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Abstract

The equitable coloring problem, introduced by Meyer in 1973, has received consid-
erable attention and research. Recently, Wu et al. introduced the concept of equitable
(t, k)-tree-coloring, which can be viewed as a generalization of proper equitable ¢-
coloring. The strong equitable vertex k-arboricity of complete bipartite equipartition
graphs was investigated in 2013. In this paper, we study the exact value of the strong
equitable vertex 3-arboricity of complete equipartition tripartite graphs.
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1 Introduction

In this paper, all graphs considered are finite and simple. For a real number z, [z]
is the least integer not less than z and |x| is the largest integer not larger than x. We
use V(G), E(G), 6(G) and A(G) to denote the vertex set, edge set, minimum degree and
maximum degree of G, respectively. For a vertex v € V(G), let Ng(v) denote the set of
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neighbors of v in G and dg(v) = |Ng(v)| denote the degree of v. We use d(v) instead of
dg(v) for brevity. For other undefined concepts, we refer the reader to [3].

We associate positive integers 1,2, ...,¢ with colors and call f a t-coloring of a graph
G if f is a mapping from V(G) to {1,2,...,t}. A t-coloring of G is proper if any two
adjacent vertices have different colors. For 1 <i <t,let V; = {v| f(v) =i}. A t-coloring
of a graph G is said to be equitable if ||V;| — |V;|| < 1 for all ¢ and j, that is to say, every
color class has size ||V(G)|/t] or [|[V(G)|/t]. A graph G is said to be properly equitably
t-colorable if G has a proper equitable t-coloring. The smallest number ¢ for which G is
properly equitably t-colorable is called the equitable chromatic number of GG, denoted by
X~ (G).

The equitable coloring problem, introduced by Meyer [§], is motivated by a practical
application to municipal garbage collection [10]. In this context, the vertices of the graph
represent garbage collection routes. A pair of vertices share an edge if the corresponding
routes should not be run on the same day. It is desirable that the number of routes ran on
each day be approximately the same. Therefore, the problem of assigning one of the six
weekly working days to each route reduces to finding a proper equitable 6-coloring. For
more applications such as scheduling, constructing timetables and load balance in parallel

memory systems, we refer to [I1 2, [4] [6], [7} ©].

A properly equitably t-colorable graph may admit no proper equitable #'-colorings for
some t' > t. For example, the complete bipartite graph H := K2, 41,2m+1 has no proper
equitable (2m + 1)-colorings, although it satisfies x=(H) = 2. This fact motivates another
interesting parameter for proper equitable coloring. The equitable chromatic threshold of
G, denoted by x(G), is the smallest integer ¢ such that G has a proper equitable ¢'-coloring
for all ¢ > t. This notion was introduced by Fan et al. in [5].

In [B], Fan et al. considered relaxed equitable coloring of graphs. They proved that
every graph has a proper equitable A(G)-coloring such that each color class induces a forest
with maximum degree at most one. On the basis of this research, Wu et al. [I1] introduced
the notion of equitable (¢, k)-tree-coloring, which can be viewed as a generalization of
proper equitable ¢-coloring.

A (t,k)-tree-coloring is a t-coloring f of G such that each component of G[V;] is a tree
of maximum degree at most k. An equitable (t, k)-tree-coloring is a (t, k)-tree-coloring that
is equitable. The equitable vertex k-arboricity of a graph G, denoted by va;=(G), is the
smallest integer ¢ such that G has an equitable (t, k)-tree-coloring. The strong equitable
vertez k-arboricity of G, denoted by var=(G), is the smallest integer ¢ such that G has
an equitable (¢, k)-tree-coloring for every ¢’ > t. It is clear that vay=(G) = x~(G) and
vap=(G) = x=(Q) for every graph G, and va;~(G) and va,=(G) may vary a lot.

In [I1], Wu et al. investigated the strong equitable vertex k-arboricity of complete
equipartition bipartite graphs and gave the bounds for va;= (K, ) and vax= (K, ). In
this paper, we study the strong equitable vertex 3-arboricity of complete equipartition
tripartite graphs. In fact, we obtain the exact value of va3=(kK,, ) for most cases.



Theorem 1 If n =3 (mod 4), then vas=(Kp ) < 3|2 ].

Theorem 2 Let k be a positive integer.

