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Finite time horizon mixed control of vibrational
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We consider a vibrational system control problem over a finite time horizon.
The performance measure of the system is taken to be p-mixed Hs norm which
generalizes the standard Hs norm. We present an algorithm for efficient calculation
of this norm in the case when the system is parameter dependent and the number
of inputs or outputs of the system is significantly smaller than the order of the
system. Our approach is based on a novel procedure which is not based on solving
Lyapunov equations and which takes into account the structure of the system. We
use a characterization of the Hy norm given in terms of integrals which we solve
using adaptive quadrature rules. This enables us to use recycling strategies as well
as parallelization. The efficiency of the new algorithm allows for an analysis of
the influence of various system parameters and different finite time horizons on the
value of the p-mixed Hs norm. We illustrate our approach by numerical examples
concerning an n-mass oscillator with one damper.
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1. Introduction

The topic of this paper are vibrational systems, a class of systems which models oscillating
physical systems. We are interested in those systems where the vibrations are unwanted and
where one wants to design a system which reduces or minimizes the effects of a particular type
of vibratory disturbance.
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More precisely, we deal with a linear vibrational system given by the following matrix
algebraic-differential equation:

Mz + Ci + Kx = Bau,

z(0) = wo, ©(0) = o,

W= Elx

| EBai|

Here the mass matrix M and the stiffness matrix K are real, symmetric positive definite
matrices of order n € N. The damping matrix C' is real positive definite matrix and it is
given as a sum of the internal damping matrix Ciy; (which is predefined) and the external
damping matrix Cex (which is subject to a design choice), that is C' = Cipt + Cext. The
internal damping Cjy is usually taken to be a small multiple of the so called critical damping,

that is, Cint = aClyit, for some a > 0, where the critical damping C,i is (see, e.g., [41] 32 44])
given by

(1)

Carit = 2M Y2V M=12K M—1/2MY/2, (2)

The external damping matrix describes the (passive) dampers of the system. In our case it will
depend on positive real parameters v;, i = 1,...,q, ¢ < n, (so called viscosities) and matrices
corresponding to the positions of the dampers.

The vector function x: [0,00) — R™ contains the state variables and x, o are the initial
data. System disturbances are denoted by the vector function u: [0,00) — R™ and the matrix
By € R™™_ The output or the measurement vector function w is determined by the output
matrices Eq, By € RFX™,

The problem of determining the optimal damping matrix Ceyxt which will ensure optimal
evanescence of the state x from is well studied. There is a vast literature in this field of
research and this optimization problem has been intensively considered in the last two decades,
see, e.g., [8, 12, 30, B7, [44] [32) [41) 14]. The minimization of vibrations was also intensively
studied in engineering and applied mathematics. Here, we list only a couple of references:
[4, 33| [35], 17, 26, 22].

For damping optimization there exist several optimization criteria depending on different
application areas. An overview of such criteria can be found, e.g., in [44] or [29]. From the
control theory perspective for the optimization criteria the Ho or Hy, norms can be used.
Within this setting, several authors considered model order reduction approaches in order to
determine the optimal damping parameters efficiently; for more details see [306, 7] [}, [10]. Some
criteria are based on eigenvalues, such as spectral abscissa criterion (for more details, see, e.g.,
[20, 311 145]), while other criteria are based on the total energy of the system, such as the total
average energy. Total average energy was considered widely in the last two decades, see, e.g.,
[42, 43, [40L B8, 14, 30]. In [8, O] the authors considered dimension reduction techniques that
allowed efficient calculation of the total average energy.

In all the aforementioned papers, the time horizon of the system was taken to be infinite.
We are interested in the case of the finite time horizon, i.e. we study the system in the time
interval [0,T], T' < oo. The infinite time horizon case is a natural choice in the cases when
the vibration occurs over a longer period of time or the system is perpetually disturbed. But
in the case of short duration phenomena such as earthquakes, finite time horizon is a much
more suitable choice. From the mathematical point of view, the infinite time horizon leads
to a computationally simpler optimization criterion, which is a very important aspect when



designing the optimal damping structure. Hence if the finite time T is large enough, it makes
sense to choose T' = oo even though this might lead to a (usually slightly) suboptimal design.
But if the finite time is sufficiently small (but not too small as to render the design problem
infeasible) then the choice T' = oo is not viable and so the finite time horizon problem is the
one that merits a closer investigation.

Our choice of the optimization criterion will be based on the p-mixed Hs norm, which was
investigated in [32] where the authors considered performance measure that takes into account
the total average energy, and also the Ho norm of the system. This criterion contains both the
H, norm and the total average energy criteria as the special cases and takes into account both
the initial data as well as external disturbances. This criterion will be also used in this paper
as well, but instead of the infinite time horizon, we will consider the finite one. In particular,
the p-mixed Hy norm of a system for the finite time horizon can be calculated by

T
Trace E' E </ Al 7oAt dt) ,
0

where the matrix A comes from the linearization of the system , the matrix Z encodes the
information about dangerous external forces and initial conditions, and the matrix E is given
in terms of output matrices F1, E5. We will introduce this criterion in more details in the next
section.

This objective function can be calculated directly using the following formula:

Trace (X — eATXeATT), where X is such that AX + XA" = —Z. (3)

We would like to emphasize that the use of formula requires, besides solving Lyapunov
equation, also calculating the matrix exponential, for more details see, e.g. [15] 3, 28], 23, 25].

The technique we develop can also be used in a more general setting of the finite horizon Hs
control in the case when the number of sensors and actuators is small, the system is parameter-
dependent and one needs to calculate the appropriate Ho norm for a large number of different
parameters.

We do not pursue this line of research here to make the exposition less technical. Moreover
our approach consists of two main parts; the offline part where we calculate matrices that do
not depend on viscosities and the online part in which we organize calculations in such a way
so that recycling of computationally demanding parts can be achieved efficiently.

One can also consider a model order reduction oriented approach for the finite time horizon
problem which will result in a model of reduced order. This can be applied even for a large-
scale systems, see, e.g. [24] [34], 27] where authors considered model order reduction for a finite
time horizon. However, when the order of a system is reduced, then our new approach can
again be employed for an efficient calculation of the p—mixed Hy system norm.

Throughout the paper we will use the following notation. The symbol || - || denotes the
standard vector norm or matrix 2-norm, depending on the context. If p and ¢ are vectors, like
in many programming languages including Julia or Matlab, the notation A(p,q) will denote
the submatrix of A obtained by intersection of rows determined with elements of vector p and
columns determined with elements of vector ¢q. Similarly, ¢ : k : j denotes the vector of integers
from i to j with increments of k. For integers j and k, we denote by d; the Kronecker delta
symbol, i.e. §;5 = 1 if j = k, otherwise §;; = 0. Also, for a matrix A and a scalar s, s — A
denotes the matrix s/ — A.



