the parameter q, our reduced-order equations coincide with
the standard Galerkin projection models. We refer to the proposed method as
RONS: Reduced-Order Nonlinear Solutions.

We point out that the method presented here should not be confused with
parametric model reduction [10] where the PDE itself depends on some pa-
rameters. In contrast, in RONS, the parametric dependence appears in the
reduced-order solution. Furthermore, the term nonlinear model reduction is of-
ten used for reduced-order modeling of nonlinear PDEs even when the reduced
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solution is a linear combination of modes. In this paper, in addition to the PDE
being nonlinear, the reduced solution is also a nonlinear function of the reduced
variables.

1.1 Related work
This paper introduces a novel and unified framework for evolving time-dependent
parameters of reduced-order nonlinear solutions. However, as mentioned earlier,
the idea of using such nonlinear ansatz is not new. Here, we review some of the
work which use nonlinear ansatz and the respective ad hoc methods for evolving
their parameters.

The propagation of optical beams in nonlinear dispersive media has been
studied by considering the evolution of a localized Gaussian ansatz with time-
dependent amplitude, length scale, and phase [11, 20, 30]. A similar approach
has also been taken in the context of nonlinear water waves by Ruban [33, 34]
and Adcock et al. [1, 2]. Following [20], Ruban [33, 34] uses the Lagrangian
associated with the nonlinear Schrödinger equation (NLSE) to derive reduced-
order equations for the parameters of the ansatz. Adcock et al. [1, 2], on the
other hand, use the conserved quantities of NLSE to evolve the parameters.
Cousins and Sapsis [16] consider the modified NLSE which does not have a
known Lagrangian structure or as many conserved quantities as NLSE. They use
a hyperbolic secant as the ansatz, take a second time derivative of the modified
NLSE, and project the resulting equation on the subspace of the ansatz to derive
their reduced-order equations.

In fluid dynamics, vortex methods decompose the flow field into a combi-
nation of vortices, with a prescribed smooth profile, whose centers evolve over
time [14, 8]. The motion of each vortex center is determined by computing the
induced velocity by the other vortices.

Self-similar solutions of PDE are also obtained by varying the parameters of
a prescribed ansatz [7]. Rowley et al. [32] use symmetry reduction from geomet-
ric mechanics to derive the symmetry reduced governing equations. Although
rigorous, this method is only applicable for reducing continuous symmetries as
opposed to RONS which is a more general reduced-order modeling framework.

Finally, we point out that the idea of optimally time-dependent modes
(OTD) has been introduced in the context of stability analysis [6]. However,
OTD is only applicable to linearized PDEs. In addition, to compute each OTD
mode, an auxiliary PDE must be solved which renders this method computa-
tionally expensive [5, 22]. In contrast, RONS is applicable to fully nonlinear
PDEs and reduces the computational cost as it only requires solving a relatively
small set of ODEs.

1.2 Outline of the paper
This paper is organized as follows. In section 2, we introduce the problem set-
up in which our method is applicable. Section 3 describes RONS in detail and
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contains our main results. In section 4, we present numerical results on three
different examples. Section 5 contains our concluding remarks.

2 Set-up and preliminaries
We consider PDEs of the form

∂u

∂t
= F (u), u(x, 0) = u0(x), (2)

for the map u : D×R+ → Rp, (x, t) 7→ u(x, t) where D is a subset of Rk. Here,
F is a potentially nonlinear differential operator. For simplicity, we restrict
our attention to the case p = 1, where u is a scalar function of the spatial
variable x ∈ D and time t ≥ 0. Our results generalize to the case p > 1 in
a straightforward fashion. We assume that for any time t, u(·, t) belongs to a
Hilbert function space H with the inner product 〈·, ·〉H and the corresponding
norm ‖ · ‖H . The appropriate boundary conditions for the PDE are encoded in
the Hilbert space H.

We seek approximate solutions of the form û(x,q(t)) to PDE (2). The
dependence of û on the spatial variable x is prescribed based on the type of
the PDE and requires familiarity with its solutions. As such, we refer to the
approximation solution û(x,q(t)) as the ansatz. For instance, the heat kernel
discussed in Section 1 has a Gaussian shape with time-dependent amplitude
A(t) and length scale L(t) so that q(t) = (A(t), L(t)). Given the prescribed
spatial shape of the ansatz û, our objective is to determine the evolution of
the parameters q(t), so that the ansatz û(x,q(t)) best approximates a true
solution u(x, t) of the PDE. Since the ansatz solutions are typically smooth in
the spatial variable x, we only consider strong solutions of the PDE, assuming
their existence and uniqueness.

We view the ansatz û(x,q) as a map from the parameters q ∈ Ω ⊆ Rn to
the function space H,

û : Ω→ H

q 7→ û(·,q), (3)

where Ω is a simply connected open subset of Rn over which the ansatz û is
well-defined. For instance, for the heat kernel discussed in Section 1, Ω is the
positive quadrant of R2 where A > 0 and L > 0. We note that the domain of the
map û is over the finite-dimensional parameters q = (q1, q2, · · · , qn), whereas,
for a given parameter q, its image is a function in the Hilbert space H (see
figure 1 for an illustration). We refer to the image of the map û as the ansatz
manifold, motivating the following definition.

Definition 1 (Ansatz Manifold). We refer to the set

M := {u ∈ H : ∃q ∈ Ω with u = û(·,q)} ⊂ H, (4)

which is the image of the map (3), as the ansatz manifold.
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Figure 1: Geometric illustration of RONS. The reduced solution evolves on the
ansatz manifold M ⊂ H, which is the image of the ansatz map û. The blue
curve illustrates the evolution of the reduced-order solution. The black curve
marks the true trajectory of the PDE which can leaveM since the manifold is
not invariant under the full dynamics.

For well-posedness of the reduced-order equations governing the evolution
of the parameters q, a number of mild assumptions regarding the ansatz map
û are required. We list these assumptions below and explain their relevance.

Assumption 1. We assume that the map û : Ω → H has the following prop-
erties.

(H1) It is injective and at least once continuously differentiable with respect to
the parameters q.

(H2) For every parameter q ∈ Ω, the ansatz û(x,q) is `-times continuously
differentiable with respect to the spatial variable x. Here, ` ∈ N is the
highest order of spatial derivatives appearing in the PDE (2).

(H3) The map û : Ω→ H is an immersion.

Our reduced-order equations involve partial derivatives of the ansatz with
respect to the parameters. Assumption (H1) ensures that these derivatives
exist. Assumption (H2) ensures that the ansatz would in fact approximate
strong solutions of the PDE. Finally, assumption (H3) requires the map û to
be an immersion, which essentially means that the tangent space of the ansatz
manifold at every base point û ∈ M is full rank. More precisely, the tangent
space TûM at a point û ∈M is the linear vector space

TûM := span
{
∂û

∂q1
,
∂û

∂q2
, · · · , ∂û

∂qn

}
. (5)

The map û being an immersion implies that the partial derivatives ∂û/∂qi
are linearly independent functions and therefore dim(TûM) = n for all û ∈M.
As such, the setM is an n-dimensional manifold immersed in the function space
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H. Most importantly, assumption (H3) ensures that the metric tensor, to be
defined in Section 3, is invertible. It should be clear that, as a special case, the
ansatz map includes linear superposition of potentially parameter-dependent
modes,

û(x,q) =
∑
i

aiui(x,αααi), (6)

where q consists of the parameters ai and αααi.
As reviewed in the Introduction, earlier studies which use nonlinear reduced-

order solutions are confronted with two main tasks,

1. Choosing an ansatz manifold, i.e., choosing the shape of the ansatz û(x,q(t)),

2. Choosing a strategy for evolving the variables q(t) in time.

The first task relies on domain expertise and familiarity with the solutions of the
PDE. The second task has thus far been carried out based on ad hoc methods.
The present paper introduces a rigorous and unified approach for addressing the
second task. Choosing an appropriate ansatz manifold remains a challenging
problem and still relies on domain expertise.

3 Evolution of reduced-order solutions
This section contains our main results. First, in Section 3.1, we discuss the
minimization principle from which the reduced-order equations are derived. For
clarity, we do not assume any conserved quantities for the PDE in this section.
Next, we show that our reduced-order equations are equivalent to the standard
Galerkin projection if the ansatz is a linear function of the parameters (Sec-
tion 3.2). Finally, for PDEs with conserved quantities, in Section 3.3 we derived
reduced-order equations that respect those conservation laws.

