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Uniform error bounds of the ensemble transform Kalman filter for
infinite-dimensional dynamics with multiplicative covariance inflation*

Kota Takeda' and Takashi Sakajo?

Abstract. Data assimilation is a method of uncertainty quantification to estimate the hidden true state by
updating the prediction owing to model dynamics with observation data. As a prediction model,
we consider a class of nonlinear dynamical systems on Hilbert spaces including the two-dimensional
Navier-Stokes equations and the Lorenz’63 and ’96 equations. For nonlinear model dynamics, the
ensemble Kalman filter (EnKF) is often used to approximate the mean and covariance of the proba-
bility distribution with a set of particles called an ensemble. In this paper, we consider a deterministic
version of the EnKF known as the ensemble transform Kalman filter (ETKF), performing well even
with limited ensemble sizes in comparision to other stochastic implementations of the EnKF. When
the ETKF is applied to large-scale systems, an ad-hoc numerical technique called a covariance in-
flation is often employed to reduce approximation errors. Despite the practical effectiveness of the
ETKF, little is theoretically known. The present study aims to establish the theoretical analysis
of the ETKF. We obtain that the estimation error of the ETKF with and without the covariance
inflation is bounded for any finite time. In particular, the uniform-in-time error bound is obtained
when an inflation parameter is chosen appropriately, justifying the effectiveness of the covariance
inflation in the ETKF.
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1. Introduction. Data assimilation is a method of uncertainty quantification to estimate
the hidden true state by combining model dynamics with observation data. Data assimilation
encompasses various problems such as interpolation of missing data by model dynamics. In this
paper, we consider the filtering problem [14, 18], where we estimate the time series of the true
state using observations up to the current time. We suppose that observation data is obtained
by applying a linear operator to the true state and adding noise, which is the standard setting
adopted in many filtering problems. We then solve the problem with a Bayesian approach,
in which the uncertainty in the state estimation is represented by a probability distribution.
One assimilation cycle consists of prediction and analysis steps. In the prediction step, the
dynamical model provides the prior distribution for the current state. It is then updated to
the posterior distribution by Bayes’ formula from the current observation in the analysis step.
The time series of the true state is estimated by repeating this assimilation cycle iteratively.
This approach is widely used in many problems. See the comprehensive textbooks [11, 18].
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When the model dynamics is a linear system, the standard Bayesian assimilation method
is the Kalman filter (KF) [10], in which the probability distribution of the state is represented
by the Gaussian distribution. A remarkable property of linear dynamical systems is that they
transform one Gaussian distribution to another. Hence, we directly obtain the prior Gaussian
distribution for the current time from that for the previous time in the prediction step. Then,
in the analysis step, the prior Gaussian distribution is updated to the posterior one using
Bayes’ formula with the current observation through the linear observation operator. The
KF is theoretically well-understood, and it works practically as well under the assumption
that the additive observation noises and the probability distribution for the initial state follow
Gaussian distributions [14].

In the meantime, for nonlinear model dynamics, the ensemble Kalman filter (EnKF) [7] is
employed as an extension of the KF. Since the nonlinear dynamical system doesn’t necessarily
transfer one Gaussian distribution to another, we cannot assume the probability distribution
is always represented by a Gaussian distribution. Hence, the EnKF approximates probability
distributions by a set of particles called an ensemble. The well-known methods of the EnKF are
the perturbed observation (PO) method [2] and the ensemble transform Kalman filter (ETKF)
[1]. While both methods use the same prediction step in which each ensemble member evolves
according to the nonlinear dynamical model, they take different approaches to update the
ensemble in the analysis step. The PO method adds Gaussian noises to the observation data
in order to replicate artificial observations for each ensemble member. Each member of the
analysis ensemble is then obtained by the weighted average of a replicated observation and each
member of the prediction ensemble. When the ensemble size is large, this method performs
effectively despite that artificial noises give rise to further uncertainties. However, the PO
method can be inaccurate with small ensemble sizes. On the other hand, the ETKF generates
the analysis ensemble deterministically. The mean of the analysis ensemble is obtained by the
weighted average of the observation and the prediction ensemble mean. The deviations of the
analysis ensemble are determined by the linear transformation of the prediction ensemble so
that the covariance coincides with that obtained in the KF. It is numerically confirmed that the
ETKF performs well even with small ensemble sizes owing to its deterministic implementation
[1]. Another practical advantage of the ETKF is that it is unnecessary to evaluate the ensemble
covariance, avoiding redundant memory allocations in numerical computation [9]. Let us note
that both methods are theoretically consistent with the KF [13, 17]. That is to say, the
ensemble mean and covariance converge to those in the KF in the limit of N — oo when a
linear system with Gaussian noises is considered.

