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Universal enveloping algebra
of a pair of compatible Lie brackets

Vsevolod Gubarev

Abstract

Applying the Poincaré—Birkhoff—Witt property and the Grébner—Shirshov
bases technique, we find the linear basis of the associative universal enveloping
algebra in the sense of V. Ginzburg and M. Kapranov of a pair of compatible Lie
brackets. We state that the growth rate of this universal enveloping over n-dimen-
sional compatible Lie algebra equals n + 1.
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1 Introduction

Hamiltonian pairs (or bihamiltonian structures) play an important role [6, [7, [15] in the
theory of integrable systems from mathematical physics. Such structures correspond to
pairs of compatible Poisson brackets defined on the same manifold. Two Poisson brackets
{-,-}1 and {-, -}, are said to be compatible if a{-,-}; + 5{-, - }2 is a Poisson bracket for all
a, B € k, where k denotes the ground field. In terms of operads, algebras with compatible
Poisson brackets form a so called bi-Hamiltonian operad [1I, [3].

In the case of linear Poisson brackets, all such structures arise from a pair of com-
patible Lie brackets. An algebra (L, [-,]1, [, ]2, +) belongs to a variety Liey of pairs of
compatible Lie brackets if af-, -]y + 5[, ]2 is a Lie bracket for all o, 8 € k.

A plenty of examples of compatible Lie brackets is presented in [9], the classification
results on them see in [16]. In [10], it was shown that every pair of compatible Lie brack-
ets endowed with a common non-degenerate invariant bilinear form produces a rational
solution to the classical Yang—Baxter equation. Free algebras with a pair of compati-
ble Lie brackets were studied in [I], [12] [13]. Koszulness of the operad corresponding to
a variety Liey was proved in [4].

In [11], the operadic (multiplicative) universal enveloping associative algebra UL, (g)
of a given algebra g € Liey in the sense of V. Ginzburg and M. Kapranov [8] was con-
sidered, and the Poincaré—Birkhoff—Witt (PBW) property for it was proved. By the
definition, the associative algebra Uy, (g) satisfies the following property: the category
of modules over g and the category of left modules over Uy, (g) are equivalent.

We find the Grébner—Shirshov basis of the universal enveloping algebra Up;e, (go) of an
algebra go, where go denotes the vector space g with both zero Lie brackets. It allows us,
applying the PBW property, to get the linear basis of the algebra U, (g). As a corollary,
we compute the (exponential) growth rate of Up,(g) when g is finite-dimensional.
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2  Grobner—Shirshov basis for Uy, (go)

Due to [I1, Corollary 2.11], the operadic universal enveloping associative algebra of
a given algebra g € Liey in the sense of V. Ginzburg and M. Kapranov [§] equals

ULie, (9) = As(X U X" | 2y —yz + [z, y]1, 'y — y'2" + ([z,y]2),
vy —y'z+ 7'y —yx' + ([w,yh) + [z, y)2), (1)

where X is a linear basis of g, X’ is a set such that X N X’ = () and the map ': X — X',
x — 2’ is a bijection. It looks like there are misprints in [11, §6.1] while writing the
defining relations of Ui, (g).

Assuming that X and X' are primitive elements, Uy, (g) has a natural Hopf algebra
structure.

In [11], the PBW property of U, (g) was proved, it implies that there exists a filtra-
tion on U, (g) such that gr Upie, (g) = ULie, (80), Where g is a vector space g with trivial
products [+, ]; and [+, ]s.

Thus, let us study the algebra Upie,(g0). We may assume that X = {f; | i € I},
where I is a well-ordered set. Denote X’ = {F;, := f/ | i € I}. We define an order on
X U X' as follows,

— [i < [fiifi<y,
—F < Fifi<j,
— fi< Fjforalli,jel.
Let us write down the relations

fifi— fif;, <7, (2)
Fuwf, — filiw — Fywf, + fiFyw, w<i<k, (4)

where w=1orw=f;, ... fs, with 51 < ... < s; and by w < we mean that s; <.

We recall the main definitions from the theory of Grébner—Shirshov bases [2, §2.1].