3.1 Reduced-order equations without conserved quanti-
ties

Given an ansatz û(x,q(t)), we would like to determine an evolution equation for
the parameters q(t) such that the ansatz closely approximates a true solution
u(x, t) of the PDE (2). Since the true solutions are a priori unknown, this
cannot be achieved by minimizing some distance metric between the ansatz and
the true solution. Therefore, an alternative metric needs to be used.

Here, we evolve the ansatz such that its instantaneous dynamics best match
the true dynamics of the PDE. To this end, we consider the instantaneous error,

J (q, q̇) =
1

2
‖ût − F (û)‖2H , (7)

where ût is shorthand for the derivative of the ansatz û(x,q(t)) with respect to
time, i.e.,

ût(x,q(t)) =
∂û

∂qi
(x,q(t))q̇i(t), (8)
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where summation over repeated indices is implied. We note that ût belongs to
the tangent space TûM of the ansatz manifoldM at the point û.

The cost function (7) measures the instantaneous discrepancy between the
dynamics of the ansatz, i.e. ût, and the dynamics dictated by the PDE, i.e.
F (û). Given a set of parameters q(t), at any time t ≥ 0, we seek q̇(t) such
that the instantaneous error J (q, q̇) is minimized. Figure 1 shows a geometric
illustration of the instantaneous error J .
Remark 1. As an alternative to the instantaneous error, one might be tempted
to minimize the finite-time error,

S[q] =

∫ T

0

J (q(t), q̇(t))dt, (9)

over a time interval t ∈ [0, T ]. At first sight, this functional seems more suitable,
compared to its instantaneous counterpart (7), since it measures the accumu-
lated error between the true dynamics and the ansatz dynamics. However, as
we show in Appendix A, it generally leads to unstable reduced-order models for
the evolution of the parameters. Therefore, in this paper we choose to minimize
the instantaneous error.

As mentioned earlier, given the parameter q(t) at time t, we determine its
dynamics by minimizing the instantaneous error (7) over all possible q̇(t). More
precisely, we solve the minimization problem

min
q̇∈Rn

J (q, q̇). (10)

We prove that this problem has a unique minimizer which satisfies a first-order
ODE for the parameters q. By solving this ODE, the optimal evolution of the
parameters q(t) can be obtained. To prove these results, we need the following
lemma.

Lemma 1 (Metric Tensor). Let Assumption 1 hold. Then the metric tensor
M defined by

Mij =

〈
∂û

∂qi
,
∂û

∂qj

〉
H

, i, j ∈ {1, 2, · · · , n}, (11)

is a symmetric positive-definite matrix for all q ∈ Ω.

Proof. It is clear from its definition that M is symmetric. We show that the
matrix is positive definite by proving that 〈ξξξ,Mξξξ〉 > 0 for all nonzero ξξξ ∈ Rn,
where 〈·, ·〉 denotes the Euclidean inner product. We first note that

〈ξξξ,Mξξξ〉 =

〈
∂û

∂qi
ξi,

∂û

∂qj
ξj

〉
H

=

∥∥∥∥ ∂û∂qi ξi
∥∥∥∥2

H

≥ 0, (12)

where summation over repeated indices is implied. Next we show that 〈ξξξ,Mξξξ〉
is in fact strictly positive.
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Assume that there exists ξξξ 6= 0 such that 〈ξξξ,Mξξξ〉 = 0. This, together with
equation (12), implies that

∂û

∂qi
ξi = 0.

Since ξξξ 6= 0, this implies that ∂û/∂qi, i = 1, 2, · · · , n, are linearly dependent.
However, this violate assumption (H3) that the map û is an immersion. There-
fore, we must have 〈ξξξ,Mξξξ〉 > 0 which completes the proof.

The fact that the metric tensor M is symmetric positive-definite, and hence
invertible, plays an important role in deriving our reduced-order equations. Now
we state the main result of this section which establishes that there exists a
unique solution to the minimization problem (10), and that the minimizer sat-
isfies an explicit ODE.

Theorem 1. Let Assumption 1 hold. Then there exists a unique solution to
the minimization problem (10). Furthermore, the minimizer satisfies

q̇ = M−1(q)f(q) (13)

where M is the metric tensor defined in Lemma 1 and f : Rn → Rn is a vector
field defined by

fi =

〈
∂û

∂qi
, F (û)

〉
H

, i = 1, 2, · · · , n.

Proof. First note that the instantaneous error (7) can be written more explicitly
as

J (q, q̇) =
1

2
[〈ût, ût〉H − 2〈ût, F (û)〉H + 〈F (û), F (û)〉H ]

=
1

2
q̇iq̇j

〈
∂û

∂qi
,
∂û

∂qj

〉
H

− q̇i
〈
∂û

∂qi
, F (û)

〉
H

+
1

2
〈F (û), F (û)〉H

=
1

2
〈q̇,M(q)q̇〉 − 〈q̇, f(q)〉+

1

2
〈F (û), F (û)〉H .

Therefore, J is a smooth quadratic function of q̇. Furthermore, since the metric
tensor M(q) is symmetric positive-definite, J is a strictly convex function of q̇.
As such, it has a unique minimizer satisfying ∇q̇J (q, q̇) = 0, or equivalently
M(q)q̇ − f(q) = 0. Since the metric tensor M(q) is invertible, we obtain
equation (13) for q̇.

Figure 1 depicts the geometric interpretation of Theorem 1. Consider an
arbitrary, but smooth, evolution of the parameters q(t). This can be viewed as
a curve q : [0,∞)→ Ω, t 7→ q(t) parametrized by time t. The tangent vector to
the curve at a point q(t) is given by q̇(t). The ansatz û maps this curve onto a
curve on the ansatz manifold M in the function space H. The tangent vector
to this second curve is ût (see equation (8)) which is bound to belong to the
tangent space TûM of the ansatz manifold, i.e., ût ∈ TûM.
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On the other hand, F (û) does not necessarily belong to TûM since the
ansatz manifoldM is not invariant under the dynamics of the PDE (2). There-
fore, typically there is no evolution of the parameters q(t) such that the ansatz
û(·,q(t)) would solve the PDE. If the parameters q(t) evolve according to equa-
tion (13), Theorem 1 ensures that the deviation of the ansatz dynamics ût from
the true dynamics F (û) is instantaneously minimized. In fact, ût is the or-
thogonal projection of F (û) onto the tangent space of the manifold at point
û.

We close this section with a remark about the initial condition of the pa-
rameters. In order to numerically integrate the reduced-order equation (13), we
need to supply an initial condition q(0) = q0. If the initial condition u0 of the
PDE belongs to the ansatz manifoldM, there exists a unique q0 ∈ Ω such that
u0(x) = û(x,q0). In this case, there is no ambiguity regarding the appropriate
initial parameter values q0. However, if u0 /∈M, a criterion must be devised to
determine a suitable initial condition q0. One such criterion, for instance, is to
solve the optimization problem,

q0 = arg min
q∈Ω
‖u0 − û(·,q)‖H , (14)

which returns the closest point on the ansatz manifold to the initial condition u0.
Optimization problem (14) can potentially be non-convex and computationally
expensive to solve, but it is solved only once at the initial time.

3.2 Relation to Galerkin projection
In this section, we show that if the ansatz û(x,q) is linear in the parameters
q, then the reduced-order equations (13) coincides with the standard Galerkin
truncation.

Consider the ansatz

û(x,q(t)) =

n∑
i=1

qi(t)ui(x), (15)

which is a linear superposition of the prescribed modes {ui}ni=1. Without loss
of generality, we assume that these modes are orthonormal with respect to the
inner product on the Hilbert space H, i.e., 〈ui, uj〉H = δij , i, j ∈ {1, 2, · · · , n},
where δij denotes the Kronecker delta. These modes span an n-dimensional
linear subspace V of the function space H, where V := span{ui}ni=1. The
subspace V is not generally an invariant subspace under the dynamics of the
PDE (2). Therefore, the Galerkin ansatz (15) may not be an exact solution of
the PDE. More precisely, although ût belongs to V , the right-hand side of the
PDE F (û) does not generally lie in V .