In the EnKF, the approximation of the covariance is often underestimated due to limited
ensemble sizes, which causes an inaccurate estimation of the true state. To handle the problem,
ad-hoc covariance inflation techniques [16, 20] are implemented in an additive or multiplicative
way. In an additive inflation, one adds a positive diagonal matrix to the ensemble prediction
covariance. This is applied to the PO method, and it enhances the accuracy of the state
estimation for a long time. However, it is not applied to the ETKF since the covariance is not
explicitly calculated in the method. Instead, a multiplicative inflation is considered, in which
one multiplies the covariance or ensemble deviation by a scaling factor.

While many nonlinear filtering problems are considered on finite-dimensional model dy-
namics [6, 14, 20], most dynamics such as the atmosphere and ocean are modeled by nonlinear
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and chaotic partial differential equations [11, 18], which are infinite-dimensional dynamical
systems. Hence, it is theoretically essential to study nonlinear data assimilation methods in
infinite dimensional spaces. For the PO method, Kelly et al. [12] shows that the filtering
error does not grow faster than exponentially over time. They also prove that an appropri-
ate additive inflation ensures a uniform-in-time error bound, clarifying the effect of additive
covariance inflation in the PO method. On the other hand, the error bound of the ETKF
remains unexplored due to the complexity of its elaborate algorithm. The purpose of this
paper is to establish the mathematical analysis of the ETKF for infinite-dimensional dynam-
ical systems. We reveal the basic properties of the ETKF with and without multiplicative
covariance inflation. This analysis theoretically validates the efficiency of the ETKF and the
multiplicative covariance inflation.

This paper is constructed as follows. In Section 2, we introduce some notations and
the concept of nonlinear filtering problems, and explain the algorithm of the ETKF and the
covariance inflation technique. In Section 3, we show the two main results for the error analysis
of the ETKF. Section 4 is a summary of the results and a discussion of future directions.

2. Nonlinear data assimilation problem and algorithm.

2.1. Notations. Let U be a separable Hilbert space endowed with the norm | - | and the
inner product (-, -), and £(U,)) denote the space of all bounded linear operators between
two Hilbert spaces Y and YV C U. For N € N, by I;; and Iy, we express the identity maps on
U and RY respectively. For A € L(U) = L(U,U), |A|; represents the operator norm of A,
Ran(A) denotes the range of A, and A* is the adjoint of A. We also use u* € U* as a dual
u € U. For u,v € U, we define their product u®@v € LIU) by u®@v : U 3> w — u{v,w) € U,
which is equivalent to uv* = u ® v.

Let Lg(U) denote the space of all self-adjoint operators in L(U) (i.e., A* = A). For
A€ Lg(U), by A = 0, we mean that A is positive semidefinite, i.e., (u, Au) > 0 for all u € U.
On the other hand, when there exists ¢ > 0 such that (u, Au) > c|u|? for all u € U, we say
A is positive define, denoted by A > 0. For A, B € L,(U), the order A > (resp. =) B means
A — B > (resp. =)0.

Let N € N, for U = [u™]_; and V = [v(™]M_, € YV, the f3-norm |U|3 and the products
UV* € L(U) and U*V € RV*N are given by

N

L v (n)|? : S (n) (n) (1) ()
_ n * n n *Yr % j
|U|s = (N;:l‘u > , UV —n§:1u o™, UV = KU U >]

When we write ul = [u,...,u] € UN by 1 = (1,...,1) € (RV)*, it holds that |ul|3 = |u|? for
all w € Y. Moreover, for m € Y and T € RN*N | we define

ij=1

N N
m+U=ml+U=[m+u"_ eu’, UT= Zu(k)Tk,n ceuV.
k=1 n=1
For an ensemble V = [N | e yN 7 = % SN v is the ensemble mean and dV =

[v™ —GN_ € UV is the ensemble deviation. The ensemble V is then decomposed into the
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mean and the deviations, V' =v1 4+ dV. The (unbiased) ensemble covariance Cov(V') € L(U)
is defined by

1

Note that it is easy to see Cov(V') = Cov(dV') and Cov (V') > 0.
The following lemma provides some equivalent representations of the fo-norm in terms of
an ensemble V.

Lemma 2.1. The £5-norm satisfies

1 . 1 o
(2.1) V|2 = ST (VV) = ST (VVY) = [5|* + |dV 3.

Proof. The first equality is derived from the definition of |V|s.

2 1 al 2 1 N 1
VI2 = N; ot = N; <v(">,v(")> = ST (VY).

Let (¢;)ien be a complete orthonormal basis of U, we have

VE= £ 30— £ S5 (000 = £ SS,)

n=14eN
n 1 E3
NZZ@Z, g u)g;) = < Tr (VVY).
1eEN n=1
Owing to the relation dV1* = 0, we have VV* =711*0* + dVdV* = NT 7" 4+ dVdV*. Hence,
we obtain & Tr (VV*) = [v]? + [dV|3. [ ]
2.2. State space model. We consider the following dynamical system on U.
d
(2.2) d—;‘ = F(u), uell.