(i) For k=1 (mod 5), vas=(Kak ak k) = 12k+3_
it) For k=2 (mod 5), vas=(Ku ak ak) = 12k+6
iii) For k=3 (mod 5), vas=(Kugakax) = 12k+4.
iv) For k=4 (mod 5), vasg=(Kuap ak ak) = 121;-3.

v) For k =0 (mod 5), if m > 2q+1 where q > 2, then vaz=(Kap ap ax) < 12m—3q—3;

(
(
(
(
if m > 2q where ¢ > 0, then vaz=(Kuk apar) < 12m — 3q.

Theorem 3 Let k be a positive integer.

(i) For k= 2(mod 5), va3=(Kap11,4k+1,4k+1) = 121;—1—6.

(ii) For k =3 (mod 5), vas=(Kus1an41,4041) = 2552

(iii) For k=4 (mod 5), vaz=(Kakt1ak+1.4k11) = 26T

(iv) For k=0 (mod 5), vag=(Kajt1,4k+1,4k+1) = 1§_k

(v) For k=1 (mod 5), if m > 2q + 1 where ¢ > 1, then vaz=(Kap+1 4k+1,4k+1) <

12m — 3q; if m > 2q where ¢ > 0, then vaz=(Kaj41 4k+1,4k+1) < 12m — 3¢ + 3.

Theorem 4 Let k be a positive integer.

(i) For k=3 (mod 5), vaz=(Kuyioakt2,45+2) = 29
ii) For k=4 (mod 5), vaz=(Kag+oap+oak+0) = 22,
12k+10.

iv) For k=1 (mod 5) (k # 1), vas™(Kyk+2 4k+2,4k+2) = 2k+3-

(
(ZZZ) For k=0 (mod 5) vas— (K4k+2 4k+2, 4k+2)
(
(v) For k=2 (mod 5), if m > 2q + 1 where ¢ > 1, then vaz=(Kak+2 4k+2,4k+2) <

12m — 3q + 3; if m > 2q where g > 0, then vaz=(Kupy2 ak424k+2) < 12m — 3q + 6.

2 Preliminary

Proposition 1 The complete (-partite graph K, ., has an equitable (t,k)-tree-coloring
for every integer t satisfying the following condition:

t=1(h (h>1).

Proof. We can easily construct an equitable (¢, k)-tree-coloring of K, ., by dividing each
partite set into h classes equitably and coloring the vertices of each class with one color. i



Theorem 5 Let K, 5, (n > 3) be a complete tripartite graph. Then

- n+1
Ua3_(Kn,n,n) <3 \‘ J

4

Proof. By Proposition [ in order to show vaz= (K, ) < 3|2t |, it suffices to prove that
K, n.n has an equitable (g, 3)-tree-coloring for every ¢ satisfying the following condition:
q> 3L"T+1J + 1 and 31¢. Let X,Y and Z be the partite sets of Ky, ,, p.

Let ¢ = 3a+ 1 and ¢ > 3|%H] + 1. Note that 4¢ — 3n > 12[2H | +4 — 3n >
12(22) +4—3n = —2.

If ¢ = 3"4_2, then 4¢ —3n = —2and ¢ =4+ 3t, n =6+ 4t (t =0,1,2,---). Let
{x1, @0, 23, 24, x5, 26} C X, {y1,y2,y3,y4,y5,y6} C Y and {21,292, 23,24,25,26} C Z. We

color x1,x9,x3 and y; with 1 and color vy, ¥3, ¥4, y5 and yg with 2 and color x4, x5, z¢ and

z¢ with 3 and color z1, 29, 23, 24 and z5 with 4. We divide each of X\{x1,x2, x3, 24, x5, x4},

Y'\{v1,y2, Y3, 94,95, y6} and Z\{z1, 29, 23, 24, 25, 26} into % classes equitably and color
o

the vertices of each class with a color in {5, -+ ,¢}. Sinc Ef = 4, the resulting coloring
3

is an equitable (g, 3)-tree-coloring of K, ,, , with the size of each color class being 4 or 5.

If% < q < %, then 3%3 < 3da+1< %, and hence n — 2 < 4a < n.
Then 4a = n—1, a = "T_l and ¢ = %. Therefore, 49 — 3n = 1 and ¢ = 4 + 3t,
n=>5+4t (t =0,1,2,---). Let {z1, 29,23, 24,25} C X, {y1,%2,93,94,y5} C Y and
{z1,22,23,24,25} C Z. We color z1,x2,23 and y; with 1 and color x4,y2,y3 and yq
with 2 and color x5, 21,20 and 23 with 3 and color ys,z4 and z; with 4. We divide
each of X\{z1,x9,z3, 24,25}, Y\{y1,92,Y3, Y4, y5 } and Z\{z1, 29, 23, 24, 25 } into % classes

equitably and color the vertices of each class with a color in {5, -+ ,¢}. Since an_45 = 4,

3
it follows that the resulting coloring is an equitable (g, 3)-tree-coloring of K, ,, , with the
size of each color class being 3 or 4.