The paper is structured as follows. The finite time horizon p—mixed Hs norm is introduced
in section [2l In section [3| we first derive formulae for auxiliary vectors x;. Then, in subsection
[3:2] we investigate the case of one-dimensional damping and derive final formula for the finite
time horizon p—mixed Hs norm. Using the derived formulae we present an approach for an
estimation of the finite time horizon p-mixed Hy norm in section[d] In particular, in subsection
we analyse estimation of the integration interval which is used in our algorithm for the
calculation of the finite time horizon p-mixed Hs norm presented in subsection [£.2] In section
we illustrate the efficiency of the new approach through numerical experiments.

2. Finite time horizon p—mixed H> norm

2.1. Preliminaries

Differential equation in can be transformed to the first order system in the phase space.
For that purpose let ® be a matrix which simultaneously diagonalizes M and K, that is

OTMD=13"K®=0Q%=diag(w?,...,w2), (4)

n

where positive numbers w1, ws, . .., w, are undamped eigenfrequencies of the system, i.e. square
roots of the eigenvalues corresponding to the system with C' = 0 (that is, the eigenvalues of
Q(\) = M>M — K). In this case the matrix ® diagonalizes the internal damping matrix
defined by , that is ® ' Cie® = v, for v > 0, with v = 2a. Now, using the substitutions
y1 = QP& 'z and yp = &4, the differential equation in can be written as

y = Ay + Bu, y(0) = yo, (5)
where
~|o Q 1 0 _ |0
A - |:—Q —I/Q o D:| ) B - |:q)TB2:| ) y= |:y2:| 9 (6)

with D = ®TCayy®. The output is determined by

. El(I)Qfl 0
= h = .
w=Fy wit E [ 0 By @]
Here y contains the corresponding transformation of the initial data, see, e.g. [12] 44} 41].
This is the so-called modal representation of the system .

The solution of hence can be written as
t
w(t) = Bellyy + E / A7) Bu(r) dr. (7)
0

Let the parameter p satisfy 0 < p < 1. The p—mixed Hs norm of a system G, denoted by
|G||2,p, is defined as

G153, = (1 = )IGI3 + PIGI13 hom- (8)
In ||I|l]2 denotes the standard Hy norm given by

G2 = = /OO Trace(Cl(iw))* Cliw)) dw,

27 or o



where G denotes the transfer function of the system G, i.e. the Laplace transform of the
mapping u — w. It can be shown, see e.g. [I8], that the formula for |G|z in the time domain
is given by

o0
|G||3 = Trace < / ETeMBBTeA 'R dt) .
0

With ||-[|2,hom, in (8), we denote the Hy norm of the corresponding homogeneous (u = 0)
system given by

(O = [ [ wtatar @ [ ([T et T me ) o,
Yoll”= Yoll"=

where o is an averaging (surface) measure on the unit sphere R?". More precisely, for a given
measure in R?”, the corresponding surface measure o is given by the Minkowski-Steiner formula
[19]. Both ||-||l2 and ||-|[2,;nom can be expressed in terms of solutions of Lyapunov equations; for
details see [32]. The p—mixed Hy norm can be calculated as (see [32], eq. (14)]):

Trace(E' EX), where X is such that AX + XA" = —pZ, — (1—p)BB", (10)

where the matrix Z, depends on the choice of averaging measure o on the set of unit initial
data.

2.2. Definition of the finite time horizon p—mixed H; norm

The Lyapunov equation in (10 occurs, in both the Hy term and the homogeneous Hs term,
from the integrals in the time domain of the form fooo eAt.eATtqt. Tt is easy to see that in the
case of the finite time horizon the formula corresponding to (|10) is

T
Trace <ETE /0 e (pZy + (1 — p)BBT)e?'t dt) . (11)

It is well known and used frequently in computations that such an expression again can be
written in terms of a Lyapunov equation, and so the last expression can be written as (see,
e.g., [3, 15, B32])

Trace <ETEX'> , (12)

where X is such that AX + XAT = AT (pZ, + (1 —p)BBT)eATT —pZ, —(1—p)BBT.
Indeed, the function X(t) = e (pZ, + (1 — p)BBT)eATt is the solution of the Cauchy
problem

X(t) = AX () + X(t)AT, X(0) = pZ, + (1 — p)BBT,
and by integrating the differential equation from 0 to 7" we obtain

X(T) - X(0) :A/OTX(t)dt+/OTX(t) dtAT.

If we denote by X the solution of the Lyapunov equation

AX+XA" = —pZ,—(1—p)BB',



it is easy to see that X = X — eATXeATT, hence can be written as
Trace (ETE (X - eATXeATT)> , (13)
where X is such that AX + XAT = —pZ, — (1 — p)BB'. By duality, is equivalent to
Trace ((pZU +(1—-p)BBT") (X - eATXeATT)> , (14)

where X is such that AT X + XA =-ETE.

Although is much easier to compute than directly in the case of one system, we
will show that in some instances has an advantage. More precisely, if £ has a simple
structure, Z, and B are low rank matrices and the goal is to compute (or (14)) for a
large number of external low rank damping matrices Coyt, which is a frequent situation when
optimizing Cext, the expression can be used to construct an efficient algorithm for such a
task.

In the sequel we will consider the typical case when

1
ETE = 5] and pZ,+(1—p)BB' = Z, (15)
. _|pZ1 0 _ | 0
with Z = [ 0 ZJ and Z; = [0 ol (16)

Indeed, when modeling vibrational systems, the matrix By is usually designed as a band-
pass filter where only the dangerous frequencies are passed through. In terms of the modal
representation —@, this would mean that By has the form By = Z;, where the dangerous
frequencies are wi,...,w,. Typically r is a much smaller number than n which will also
be beneficial for our approach. For the dangerous frequencies we choose those which have
a significant influence on the behavior of the system, e.g., those that may lead to system
resonances. In damping applications it is typical to only damp dangerous frequencies, hence
our choice of the matrix By. The measure o typically is chosen in such a way that it attenuates
initial data which are not dangerous. In particular, the surface measure can be chosen in such
a way that it is generated by the Lebesgue measure on the subspace spanned by the vectors
[£;,0]T and [0,2;]", i = 1,...,r, where x; are the eigenvectors of w;, and on the rest of R?"
is generated by the Dirac measure concentrated at zero. Then, in the modal representation
we obtain Z, = cdiag(Z;,Z;), where the constant ¢ > 0 only depends on the dimension.
This corresponds to ignoring the initial data spanned by non-dangerous frequencies. Since
the squared Ly norm of the output, Hw”%, typically corresponds to the energy of the whole
system, in the modal representation we obtain ET F = %I . See [32, Section 4] for the detailed
explanation. Hence, by appropriate scaling, we obtain —. Moreover, in the case when
|lw||? equals the energy corresponding to dangerous frequencies, we obtain ETE = %Z , which
can be also covered by our procedure; see below.
Therefore, our goal is to efficiently calculate

T
Trace (/ Al ZeA't dt) , (17)

0
with A given in @ and Z given in .