To obtain an approximate solution, one defines the projection operator P :
H → V which is an orthogonal projection onto the subspace V , and replaces
the right-hand side with PF (û). Substituting the ansatz in the truncated PDE,
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<latexit sha1_base64="hRAEfkmzri48ZBPBztggQK5BMks=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWom5IUtS0oFARxWcE+oC0lk6ZtaOZBckcoQ8FfceNCEbd+hzv/xkxbQUUPXDg5515y73FDJQ0Q8uEsLC4tr6ym1tLrG5tb25md3boJIs1FjQcq0E2XGaGkL2ogQYlmqAXzXCUa7ugy8Rt3QhsZ+LcwDkXHYwNf9iVnYKVuZr89ZICjLuALXL3KzV7H3UyW5AkhlFKcEFo8I5aUy6UCLWGaWBZZNEe1m3lv9wIeecIHrpgxLUpC6MRMg+RKTNLtyIiQ8REbiJalPvOE6cTT9Sf4yCo93A+0LR/wVP0+ETPPmLHn2k6PwdD89hLxL68VQb/UiaUfRiB8PvuoHykMAU6ywD2pBQc1toRxLe2umA+ZZhxsYmkbwtel+H9SL+TpaZ7cnGQr5/M4UugAHaIcoqiIKugaVVENcRSjB/SEnp1759F5cV5nrQvOfGYP/YDz9gkUx5RE</latexit>
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Figure 2: The geometry of the reduced-order equation for a linear ansatz. In
this case, the ansatz manifoldM is a linear subspace of the function space H.
The reduced-order equations coincide with the Galerkin truncation of the PDE
to the modes ui that span this subspace.

∂tû = PF (û), and taking the inner product with a mode uk, we finally obtain
the standard Galerkin projection,

q̇k = 〈uk, F (û)〉H , k = 1, 2, · · · , n. (16)

Now, we show that the reduced-order equation (13) of Theorem 1 coincides
with the Galerkin truncation (16). First note that, for the linear ansatz (15),
we have

∂û

∂qi
= ui, (17)

and therefore the metric tensor M is an identity matrix since Mij = 〈ui, uj〉 =
δij . Furthermore, for a linear ansatz, the vector field f : Rn → Rn is given by

fi = 〈ui, F (û)〉H . (18)

Substituting these in the reduced-order equation (13), we see that it coincides
exactly with the Galerkin truncation (16).

Figure 2 depicts the geometric meaning of the Galerkin projection. In the
case of a linear ansatz, the ansatz manifoldM becomes a linear subspace of the
function space H. The Galerkin method evolves the ansatz so that instanta-
neously the tangent vector to the path of the ansatz is the orthogonal projection
of F (û) onto the ansatz subspace. Therefore, our method is a generalization of
the Galerkin method to the case when the ansatz manifold is a nonlinear subset
of the function space. In this more general case, the evolution of the ansatz is
obtained by projecting F (û) onto the tangent space of the manifold M at the
ansatz û (see figure 1).
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3.3 Reduced-order equations with conserved quantities
Certain PDEs possess conserved quantities which are invariant along their tra-
jectories [12]. Sometimes these conserved quantities are evident because the
PDE is derived from underlying conservation laws [26]. Other conserved quan-
tities, such as helicity in Euler’s equation for ideal fluids [28], are not evident
and are only discovered by further mathematical analysis of the PDE. In either
case, constructing reduced-order models that preserve these conserved quantities
is attractive for two main reasons. First, conserved quantities reflect symme-
tries and physical properties of the system that reduced-order models should
also exhibit [25]. Secondly, it is known that reduced-order models that vio-
late the conservation laws can develop spurious finite-time blowups and other
non-physical dynamics [27].

In this section, we modify the reduced-order equations developed in Sec-
tion 2 to enforce conserved quantities of the PDE. Let Ik : H → R with
k ∈ {1, 2, · · · ,m} denote m conserved quantities of the PDE (2). More pre-
cisely, if u(·, t) denotes a solution of the PDE, then Ik(u(·, t)) = Ik(u0) and
therefore Ik is independent of time. We seek reduced-order equations for evolv-
ing an ansatz û(x,q(t)) such that the conserved quantities Ik are also invariant
along the trajectories of the ansatz. For notational simplicity, we write Ik(q)
instead of Ik(û(·,q)) and view Ik(q) as a map from the parameter space Ω ⊆ Rn
to the real line.

Remark 2. To be precise, Ik(û(·,q)) is the pullback of Ik : H → R under the
ansatz map û : Ω→ H. In other words, we should write

û∗Ik(q) = Ik(û(·,q)), ∀q ∈ Ω,

where û∗Ik denotes the pullback of Ik under the ansatz map û. However, this
unnecessarily complicates the notation. Therefore, we simply write Ik(q) instead
of û∗Ik(q).

To enforce the conserved quantities, we add them as constraints to the op-
timization problem (10), and solve

min
q̇∈Rn

J (q, q̇),

s.t. Ik(q(t)) = Ik,0, k = 1, 2, ...,m, ∀t ≥ 0, (19)

where Ik,0 are prescribed constants. In practice, these constants are determined
by the initial condition so that Ik,0 = Ik(q0). To avoid degenerate solutions of
the optimization problem, we must make the following assumption.

Assumption 2. We assume that, for each q ∈ Ω, the gradients ∇I1(q),∇I2(q),
· · · , and ∇Im(q) are linearly independent.

In order to derive the reduced-order equations corresponding to the con-
strained optimization problem (19), we need the following lemma.
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Lemma 2 (Constraint Matrix). Let Assumptions 1 and 2 hold and M ∈ Rn×n
denote the metric tensor defined in Lemma 1. Then the constraint matrix
C(q) ∈ Rm×m with entries defined by

Cij = 〈∇Ij ,M−1∇Ii〉, i, j ∈ {1, 2, · · · ,m}, (20)

is symmetric positive-definite for all q ∈ Ω.

Proof. First, we define the n × m matrix B := (∇I1|∇I2| · · · |∇Im) and note
that the constraint matrix can be written as C = B>M−1B. Since the matrix
tensor M is symmetric, so is the constraint matrix C.

Now we prove that C is also positive-definite. For any nonzero v ∈ Rm, we
have

〈v, Cv〉 = 〈v, B>M−1Bv〉 = 〈Bv,M−1Bv〉 > 0, (21)

where the last inequality is justified by the facts thatM−1 is symmetric positive-
definite and Bv is nonzero for v 6= 0. The last statement is the consequence
of the fact that B is full-rank due to Assumption 2. Therefore, the constraint
matrix C is symmetric positive-definite.

The following theorem gives the reduced-order equations for q(t) such that
the quantities Ik are conserved along the trajectory of the ansatz.

Theorem 2. Let assumptions 1 and 2 hold. If a solution to the the constrained
optimization problem (19) exists, it must satisfy

q̇ = M−1(q)

[
f(q)−

m∑
k=1

λk∇Ik(q)

]
, (22)

where λλλ = (λ1, λ2, · · · , λm)> is the unique solution to the linear equation

Cλλλ = b, (23)

with the constrained matrix C defined in Lemma 2 and the components of the
vector b = (b1, b2, · · · , bm)> ∈ Rm defined as

bi = 〈∇Ii,M−1f〉.

The metric tensor M and the vector field f are defined as in Theorem 1.

Proof. First, we rewrite the constraints in (19) in an equivalent form. Taking a
time derivative, the constraints can be alternatively written as

d

dt
Ik(q(t)) = 〈∇Ik(q), q̇〉 = 0, k = 1, 2, ...,m. (24)

Introducing the Lagrange multiplier λλλ = (λ1, ..., λm)> ∈ Rm, we define the
augmented cost function,

Jc(q, q̇,λλλ) := J (q, q̇) +

m∑
k=1

λk〈∇Ik(q), q̇〉. (25)
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If the minimizer of the constrained optimization problem (19) exists, the partial
derivatives of Jc with respect to qi and λk must vanish at the minimizer. This
yields

∇q̇J +

m∑
k=1

λk∇Ik = 0, (26a)

〈∇I1(q), q̇〉 = 〈∇I2(q), q̇〉 = ... = 〈∇Im(q), q̇〉 = 0. (26b)
Since ∇q̇J = M(q)q̇− f(q), equation (26a) yields

q̇ = M−1(q)

[
f(q)−

m∑
k=1

λk∇Ik(q)

]
. (27)

Substituting this expression into (26b), yields m equations
m∑
k=1

λk〈∇Ii,M−1∇Ik〉 = 〈∇Ii,M−1f〉, i = 1, 2, ...,m. (28)

Equation (28) can be written as the linear system Cλλλ = b, where C is the
constraint matrix (20). Lemma 2 guarantees that C is invertible and therefore
there exists a unique solution λλλ to the linear system (23). Thus, q̇ must satisfy
equation (27) with the Lagrange multiplies λk solving the linear system (23).
This completes the proof.