We suppose that a unique solution exists for any ug € U and it generates an analytic semigroup
U, : U — U for t > 0. For a fixed period h > 0, we denote ¥ = ¥, and consider a discrete
dynamical system

(2.3) U; = \I/(Ujfl), jeN.

The Hilbert space ) C U is the observation space. Then, the noisy observation y; € Y is
obtained from u; for each j € N,

where H € L(U,)) is the observation operator and I' € L4,()) is the covariance operator
with I' = 0. Remark that the assumption I' > 0 is necessary to ensure the bounded inverse
', which makes the algorithm well-defined as discussed later.
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Let (92, F,P) be a probability space and E denote expectation with respect to P. We
assume that the i.i.d. noise sequence (&;);en is independent of uy. The filtering problem aims
to construct an approximation of (u;)jen by a stochastic process (v;)jen adapted to the
filtration (Fj)jen C F where each o-algebra F; is generated by initial uncertainties wug, vy,
and the noise sequence (&c)i:l for j € N. The conditional probability distribution P ( - |Y;)
is called by the filtering distribution for provided observations Y; = (yk)izl. Here, we focus
on an algorithm computing P (-|Y;) from given P%-1(-|Y;_;) and y;. The algorithm consists
of two steps, which we refer to as the prediction and analysis steps. In the prediction step,
the estimate of the current state v; is provided by the time evolution of the dynamics v; =
U(vj_1). Accordingly, the filtering distribution P¥-1(-|Y;_1) is propagated into the predicted
distribution P (- |Y;_1). In the analysis step, the current observation y; is assimilated into the
prediction ¥ to obtain v, and the predicted distribution P% (- |Y;_1) is updated to P% (- |Y;).

2.3. The ensemble transform Kalman filter. For N € N, the ensemble transform Kalman
filter (ETKF) approximates the filtering distribution by the empirical distribution of an en-

semble of particles V; = [v§1), . ,U](-N)] euUN, Pu(-Y;) ~ + >V 6 m (), where dq( )
i

denotes the Dirac measure. In the prediction step, each particle is driven by the dynamics
(2.3). In the analysis step, the ensemble deviation is transformed by a matrix so that the pos-
terior ensemble covariance corresponds to that in the minimum variance posterior ensemble.
A detailed description is given as follows.

Definition 2.2. The algorithm of the ETKF is as follows.
(I) Draw N independent samples Vy = [v(()n)]ﬁ/:l from some probability distribution p.

(II) (the prediction step, input: V;_1 — output: YA/J) Compute the time evolution -

j

\If(vj(»ri)l), n=1,...,N andjet V= [i)\](.n)]nN:l 708 o -

(111) Qﬁhe analys/z\'s step, input: Vj,y; — output: V;) Decompose V; = v;1 + dVj, and put
Cj = Cov(V;). Update the mean

(2.5) T = 0 + K;(y; — Hoy)

with the Kalman gain,

(2.6) K;=C;H*(HC;H* +T)™ ",
Take a symmetric transform matriz T; € RNXN satisfying

1 ~ P N
(2.7) N1V @dviTy)" = (I - K;H)C;,

and transform the ensemble deviation dV; = deTJ Finally, set the analysis ensemble
Vj = ﬁjl + dVJ .
Practically, we can use the following analysis step instead of (III). This avoids redundant
memory allocations in practical numerical computation since we don’t need to evaluate the
covariance éj explicitly.
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(1II’) (Input: ‘73',3/3' — Output: V;) Decompose 173 = @-1 —i—d?j. Define the transform matriz
1 _1
S f—1 ~ 2
(2.8) T, = <IN + AV HT Hdvj> ,

and

T 1 2 1tk rrxp—1 =

Transform
Vi = 0,1 +dV;Tj.

Note that (III") is equivalent to (III). The following theorem shows the existence of the trans-
form matrix 7}, which indicates that the ETKF is well-defined.

Theorem 1. For any YA/] € UV, there exists a unique symmetric transform matriz T; €
RVNXN satisfying (2.7).

To prove Theorem 1, let us summarize the key property of the Kalman gain Kj.

Lemma 2.3. Let éj =0, He LWU,Y), and T € L(Y) with T' = 0. The Kalman gain
satisfies

(2.9) K; = (Iy — K;H)C;H*T ™!,
and (2.5) is equivalent to
(2.10) (Iy + C;H' T H)v; = 0, + C;H' T Yy;.