Let (X, <) be a well-ordered set and let X* denote the set of all words in the alpha-
bet X. Suppose that X* is well-ordered, moreover, u < v implies wiuws < wivws for
all wy,ws € X*, such ordering is called monomial. We will use only deg-lex ordering,
in which two words first are compared by the degree and then lexicographically. Given
a nonzero element f from the free associative algebra As(X), by f we mean its leading
word.

Given a monomial ordering < on X* and two monic polynomials f, g, we define two
kinds of compositions:

(i) If w is a word such that w = fb = ag for some a,b € X* with |f] + |g| > |w|, then
the polynomial (f,g), := fb — ag is called the intersection composition of f and g with
respect to w.

(ii) If w = f = agb for some a,b € X*, then the polynomial (f,g), := f — agb is
called the inclusion composition of f and g with respect to w.

Consider S C As(X) such that every s € S is monic. Take h € As(X) and w € X*.
Then h is called trivial modulo (S, w), denoted by A — 0 mod (S, w), if h =Y a;a;8;b;,
where o; € k, a;,b; € X*, and s; € S satisfying a;s;b; < w.



A monic set S C As(X) is called a Grobner—Shirshov basis in As(X) with respect
to the monomial ordering < if every composition of polynomials in S is trivial modulo S
and the corresponding w.

The Composition Diamond lemma for associative algebras implies that if S is
a Grobner—Shirshov basis in As(X), then Irr(S) = {u € X* | u # asb, s € S, a,b € X*}
is a linear basis of the algebra As(X | S).

Lemma. The set of the relations (2)-#) forms a Groébner—Shirshov basis for

ULiOQ (90)

PROOF. Note that the first series of the defining relations (Il) of Upe,(go) coincides
with (2)), the second one with (), and the third series of them multiplied by w on the
right gives exactly ().

The relations (2)—(4) may have only compositions of intersection but not inclusion.

Compositions between (2]) and (2) as well as between (B]) and (3) are trivial.

Let us compute the composition between (2)) and ({#]). Let w < ¢ < k and [ < k, then

wakfla[/ = Fwf fr,
Fow fifi @) R:= fiFwfi+ Fywfifi — fiFrwf.
If ] <i,then L-R — 0forw=wf,.
@, @
Let 2 < [, then
La fiFsw fi + Frwfi fe — filqw fr a fifiliw + fiFwf; — fifiFrw
+ Fwfifi — fifeFiw — fiFyw fi + fi fiFpw;
Ra fefiliw + frFwf; — fiufiliw + Fywfifi — filwwfi.

Thus,

L—R= fiFkwfi+ Fuwfify — fibiwfi — Frw fi fi

= (fiFkw + Fwfy — fuFiw — Fyw fy) fi + Fiw(fife — fofi) — Frw(fifi — fifs) (IZD_>(]2I) 0.

Here it is important that all involved terms are less than the initial word v = Fiw fy f;.
Now we compute the composition between ([B) and (). Let w <i < k and a < i. On
the one hand, we have

FoFw fy, a FiFwfy a FiF, frw a FifiFow + FiFy fow — F fo Fw
@)) L:= fiFiF,w+ FyfiFow — fiFyFow + FiFy fow — F fo Fw.
On the other hand,
FoFawfy, a Fofelow + FoFyw fi — Fu fiFpw

@))R = koaF;'w + kaaﬂw - faFkF’iw + Fakafi - fiFaka - F’ifaka + faF;'ka-



Thus,

L—-R= kaiFaw_‘_F;'kaaw - kaaﬂw - Fakafi
= Filfifuw+ Fifow = foFow = Fowfi) + (FiFi — FeF) fow = (Fo By = FieFo)w fi = 0.

Finally, note that there are no compositions of intersection between () and {). O

3 Basis of Up,(g)

Denote by M(X) the set of all (ordered) monomials from k[X]| including 1. Given
w = fj ... fj, € M(X)\ {1}, we mean that j; < ... < j,, and for u = Fy, ... F}, €
M(X')\ {1}, we mean that k,, < ... < kj. Define

lw|] =max{j; |t=1,...,n}, [u]=min{k |[t=1,...,m},

iLe, |w|=j,and [u] = kp,.
Define L = M(X) U L', where L’ consists of all words

WoULW U W3 . . . U1 Wy_1UsWs, (5)

where

a)w; € M(X)\{1},i=1,...,s— 1, wy,ws € M(X);

b)u; € M(X')\{1},i=1,...,s;

b) |w;] < Ju;],i=1,...,s—1, and |ws] < [us| or ws = 1.