We note that unlike the unconstrained problem (Theorem 1), the constrained
optimization problem (19) is not guaranteed to have a solution. For a minimizer
to exist, the level sets {q ∈ Ω : Ik(q) = Ik,0}, with k = 1, 2, · · · ,m, must have a
nonempty intersection. Otherwise, the problem is over-constrained and a mini-
mizer would not exist. Apart from these degenerate situations, the constrained
optimization problem has a solution and the ansatz evolves according to the
reduced-order equations (22). In our numerical experiments, presented in Sec-
tion 4, we never encountered a degenerate case where the solution does not
exist.

4 Numerical examples
In this section, we present three numerical examples. We begin with a proof-
of-concept example where the ansatz captures the exact solution to a linear
advection-diffusion equation. The other two examples deal with nonlinear PDEs,
where the ansatz is not an exact solution, but the reduced-order equations
nonetheless capture the important features of the system dynamics.

4.1 Advection-diffusion equation
As a proof-of-concept example we first consider a linear advection-diffusion equa-
tion and an ansatz solution which is an exact solution of the PDE for an ap-
propriate choice of the time-dependent ansatz parameters. We show that the
reduced-order equations (Theorem 1) reproduce this exact solution.
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Consider the linear advection-diffusion equation,

∂u

∂t
= −c∂u

∂x
+ ν

∂2u

∂x2
, u(x, 0) = A0 sin

(
x

L0

)
, (29)

where c ∈ R and A0, L0 and ν are positive constants. Equation (29) admits the
exact solution

u(x, t) = A0 exp

[
− ν

L2
0

t

]
sin

(
x− ct
L0

)
, (30)

which is a traveling sine wave with a decaying amplitude. We define the ansatz

û(x,q(t)) = A(t) sin

(
x

L(t)
+ φ(t)

)
, (31)

with the time-dependent parameters q(t) = (A(t), L(t), φ(t))>. Although the
ansatz is linear in the amplitude A, it is a nonlinear function of the parameters
L and φ.

We choose the initial parameter values A(0) = A0, L(0) = L0, and φ(0) = 0,
so that the ansatz coincides with the initial condition of the PDE, i.e., u(x, 0) =
û(x,q(0)). Then the ansatz is an exact solution of (29) if the parameter values
evolve according to

A(t) = A0 exp

[
− ν

L2
0

t

]
, L(t) = L0, φ(t) = − ct

L0
. (32)

Now we show that the reduced-order equations (13) exactly reproduce the
parameter evolution (32). The cost function (7) for the linear advection-diffusion
equation reads

J (û) =
1

2

∫ 2πL0

0

∣∣ût + cûx − νûxx
∣∣2 dx, (33)

where the integral is taken over one period of the initial condition. The appro-
priate function space for this problem is the Hilbert space of periodic square
integrable functions L2

per(0, 2πL0). In this section, we do not enforce any con-
served quantities. After a straightforward calculation, the reduced-order equa-
tions (13) read

Ȧ = − ν

L2
A, L̇ = 0, φ̇ = − c

L
, (34)

which have the exact solution (32). In other words, our reduced-order equations
applied to the ansatz (31) reproduce the exact solution (30).

4.2 Nonlinear Schrödinger equation
In this section, we derive reduced-order equations approximating the solutions
to the nonlinear Schrödinger equation (NLSE). NLSE is a perturbative model for
optical waves [11, 3] and surface water wave [39, 21]. NLSE has been intensely

14



(a)

(b)

Figure 3: Comparing NLSE solutions using direct numerical simulations (DNS)
and the Gaussian ansatz. (a) Focusing wave with initial parameters A0 = 0.2,
L0 = 20, V0 = −0.05, φ0 = 0. (b) Defocusing wave with initial parameters
A0 = 0.2, L0 = 5, V0 = φ0 = 0.

studied since, through modulational instability [9], it can reproduce the self-
focusing of optical and water waves which leads to the formation of waves of
extreme amplitude, often referred to as rogue waves [37, 13].

The nonlinear Schrödinger equation for unidirectional deep water waves is
given by

∂ũ

∂t̃
= −i ω0

8k2
0

∂2ũ

∂x̃2
− iω0k

2
0

2
|ũ|2ũ, (35)

where ũ(x̃, t̃) is the complex wave envelope. The prescribed constants ω0 and
k0 denote the frequency and wave number of the carrier wave, respectively. The
wave surface elevation is then given by η(x̃, t̃) = Re

[
ũ(x̃, t̃) exp(k0x̃− ω0t̃)

]
.

Introducing the non-dimensional variables x = 2
√

2k0x̃, t = −ω0t̃, and u =
(k0/
√

2)ũ, equation (35) becomes

∂u

∂t
= i

∂2u

∂x2
+ i|u|2u. (36)

In the following, we work with this non-dimensionalized NLSE.
It is known that wave groups with certain combinations of initial amplitude

and length scale evolve under NLSE to grow in amplitude while their width
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shrinks. This phenomena is referred to as focusing of wave groups. In contrast,
defocusing wave groups exhibit decaying amplitude and widening width (see
figure 3).

This observation has spurred a plethora of reduced-order methods for model-
ing and prediction of rogue waves [2, 1, 33, 34, 17, 22, 23]. These methods invari-
ably assume a prescribed spatial shape for a wave group with time-dependent
parameters, such as length scale, amplitude, velocity, and phase. The evolution
of these parameters is then determined by ad hoc methods. Adcock et al. [2, 1],
for instance, use conserved quantities of NLSE to determine the temporal evo-
lution. Ruban [33, 34] leverages the variational formulation of NLSE to derive
a set of ODEs for the parameters. Cousins and Sapsis [16] take an additional
time derivative of NLSE and project the resulting equation onto their ansatz.

Here, we use the rigorous reduced-order equations (22) to evolve the time-
dependent parameters and show that they correctly capture focusing and de-
focusing of the wave groups. Following earlier work [30, 33, 34], we use the
Gaussian ansatz,

û(x,q(t)) = A(t) exp

[
− x2

L2(t)
+ i

x2V (t)

L(t)
+ iφ(t)

]
, (37)

with the time-dependent parameters q(t) = (A,L, V, φ), where A determines
the wave amplitude, L is a length scale controlling how quickly the wave group
decays away from its center, V is the wave velocity, and φ is the wave phase. The
motivation for choosing this ansatz is that, for a special choice of the parameters
q(t), it is an exact solution to the linear part of NLSE [34]. However, ansatz (37)
is not an exact solution of NLSE except for the trivial case A(t) = 0. We note
that û is complex-valued, but its parameters q = (A,L, V, φ) are real-valued
with the additional restrictions that A(t) > 0 and L(t) > 0.

The cost function (7) for NLSE reads

J (q, q̇) =
1

2

∫
R

∣∣ût − iûxx − i|û|2û∣∣2 dx, (38)

where | · | denotes the modulus of a complex number. The Hilbert space H here
is the square integrable complex functions over R. We note that, for simplicity,
we stated our results in Section 3 for real-valued functions. Their generalization
to complex-valued functions is straightforward.

NLSE has several conserved quantities [2, 1] which can be enforced using
the method described in Section 3.3 (Theorem 2). Here, we only enforce the
conservation of the two most relevant quantities,

I1(u) =

∫
R
|u|2 dx, I2(u) =

∫
R
|ux|2 dx− 1

4

∫
R
|u|4 dx, (39)

which are the total mass and the total energy, respectively. To obtain the
reduced-order equations (22), we solve the constrained optimization problem (19)
with m = 2 and

I1,0 =

√
π

2
A2

0L0, I2,0 =

√
πA2

0

(
2
√

2
(
L2

0V
2
0 + 1

)
−A2

0L
2
0

)
8L0

,
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Figure 4: Evolution of NLSE solutions evaluated at x = 0 using direct numeri-
cal simulations (DNS), RONS with the Gaussian ansatz, and Galerkin projection
onto four POD modes. Left: Focusing wave with initial parameters A0 = 0.2,
L0 = 20, V0 = −0.05, φ0 = 0. Right: Defocusing wave with initial parameters
A0 = 0.2, L0 = 5, V0 = φ0 = 0.

where (A0, L0, V0, φ0) are the initial values of the parameters of the ansatz (37).
The resulting reduced-order ODEs read

Ȧ = −2AV

L
, L̇ = 4V, V̇ =

4

L3
− A2

√
2L
, φ̇ =

5A2

4
√

2
− 2

L2
. (40)

For comparison, we use direct numerical simulations (DNS) of the NLSE
as the ground truth. As in Ref. [17], we solve NLSE using a Fourier pseue-
dospectral method in space and a fourth-order Runge–Kutta exponential time
differencing scheme [18]. Boundary conditions are assumed to be periodic for
ease of implementation and should not affect the results so long as the domain
is chosen to be large enough so that u is small near the boundaries. We use the
domain size 256

√
2π (64 wave periods) which we have found large enough to

ensure u is small near the boundary for the duration of the computation. For
all runs we use 210 Fourier modes and a time step of 0.025. Using more Fourier
modes, smaller time steps, or larger domain size did not significantly affect the
results of our simulations. For example, doubling the number of Fourier modes
and halving the time step caused a relative change of |u| on the order of 10−7 in
the L2-norm. The DNS results are initialized with u0(x) = û(x,q(0)), so that
the DNS solution and the ansatz solution coincide at the initial time.