Proof. For simplicity, we omit the time index j in the following proofs since j € N is
fixed. Owing to C = 0and I' > 0, we have I' + H CH* = 0 and it is thus invertible. Then,
Iy +T7 LHCH* = 1T+ HCH* ) is also invertible since a product of two positive definite
operators has positive spectrum [8]. From (A.1) and the fact that (AB)™! = B~1A~! for
invertible A, B, we have

T+ HCH*) ' = (Iy+ T '"HCH") 'T™' = [Iy - (Iy + T '"HCH*)"'T"'HCH*|T"!
=[ly— T +HCH") 'HCH* I,

Hence, we have.
K =CH*T+ HCH*) ' =CH*[Iy — (T + HCH*) '"HCH*|T !
= (Iy - KH)CHT!,
which is (2.9). On the other hand, from (2.9), we have

T=0+K(y—Ho)=(Iy— KH)o + Ky = (Iy - KH)? + (Iy - KH)CH'T'y.
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To show (2.10), it is sufficient to check (I + CH*T " H)(Iy — KH) = I; with (2.6). This is
confirmed straightforwardly as follows.
(Iy + CH'T'H)(I, — KH)
=Iy+CH'T"'H - CH*T + HCH*)"'H — CH*T"'HCH*(L + HCH*)"'H
=Iy+CH'T'H-CH'T'I'(T + HCH*)"'H — CH*T " 'HCH*(T + HCH*)"'H
= Iy+CHT'H - CH'T YT+ HCH*)(T + HCH*) 'H = I. n

Proof of Theorem 1. First, we prove the existence of T} satisfying (2.7). Let dY = H dv.

Then, the operator I' + ﬁdeY* =T+ HCH*is invertible, and we consider the symmetric
matrix

1 N 1
§ = Iy — = dv"* (r " HCH*) dy € RV*N,

Then, we have
1

i T 1 T 3T 1 i * A Tk -1 1 T
N—ldVSdV —ﬁd‘/dv — ——dvdyY <F+HCH) aydv

N-1 N-1
=C-CH*T+HCH*)"'HC = (I - KH)C,
in which, we use ﬁde‘?* — HC. From (A.4), we have
1
2.11 = (N + ——dY*T'dY)!
(211) S = (I + 5V T-1dy)

and S > 0. We finally define the transform matrix 7" = S %, which is nothing but (2.8). Then
T becomes symmetric by definition. |

We finally show another representation of the ensemble update.
Lemma 2.4. The following hold for the ensemble deviation and the transform matriz
(2.12) dV;1* =dV;1" =0 e U,
(2.13) T1* = 1%,
Moreover, the ensembles satisfy the relation
(2.14) (Iu + C;H' T H)V; = V;T; + C;H T 1y,
Proof. The definition of the ensemble mean yields the first property (2.12).

N
avir=> (™" -7) =0,

n=1

yielding

1
S11* = <IN + ﬁdV*H*F_lHdV> 1" = 1%
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Hence, we have
(2.15) S1* =1*,

Then, we prove that 1* is also an eigenvector of T = S > with an eigenvalue 1. Since §
is symmetric, it is diagonalized as S = UDU* for a unitary U € RY*Y and a diagonal
D € RV*N_ Then, (2.15) is equivalent to

S1*=1"<UDU1* =1" < DU*1* =U"1".

Putting v = U*1* = (uy,--- ,un)* € RY and d,, > 0 as n-diagonal element of D for n =
1,..., N, the last equality is rewritten for each component

dptly = Up, n=1,...,N.

This implies that d,, =1 or u,, = 0 for each n =1,..., N. Hence, the following also holds

1
datp =Up, n=1,..., N,

and we have D3U*1* = U*1*. By definition, T is written as T' = U DiU *, and this yields
T1* = 1%, which is (2.13).
The last equality (2.14) is shown as follows. From (2.10), we have
(Iy+CHT 'HYo =0+ CHT 'y eU.
By using C = Cov(\7), (2.11) and S = T?, we obtain
. . . . 1 -~ .
(Iy+ CH'T'H)dV = (Iy + CH'T 'H)dVT = dV | Iy + mdv*far*r—llerdv T
=dVST'T =dVT " euV.
Finally, owing to (2.10) and 917! = 71,
(Iy+ CH*T'H)V = (Iy + CH*T 'H)(1 + dV) =01 + CH'T 'yl + dVT "
=317 ' +aVT '+ CH T 'yl = VT ' + CH*T 1.
This finishes the proof. |

3. Bounds for the filtering error of the ensemble transform Kalman filter. For each
j € NU{0}, we define the filtering ensemble error by

E; = [e&n)]ﬁf:l with eg-n) = v](-n) —uj, m=1,...N.

Note that dE; = dV}, and hence, E; = e;1 +dV; where e; = U; —u; € Y. Furthermore, owing
to (2.1), the decomposition of the norm of the ensemble error is given by

(3.1) |Ej13 = lej|* + |dV 5.
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3.1. Well-posedness. We show the well-posedness of the ETKF| i.e., the ensemble error
does not blow up faster than an exponential function. To do this, we make some assumptions
on the dynamics and the observation to analyze the properties of the ETKF as in [12].

Assumption 1. There exists p > 0 such that Wy has an absorbing ball B(p) = {ve U | |v| <
p}, i.e., U (v) € B(p) for any v € B(p) and t > 0.