Suppose 24 < g < n. Let {z1, 22,23, 74} C X, {y1,2,y3,9a} C Y and {21, 22, 23, 24} C

Z. We color x1, xo and y; with 1 and color 21, 2o and y» with 2 and color x3, x4 and y3 with

3 and color yy4, z3 and z4 with 4. We divide each of X\{z1,z2, 23,24}, Y \{y1,92,y3,ya}
and Z\{z1, 22, 23, 24} into % classes equitably and color the vertices of each class with a
color in {5,--- ,q}. Since {Z:‘fJ =3 and {"q:_f‘—‘ = 4, it follows that the resulting coloring
3 3
is an equitable (g, 3)-tree-coloring of K, ,, , with the size of each color class being 3 or 4.
Suppose n +1 < g < % Let e = xy be edge of K, , , withz € X andy € Y. We
color z,y with 1 and divide each of X\{z}, Y\{y} and Z into % classes equitably and
color the vertices of each class with a color in {2,...,¢}. One can easily check that the
resulting coloring is an equitable (g, 3)-tree-coloring of K, , , with the size of each color
class being 2 or 3.

Claim 1: ¢ can not be in (221, 31t2)

Proof of Claim 1: Assume, to the contrary, that there exist a integer g such that ¢ is in



(3n2—1 , 3n2+2 ) Then

1 2
3 <3a—|—1<3n2+ .

One can see that n — 1 < 2a < n, a contradiction. |

Suppose % <q<3(n—1)+1. Let e =zy be an edge of K, ,,, with z € X and
y €Y. We color z and y with 1 and divide each of X\{z},Y\{y} and Z into qg—l classes
equitably and color the vertices of each class with a color in {2,...,q}. One can easily
check that the resulting coloring is an equitable (g, 3)-tree-coloring of K, ,, », with the size
of each color class being 1 or 2.

Let ¢ = 3a + 2 and ¢ > 3|2 | + 2, we note that 4¢ — 3n > 12|21 ]| +8 — 3n >
12(22) +8 —3n = 2.

Suppose % < q < mn. Let {1,220} C X, {y1,92} C Y and {21,202} C Z. We color
x1,x2 and y; with 1 and color ys, 21 and 2z with 2 and divide each of X\{x1,x2}, Y\{y1, 92}
and Z\{z1, Z>2} into qg_Z classes equitably and color the vertices of each class with a color
in {3,...,¢}. One can easily check that the resulting coloring is an equitable (g, 3)-tree-
coloring of K, ,, ,, with the size of each color class being 3 or 4.

Suppose n < g < % Let {x1,22} C X, {y1,y2} C Y and {21,202} C Z. We color
x1,x and y; with 1 and color ys, 21 and 29 with 2 and divide each of X\{z1, 22}, Y \{y1,y2}
and Z\{z1, Z>} into ‘15—2 classes equitably and color the vertices of each class with a color
in {3,...,¢}. One can easily check that the resulting coloring is an equitable (g, 3)-tree-
coloring of K, ,, ,, with the size of each color class being 2 or 3.

Claim 2: ¢ can not be in (—3"2_2, —3n2+1)'

Proof of Claim 2: Assume, to the contrary, that there exist a ¢ such that ¢ is in
(3n2—27 3n2+1). Then,

3n —2 3n+1
<3a+2< 5

We find that n — 2 < 2a < n — 1, a contradiction. |

Suppose % <q<3(n—1)+2. Let e = 2y be an edge of K, ,,,, with z € X and
y € Y. Let z be a vertex of Z. We color z and y with 1 and color z with 2 and divide each
of X\{z},Y\{y} and Z\{z} into % classes equitably and color the vertices of each class
with a color in {3,...,¢}. One can easily check that the resulting coloring is an equitable
(gq,3)-tree-coloring of K, , ,, with the size of each color class being 1 or 2. |

3 Main results

We now in a position to give our main results.



3.1 The strong equitable vertex 3-arboricity of Kuj3 513 4k+3

From Theorem [, we can give a proof of Theorem [I1
Proof of Theorem 1: From Theorem [, we have vaz=(K, ) < 3[ 2 |. 1

Note that K333 can attain the upper bound of Theorem 1. One can check that
’UCL3E(K3,373) =3.