Theorem 1. The set L forms a linear basis of Upe,(g).

ProOOF. It follows from Lemma, the Composition Diamond lemma for associative
algebras |2, Theorem 1], and the PBW property of Upie,(g) [11]. O

Given a pair of compatible Lie brackets g, define L,, as the set of all elements from L
of length n. Put r, = |L,|. The growth rate of p(Ur,(g)) is defined as lim {/7,.

n—oo
Let us show that such limit always exists. The Fekete’s Lemma |14, Lemma 1.2.2]

says that given a sequence {a,}, n > 1, of real numbers such that as.; < as + a, for all

s,t € N, there exists a limit lim “*. In our case, we have the inequality r,y; < ror; for
n—oo

all s,t € N, since every non-empty subword of the basic element from L lies in L. Hence,
it remains to apply the Fekete’s Lemma for the sequence {lnr,}.

We are able to compute the growth rate of Upi,(g) when g is finite-dimensional.
Firstly, we do it straightforwardly (Theorem 2). Secondly, we derive this result from
Lemma 6.1 [11] (Remark 1, suggested by the reviwer). Thirdly, we reprove Theorem 2
with the help of partially commutative algebras and dependence polynomial (Remark 2).

Theorem 2. Let g € Lies and dim(g) = m. Then the growth rate of Upe,(g) equals
m+ 1.

PROOF. Let X = {z1,...,x,} be a basis of g. Define O,, as a subset of L,, consisting
of words starting with F; € X'. Put s, = |O,]|, assuming that sy = 1.

Let us derive the following formula,

k-1
p+m k+m—1
Skzzp(p+1)8k_1_p+( L ) (6)

p=1



A word v € Oy, for k > 1 either consists of only letters from X’ ((k+m_1) choices) or

v has the form v = uy F,uv', where r = 1,...,m, uy € M(X’), w; € M(X) \ {1}, and
v" € Oy, for some h (if h = 0, then v' = 1). For the latter case, we initially fix the value
of p = |uy| + |wy| and then consider all cases of t = |w;| > 1. Hence, we have

. <k+72—1) % <iz(t+r—1) (p—l;tﬂz—r)>8k_l_p’ 0

r=1 t=1

where (""77") is responsible for the choice w; € M({z1,...,z,}) \ {1} and (p_’;ﬂtn_r)

corresponds to the choice of uy € M({z,,...,z,}).
In [I7, Theorem 1.4] the formula

(M _nt+m+1l 1
2T T e

=0

for 0 < m and 0 < p < n was stated. Applying it, we derive
Zp: <t+a) <p—t+b) _Z”: (t+a) (p—t+D)
—~\ a b — tlal  (p—1)lb!
Z t+a —t+b) pllp+a+b)! (p+a+b i )
~ ol t)! plp+a+ b). p,a,b GRR)

t=0 t+a

_p+a+b+1<p+a+b)/(a+b) B <p+a+b—|—1)

a+b+1 p,a,b a P

Substituting this equality for a = r — 1 and b = m — r in (1), we get

iz( —t+m—r) <t+7;—1)

TR )
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and we have proved the formula ({@).
Let us prove that s, = m(m+1)""! for any n > 1 by induction on n. The case n = 1

is trivial, we have Oy = {F1,..., F,} and s; = m.
Suppose that we have proved that s, = m(m + 1)"7! for all n < k, where 2 < k.