In figure 3, we plot the evolution of the DNS results |u| and the ansatz |û|
for two sets of initial parameters. One set of parameters leads to a focusing
wave (growing amplitude) and the other leads to a defocusing wave (decaying
amplitude). In both cases, the ansatz correctly predicts the qualitative focusing
or defocusing behavior of the wave group. We have repeated these comparisons
for a range of parameter values q0 and in every case, the ansatz correctly predicts
the focusing or defocusing behavior of the wave group.
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In figure 4, we plot the evolution of the amplitudes at x = 0 for the same
set of parameter values as in figure 3. For the case of the defocusing wave, the
reduced-order solution produced by RONS is in excellent agreement with the
DNS results. For the focusing wave the RONS reduced-order solution provides
a reasonable approximation compared to the DNS, roughly capturing both the
peak amplitude and the time that it occurs. However, the Gaussian ansatz over-
estimates the peak height and also produces a peak which is thinner than that
of the DNS. This behavior, i.e. excellent agreement for defocusing waves and
overshooting for focusing waves, is systematically observed for other parameter
values q0 (not shown here).

To compare RONS results with a standard technique in model reduction,
figure 4 also shows the results obtained by Galerkin projection with modes found
through proper orthogonal decomposition (POD) as described in [36]. We use
four POD modes as a benchmark which is on par with the four parameters
(A,L, V, φ) involved in the Gaussian RONS ansatz (37). We point out that the
PODmodes are complex valued, so that the reduced-order equations involve four
complex-valued ODEs or equivalently eight real-valued ODEs. In other words,
the POD-reduced equations involve twice as many ODEs as the RONS reduced-
order equations (40). Nonetheless, as shown in figure 4, the POD reduced-
order solutions provide poor approximations for both focusing and defocusing
waves, demonstrating the superiority of RONS. To obtain an accurate POD-
reduced model which is capable of accurately approximating the focusing and
defocusing waves, we have observed that at least 16 complex-valued POD modes
are required.

4.3 Two-dimensional fluid flow
For our last example, we consider the flow of a two-dimensional, incompressible,
and Newtonian fluid. The vorticity equation for such a fluid is given by

∂ω

∂t
+ u · ∇ω = ν∆ω, (41)

where ν is the kinematic viscosity, u(x, t) denotes the velocity field of the fluid,
and ω(x, t) is the component of the vorticity orthogonal to the plane of motion.
We consider the flow on the unbounded two-dimensional domain, x = (x, y) ∈
R2. A two-dimensional incompressible fluid admits a stream function ψ(x, y, t)
which satisfies

u(x, t) = (ψy,−ψx)>, ω = −∆ψ. (42)

Therefore, prescribing the stream function ψ is sufficient to determine the
fluid velocity u and the vorticity ω. As a result, we define the ansatz in terms
of the stream function,

ψ̂(x,q(t)) =

N∑
i=1

Ai(t) exp

[
− |x− xi(t)|2

L2
i (t)

]
, (43)
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Figure 5: Reduced dynamics of a vortex dipole. The initial parameter so the
ansatz are A1(0) = 1, A2(0) = −1, L1(0) = L1(0) = 0.75, x1(0) = (−3, 0.5),
x2(0) = (−3,−0.5). See the supplementary material for a movie.

which is the superposition of N axisymmetric vortices, where Ai(t) denotes the
amplitude of the i-th vortex, Li(t) is its length scale, and xi(t) = (xi(t), yi(t)) is
the vortex center. Therefore, each term of the ansatz has four time-dependent
parameters, (Ai, Li, xi, yi), resulting in a total of n = 4N parameters for N
vortices. We use this ansatz because it belongs to the class of smooth vortex
methods [14, 15] and, more importantly, vortices with the Gaussian stream
function (43) have been observed in laboratory experiments [38].

After defining the stream function, the corresponding fluid velocity û and
vorticity ω̂ are computed to define the cost functional,

J (q, q̇) =
1

2

∫
R2

|ω̂t + û · ∇ω̂ − ν∆ω̂|2 dx. (44)

For brevity, here we only study the inviscid case, ν = 0, where the vortex
dynamics has a rich mathematical structure. In particular, the inviscid vorticity
equation admits a class of exact weak solutions called point vorticies [4]. We
show that the reduced equations governing the parameters of the ansatz (43)
reproduce the expected point vortex dynamics, although the ansatz is not an
exact solution of the vorticity equation.

Point vortex solutions of the inviscid vorticity equation consist of the super-
position of Dirac delta functions,

ω(x, t) =

N∑
i=1

Γiδ(x− xi(t)), (45)

where Γi are constant vortex amplitudes and xi(t) = (xi(t), yi(t)) are the time-
dependent vortex centers. Using the Green’s function for the Poisson equation
∆ψ = −ω, the stream function for point vortex solution (45) can be obtained
as

ψ(x, t) = − 1

2π

N∑
i=1

Γi log |x− xi(t)|. (46)
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For the point vortex to be a weak solution of the vorticity equation, the vortex
centers xi(t) must satisfy the set of ordinary differential equations [29],

Γiẋi =
∂H
∂yi

, Γiẏi = −∂H
∂xi

, (47)

where H = −∑i 6=j ΓiΓj log |xi − xj |/4π is the Hamiltonian corresponding to
the N vortex problem.

Dynamics of point vortices depends on the number of vortices N and their
initial configuration. We refer the reader to Refs [4, 29] for a complete account-
ing. Here, we consider three distinct configurations,

1. Vortex dipole: Two vortices of equal strengths but with opposite signs,

2. Vortex pair: Two vortices of equal strengths and signs,

3. Leapfrogging: Two vortex pairs with opposite signs.

For each configuration, we show that the reduced-order equations (22) applied to
the ansatz (43) reproduce the expected vortex dynamics predicted by the point
vortex solution. We emphasize that, unlike the point vortex (46), our ansatz
has a smooth profile and is not an exact solution of the vorticity equation. In
addition, we allow the amplitude Ai and the length scale Li of each vortex in
the ansatz to vary with time.

The inviscid vorticity equation admits several conserved quantities [29].
Here, we enforce two of these conserved quantities,

I1(u) =
1

2

∫
R2

|u|2 dx, I2(u) =
1

2

∫
R2

|∇ × u|2 dx =
1

2

∫
R2

|ω|2 dx, (48)

which denote the kinetic energy and enstrophy, respectively. To derive the
reduced-order equations, we minimize the cost function (44) with the constraints
I1 = I1,0 and I2 = I2,0 (see Theorem 2).

First, we present the results for a vortex dipole. Point vortex dynamics
predict that a vortex dipole, consisting of two vortices of opposite sign, travels
on a straight line without changing shape. Figure 5 shows a similar scenario
for our smooth Gaussian ansatz, where two vortices of opposite sign and equal
amplitude are placed symmetrically along the x-axis. The vortices are evolved
according to our reduced-order equation (22). The length-scales Li and ampli-
tudes Ai remain constant during the evolution. The vortex centers xi, however,
translate horizontally at a constant speed, reproducing the expected dynamics
that point vortices exhibit.