3.2 The strong equitable vertex 3-arboricity of Ky 4x 4k

We investigate the strong equitable vertex 3-arboricity of the complete tripartite graph
Kap 4k ak-

The following upper bound of Ky, 41 41 can be proved easily.
Proposition 2 If k> 5m (m > 0) and k # 0, then vas= (K ak.4x) < 3k — 3m.

Proof. We prove the proposition by induction on m. If m = 0, then the result holds by
Theorem Bl Assume m > 1. Since k > 5m > 5(m — 1), by the induction hypothesis and
Proposition[I] we need to prove that Kaj, 4 45 has an equitable (3k—3m+1, 3)-tree-coloring
and an equitable (3k — 3m + 2, 3)-tree-coloring.

Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in{1,2,--- ,k—m+1}. Divide Y into k—m classes equitably and color the vertices of each
class with a color in {k—m+2,--- ,2k—2m+1}. Divide Z into k—m classes equitably and
color the vertices of each class with a color in {2k —2m+2,--- ,3k—3m+1}. It is easy to
check that the resulting coloring of K4y, 45 45 is an equitable (3k — 3m + 1, 3)-tree-coloring
with the size of each color class being 4 or 5.

Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,k—m+1}. Divide Y into kK —m+1 classes equitably and color the vertices of
each class with a color in {k—m+2,--- ,2k—2m+2}. Divide Z into k—m classes equitably
and color the vertices of each class with a color in {2k—2m+3,--- ,3k—3m+2}. It is easy
to check that the resulting coloring of Ky, a1, 41 is an equitable (3k—3m+2, 3)-tree-coloring
with the size of each color class being 4 or 5. |

The following corollaries are immediate.

Corollary 1 Let k be a positive integer.
(i) If k =1 (mod 5), then vaz=(Kux axar) < 255
(i1) If k = 2 (mod 5), then vas=(Kuap akar) < %.
(i13) If k = 3(mod 5), then vas=(Ka akar) < %‘
(

iv) If k =4 (mod 5), then vas=(Kuj k. ar) < 12’?12.




Lemma 1 If k = 1(mod 5), then vaz=(Kuapa) > 22

Proof. Let k = 5m+1. We only need to show that K4y, 45 4 has no equitable (12m+2, 3)-
tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 2, 3)-tree-coloring of
Kaj; g 4r;- Then the size of every color class in c is at least 5 because L121n21'i2j = Lﬁgzlfzzj =

D.

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where 7 = 5,6. Then we have the following two equations:

5cs + 6cg = 60m + 12
c5 4 cg = 12m + 2.

We have the unique solution ¢5 = 12m, cg = 2. Since each color class containing exactly
5 or 6 vertices must appear in some partite set of Ky, 41 4z, it follows that Kay 4z 41 has no

equitable(12m+2, 3)-tree-coloring satisfying the above conditions. Then vag=(Kuj ak ar) >

12k+3
5 - |

Lemma 2 If k = 2(mod 5), then vaz=(Kuk ar.ax) > %_

Proof. Let k = 5m+2. We only need to show that K4y, 45 4 has no equitable (12m+5, 3)-

tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 5, 3)-tree-coloring of

12k J — L60m+24J
2m+5 12m+5

Ky, 4 ax.- Then the size of every color class in ¢ is at least 4 because L1
4.

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 4,5. Then we have the following two equations:

4deq + 5es = 60m + 24
cy +c5 =12m + 5.

We have the unique solution ¢4 = 1, ¢5 = 12m + 4. Since each color class con-
taining exactly 5 vertices must appear in some partite set of Ky 4p 4k, it follows that
K g, ag 41 has no equitable(12m + 5, 3)-tree-coloring satisfying the above conditions. Then
vaz= (K ap,ar) > 2218, ]

Lemma 3 If k = 3(mod 5), then vas= (K apar) < 2.

Proof. Form (iit) of Corollarylll we have vas= (K ak ar) < %. Let k = 5m + 3. We

only need to show that Ky 41 41 has an equitable (12m 48, 3)-tree-coloring. Then the size
12k J — LGOm—i—SGJ —4
12m+8 12m—+8 :

of every color class is at least 4 because |



Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where i = 4,5. Then we have the following two equations:

4cy + Hes = 60m + 36

cy +c5 =12m + 8.