By (@), we get

k—2
p+m kE+m—1 k+m-—1
B ()T

k—

l\D

m(m-+1)...(m+k—1)
(k—1)!

m(m+1)...(m+p)
p+1)

P m(m + 1)"2P 4

=1

iS]



— ((m+1)—1)(m+1)k2r g L l
(Z e Zm<m+1>+z(,€[_i)!<m+1>>,

=0 1=0

here [7] denotes the (unsigned) Stirling number of the first kind.
The coefficient A, of sp/m by (m+1)?, ¢ =0,...,k — 1, equals

p::j_l [Q+p+1—} pll:j2 [q+pi2_k}+(k[k_;?>!
p:::z_l((pfl)!LﬂLpil—k]_(p];w{q—i-ﬁ—_i—i—k])
. "] k=[] 5

(k—1)! (k—1)!
Applying the identity ["H} = nm + [l J we compute for p > 0

p{qupf:l—k] _(p_l)(pﬂ){wﬁ:—k]
zp{q+pi1—k] _(p+1)[q+pi1—k] +(P+1)Li;ik}

:_{qﬂail—k} +(p+1>lqi;ik}’

When p = 0, we may apply the same formula only adding the summand equal to the
Kronecker delta 0,51, since [8} =1.
Therefore, we have

o _<k[k ﬂ) ot Z !Hqﬂafl—k]”p“)[qi;kb

o1 (o1
-1 -1
R e TR

k=1
Thus, sg =m >, A,(m + 1) = m(m + 1)*71, as required.

q=0
" l+m—1
=3 ( l )sn_l, (9)

Now, we express
1=0

this formula counts the leftmost position (I + 1) such that the (I + 1)st letter of a given
element z € L, is from X'. The value [ = n means that z € M(X).

By (@), we get

_Z<l+77—1)8nl_<n+m—1> i<z+m—1) FL (0)

=0 =0



On the one hand, r, > s, = m(m + 1)""! and so, p(ULic,(g)) > m + 1.
On the other hand,

o <n+7:—1) i(Hn;_l)(mH)n_l:Z::(Hﬂ;_l)(mﬂ)n_l
+1)

+1-1 g
_ Z LD g1y <m0 = (0 1) m 1)
1=0
which implies p(Urie,(g)) < m + 1. Hence, p(ULie,(g)) = m + 1. O

Remark 1 (suggested by the reviwer). Let P = U,>1P(n) be a symmetric op-
erad. One may assign to it the generating series x»(p1,p2,...) = X, Xs.(P(n)), where
Xs, (V) =2 2 Petry (p) is a symmetric function associated with the corresponding S,,-

character of the symmetric group given in the basis of p, = >, a¥.
In Lemma 6.1 of [11], it was stated that
Zk>l hi
Xpo, = ——s——. (11)

Lieg 1 — Zk21pk

Calculating the generating series for dimensions of U, (g), when dim(g) = m, corre-
sponds to the calculation of the plethystic substitution of the polynomial f(¢) = mit
into ([I]). Plethysm with the numerator creates the generating function for the dimen-
sions of the symmetric algebra S(g), since Y, -, hi is the character of the operad Com.
Plethysm with the denominator gives -

1 o (mt) = 1 1 1—t (12)
m = =
1—5 e 1= mtdh 1—-2  1—(m+ 1)t
k>1 k>1

so, one gets precisely the generating function for the numbers s, = m(m + 1)1 Al-
together, r, counts all words of the form wyy, where wy € M(X) and v € Oy for
appropriate k. Thus, we get the formula (@), and Theorem 2 follows.

Moreover, we have confirmed the conjecture of A. Khoroshkin [IT], §6.1] of isomor-
phism

Unig(V) = 5(V) © FL(V)

of Schur functors while projecting on the subspace of words of length n. Due to Theo-
rem 1, we may present F'L(V') as the tensor algebra T'(G(V')), where G(V') is the quotient
of S(V @&V) by the ideal Span(v'u —u'v | u,v € V). Here we identify (a,b) € V &V with
a +b.

Remark 2. Theorem 2 may be obtained with the help of partially commutative
algebras. Given a graph G(V, F), an associative algebra As(G) = As(V | ab = ba, (a,b) €
E) is called a partially commutative algebra. Dependence polynomial [5] of a graph G

w(@)
is defined as D(G,z) =1+ > (=1)*cx(G)a*, where ¢;(G) denotes a number of distinct
k=1

cliques in G of the size 7 and Zu(G) equals the size of a maximum clique in G.