Assumption 2. There exists 8 > 0 such that, for any u € B(p) and v € U,
(3.2) (F(u) — F(v),u —v) < Blu—v|?.

Note that Assumptions 1 and 2 are satisfied by Lorenz ’63, Lorenz '96 models and the in-
compressible Navier-Stokes equations on a two-dimensional torus [15, 16, 19]. The following
lemma was established in [12], providing the upper bound of the error growth rate due to the
model dynamics.

Lemma 3.1. Suppose that Assumptions 1 and 2 hold. Then, for any u € B(p), v € U and
t>0,
(3.3) 1Ty (u) — T ()] < ePllu— ).

Proof. See Lemma 2.6 of [12]. [ |

Regarding the observation operator and its covariance operator, we assume that they are
trivial.

Assumption 3. The state is fully observed, i.e., H = Iy and T' = ~%I;; for some v > 0.

Theorem 2. Under Assumptions 1-3, we consider the ETKF provided in Definition 2.2.
Then, we have the following upper bound.

, e26hi _ 1
(3.4) E [|Bjf3] < ™ME [|Eof3] + (N - 17" —, J€N.
Proof. From Assumption 3, the relation (2.14) becomes
(3.5) (Iu +772C))V; = VT +472Cy,1.
Let U; = u;1 € UN. From (2.13), we have U; = UjTj_l. Hence,
(3.6) (Iu + v 2C)U; = U+ 2C3U; = U; T, + 425U

Setting Ej = 17] — U; and subtracting (3.6) from (3.5) yields
(Iu + 7 *CHE; = EyT; " +72Cily; — uj)L = EyT; " + 47201,
Owing to 7_26j =0, Iy + 7_26]' is invertible. Multiplying (Ip; + 7_26]-)_1, we obtain

Ej = (lu+72Cy) " E;T; ! + (Iy +47°Cy) 7'y 2051
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Let us divide £} into the following two terms and evaluate them separately.

(3.7) Ry = (Iy + ’77263')71@3']}71’
(3.8) Ry = (Iy +~v72Cy) "'y *Cig1.

Here, the dimension of Ran(C};) is N — 1 at most since éj consists of NV vectors with one
constraint. Let II; be the projection to Ran(C};), and we have

Ry = (I +v72Cy) 7y 2 CTL¢51.

From (A.2), we have (Iy + 7_26j)_17_26j = I owing to 7_26j > 0. This leads to
(3.9) |[Rof3 < [T1;¢;113 = 116,
Let J = Iy +'y*25j. Then we have J, J~! € L,(U) and |J 71| < 1. We obtain

R\R} = J'E;T;?E; T
Considering the relations dﬁj = d‘7j and Ejd‘A/j* = d‘A/]EJ* = d‘A/jd‘A/j*, we have

A2

N-—-1
= &;1(8;1)" + dV;dV;" + dV;dV;~2C;
=;1(6;1)" + dV;dV;'J,

o =2 % o T 317 | x
BTy By = Ej | Iv + vy dvy| E;

where € = @ — uj. Since J~! is self-adjoint, we have
RiR; = J7'g1(6;1)" J 71 + J1aV;dV = T (T e 1) + T dVdv
Then, |R;|3 is bounded by

1 ~ o~ 1 ~ o~
2 —152 -1 * —-11215.12 -1 *
[Buf} = 77162 4+ < T (J dvjdvj> <RI 7 5 T (dvjdvj)
~ 12 712 2
< [&51” + 1dVila = |Ejl3-
The first inequality follows from the Holder inequality about the trace norm and the operator
norm [5], and the second inequality is owing to [J~!| < 1. From this with Lemma 3.1, we
obtain the upper bound of |R1|2 as follows.

(3.10) |Ril3 < |Ejl3 < PB; 5.

Since Ry and Ry is conditionally independent under F;_i, it follows from (3.9) and (3.10)
that

E;1[|E;[3] = Ej_1[|R1[3] + Ej_1[|R2[3] < "B (| EBj—1[3] + Ej—1[|T1;¢;/?]
= "B L [|Bj1 3] + (N — 1)y2,

where the conditional expectation is denoted by E;_1[-] :== E[ - | F;_1]. Here, the conditional
expectation satisfies E[E;_1[-]] = E[-] in general. Therefore, taking the expectation yields

E[|E;jl3] < " Bj_1[3] + (N — 1)7%.
Applying this inequality repeatedly, we obtain (3.4). [ |
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3.2. Error analysis with multiplicative covariance inflation. If the ensemble size N is
smaller than the dimension of I/, the ensemble covariance 5j degenerates. This implies that
[T e = |(Iy +7_26’j)_1|£ = 1. In the PO method [12], a diagonal matrix to @ is added to
avoid this degeneration. In the meantime, this additive inflation technique is not applicable to
the ETKF because 6’]- is not explicitly used in the computation of the transform matrix (2.8).
Hence, multiplicative covariance inflation is used, in which we multiply an inflation factor
a > 1 by the deviations of the ensemble dJA/j after the prediction step (II) of Definition 2.2.