Our technique is not limited to this particular choice of matrices Bs, F1, Es and the measure
o. As long as the corresponding matrix pZ, + (1 — p)BB' is of low rank and the matrix ETE
has a simple structure, one can construct a similar procedure. We limit our attention to this
particular case to not overburden the paper with technicalities.



3. Derivation of the formula for the finite time horizon p—mixed H,
norm

In this section we use directly to obtain a formula for the finite time horizon p—mixed Ho
norm. For the purpose of the further structured calculations, we will use the fact that A can

be written as
0 Q 0 Q 0 0
A= [—Q —VQ—D] = [—Q —IJQ:| - {0 D] = Ao~ A (18)

Using the fact that the matrix exponential function is the inverse Laplace transform of the
corresponding resolvent, we have

T T
Trace </ eAtZeATtdt> = / Trace((\FZGATt)T(ﬁeATt))dt
0 0

- i /OT ((\/Z—:'ATt)j,k;)2 dt

3 k=1
2T [y Tico 2
=3 / — <ﬁ M\ — AT)—ldA> dt

j,k:l 0 27Tl —ico j,k

2n T 1 +oo 2
=3 / — (/ e/ Z(is — AT)—lds> dt.

jk=1"0 2m \J oo gk

Due to the structure of the matrix Z, the summation index of j goes from 1 to r and from
n+ 1 to n+r, so we obtain

T Ao AT » r  2n T +o0 2
Trace (/ e Ze dt> = 477222/0 (/_OO hjk(t,s)ds> dt

0 j=1 k=1
1 n+r 2n T +oo 2
+ 13 > Z/O (/ hik(t, s) ds) dt, (20)
j=n+1k=1 -
where
hji(t, s) = (cos st + isin st)ejT(is — AT ey, (21)

and e; denotes the j—th canonical vector in C", C?", R™ or R?", depending on the context.

Remark 1. Note that if we would have chosen E'TE = 17, then the sums in would be
given by py 7y —i—Zﬂ‘LnH and hence the Algorithm |1| from subsection ([4.2)) can be easily
modified to cover this case as well.

To construct an efficient algorithm for the calculation of the last sum, we will carefully
study the terms ejT(is — AT)7le;, using the structure of the matrix A, distinguishing those
terms which do not depend on the Ceyt.

We calculate

(is— A7) = (is — A] + AL = ((is — AT+ (is — AJ)*lAl))_l

-1
= (I + (is — AOT)_1A1> (is — AJ)1,



hence
1

e}r(is — AN le, = e;-r (I + (is — Ag)~ 1A1> (is — AJ ) tex

= ((r+ Gs - A1 A)Te,) (s - A ey
= ((T+ Ay(is — Ag) ™) ley) | (is — AJ) ex.

Let z; = (I+A1(1S — Ag) ) ej e (I+ Aj(is — Ag) N =€ . Let z; = [$j1 x5 ] Note
that e;r( — AT)7le, is a scalar product of two vectors, vector x; depends on s, VlSCOSltleS
and damping positions and vector (is — A(—)r )~1er depends only on s. Moreover, we would like

to derive a formulae for x; which will be considered in the next subsection.

3.1. Calculation of the vectors z;

From
. is —Q
is — Ao = [Q is+1/Q}
we obtain ( \L(s) (#)
. 1 |(WQ+is)L(s) QL(s
(is = Ao) " = [ _QL(s) isL(s)]
where

L(s) = (9 +isvQ — %) = F(s) — iG(s), (24)

where matrices F'(s) and —G(s) are real and imaginary part of matrix L(s). Since the matrix
0% 4+ isvQ — s? is a diagonal complex matrix, its inverse can be calculated directly. Now we

have
om0

1 0
N [—DQL(S) I—i—isDL(s)] '
For 1 < 5 < r we obtain
x} =ej, (I+ isDL(s))x? = DQL(s)e;

and forn+1<j<n+r
le-:O, (I +isDL(s ))az =€j_n.

In the following proposition we obtain the formulae for the real and imaginary parts of complex
vectors :E2 forj=1...,r,n+1,...,n+r,in terms of the solutions of real linear systems

and (| .

Proposition 1. Let matriz L(s) be given as in and let :c = a: —i—m: , with :c] ,.TJ e R™.
Then systems (I + isDL(s))x? = DQL(s)ej, for 1<j<r, (md (I+ 13DL( ))a: = €j_n, for

n+1<j<n-+r, are equivalent to the following systems

[I —s(I +sDG(s))"" DF(s) } [1:52}
0 s?DF(s) (I +sDG(s))"' DF(s) + I+ sDG(s)| |z}

_ (I +sDG(s)) " DQF(s)e;

- {—sDF(s) (I 4 sDG(s))™ " DQF(s)e; — DQG(s)e; |’



I —s(I+sDG(s))"" DF(s) } [1:}
0 s?DF(s)(I+sDG(s)) ' DF(s) + I+ sDG(s)| |x;

S

[ (I +sDG(s) ey

B |:—SDF(S) (I + SDG(S))71 €j—n ’ (27)

respectively.

Proof of this proposition is given in Appendix [A]

In the next subsection we analyse formulae for the case of one-dimensional damping which
will allow us to construct an efficient procedure for the calculation of the finite time horizon
p—mixed Hs norm.

3.2. The case of one-dimensional damping

The systems of linear equations given above can be solved in a more general setting. But in
this paper, to reduce the technicalities, we only treat the particular case when there is just
one damper of dimension one, and the only parameter is its viscosity. The procedure can
be straightforwardly extended to the multi-parameter case in the case of a small number of
parameters. Then the damping matrix D has the following form

D=3"Coy®=0vd"ee' ®=~UU", (28)

where the vector e encodes the position of the damper. The parameter v > 0 is a product of
viscosity parameter v and the 2-norm of the matrix ® "ee'® and vector U € R"*! determines
the geometry of the damping position.

In the following proposition we give explicit solution of the equations — in terms of
the parameter v that determines the viscosity parameter.

Proposition 2. Let ¢ = 1 and assume that U and ~y define damping matriz D as in (28)).
Furthermore, let g(s) = UTG(s)U = > i u?gj(s) and f(s) = UTF(s)U = > et u?fj(s),
where f;(s) and g;(s), for j =1,...,n are diagonal elements of F(s) and G(s) given by (24),

respectively. Then, the solution of is given by (1 <j<r)
x;‘\‘(s) =a(s,y)U, (29)
R
J

Ry (Hiuws - svfls)
) <1+svg(8) 15 sv9(s) ( ’7)> v (30)

where
a(s,v) = —yujw;x
L 9i(8) 87 (F(8)fi(5) +29(5)9;(9)) + 5*7%9(s) (f(5)£3(5) + 9(5)g;(5)) (31)
1+ 3s7g(s) + 5292 (3g(s)? + f(s)?) + s393g(s) (9(s)* + f(5)%))
and the solution of is given by m+1<j<n+r)
23 (s) = b(s,y)U, (32)
R — e . S'Yuj—ngj—n(s) svf(s) s
)= et ( Tsyg(s) | 1+ s190) ’7)> v (%)
where
boom) — —sy Jnl) £ S ,-(5) — ()gy-n(5) -

(1+s79(s))? + (57 (s))?