We have the unique solution ¢4 = 4, ¢5 = 12m + 4. Since each color class containing
exactly 5 vertices must appear in some partite set of Kyj 4x 4k, there are 4m + 2 color
classes containing exactly 5 vertices in some partite set of Ky 41 45 and there are 4m + 1
color classes containing exactly 5 vertices in other partite sets of Kyj ax 4r. Since there
are 20m + 12 vertices in every partite set of Kyj 4x 4k, there are 2 vertices of color class
containing exactly 4 vertices in some partite set and there are 7 vertices of color class
containing exactly 4 vertices in other partite sets. In this case, K4y 4 4r has an equitable
(12m + 8, 3)-tree-coloring. |

Lemma 4 If k = 3(mod 5), then vas=(Kuk ak ar) > %.

Proof. Let k = 5m+3. We only need to show that Kyj, 45 41 has no equitable (12m+7, 3)-

tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 7, 3)-tree-coloring of

12k J — LGOm—i—SGJ _
2m—+T7 12m+7

Ky 4k 4k~ Then the size of every color class in ¢ is at least 5 because |5
5.

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 5,6. Then we have the following two equations:

o¢cs + 6¢cg = 60m + 36

cs +cg=12m + 7.

We have the unique solution ¢5 = 12m + 6, ¢ = 1. Since each color class contain-
ing exactly 5 or 6 vertices must appear in some partite set of Ky, a4k, it follows that
Kaj, ag; 41 has no equitable(12m + 7, 3)-tree-coloring satisfying the above conditions. Then
vaz= (K ap,ar) > 22, ]

Lemma 5 If k = 4(mod 5), then vas=(Kap akax) < 12’;—3,

Proof. Form (iv) of Corollarylll we have vaz= (K ak ar) < % Let k =5m + 4. We
need to show that Ky 4 41 has an equitable (12m + 11, 3)-tree-coloring and an equitable
(12m + 10, 3)-tree-coloring.

If K4k ar 4r has an equitable (12m + 11, 3)-tree-coloring , then the size of every color

12k J _ 60m+48J — 4
12m+114 = L12m+11d —

class is at least 4 because |

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 4,5. Then we have the following two equations:

4dcy + Hes = 60m + 48



cy +c5 =12m + 11.

We have the unique solution ¢4 = 7, ¢5 = 12m + 4. Since each color class containing
exactly 5 vertices must appear in some partite set of Kyj 4r ar, there are 4m + 2 color
classes containing exactly 5 vertices in some partite set of Kyj 41 45 and there are 4m + 1
color classes containing exactly 5 vertices in other partite sets of Kuj ax 4r. Since there
are 20m + 16 vertices in every partite set of Kuj 4x 4, there are 6 vertices of color class
containing exactly 4 vertices in some partite set and there are 11 vertices of color class
containing exactly 4 vertices in other partite sets. In this case, Ky, 41 4 has an equitable
(12m + 11, 3)-tree-coloring.

We can prove that Ky, 45 4 has an equitable (12m+-10, 3)-tree-coloring using an similar
argument.

Form the above argument and Proposition [, we prove that vaz= (K 45 4x) < 1%T_?’.I

Lemma 6 If k = 4(mod 5), then vas=(Kuk ak ak) > 12’;_3_

Proof. Let k = 5m+4. We only need to show that K4y, 45 41 has no equitable (12m+8, 3)-

tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 8, 3)-tree-coloring of

12k J — L60m+48J
2m+8 12m+8

Ky 4 ax- Then the size of every color class in ¢ is at least 5 because L1
5.

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 5,6. Then we have the following two equations:

5cs 4+ 6cg = 60m + 48
c5 + cg = 12m + 8.

We have the unique solution ¢5 = 12m, ¢g = 8. Since each color class containing exactly
5 or 6 vertices must appear in some partite set of Ky, 41 4, it follows that Ky 45 4% has no

equitable(12m+8, 3)-tree-coloring satisfying the above conditions. Then vas=(Kaj i ar) >

12k—3

=, |
5

In the following, we consider the remaining case k = 0(mod 5) and give the proof of
(v) of Theorem 21

Lemma 7 If k = 5m and m > 2, then vas=(Kyp akak) < 12m — 3.

Proof. By Proposition & vas=(Kyk ax,4x) < 12m. So we need to prove that Ky 4k ak
has an equitable (12m — 2, 3)-tree-coloring and an equitable (12m — 1, 3)-tree-coloring by
Proposition [l

Divide X into 4m — 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m — 1}. Divide Y into 4m — 1 classes equitably and color the vertices of



each class with a color in {4m,--- ,8m — 2}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m — 1,--- 12m — 2}. It is easy to check that
the resulting coloring of Ky, 45 4% is an equitable (12m — 2, 3)-tree-coloring with the size
of each color class being 5 or 6.