To be specific, for the prediction ensemble 17] = 5]- + d\7j, we define the inflated prediction
ensemble V* by

In the analysis step (III) of Definition 2.2, we use \7j°‘ instead of \7] First, it follows that
6’]‘“ = Cov(f/j") = a2@. Then, the mean update (2.5) is given by

v§ = 0; + K§'(y; — Hoy),

where the Kalman gain is K7 = 5]0‘1{ “(H C*;fH *+T)~1. Second, the transform matrix is given
by

Nl
=

T = (Iv + (V) BT~ HaVy)

] _ <IN—|—CM2d‘7j*H*F_1Hd‘7j)7 :

and the deviations are transformed by
o oo
dVi*t = dViTy,

and we define V* =% +dV?.
The relation between the prediction and analysis ensemble is summarized as follows. The
mean update (2.10) is given by

(3.11) (Iy + a26jH*F*1H)§?‘ = ﬁj + a26jH*F*1yj,
and the analysis covariance satisfies
2

(3.12) co= 2

5= 7 WilIx + a®dVy H'T L HdV;) " dVy.

In what follows, we omit the superscript « in the notations, since the changes in terms of «
explicitly appear as the multiplicative factor a? in (3.11) and (3.12), and no confusion occurs.

It is known that the multiplicative inflation is insufficient to resolve the issue of the co-
variance degeneration when the state space is infinite-dimensional since it does not affect
the eigenvectors of the covariance. Hence, we need the following assumption that the ac-
tual dimension of the dynamics becomes finite and F' is Lipschitz, which is stronger than
Assumption 2.
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Assumption 4. The dimension of the state space U is finite m € N. For p > 0 in Assump-
tion 1 and F in (2.2), there exists 5 > 0 such that for any u,v € B(p)

|F'(u) = F(v)] < Blu— .

Let up € B(p) and v(()n) € B(p) forn = 1,...,N. We write 7, = NZ \I!t(vo )) and
uy = Wy(up). Then, we have the following lemma.

Lemma 3.2. Suppose Assumptions 1 and 4. Then, for any e > 0, t > 0,
(3.13) [Ty — uy|? < 2B+ (|59 — wo|? + D) — D,

_ 28%p?
where D = IR

Proof. We write e; = U; —u; and Fy = % ZnN:1 F(v,g )) Then, we have dtvt F;. Hence,
we obtain

;jt‘ erf? = <jtet’et> = (Fy— F(u),eq)

< [Fp— F(uy)||ex|

< (IF (W) — F(ug)| + [Fe — F(0y)]) les]
(3.14) < (Blee| + [Fr = F(w1)]) le],

where we can use Assumption 4 owing to Ty, u; € B(p). The second term is estimated by

N N
— N n _ 1 n)
[Fi— F@)f < 5 STIF@™) — F(o)P < ~ ST u — T < 48%%.
n=1 n=1
Substituting it into (3.14) and using the Young inequality, we have

d _
%’et‘z < 2Ber|* + 4Bples| = 26er|* + (28pe 1/2)(251/2’%‘)
< 2Bler|* +28%0% " + 2eler]” = 2(8 + €)(|es|” + D),
for any € > 0. Therefore, we obtain |e;]> < €25+ (|ey|? + D) — D from the Gronwall
inequality. |

We now consider the error between the ensemble mean and the true state.
e; = 5]' —uj € Uu.

Here, A\pin(C) denotes the minimum eigenvalue of a covariance operator C'.

Theorem 3. Under Assumptions 1, 3, and 4, we consider the ETKF with the multiplicative
inflation with o > 1. Suppose also that the ensemble size N € N is large enough to satisfy
Amin(Co) = Ao with Ao > 0, and that v](»n) € B(p) for allm =1,...,N and j € N. Then,
for any € > 0, there exists ag = ag(p, B, N, Xo,Y,€) > 1 such that the following hold for any
a > .
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(i) There exists A« = A\i(p, B, N, Ao, v, @) > 0 such that Amm(@) > Ay forall j € N.
(ii) For j € N and 6 = (1 + :_;)\*)_262(6+6)h,

819 Blef] <@ @l + D) +m? i+ (SN 1) p,

where D = 2%21[;2)5 and © = (1+ :—é)\*)”. Moreover, if § < 1, we have
2
. mry 1-06
3.16 1 Efle;|*] < -1)D.
(3.16) msupEle;] < 775+ (125 1)

Proof. For convenience, we write X;m" = Amm(@) and )\;”i" = Amin(Cj). We first estimate
the Change from )\mm to )\;m" in the prediction step. To this end, we write 515") = \Ift(v](ﬁ)l),

C, = T anl(vﬁ n_ 0t) @ (U, - D1)s At = Amin(Cy) for t € [0, h]. The differentiation of C;
with respect to t yields