Proof of this proposition is given in Appendix [A]
Obviously, xQJR and a:;‘\‘ depend on s but not on ¢t and sometimes, to emphasise this, we write
x;R(s) and :c;‘\’(s)
The following proposition gives formulae for h;(t,s) defined by , which are our main

target in light of .

Proposition 3. Let all assumptions from hold. Then, for hji(t,s), defined by , we
have the following formulae.
For1<j<randl <k <n we have

hjk(t,s) = 2cos st - ((Vwkfk(S) + 59k (8)) Ojk + Wi <fk(5)($§gR)k + gk(S)(ﬁ)k)) :

For1<j<randn+1<k<2n we have

hjx(t,s) = 2cos st - <_Wk—nfk—n(3)5j,k—n + Sgk—n(s)(xéj)‘%)k—n - ka_n(S)(J:?)k_n> .

Forn+1<j<n+randl <k <n we have

hji(t,s) = 2cos st - (wk (fk(s)(x?)k + Qk(S)($?)k)> :

Forn+1<j<n+randn+1<k<2n we have

hjk(t, s) = 2scos st - (gkfn(s)(x?)kfn - fkfn(s)(x?)kfn) :

Proof of this proposition is given in Appendix [A]

Finally, using derived explicit formulae for hj; we are able to write a formula for the finite
time horizon p—mixed Ho norm, that is, we calculated all the ingredients of the formula .

In this section we only considered formulae for the one-parameter case, meaning that U &€
R™*4 is a vector. These formulae can be extended straightforwardly to the multi-parameter
case, which can still be used for an efficient p-mixed Hs norm calculation as long as we have
a small number of parameters, meaning ¢ < n. In general, the matrix U would contain
g > 1 columns, and the Sherman—Morrison—-Woodbury formula would include the inverses
of ¢ X ¢ matrices. The obtained formulae would have a similar structure, which would lead
to an algorithm of the same structure as the one given in We have considered only the
one-parameter case to simplify the exposition, as in the general case the formulae are more
complicated.

Now, in the next section we explain how to use the quadrature rule in order to calculate an
approximation of the expression above.

4. Estimation of the integrals

Our approach is based on a numerical integration of a very structured and oscillatory function.
This is a widely investigated field and overview of some methods can be found in [16, 21}, 13]. In
order to be able to recycle data and use our formulae efficiently we will use Gauss quadrature
rule for the integration with respect to time and adaptive Simpson rule (see, e.g., [21]) for the

10



highly oscillatory part. In particular, we will use the following estimate for

2

T s 2n nt
At 7 ATt
Trace (/o e Ze dt> 4772 g E E Na g Cahijk(ta, sp)

j=lk=1a=1

n+r 2n ng

4 Ar2? Z ZZ% ZCBh]k asg) |, (35)

j=n+1k=1a=1

where {(ta,7a)}n, are the nodes and weights for the integral over the time variable ¢ and

{(sp:Cp) Yz, are the nodes and weights for the integral over the frequency variable s.

For the estimation of f_t;o hji(t, s) ds we will use combination of Simpson rule and adaptive
Simpson rule for the highly oscillatory part. First we estimate the indefinite integral by its
finite approximation

+o0 0 0
/ hjk(t,s)ds = 2/ hji(t,s)ds =~ 2/ hji(t, s)ds.
—0o0 —00 —Smax

In the next subsection we will derive an upper bound which shows how large parameter Sy ax
should be.

4.1. Estimation of the integration interval

Since the leading term in our integral is e; (i Tis—AT)ley, for j=1,....,r,n+1,....,n4r,
k=1,...,2n, we will try to determine efficiently how large (and small) values of the parameter
s should be considered. Assume that the parameter v is taken from the range [0, Ymax] and let
Wmax = Max {wi,...,wn} .

By using the structure of the matrix A given by we have

(15— A7) = (T4 (s — A7) A1) (is — A])

When ||(is — AJ )71 A1]| < 1 we have that I + (is — Aj ) "' A; is a non-singular matrix and we

have || (I + (is — AOT)_lAl)_l < (1—1(is— Ag)_lAlﬂ)_l. If we use that || A1|| <7, we get
IGis — A

—ll(is — Ag) |

We want to evaluate the norm of the matrix (is — Aj )~!, for which it is sufficient to calculate
the eigenvalues of the matrix (is — AJ)~!(—is — Ag)~!. Since

IGis = AT) M < (36)

(is — Ag ) "L(—is — Ag) 7t = (s +is(A] — Ao) + A Ag)~"

[ 2402 —2isQ — Q2 17
2isQ —vQ? 2+ (1+02)Q%|

it is sufficient to investigate the eigenvalues of B~!, where

[ s+ —2isw — vw?
T | 2isw — vw? 8?4 (14 v?)w?

11



We have
det(B — XI) = (s* + w? — N)(s* + w? + v2w? — \) — (2isw — vw?)(—2isw — vw?) = 0.

We can write this as

p(p+ v2w?) — (VPwt + 45%0%) = 0,
for 1 = s? +w? — A\. This is the quadratic equation in the variable y and the solutions are
given by

—12w? £ /1wt + 412wt + 452w2)
P12 = 5 :

Hence the eigenvalues of matrix B are given by

v2w? F \/1/4w4 + 4(v2wt + 452w?)
2

2 2

+ w”.

A2 = +s

If we want [|(is — A ) 7!|| < § for some tolerance § > 0, we must have

1 1
<o=A22> =,
' 0
1,2
for all w = w1,...,w,. Note that
2 2 2 2 2
Viw® — viw® — 2vw® — 4sw
Ao > + 52 +w?= (s —w)? — v’

2

To obtain [|(is — AT)™!|| < € for a tolerance £ > 0, note that from it follows that it is
sufficient to have

I(is = A7 <
Now we can take § = 14_57,}/5, so it follows
(5 —w)? —vw? > “5;6)2
which implies
32—2w3+(1—v)w2—(1—;;€)2 > 0.