Next, we consider the case of a vortex pair, where the vortices have the same
sign and amplitudes. Point vortex dynamics, in this case, predicts that the
vortices rotate around their midpoint at a constant angular velocity. Figure 6
shows a similar vortex pair created by the Gaussian ansatz (43). The reduced-
order dynamics shows that the system is in a relative equilibrium where the
two vortices continually rotate counterclockwise around the origin x = 0 at a
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<latexit sha1_base64="FGvDVqhQ3NiqyymBGJOq3ob0Puo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3KY5aOuDXR7vzTAzL0ikMOi6305pbX1jc6u8XdnZ3ds/qB4etU2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UgfJDXHr7qBas38Oskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz4Wb7ujJxZZUjCWNunkOTq746MRsZMo8BWRhTHZtmbi/95vRTDaz8TKkmRK7YYFKaSYEzmt5Oh0JyhnFpCmRZ2V8LGVFOGNqGKDcFbPnmVtC/qnlv3Hi5rjdsijjKcwCmcgwdX0IB7aEILGEzgGV7hzUmcF+fd+ViUlpyi5xj+wPn8AVeyjj8=</latexit><latexit sha1_base64="FGvDVqhQ3NiqyymBGJOq3ob0Puo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3KY5aOuDXR7vzTAzL0ikMOi6305pbX1jc6u8XdnZ3ds/qB4etU2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UgfJDXHr7qBas38Oskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz4Wb7ujJxZZUjCWNunkOTq746MRsZMo8BWRhTHZtmbi/95vRTDaz8TKkmRK7YYFKaSYEzmt5Oh0JyhnFpCmRZ2V8LGVFOGNqGKDcFbPnmVtC/qnlv3Hi5rjdsijjKcwCmcgwdX0IB7aEILGEzgGV7hzUmcF+fd+ViUlpyi5xj+wPn8AVeyjj8=</latexit><latexit sha1_base64="FGvDVqhQ3NiqyymBGJOq3ob0Puo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3KY5aOuDXR7vzTAzL0ikMOi6305pbX1jc6u8XdnZ3ds/qB4etU2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UgfJDXHr7qBas38Oskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz4Wb7ujJxZZUjCWNunkOTq746MRsZMo8BWRhTHZtmbi/95vRTDaz8TKkmRK7YYFKaSYEzmt5Oh0JyhnFpCmRZ2V8LGVFOGNqGKDcFbPnmVtC/qnlv3Hi5rjdsijjKcwCmcgwdX0IB7aEILGEzgGV7hzUmcF+fd+ViUlpyi5xj+wPn8AVeyjj8=</latexit><latexit sha1_base64="FGvDVqhQ3NiqyymBGJOq3ob0Puo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3KY5aOuDXR7vzTAzL0ikMOi6305pbX1jc6u8XdnZ3ds/qB4etU2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UgfJDXHr7qBas38Oskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz4Wb7ujJxZZUjCWNunkOTq746MRsZMo8BWRhTHZtmbi/95vRTDaz8TKkmRK7YYFKaSYEzmt5Oh0JyhnFpCmRZ2V8LGVFOGNqGKDcFbPnmVtC/qnlv3Hi5rjdsijjKcwCmcgwdX0IB7aEILGEzgGV7hzUmcF+fd+ViUlpyi5xj+wPn8AVeyjj8=</latexit>

t = 5.0
<latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0j6H18SUDu7vBEUK7GJZlgWeZ/g=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuBoygtiNILhxWcE+oB1KJs20oZnMkNwRytAf4caFIv4nd/4b08dCWw8EPs5JyL0nypS0SOm3V9ra3tndK+9XDqqHR8e1k2rbprnhosVTlZpuxKxQUosWSlSimxnBkkiJTjS5n+edZ2GsTPUTTjMRJmykZSw5Q2d1kNySa58OanXq04XIJgQrqMNKzUHtqz9MeZ4IjVwxa3sBzTAsmEHJlZhV+rkVGeMTNhI9h5olwobFYtwZuXDOkMSpcUcjWbi/XxQssXaaRO5mwnBs17O5+V/WyzFuhIXUWY5C8+VHca4IpmS+OxlKIziqqQPGjXSzEj5mhnF0DVVcCcH6ypvQvvID6gePFMpwBudwCQHcwB08QBNawGECL/AG717mvXofy7pK3qq3U/gj7/MHPaaM6w==</latexit><latexit sha1_base64="0j6H18SUDu7vBEUK7GJZlgWeZ/g=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuBoygtiNILhxWcE+oB1KJs20oZnMkNwRytAf4caFIv4nd/4b08dCWw8EPs5JyL0nypS0SOm3V9ra3tndK+9XDqqHR8e1k2rbprnhosVTlZpuxKxQUosWSlSimxnBkkiJTjS5n+edZ2GsTPUTTjMRJmykZSw5Q2d1kNySa58OanXq04XIJgQrqMNKzUHtqz9MeZ4IjVwxa3sBzTAsmEHJlZhV+rkVGeMTNhI9h5olwobFYtwZuXDOkMSpcUcjWbi/XxQssXaaRO5mwnBs17O5+V/WyzFuhIXUWY5C8+VHca4IpmS+OxlKIziqqQPGjXSzEj5mhnF0DVVcCcH6ypvQvvID6gePFMpwBudwCQHcwB08QBNawGECL/AG717mvXofy7pK3qq3U/gj7/MHPaaM6w==</latexit><latexit sha1_base64="peVf6DSG+5+BM7tdf11gTTPHyPU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgaZkVRC9C0IvHCOYByRJmJ7PJkNkHM71CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQaqkQUq/ndLa+sbmVnm7srO7t39QPTxqmSTTXDR5ohLdCZgRSsaiiRKV6KRasChQoh2M72Z++0loI5P4ESep8CM2jGUoOUMrtZHckEuX9qs16tI5yCrxClKDAo1+9as3SHgWiRi5YsZ0PZqinzONkisxrfQyI1LGx2woupbGLBLGz+fnTsmZVQYkTLStGMlc/T2Rs8iYSRTYzojhyCx7M/E/r5theO3nMk4zFDFfLAozRTAhs9/JQGrBUU0sYVxLeyvhI6YZR5tQxYbgLb+8SloXrkdd74HW6rdFHGU4gVM4Bw+uoA730IAmcBjDM7zCm5M6L86787FoLTnFzDH8gfP5A14QjkA=</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit><latexit sha1_base64="iFMELN6OtHFPcUwI+t+0haHG5hk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDHret1NaWV1b3yhvVra2d3b3qvsHjybJNONNlshEt0NquBSKN1Gg5O1UcxqHkrfC0e3Ubz1xbUSiHnCc8iCmAyUiwShaqYXkmly4Xq9a81xvBrJM/ILUoECjV/3q9hOWxVwhk9SYju+lGORUo2CSTyrdzPCUshEd8I6lisbcBPns3Ak5sUqfRIm2pZDM1N8TOY2NGceh7YwpDs2iNxX/8zoZRldBLlSaIVdsvijKJMGETH8nfaE5Qzm2hDIt7K2EDammDG1CFRuCv/jyMnk8c33P9e/Pa/WbIo4yHMExnIIPl1CHO2hAExiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AFfUI5E</latexit>

t = 10
<latexit sha1_base64="OpbSPpbRwkKBgPA0GxAdU9m+754=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSA8k1CfxuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvcnjKMAxnMAZBHAJVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/7TOOCA==</latexit><latexit sha1_base64="OpbSPpbRwkKBgPA0GxAdU9m+754=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSA8k1CfxuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvcnjKMAxnMAZBHAJVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/7TOOCA==</latexit><latexit sha1_base64="OpbSPpbRwkKBgPA0GxAdU9m+754=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSA8k1CfxuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvcnjKMAxnMAZBHAJVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/7TOOCA==</latexit><latexit sha1_base64="OpbSPpbRwkKBgPA0GxAdU9m+754=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSA8k1CfxuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvcnjKMAxnMAZBHAJVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/7TOOCA==</latexit>

t = 15
<latexit sha1_base64="UpsXaUiMkELa45sSR67i3cWF6k0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwup36rSeujVDxA44T7kd0EItQMIpWaiK5Jt5Fr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6rlV7/68UrvJ4yjCERzDKXhwCTW4gzo0gMEjPMMrvDnKeXHenY95a8HJZw7hD5zPH/THjg0=</latexit><latexit sha1_base64="UpsXaUiMkELa45sSR67i3cWF6k0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwup36rSeujVDxA44T7kd0EItQMIpWaiK5Jt5Fr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6rlV7/68UrvJ4yjCERzDKXhwCTW4gzo0gMEjPMMrvDnKeXHenY95a8HJZw7hD5zPH/THjg0=</latexit><latexit sha1_base64="UpsXaUiMkELa45sSR67i3cWF6k0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwup36rSeujVDxA44T7kd0EItQMIpWaiK5Jt5Fr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6rlV7/68UrvJ4yjCERzDKXhwCTW4gzo0gMEjPMMrvDnKeXHenY95a8HJZw7hD5zPH/THjg0=</latexit><latexit sha1_base64="UpsXaUiMkELa45sSR67i3cWF6k0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwup36rSeujVDxA44T7kd0EItQMIpWaiK5Jt5Fr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6rlV7/68UrvJ4yjCERzDKXhwCTW4gzo0gMEjPMMrvDnKeXHenY95a8HJZw7hD5zPH/THjg0=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y
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(a) (b) (c) (d)