N
d 1 ~(n il ~(n = ~(n = ~(n al
(817  ZCi= g Y (F@") ~F) e @ -5) + (6" -5) @ (FE") - F),
n=1

where Iy = + S F(A(n)) Owing to % LSV % A(n) — ¥y = 0, we have

n=1
N

] 1 ~(n) = ~(n) = ~(n) = ~(n) =
96, = A S FGM) - PE) © @ -T) + G~ T @ (FE) - F@).

n=1

With a similar argument on the derivative of the eigenvalue of the covariance matrix in
Section 3 of [6], there exists w € U with |w| = 1 such that

d d -

E)\t = <w, Eth> .
To derive the lower bound %)\t, we consider the absolute value of the right-hand side of (3.18).
Owing to |w| = 1 and Assumption 4, we have

d ~
(v dt@w>\

Z< A(n — F( a),w> <5§n) —5t,w>

1

v ) ; v N

g <6§">>—F<@>,w>> ( _1g< T >>
0"

1

n

—

N

N n
N

—N_lnz

| N

) 72 « N 2
Ut| _8—N_1ﬁp .
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The last inequality comes from owing to ﬁén) € B(p) by Assumption 1 and the assumption of
Theorem 3. Hence, for a = S%ﬁpz >0,

d

— A\t > —a.

at’t ="
Integrating it from 0 to t = h, we have
(3.19) AT = N, > e g = e AT

The next step is to address the change in the eigenvalue in the analysis step. From
Assumption 3, we have

2

Cii= N1

d‘/}j_l(IN + a27—25j_1)—1d‘7j*_1’

where 5j_1 = ﬁdf/j*,ld?j_l € RVXN_ Next, for fixed j € N, we show that the eigenvectors

of CA’j,l are also the eigenvectors of Cj_1. Indeed, if ¢ € U satisfies aj,lgb = \¢ with an
eigenvalue A > 0, we have

~ T+ 1 7+ i T+ T A T
GV 16 = s AV adVi 1V, = AV, Cia0 = MV
Hence, it follows that

2 2 R 1

_ @ i 2, -2 Nl 4 _ & : %
Cj—1¢ = de]—l(IN +a™y7Cj)dVii ¢ = N 1dVg—1 I a27_2)\dvjtl¢
2 2
o ~ A
= 76’-7 = — .
14+ a2y=2x "/ 0= 1 + a27*2)\¢
Since the map A — % is monotonically increasing, we obtain the relation between the

minimum eigenvalues
2ymin
AT

(3.20) min ___ S L
N

Combining (3.19) and (3.20), we obtain the inequality for X}mn
—ah 2 ymi

Smin e a1y

= PR

1+ 2 hmin

J

We now consider the following discrete dynamical system of the eigenvalue
Ant1 = g(An);, Ao >0,

where g(\) = ¢ "o’ Note that A, > 0 for n € NU {0}. Let \yo = Z[—z(e_“haz —1) be a fixed

2
1+220
+%

point of the dynamical system, i.e., Ao = g(Aoo). Then, if e~a? > 1, the ratio &;‘) satisfies
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@ >1 (resp. < 1) for A < Ay (resp. A > A). Hence, we have lim,_,o0 Ay = Aso. On the
other hand, lim,,_yoo Ay, = 0 if e~ a? < 1. Therefore, we obtain the lower bound

—~ - ~ . 2 2
(3.21) A" > min {)\Omm, %(e*aha2 - 1)} = min {eah)\o, %(e*‘lhoz2 — 1)} =X >0.

if and only if e~%"a? > 1.
Finally, we establish the one-step inequality for E[|e;|?]. From Assumption 3, equation
(3.11) is reduced to

(I +ay72C))v; = 05 + a®y2Cyy;.

As in the proof of Theorem 2, the error is devided into the two terms e; = 1 + r2, where

(3.22) 1 = (Iy + a?y72C)) 7',

(3.23) ry = (Iy + o®y~2Cy) oy 2 Ci(y; — uy),

and €; = v; — u;. From (A.2), we have |(I/ + a2’y*25j)*1a2’y*25j] <1, and hence,
(3.24) Iral < lyj = ujl = 11

From this lower bound of the minimum eigenvalue (3.21), we have |(Iyy + a27_26j)_1| <
(1+ :—3)\*)_1. Hence,
e2(B+e)h D

(14 2&A)?

1
(14 2A.)?
where Lemma 3.2 is used for any € > 0.

As in the proof of Theorem 2, we treat r1 and ro separately when computing the expec-
tation. Therefore, we obtain

Elle; ) = Ellr ) + EllraP) < B [Jr ] + BlI&2] = E [jr[?] +mo?
e2(6+e)h

S
(1+55A)?