This is a quadratic inequality in the variable s which is satisfied for all s for which we have

(1+1¢)*

32w+\/yw2+ 5
€

Hence the inequality ||(is — AT)7!|| < ¢ will be satisfied if we take

(14 Ymax€)?

e (37)

Smax = Wmax + \/Vw?nax +

In order to better illustrate the dependence on parameters wmax and ymax and the tolerance e,
we can also use the following, slightly worse, bound

1
Smax 2 (1 + \/;)wmax + g + /}/max'

12



4.2. Algorithm for the calculation of the finite time horizon p—mixed H; norm

To take into account the oscillating nature of the function we integrate, we divide the integra-
tion interval in two parts

0 —S1 0
2/ hji(t,s)ds =2 (/ hj(t,s)ds +/ hj(t, s) ds> :
_Smax _Smax _Sl

In the first integral on the right hand side we will use the standard Simpson rule because this
integral does not oscillate as highly as the second one. In the second integral on the right hand
side we will use the adaptive Simpson rule since the considered function is highly oscillatory
on that segment. Moreover, adaptive Simpson is appropriate for our implementation since we
use that the number of nodes is a power of 2 and therefore recycling can be done easily.

Algorithm for the calculation of the finite time horizon p—mixed Hs norm defined by is
given by Algorithm

4.2.1. Algorithm description

The Algorithm [1| consists of two parts; the offline and the online part.

First, we give more details regarding the offline part. In the offline part, we use the fact
that some intermediate calculations can be effectively stored in matrices that do not depend on
viscosity, and therefore, they can be calculated only once. In particular, in the offline part, we
prepare the matrix of the type R™s*™ which entries are cos(s;t;), i = 1,...,ng I =1,... ny.
Also, we prepare matrices of the type R™s*" with rows being the diagonal elements of matrices
F(si) and G(s;), i = 1,...,ns. As entries of these matrices do not depend on the viscosities
they can be calculated in the offline part.

In the online part we organize calculations in such a way that we can recycle computation-
ally demanding parts. First, we define tensors xg, T € R%*?"™%" where 2g(s;, j,:) = :r?(sz)
and zx(si, 7,:) = .%2?
x?(si) are defined in - (33).

Then, in the most computationally demanding part of the algorithm line - line for
every k=1,....2nand j=1,...,r,n+1,...,n+r, we calculate the terms h;(t;, s;) (whose
formulae are derived in subsection and we also use recycling for the parts that do not
depend on time variable.

For the computation of the integral in line [12| we use the standard Simpson rule, hence we
calculate the terms hji(t;,5:), i =1,...,n5,l=1,...,n4.

For the integral in line [13| we start from the initial mesh of integration nodes (initially, we
have 2% nodes). Here, we are using the adaptive Simpson approach, which means that we
pick iteratively denser meshes until we reach the prescribed tolerance tol. In this process, we
recycle previously calculated function values hj(t,s) to accelerate computations. Moreover,
when the difference between the nodes reaches the maximal number of segment subdivisions
(determined by the parameter 2bma"), the current approximation on the segment is accepted.
We emphasize that in the steps and [13| we benefit greatly from recycling. Recycling of
the data from the offline part is made easier by the use of the adaptive approach, as we use
the equidistant mesh with the number of nodes of the form 2.

(si), fori=1,...,ngand j =1,....,m,n+1,...,n+r. Here x?(sz) and

Remark 2. The algorithms have been implemented in Julia (see [11]). Julia low level pro-
gramming enables efficient implementation comparable with standard BLAS routines. In Julia
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Algorithm 1 Algorithm for the calculation of the finite time horizon p—mixed Hs norm

Require: system matrices: M (mass matrix), K (stiffness matrix), Cext (external damping);

system parameters: v (determines Cint);

tolerances tols (tolerance for Syax), tol (integration tolerance);

the finite time horizon p—mixed Hy norm parameters: p € [0,1] (determine the target
norm), r (number of undamped frequencies that need to be damped), T' (defines time
horizon);

ny (number of nodes for the integration by t);

V1, V2, ...Un, (N, considered viscosities);

bmax and by (maximum and initial number of nodes for adaptive Simpson rule for second
integral is ny = 2bmax and 2%);

n1 (number of nodes for the first integral, ns = mj + ngy is total number of nodes for
integration by s);

S1 (limit for integration by variable s of first integral);

Ensure: Estimation of

Offline part:

1: Determine Sy ax such that equality holds.

o

9:
10:
11:

12:
13:

14:
15:
16:
17:

Determine equidistant nodes s1,. .., Sp, € [—Smax; —51]; Sny+1s---,Sn, € [—51,0] for inte-
gration by s.

Determine nodes t1,...,t,, € [0,7] and weights for integration by t.

Compute cos(s;t;) for every node s;, i = 1,...,ngand t;, l =1,...,n,.

Compute matrices F'(s;) and G(s;) from for all nodes s;, i =1,...,n,.

Compute f(s;) and g(s;) defined in Proposition 2| for all nodes s;, i = 1,...,n.

Online part:

for considered viscosities vy, va, ...v,, do

Compute vectors m?(sz) and 332?(5@-) from (29)-(33) for all nodes s;, i = 1,...,ns and all
j=1....,r,n+1,....n+1r.
forj=1:rn+1:n+r do
for k=1:2ndo
Evaluate functions h;j on a given grid (s;,;) using formulae from subsection
while recycling parts which are time-independent.
Use the Simpson rule to compute f:gnlm hik(t, s) ds.
Use the adaptive Simpson rule to compute ffsl hjk(t,s)ds.
Use the quadrature rule to compute fOT ( —Srb?:;x hji(t,s) d3)2 dt.
end for
end for
end for
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we were able to efficiently implement standard and adaptive Simpson quadratures, including
nested loops with simple operations. Of course, efficiency strongly depends on the number of
nodes t; and s; and on how much recycling is used. Therefore, in the offline phase, we have
prepared data needed for the calculation of the target value. Then we have used adaptive Simp-
son approach for the calculation of the integral over the variable s. The main reason for that
is that it allows an implementation of adaptive quadrature that uses equidistant nodes, while
on the same time we can recycle data obtained from previous steps as well as the data prepared
in the offline part.

4.2.2. Algorithm parallelization

The most demanding parts of our algorithm can be parallelized and therefore our approach
can be additionally accelerated. Here we would like to emphasize where we have used Julia’s
multithreading environment. In particular, we have used the macro threads. First, in the
offline phase we have used the macro threads in line 4] and line [5] since this part includes
generation of matrices with rows which are diagonal elements of matrices F'(s;) and G(s;) for
all nodes s; (that do not depend on the time nodes), while we also form a matrix that stores
values cos(s;t;), for all nodes s;, i = 1,...,ns and all nodes ¢;, [ = 1,...,n;, which depends on
the time nodes as well.

Furthermore, the main benefit from parallelization comes from acceleration of the online
part. In particular, we have used the macro threads in the inner loop for calculating the
tensors g and xgp. Also, the inner loop over k depends on the dimension n, so lines [11] -
have been calculated using the macro threads.

We would like to emphasize the benefit from using Algorithm [I] compared to the approach
that calculates Lyapunov equation given by . In the next section, we will calculate the
number of floating point operations needed for one evaluation of p—mixed Hs norm for both
approaches.