Figure 6: Reduced dynamics of a vortex pair. The initial parameter so the
ansatz are A1(0) = A2(0) = 1, L1(0) = L2(0) = 1, x1(0) = (−1, 0), x2(0) =
(1, 0). See the supplementary material for a movie.
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(a) (b) (c) (d)

Figure 7: Reduced dynamics of leapfrogging vortices. The initial parameters
values are A1(0) = A3(0) = 1, A2(0) = A4(0) = −1, Li(0) = 0.3, x1(0) =
(0.5, 0.5) , x2(0) = (0.5,−0.5) , x3(0) = (−0.5, 0.5), x4(0) = (−0.5,−0.5). See
the supplementary material for a movie.

constant angular velocity. Again, the reduced-order dynamics are in excellent
agreement with the expected point vortex behavior.

Finally, we consider the leapfrogging configuration, where four vortices are
placed at the corners of a square (see figure 7). The vortices on the top row have
positive vorticity whereas the vortices on the bottom row have negative vortic-
ity. The point vortex dynamics predicts that the vortices to the left accelerate
and zoom in between the vortices in the front. This motion repeats indefinitely,
creating the so-called leapfrogging dynamics. Figure 7 shows the reduced dy-
namics of the Gaussian ansatz (43). One pair of vortices is placed at (±0.5, 0, 5),
and another pair of vortices with opposite sign is placed at (±0.5,−0, 5). The
RONS reduced-order equations once again reproduce the leapfrogging dynamics
predicted by point vortices. The computational time to numerically integrate
the RONS equations for the vortex dipole, vortex pair, and leapfrogging configu-
rations was 0.0087, 0.0304, and 4.2188 seconds, respectively, on a 2019 Macbook
Pro with a 1.7 GHz Quad-Core Intel Core i7 processor.

We chose the Gaussian stream function (43) as the ansatz since it has been
observed in experiments [38]; then we showed that the RONS reduced-order
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Figure 8: Comparing RONS against point vortex dynamcis for a vortex dipole
(top) and a vortex pair (bottom). RONS trajectories are solid and dashed lines
and point vortex trajectories are marked by circles. The parameter values used
for the vortex dipole are Γ1 = 1, Γ2 = −1, ε(0) = 0.05, x1(0) = (−1, 0.5),
x2(0) = (−1,−0.5), and initial parameter values for the vortex pair are Γ1 =
Γ2 = 1, ε(0) = 0.05, x1(0) = (−0.5, 0), x2(0) = (0.5, 0). Note that, in the vortex
dipole plot, the time series of x1 and x2 overlap.

equations reproduce the expected dynamics. However, this ansatz is not conve-
nient for a quantitative comparison with solutions produced by point vortices.
To make quantitative comparisons with point vortex dynamics, we introduce
the following ansatz for the vorticity,

ω̂(x,q) =

N∑
i=1

Γi
2πε2

exp

[
−|x− xi|2

2ε2

]
, (49)

which is a sum of Gaussians with the amplitudes Ai = Γi/(2πε
2) and length-

scales Li = ε
√

2. Note that the ansatz (49) converges to point vortices (45) as
ε tends to zero. After obtaining the corresponding fluid velocity û using the
Biot-Savart law [29], we derive the RONS equations by minimize the cost func-
tional (44) while enforcing conservation of kinetic energy and enstrophy. Figure
8 shows the vortex center trajectories with ε(0) = 0.05 for the vortex dipole and
the vortex pair. It shows that the RONS results are in excellent agreement with
point vortex dynamics. We point out that, to derive the RONS reduced-order
equations, we allow ε(t) and xi(t) to be time-dependent functions. Nonetheless,
RONS predicts that ε remains constant (ε̇ = 0).

In closing, we point out that our reduced-order equations can be similarly
applied to the viscous vorticity equation (ν > 0) with no difficulty. In this
case, the equation is dissipative and therefore there are no conserved quantities
to be enforced. However, direct numerical simulations indicate that initially
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axisymmetric vortices evolve under the viscous vorticity equation into an ap-
proximately elliptical shape. As a result, the axisymmetric ansatz (43) may no
longer be appropriate, and a more general non-axisymmetric Gaussian ansatz
might be needed. This viscous case will be explored in future work.

5 Conclusions
We proposed RONS as a general framework for evolving time-dependent non-
linear reduced-order solutions of PDEs which is applicable to a broad class of
problems. The reduced-order solution has a prescribed shape in space and de-
pends nonlinearly on a set of time-dependent parameters. Our reduced-order
equations evolve the parameters such that the instantaneous error between the
ansatz dynamics and the full PDE dynamics is minimized. Any number of con-
served quantities can readily be enforced in our framework without requiring a
Lagrangian or Hamiltonian formulation for the PDE.

We presented several numerical examples to demonstrate the effectiveness
of this method: a linear advection-diffusion equation, the nonlinear Schrödinger
equation, and Euler’s equation for two-dimensional ideal fluids. In every case,
the reduced-order equations produce approximate solutions which capture all
qualitative features of the PDE.

Our method opens a new paradigm in reduced-order modeling, with many
aspects undoubtedly remaining to be explored. For instance, an upper bound
should be derived to estimate the accumulated finite-time error between the
reduced-order solution and the true solutions of the PDE. Here we focused on
approximating strong solutions; further work is needed to derive reduced-order
equations for PDEs in the weak formulation. Finally, here we resolved an im-
portant aspect of reduced-order nonlinear solutions, namely, the evolution of the
ansatz variables q(t). However, the choice of the shape of the ansatz û(x,q(t))
still relies on domain expertise and familiarity with the PDE. A systematic
method for determining an appropriate ansatz manifold remains an open prob-
lem.

A Instability of the finite-time formulation
In Remark 1, we advised against using the finite-time error,

S[q] =

∫ T

0

J (q(t), q̇(t))dt, (50)

since it generally leads to unstable reduced-order models. In this section, we
demonstrate this with a simple example. Consider the linear PDE,

∂u

∂t
= Lu, (51)

where L is a self-adjoint negative-definite operator with orthonormal eigenfunc-
tions ui(x) and corresponding eigenvalues −λi, where λi > 0.
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Approximating a solution of the PDE as the linear combination of the eigen
functions ui, we consider the linear ansatz,

û(x,q(t)) =

N∑
i=1

qi(t)ui(x). (52)

The standard Galerkin projection leads to the uncoupled ODEs,

q̇k = −λkqk, k = 1, 2, · · · , N, (53)

which admit the exact solution qk(t) = qk(0) exp(−λkt). Therefore, the Galerkin
method correctly predicts that the solutions decay to zero exponentially fast.

Next we derive the reduced-order equations by extremizing the action (50).
Substituting the linear ansatz (52) in the Lagrangian J , we obtain

J (q, q̇) =
1

2

∫
R
|ût − Lû|2 dx =

1

2

N∑
i=1

(
q̇2
i + 2λiq̇iqi + λ2

i q
2
i

)
. (54)

We take the first variation of the functional S[q] with respect to perturbations
δq(t), t ∈ [0, T ]. The variations at the endpoints, δq(0) and δq(T ), need to be
prescribed. Since, in general, the true solution of the PDE is a priori unknown,
the endpoint variations cannot be prescribed by taking the different between the
ansatz solution and the true solution. Therefore, we adopt the usual assumption
from classical mechanics that the variations vanish at the end points. Requiring
the first variation of S to vanish leads to the Euler-Lagrange equations,

d

dt

∂J
∂q̇k
− ∂J
∂qk

= q̈k − λ2
kqk = 0, (55)

which admit the exact solution,

qk(t) =

[
1

2
qk(0) +

1

2λk
q̇k(0)

]
eλkt +

[
1

2
qk(0)− 1

2λk
q̇k(0)

]
e−λkt. (56)

Except for the special initial conditions q̇k(0) = −λkqk(0), the solutions grow
exponentially fast. However, we know that the true solutions of the PDE must
decay to zero. Even if the special initial condition q̇k(0) = −λkqk(0) is specified,
numerical round-off errors will grow exponentially in time, rendering the solution
unstable in practice. In the case of the nonlinear Schrödinger equation, we have
observed (not presented here) a similar instability for reduced-order equations
obtained from the finite-time error functional (50).