(3.25) | < Gt < S(lej-1* + D) —

(14 2A)

2

(Ellej-1*] + D) — +my

az
(1+ ?)\*)2

< 0(E[lej—1/*] + D) — +my? =0(E[le;1|*] + D) + &,

(14 2A.)?
where £ = my? — ©D. Then, we have
Elle;[’] + D < 0(E[lej1]*| + D) + € + D.

Applying this inequality repeatedly, we have
1—¢

Elle;l?] < 0/(Elleol*) + D) + (€ + D)z—— — D
— 9(Elleol?] + D) + (m? + (1 — ©)D) % -D
= 9 (BlJel?] + D)+ my? = + (S22 ~1) .

Moreover, if § < 1, (3.16) holds in the limit of j — oo. [ |



16 K. TAKEDA AND T. SAKAJO

Remark 3.3. The explicit condition about o so that 0 = (1+ ‘3;—;)\*)_262(6“)}‘ < 1 is given
by

_1
(3:26) ag = max{Ag e (ePTIh —1)3, ezletAtohy,

Indeed, the condition 0 < 1 is simplified to

2 2
eBtah _ 1 ~ 04_2)\* = min {a—2e_“h)\0, e a2 _ 1} .
i i

Hence, (3.26) is obtained by solving the inequalities for c.
Corollary 3.4. Under the same assumptions of Theorem 3, we consider the accurate obser-
vation limit (i.e., v — 0). Then, the filtering error is the order of the observation noise.

limsup E[e;|?] = O(?).

j—o0

2
= O(y*) and 6 = O(y*). Then, we have

Proof. 1t is clear that © = (#ﬁ) =

%_1:(1_@)(1+0+0(@2))_1:1_@+0+0(@2)_1

= 029 _1) + 0(6%) = 0(%).

Therefore, it follows that

2 1—
lim sup Ef|e;[?] = L + ( ©_ 1> D=my*(1+0(7*)+0(y") =0(y*). m
i—r00 1—0 \1-9¢

4. Summary and discussion. The theoretical aspects of the ETKF are investigated for the
infinite-dimensional dynamics. We obtain that the filtering error of the ETKF is bounded for
any finite time without a covariance inflation. In addition, an appropriate multiplicative co-
variance inflation to the ETKF ensures the uniform-in-time error bound on a finite-dimensional
state space. Furthermore, we determin the minimum value of the inflation parameter suffi-
cient to obtain the uniform-in-time error bound. As a corollary, the leading order of the error
bound is equal to the scale v of observation noises, indicating that the accuracy of the state
estimation is effectively improved by the accurate observation. These results are relevant to
those for the PO method with the additive inflation [12].

Let us discuss the future directions. Our analysis is limited to when the ensemble size
N is larger than or equal to the state space dimension m to prevent a degenerated ensemble
covariance. Hence, we need to establish the error bound for the ETKF when N is smaller than
m < oco. To this end, we can consider some detailed properties of the model dynamics in the
present analysis. For instance, it is useful to identify unstable directions of the filtering error
where the error grows through the evolution of the model dynamics. It is known that many
dissipative dynamical systems including the two-dimensional Navier-Stokes equations have a
finite number of such unstable directions [3, 4, 19]. Hence, it is reasonable to assume that the
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dynamics have a finite number of unstable directions, and perturbations to the trajectory in
the other directions decay through its evolution. In addition, we assume the N is larger than
or equal to the finite number of unstable directions. If the ETKF appropriately reduces the
error of these directions under these assumptions, the dynamics reduces the error of the other
directions, and we obtain a better error bound.

Acknowledgments. We used an Al tool to edit or polish the authors’ written text for
spelling, grammar, or general style.
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Appendix A. Linear operators on Hilbert space. Let H be a Hilbert space and I = I.
Lemma A.l. Let A€ L(H). If I + A is invertible, then we have

(A1) (I+A)t=I—(T+AA
Especially, if A € Lso(H) and A = 0,
(A.2) 0<AA+D ' =A+D)'A<TI, 0<x(A+D) =1L
Proof. (A.1) is easily confirmed by
LHS =(I+A) "I +A-A)=T-(T+A)'A

Next, for (A.2), (A.1) yields A(A+1)"! = (A+1)~1A. The inequalities hold from the spectral
mapping theorem. |

Lemma A.2. Let T' : H — H be invertible and V€ HN. Then, the operator VV* + T is
inwvertible, and

(A.3) (I+vriv)ytvrt=vyvv*+1)"L
Furthermore,
(A.4) (I+V T V) =TV VvV 4+T) V.

Proof. VV* + T is invertible owing to VV* = 0 and I' > 0. Then, we have
VT VYV ATD) = VT WV V= T+ VT V)V
This is equivalent to (A.3). For (A.4), the assertion (A.3) yields
(I+Vv T vy 'vrly = v (vvr 4T
Hence, we have
I-Vvv+D) W=I-I+vr vy 'vrltv =1 +vrtv)

where the last equality holds from (A.1). [ ]
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