4.3. Complexity analysis

An alternative approach for the calculation of the finite time horizon p—mixed Hs norm uses the
formula 3] and we will call it a Lyapunov based approach. This approach requires calculation of
the Lyapunov equation and calculation of the matrix exponential. This means that Lyapunov
based approach needs n,0(n3) floating point operations for calculation of p-mixed Hs norm
for n, different viscosities.

This Lyapunov based approach can be accelerated by using model order reduction techniques
as we mentioned in the introduction, but also it can be accelerated by using the low rank
structure that appears in our case. In particular, the objective function can be calculated
using an approach that is based on function calculation using low-rank updates; see, e.g.,
[0, [6]. This can be applied by calculating the matrix exponential function and by solving the
Lyapunov equation given by [3] Comparison with this approach is not given since we do not
have relevant implementation of this approach. Moreover, we would like to emphasize that
when the finite horizon T is changed, the Lyapunov equation [3| does not need to be solved
again, but the matrix exponential function needs to be calculated repeatedly. On the other
hand, our approach includes formulae constructed in such a way so that the most expensive
part (from the calculation point of view) can be recycled. Below we give more details on the
complexity of our approach.
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In the analysis of the complexity of Algorithm [1] we will separately study the online and the
offline part. Moreover, there are two levels of offline parts. One includes certain complexity
that does not depend even on the external damping and therefore can be done only once
for all viscosities, damping positions and different time horizons. Main cost within this part
comes from the simultaneous diagonalization defined by (4] that requires O(n?) (floating point)
operations, but only once. Note that the simultaneous diagonalization is always necessary if
the internal damping is defined in terms of the critical damping in . Then, once the damping
positions are fixed, we can evaluate Algorithm as follows

e Offline

preparation of offline data includes line [1|- line |§| that requires: n;O(n) operations

e Online, for each viscosity line [§]- line [14] include
line [§ that requires: nsO(rn) operations
for all j and k we have line [11] - line [14] where
line |11 requires: O(ngsn) operations
line [12| requires: O(n;n1) operations
line |13| requires: O(n;n2) operations
line [14] requires: O(n;) operations

This means that line [11] - line [14] require nsO(rn) + nynsO(rn) + nsO(rn?) floating point
operations.

Taking all into account, we can conclude that p—mixed Ho norm for n, different viscosities
can be calculated by Algorithm [1| using n,nsO(rn?) floating point operations excluding the
possible computational cost of the simultaneous diagonalization , which is independent on
the choice of all parameters except matrices M and K. In particular, it does not depend on
the parameters T', p, and the choice of the external damping matrix Cey; and so the cost can
be taken as negligible in the framework of optimization or online simulation. Moreover, our
estimation on the required number of floating point operations depends on ns; which does not
depend directly on n.

Here we would like to emphasize that in our approach when parameter 1T', which defines the
time horizon, is changed we can use recycling on that level too. In particular, line is the
most demanding step in the algorithm but it does not depend on the time nodes. Moreover,
when T is slightly changed we need to evaluate Algorithm [I] for very small n; while all the
data that do not depend on time nodes can be recycled. From the complexity perspective this
means that the floating point operations from line [§] and line [11] now belong to the offline part.
Taking all this into account we obtain that calculation of p—mixed Ho norm for np different
time horizons can be calculated by Algorithm [I] using

nsO(rn) + nsO(rn?) + nrngmsO(rn)

floating point operations. In contrast, Lyapunov based approach needs nyO(n?) floating point
operations for the calculation of p—mixed Ho norm for np different time horizons.

This analysis shows that we can efficiently analyze the influence of different final times T
on the p—mixed Hy norm. Therefore, one approach for practical determination of a good final
time T' could be based on the determination of 7" for which the p—mixed Hs norm stagnates.
In the next section, we will illustrate this in an numerical example.
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5. Numerical experiments

In this section, we present numerical examples in order to illustrate the behaviour of the
p-mixed Hs norm for different choices of the finite time horizon T" and advantages of our ap-
proach compared with the Lyapunov based approach. Computations have been carried out
on a workstation with 64-bit Linux operating system and with an AMD®Ryzen Threadrip-
per™processor with 64 CPUs, 128 threads and 256 GB DDR4 RAM. Moreover, for the sake of
time comparison on a standard computer, in Example [2] computations have also been tested
on a laptop with Intel®Core™i7-9750H processor with 6 CPUs, 12 threads, 8 GB RAM and
64-bit version of Windows. Numerical experiments are performed using Julia [11], on the work-
station we have used Version 1.6.3 with 32 threads, while on the laptop we have used Version
1.6.0 with 6 threads.

Example 1. We consider an n-mass oscillator or oscillator ladder with one damper, shown
i Figure |1, which describes the mechanical system of n masses and n + 1 springs. Similar
models were considered e.g. in the papers [9], [32], [39] and the book [{4)].

In this example, we are interested in analyzing the external damping that significantly influ-
ences the system. To this end, we are considering effective viscosity, i.e. the threshold value
after which the finite time horizon p—mized Ha norm drops significantly. We noticed through
numerical experiments that such a value exists for all systems we have considered. Since in
this example we take small n, we use the Lyapunov based approach.

- MTE

m, my,

kn k}1+1
Figure 1: The n-mass oscillator with one grounded damper

For such a mechanical system the mathematical model is given by , where the mass and
stiffness matrices are

M = diag(mi, ma,...,my,),

k1 4+Fky =k
—ky ko4 ks —ks3

_kn—l kn—l + kn _kn
_kn kn + kn—‘rl

We choose matrices Bo, E1 and Es such that holds. Such matrices can be determined
directly from our system matrices and more details can be found in [32, Section 4].
We will consider the following configuration

A Jj=4+1 ..., n

n_2j j=1,...,12
n:200, k‘]:g, Vj, m]:{nl_f_)], ] ’ A
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We will consider one damper, but the damping position will be changed, so the external
damping is defined by and the internal damping Cint is defined as in , with a = 0.005.
In this example for the illustration and comparison purposes we will consider four different
damping positions, that is, we will consider that vector e from , that encodes damping
positions, is equal to e; where i = 10,80, 110, 160.

We consider damping of 1% smallest eigenfrequencies of the system which means that we
have r = % = 2 and parameter p that defines p—mized Ha norm s taken to be 0.5.

In this example we will show the influence of the parameter T in , that is the influence
of the time horizon in the p—mized Ho norm. This influence is shown on .

R PR B
o =10
i \ \ .
SN -i=80
, AT --i=110
Z10°°
7 10°)
(o)
£
E
o=
(5]
102 :
0.3 04 0.5 0.6 0.7 0.8 0.9 1 11 1.2 1.3

Figure 2: (Example |1)) The influence of the integration time on the magnitude of the effective
viscosity for dimension n = 200 and for four different damping positions. By effective
viscosity we mean the threshold value after which the finite time horizon p—mixed
Hj norm drops significantly. The computation is done using the workstation.