Consider a graph G(V, E) with V. ={f1,..., fu} U{F1,..., F,} and

E={(fi, i) i <3y U{(F, Fy) [ < gy U{(F f5) | i < 5}

Note that the set of all basic words from L coincides with the set of all pairwise distinct
words in As(G). It is known [5] that the generating function of As(G) equals to 1/D(G, z).
Since .
DG = Y- (M) (1 et = (1= 21— (1),
=0
we conclude that the growth rate of Upi,(g) equals m + 1.  The fact that
1
(1—x)m 11— (m+ 1))
it is enough to recall that the generating function of the free commutative m-generated
algebra equals 1/(1 — z)™.

is a generating function of Upe,(g) follows from (I2)). Indeed,

Acknowledgements

The author is grateful to the anonymous referee for pointing out that the defining
relations of the universal enveloping of a pair of compatible Lie algebras have to equal ()
and for Remark 1.

The author is supported by the grant of the President of the Russian Federation for
young scientists (MK-1241.2021.1.1).

References

[1] M. Bershtein, V. Dotsenko, A. Khoroshkin, Quadratic algebras related to the bi-
hamiltonian operad, Int. Math. Res. Notices 24 (2007), 1-30.

[2] L.A. Bokut, Y. Chen, Grobner—Shirshov bases and their calculation, Bull. Math.
Sci. 4 (2014), 325-395.

[3] V. Dotsenko, A. Khoroshkin, Character formulas for the operad of two compatible
brackets and for the bi-Hamiltonian operad, Funktsional. Anal. i Prilozhen. (1) 41
(2007), 1-22.

[4] V. Dotsenko, A. Khoroshkin, Grébner bases for operads, Duke Math. J. (2) 153
(2010), 363-396.

[5] D.C. Fisher and A.E. Solow. Dependence polynomial. Discrete Math. 82 (1990),
251-258.

[6] I.M. Gel'fand, I.Ya. Dorfman, Hamiltonian operators and algebraic structures related
to them, Funktsional. Anal. i Prilozhen. (4) 13 (1979), 13-30.

[7] .M. Gelfand and 1.S. Zakharevich, Webs, Lenard schemes, and the local geometry of
biHamiltonian Toda and Lax structures, Selecta Math., New Ser., 6 (2000), 131-183.



[8] V. Ginzburg, M. Kapranov, Koszul duality for operads, Duke Math. J. (1) 76 (1994),
203-272.

[9] I.Z. Golubchik, V.V. Sokolov, Compatible Lie Brackets and Integrable Equations
of the Principal Chiral Model Type, Funktsional. Anal. i Prilozhen. (3) 36 (2002),
9-19.

[10] I.Z. Golubchik, V.V. Sokolov, Compatible Lie Brackets and the Yang—Baxter Equa-
tion, Theor. Math. Phys. (2) 146 (2006), p. 195-207.

[11] A. Khoroshkin, PBW Property for Associative Universal Enveloping Algebras Over
an Operad, Int. Math. Res. Not. (4) 2022 (2022), 3106-3143.

[12] R.G. D’Leén, On the free Lie algebra with multiple brackets, Adv. Appl. Math. 79
(2016), 37-97.

[13] F. Liu, Combinatorial bases for multilinear parts of free algebras with two compatible
brackets, J. Algebra (1) 323 (2010), 132-166.

[14] N. Madras and G. Slade, The Self-Avoiding Walk. Boston: Birkhéuser, 1993.

[15] F. Magri, A simple model of the integrable Hamiltonian equation, J. Math. Phys.
(5) 19 (1978), 1156-1162.

[16] A. Panasyuk, Compatible Lie Brackets: Towards a Classification, J. Lie Theory (2)
24 (2014), 561623,

[17] T. Trif, Combinatorial sums and series involving inverses of binomial coefficients
Fibonacci Quart. 38 (2000), 79-84.

Vsevolod Gubarev

Sobolev Institute of Mathematics

Acad. Koptyug ave. 4, 630090 Novosibirsk, Russia
Novosibirsk State University

Pirogova str. 2, 630090 Novosibirsk, Russia
e-mail: wsewolod89@gmail.com



	Introduction
	Gröbner—Shirshov basis for ULie2(g0)
	Basis of ULie2(g)