References
[1] T. A. A. Adcock, R. H. Gibbs, and P. H. Taylor. The nonlinear evolution

and approximate scaling of directionally spread wave groups on deep water.
Proc. R. Soci. A, 468(2145):2704–2721, 2012.

24



[2] T. A. A. Adcock and P. H. Taylor. Focusing of unidirectional wave
groups on deep water: an approximate nonlinear Schrödinger equation-
based model. Proc. R. Soci. A, 465(2110):3083–3102, 2009.

[3] G. P. Agrawal. Nonlinear fiber optics. Springer, 5th edition, 2013.

[4] H. Aref. Integrable, chaotic, and turbulent vortex motion in two-
dimensional flows. Ann. Rev. Fluid Mech., 15(1):345–389, 1983.

[5] H. Babaee, M. Farazmand, G. Haller, and T. P. Sapsis. Reduced-order de-
scription of transient instabilities and computation of finite-time Lyapunov
exponents. Chaos, 27(6):063103, 2017.

[6] H. Babaee and T. P. Sapsis. A minimization principle for the description of
modes associated with finite-time instabilities. Proc. R. Soc. A, 472(2186),
2016.

[7] G. I. Barenblatt. Scaling, Self-similarity, and Intermediate Asymptotics:
Dimensional Analysis and Intermediate Asymptotics. Cambridge Texts in
Applied Mathematics. Cambridge University Press, 1996.

[8] J. T. Beale and A. Majda. High order accurate vortex methods with explicit
velocity kernels. J. Comput. Phys., 58(2):188–208, 1985.

[9] T. B. Benjamin and J. E. Feir. The disintegration of wave trains on deep
water part 1. theory. J. Fluid Mech., 27(03):417–430, 1967.

[10] P. Benner, S. Gugercin, and K. Willcox. A survey of projection-based
model reduction methods for parametric dynamical systems. SIAM Review,
57(4):483–531, 2015.

[11] L. Bergé. Transient regimes of anisotropic light beam self-focusing in non-
linear dispersive media. Physics Letters A, 189(4):290–298, 1994.

[12] K. Carlberg, R. Tuminaro, and P. Boggs. Preserving Lagrangian struc-
ture in nonlinear model reduction with application to structural dynamics.
SIAM Journal on Scientific Computing, 37(2):B153–B184, 2015.

[13] A. Chabchoub, N. P. Hoffmann, and N. Akhmediev. Rogue wave observa-
tion in a water wave tank. Phys. Rev. Lett., 106(20):204502, 2011.

[14] A. J. Chorin. Numerical study of slightly viscous flow. Journal of Fluid
Mechanics, 57(4):785–796, 1973.

[15] G.-H. Cottet and P. D. Koumoutsakos. Vortex Methods: Theory and Prac-
tice. Cambridge University Press, 2000.

[16] W. Cousins and T. P. Sapsis. Unsteady evolution of localized unidirectional
deep-water wave groups. Phys. Rev. E, 91(6):063204, 2015.

25



[17] W. Cousins and T. P. Sapsis. Reduced-order precursors of rare events in
unidirectional nonlinear water waves. J. Fluid Mech, 790:368–388, 3 2016.

[18] S. M. Cox and P. C. Matthews. Exponential time differencing for stiff
systems. Journal of Computational Physics, 176(2):430–455, 2002.

[19] D. J. Dalle, M. L. Fotia, and J. F. Driscoll. Reduced-order modeling of two-
dimensional supersonic flows with applications to scramjet inlets. Journal
of Propulsion and Power, 26(3):545–555, 2010.

[20] M. Desaix, D. Anderson, and M. Lisak. Variational approach to collapse
of optical pulses. J. Opt. Soc. Am. B, 8(10):2082–2086, 1991.

[21] K. Dysthe, H. E. Krogstad, and P. Müller. Oceanic rogue waves. Annu.
Rev. Fluid Mech., 40:287–310, 2008.

[22] M. Farazmand and T. P. Sapsis. Dynamical indicators for the prediction of
bursting phenomena in high-dimensional systems. Phys. Rev. E, 94:032212,
2016.

[23] M. Farazmand and T. P. Sapsis. Reduced-order prediction of rogue waves
in two-dimensional deep-water waves. Journal of Computational Physics,
340:418–434, 2017.

[24] X. He, J. Li, C. A. Mader, A. Yildirim, and J. Martins. Robust aerodynamic
shape optimization—from a circle to an airfoil. Aerospace Science and
Technology, 87:48–61, 2019.

[25] P. Holmes, J. L. Lumley, G. Berkooz, and C. W. Rowley. Turbulence, co-
herent structures, dynamical systems and symmetry. Cambridge university
press, 2012.

[26] P. D. Lax. Hyperbolic systems of conservation laws and the mathematical
theory of shock waves. SIAM, 1973.

[27] A. J. Majda and Y. Yuan. Fundamental limitations of ad hoc linear and
quadratic multi-level regression models for physical systems. Discrete &
Continuous Dynamical Systems - B, 17(1531-3492_2012_4_1333):1333,
2012.

[28] H. K. Moffatt. The degree of knottedness of tangled vortex lines. Journal
of Fluid Mechanics, 35(1):117–129, 1969.

[29] P. K. Newton. The N-vortex problem: analytical techniques, volume 145 of
Applied Mathematical Sciences. Springer, 2001.

[30] V. M. Pérez-García, H. Michinel, J. I. Cirac, M. Lewenstein, and P. Zoller.
Low energy excitations of a bose-einstein condensate: A time-dependent
variational analysis. Phys. Rev. Lett., 77:5320–5323, Dec 1996.

26



[31] C. W. Rowley and S. T. M. Dawson. Model reduction for flow analysis and
control. Annual Review of Fluid Mechanics, 49(1):387–417, 2017.

[32] C. W. Rowley, I. G. Kevrekidis, J. E. Marsden, and K. Lust. Reduction and
reconstruction for self-similar dynamical systems. Nonlinearity, 16(4):1257–
1275, 2003.

[33] V. P. Ruban. Anomalous wave as a result of the collision of two wave
groups on the sea surface. JETP Letters, 102(10):650–654, 2015.

[34] V. P. Ruban. Gaussian variational ansatz in the problem of anomalous sea
waves: Comparison with direct numerical simulation. Journal of Experi-
mental and Theoretical Physics, 120(5):925–932, 2015.

[35] J. A. Samareh. Survey of shape parameterization techniques for high-
fidelity multidisciplinary shape optimization. AIAA Journal, 39(5):877–
884, 2001.

[36] E. Shlizerman, E. Ding, M. O. Williams, and J. N. Kutz. The proper or-
thogonal decomposition for dimensionality reduction in mode-locked lasers
and optical systems. International Journal of Optics, 2012:831604, 2012.

[37] D. R Solli, C. Ropers, P. Koonath, and B. Jalali. Optical rogue waves.
Nature, 450(7172):1054–1057, 2007.

[38] R. R. Trieling, M. Becerks, and G. J. F. Van Heijst. Dynamics of monopolar
vortices in a strain flow. Journal of Fluid Mechanics, 345:165–201, 1997.

[39] V. E. Zakharov. Stability of periodic waves of finite amplitude on the
surface of a deep fluid. J. Appl. Mech. Tech. Phys., 9(2):190–194, 1968.

27


	1 Introduction
	1.1 Related work
	1.2 Outline of the paper

	2 Set-up and preliminaries
	3 Evolution of reduced-order solutions
	3.1 Reduced-order equations without conserved quantities
	3.2 Relation to Galerkin projection
	3.3 Reduced-order equations with conserved quantities

	4 Numerical examples
	4.1 Advection-diffusion equation
	4.2 Nonlinear Schrödinger equation
	4.3 Two-dimensional fluid flow

	5 Conclusions
	A Instability of the finite-time formulation