As is to be expected, for very small times T it is hard to achieve significant damping effects,
therefore a very large viscosity is needed to significantly reduce the finite time horizon p—mized
Hy norm, which is usually physically infeasible. On the other hand, when T is increased we
observe major decay in effective viscosities for all considered damping positions. This means
that for moderate times T effective viscosities vary within the appropriate values, and for large
times T the curve is close to the case T = co. Of course, it is hard to state what do we mean
by moderate T, but exactly this decay gives us this information. In this example, from our

analysis we can observe that relevant time horizon with reasonable effective viscosity starts at
around 1.

Example 2. In this example we will have the same configuration as in the previous example,
but with the dimension n = 2000. We have calculated an approximation of the finite time
horizon p—mized Hy norm by using Algorithm [1] with the following initial requirements:

tol = 1077, ng = 20,
n, = 20, ny = 599,
51 :wn/25, bo :87
bmax = 12, tols = 0.05,
and we consider the following viscosities v1 = 75,v9 = 150, ..., v99 = 1500.
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As in the previous example, we have used p = 0.5 and we would like to damp 1% of the
undamped eigenfrequencies, which means that r = 20, while internal damping is determined
using o = 0.005. Here, from the similar numerical analysis as in the previous example, we can
conclude that T should be larger than 1, and therefore in the continuation of this example we
illustrate the efficiency of our approach for T = 2. Moreover, the influence of T is significant
and with our approach we can efficiently calculate the finite time horizon p—mized Ho norm
for several values of T, since the major computational cost taken care of in the offline part.

To present comparison with a Lyapunov based approach, we will calculate the finite time
horizon p—mixed Ho norm with new approach and compare it with the Lyapunov based approach
that uses the formula . Here Lyapunov based approach is implemented in such a way that
we solve Lyapunov equation and matriz exponential directly. In particular, in Julia the matriz
exponential is calculated using one of the most widely used method based on [25], while the
algorithm for solving the Lyapunov equation is based on LAPACK routines that uses direct
solvers for Lyapunov equation. For more details see, e.g. [13, (3, 28, 123, [2]. Therefore we can
use this value as the exact solution. Figure[3 presents the average relative error for these two
approaches for 20 equidistant viscosities, from 75 to 1500, and shows the average relative error
for all considered damping positions e;, where i = 100,200, ...,1900. Then, for four different
damping positions, that is for e = e;, where i = 200,800, 1100, 1600, Figure[]] shows the relative
error for these two approaches for all 20 equidistant viscosities. We can see that our approach
for given tolerances results with satisfactory accuracy.

%1073
6.5

average relative error

= 1 | | 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
damping positions

Figure 3: (Example [2|) The average relative error for 20 equidistant viscosities from 75 to 1500,
for the calculation of the finite time horizon p—mixed Hy norm using Algorithm
compared with the Lyapunov based approach, for 19 different damping positions.
The computation is done using the workstation.

For a time comparison, first we have used a laptop to calculate the finite time horizon p—
mixed Hy morm, using Algorithm [1l and using Lyapunov based approach. For four different
damping positions given in Figure[]], average acceleration factor is 2.5.

This can be improved by the efficient usage of tensor structures that arise in Algorithm
which is illustrated in Figure [5. In particular, Figure [5] presents the time required for the
calculation of the finite time horizon p—mized Hy norm using Algorithm[1] and the time required
for the Lyapunov based approach.

Current implementation uses the benefit of large number of threads available on the work-
station. Thus, it is optimized for better usage of multithreading environment, and this is also
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Figure 4: (Example [2) The relative error for the calculation of the finite time horizon p—mixed
Hs norm using Algorithm [I, compared with the Lyapunov based approach, for four
different damping positions and 20 equidistant viscosities from 75 to 1500. The
computation is done using the workstation.

10000
8000 -
—o—Direct approach

%2 6000 —e—New approach
g
=
=}
£ 4000

2000~

———o—6—6—
0 I I I I I I I I ]
0 200 400 600 800 1000 1200 1400 1600 1800 2000

damping positions

Figure 5: (Example [2)) The time required for the calculation of the finite time horizon p—mixed
Hj norm using Algorithm [I] compared to the time required for the Lyapunov based
approach, for 19 different damping positions. The computation is done using the
workstation.

20



confirmed in numerical tests. In particular, on the workstation an average acceleration factor
for four considered damping positions presented on Figure[]] is 12.2.

Example 3. In this example, we consider the mechanical system shown in Figure[f, consisting
of three rows of d masses and d + 1 springs which are, on the left-hand side, connected to the
fized base. Springs in each row have the same stiffness equal to ki, ko and k3. On the right-
hand side, they are connected to one additional mass, which is connected to the fized base with
a spring of stiffness ky. Similar models were considered in the paper [§].

M3+

kv my ky ke mg Ky

ky ek

SOONNNNNNN

ks Mg ks ks msg ks

ANNNN N NNNNNN

N

Figure 6: (3d + 1)-mass oscillator with one damper

For such a mechanical system the mathematical model is given by , where the mass and
stiffness matrices are

M = diag(mi,ma,...,my),
Ky —K1
K = K e :Zz ,  with
—K1 —kKg —k3g kit+kot+ks+ky
2 -1 0
-1 2 -1 0
K, =k . . SR = : ,i=1,2,3.
-1 2 -1 0
-1 2 k;
We have the following configuration
(1000 — 25, j=1,...,%
800, j=1, 7 — 200, j=9%+1,...,4,
d=3800; k;=4600, j=2, m;=<j+100, j=d+1,...,2d,
700, j=3; n—2j, j=2d+1,...,3d
2000, j=n=3d+1.

We will consider here one damper with a different damping geometry compared to the previous
example. Damper will be located between two masses in different rows and we will consider six
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different damping positions. The corresponding vectors e from , denoted by €' are given by

1, =1
(e);=1-1, j=i+d, j=1,...,n, (38)
0, otherwise

for i = 20,320,620,920,1220,1520. The internal damping Cint is defined as in , with
a = 0.005.

As in previous examples, we consider damping of approximately 1 % smallest eigenfrequencies
of the system, that is r = 24, and parameter p that defines p—mized Ho norm is taken to be
0.5. We have calculated an approximation of the finite time horizon p—mized Ho norm by using
Algorithm [1] with the following initial requirements:

tol = 1077, ng = 20,
Ny = 20, ny = 7997
bmax = 14, tols = 0.05,
and we consider the following viscosities: v = 10,v9 = 210,v3 = 410,...,v9 = 3810. We

illustrate the efficiency of our approach for T = 15.

To present comparison with a Lyapunov based approach, as in the previous example, we will
calculate the finite time horizon p—mixed Ha norm with the new approach and compare it with
the Lyapunov based approach based on the formula . For all six damping positions defined by
(138), Figure @ shows the relative error for these two approaches for all 20 viscosities, from 10
to 3810. We can see that our approach for given tolerances results with satisfactory accuracy.

%1073

relative error
w IN )

N

0 500 1000 1500 2000 2500 3000 3500 4000
viscosity v

Figure 7: (Example |3|) The relative error for the calculation of the finite time horizon p—mixed
Hjy norm using Algorithm [I} compared with the Lyapunov based approach, for six
different damping positions and 20 equidistant viscosities between 10 and 3810. The
computation is done using the workstation.

For a time comparison, Figure [§ presents the time required for calculating the finite time
horizon p—mized Ho norm using Algorithm [1] and the time required for the Lyapunov based
approach.

Here we obtain that an average acceleration factor for siz considered damping positions
presented on Figure[7 is 5.4.
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Figure 8: (Example |3) The time required for calculating the finite time horizon p—mixed Hs
g

norm using Algorithm [I] compared to the time required for the Lyapunov based
approach, for six different damping positions. The computation is done using the
workstation.

A limitation of the proposed method is that with this method, one can not efficiently reach
very high accuracies. More accurate approximations may be significantly costlier, which makes
this method not feasible for specific applications where high accuracy is needed. However,
regarding typical vibrational systems, it is unrealistic to expect that the viscosity needs to be
calculated with an accuracy greater than 1073, as typical damping devices can not be that
precisely calibrated. Thus, with the proposed method, we can obtain satisfactory accuracy for
damping purposes with a significant time speed-up with respect to the standard approaches.
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6. Conclusions

We considered a control problem for damped vibrational systems where the performance mea-
sure of the system is chosen to be p-mixed Hs norm over the finite time horizon. The algorithm
presented in the paper offers an efficient calculation of this norm in the case when the system
is dependent on one parameter and the number of inputs or outputs of the system is signif-
icantly smaller than the order of the system. This approach can be extended to the case of
the multi-parameter setting as well as for other parameter-dependent systems where an effi-
cient calculation of finite time horizon Hs norm is needed. In future work we will extend this
approach also to the optimal control problems for damped vibrational systems and also other
problems in control theory.

A. Proofs of Propositions (1, 2| and 3]
Proof of Proposition[]l For matrix L(S), we have
L(s) = diag(s(s). ..., 1n(5))

1 1
= d‘ “ e — F _ 'G )
e <W% — 52+ isuwl’ ’ w% — 2+ iSl/wn> (8) 1 (5)

For 1 < 5 <r we have

[I—{—SDG(S) —sDF(s) ] [:cgf] _ [DQF(S)ej } '

sDF(s)  I+sDG(s)| |z}

Forn+1<j <n+r we have

o o) - [

It is easy to see from the construction of G(s) and the assumption on D that the matrix
I + sDG(s) is always non-singular. If we multiply this systems from the left by the matrix

[ (I +sDG(s))™* 0]
—sDF(s) (I +sDG(s))"' 1]’

we obtain the stated result. O
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Proof of Proposition[d First, by using the Sherman—Morrison-Woodbury formula (see, e.g.,
[23]) we obtain

1 -1
(I+sDG(s)) ' =1—sU (7 + SUTG(S)U> UTG(s).

Note that UTG(s)U € R so the inverse on the right hand side is trivial to solve,

(I+sDG(s) ' =1— —"1 _uuTa(s).

14 svg
With this, and become
I Y UUTF(s
2.2 T S’Yl * s'yg(T) <T> T {1‘?]
— 1 _ _yUTQF
1+ s79(s) ()¢
—(wUUTQF(s)—i— UUTQG(s))e;
1+ syg(s) v J
I 7UU F(s
S-S s O
— ( 1 + S g s

VUG ] |
—(AUUTF(3) + 892 f(s)UU T G(s))ejn

Note that since we know that and have unique solutions, it follows that the (2,2)
entry in the matrix on the left hand side is non-singular. As the (2,2) entry in the matrix on
the left hand side is

Sy

2.2 T
220U F(s) (T — —2
! ()< 1+ svg(s)

UUTG(s)> UUTF(s)4+ I+ syUU ' G(s)

=I+s9U <UTG(5) + syU T F(s) (1 - %UUTG(SO UUTF(5)>
_ s TO(s svf(s) Tr(s
=T+ syU (U G+ T gt )) ,

we have
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(1 +syU <UTG(5) + 2 fg;gs) UTF(S)> > -

—T—sU (i +s (UTG(S) + 1i;’;(;zs)UTF(S)> U> o

X <UTG(S) + 1 ivi;(;zs) UTF(5)>
S ()2 \ 7 s7£(s)
=1—sU (7 + sg(s) + = Sw(s)> <UTG(3) +1o Svg(S)UTF(s)>

i (14 s7g(s))UU T G(s) + s*yf(s)UUTF(s)) )

I~ TR s oo

Now, the formulae — follow by direct calculation.

Proof of Proposition[3. First, for 1 <k < n we obtain
_ [(Vwk + is)lk(s)ek]
wklk(s)ek ’

(is — AS—)_1

and for n + 1 < k < 2n we obtain
o aTv=1, |~ Wk—nlk—n(8)er—n
(18 AO ) €r = |: iSlkfn(S)Ck,n :| )

where li(s) = fr(s) —igr(s), for k=1,...,n
For 1 <j <rand1<k<n we obtain

ejT(is — AN e, = (vwp +18)lk(s )e-Tek + wili(s) (ac?)—r ek
(v, + i) (fi(s) = igu(s))e] ex + wplfi(s) = igu(s)) (23) e
= (vwi fr(s) + sg

(
)+ son(5)) 03+ on (fi()@ P + gr(s) (@)
1 (1) = veonge() 85+ or (F() @)k = gu() @ ) )

forn+1<j<n+rand 1<k <n we obtain

Tlis — AT) ey = wrli(s) (22) " e = wr(fi(s) —iga(s)) («2) " e

€j
= wop (Su()@Ph + ge() @D ) +iwn (Se() @ = gr(5) @) |

for 1 <j<randn+1<k<2n we obtain

_ . T

e; (is — AT) ep = —wp—nlp—n(s)e] ex—n + islp—n(s) (27)  exn
. . . T

= —Whon(fr-n(8) = igr—n(5))€] €xn +is(fron(s) — igr-n(s)) (z3) er—n

- kafn(s)(xjg)kfn

_wkfnfkfn< )5],kfn + Sgkfn(s)(x;ﬁ)kfn
1 (ka3 n + 5 in(5)@kon + 595 n(5) @)k )
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and forn4+1<j<n+randn+1<k<2n we obtain
ejT(is - AT)flek = i8lk_n(s) (:U?)T ek—n = 18(fr—n(s) — igr—n(s)) (x?)T €hn
=5 (k&) @rn = ()@ i)
+is ( Fronl( (

Now we take into account that the inner integral has a real value (see, e.g., [13]), so we just
need to calculate its real part. Thus, the function hj; defined by satisfies

hji(t,s) = 2cos st - %(ejT(is — AT ey).

The result now follows directly by taking real parts in the formulae given above. O
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