Divide X into 4m — 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m — 1}. Divide Y into 4m classes equitably and color the vertices of each
class with a color in {4m,--- ,8m — 1}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m,--- ,12m — 1}. It is easy to check that the
resulting coloring of Ky 4 4r is an equitable (12m — 1, 3)-tree-coloring with the size of
each color class being 5 or 6. |

Lemma 8 If k = 5m and m > 4, then vaz=(Kap ap ar) < 12m — 6.
Proof. Similarly to the proof of Lemma Bl we can prove it. |
Lemma 9 If k = 5m and m > 2q + 1 where q¢ > 2, then vaz=(Kyp ax.4x) < 12m — 3qg — 3.

Proof.  We prove this theorem by induction on ¢. Suppose ¢ = 2. It is equivalent to
prove that if m > 5, then vaz=(Kyp ap,ar) < 12m — 9. Since m > 5 > 4, it follows Lemma,
from vas=(Kap arar) < 12m — 6. We need to prove that Kuj a4, has an equitable
(12m — 8, 3)-tree-coloring and an equitable (12m — 7, 3)-tree-coloring by Proposition [II

Divide X into 4m — 3 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m—3}. Divide Y into 4m — 3 classes equitably and color the vertices of each
class with a color in {4m — 2,--- |87 — 6}. Divide Z into 4m — 2 classes equitably and
color the vertices of each class with a color in {8m — 5,--- ,12m — 8}. It is easy to check
that the resulting coloring of Ky, a1 41 is an equitable (12m — 8, 3)-tree-coloring with the
size of each color class being 5 or 6.

Divide X into 4m — 3 classes equitably and color the vertices of each class with a color
in {1,2,--+ ,4m—3}. Divide Y into 4m — 2 classes equitably and color the vertices of each
class with a color in {4m — 2,--- ;8m — 5}. Divide Z into 4m — 2 classes equitably and
color the vertices of each class with a color in {8m —4,--- ,12m — 7}. It is easy to check
that the resulting coloring of Ky, 41 4 is an equitable (12m — 7, 3)-tree-coloring with the
size of each color class being 5 or 6.

Suppose ¢ > 3. Since m > 2g+ 1 > 2(q — 1) + 1, by the induction hypothesis and
Proposition [ we need to prove that Ky 45 45 has an equitable (12m — 3¢ — 1, 3)-tree-
coloring and an equitable (12m — 3¢ — 2, 3)-tree-coloring.

Divide X into 4m — g — 1 classes equitably and color the vertices of each class with a
color in {1,2,--- ,4m — g — 1}. Divide Y into 4m — ¢ — 1 classes equitably and color the
vertices of each class with a color in {4dm—gq,--- ,8m—2¢g—2}. Divide Z into 4m—q classes
equitably and color the vertices of each class with a color in {8m—2¢—1,--- ,12m—3q—2}.
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It is easy to check that the resulting coloring of Ky, 45 45 is an equitable (12m — 3¢ — 2, 3)-
tree-coloring with the size of each color class being 5 or 6.

Divide X into 4m — q — 1 classes equitably and color the vertices of each class with a

color in {1,2,--- ,4m—qg—1}. Divide Y into 4m — q classes equitably and color the vertices
of each class with a color in {4m — ¢,--- ,8m — 2¢g — 1}. Divide Z into 4m — g classes
equitably and color the vertices of each class with a color in {8m —2q,--- ,12m — 3¢ — 1}.

It is easy to check that the resulting coloring of Ky, 41 4 is an equitable (12m — 3¢ —1, 3)-
tree-coloring with the size of each color class being 5 or 6. |
Lemma 10 If k = 5m and m > 2q, where ¢ > 0, then vaz=(Kup apar) < 12m — 3q.

Proof. When ¢ = 0,1, 2, the result holds by Proposition 2, Lemma [l and Lemma [ If

q > 3, then ¢ — 1 > 2. Since m > 2¢ > 2(q — 1) + 1, it follows that vaz=(Kup akar) <
12m —3(¢ — 1) — 3 = 12m — 3q. 1

Proof of Theorem 2k Suppose k = 1(mod 5). From (i) of Corollary [[l and Lemma [I]

vaz= (K ak ar) = 12k+3. Suppose k = 2(mod 5). From (ii) of Corollarylll and Lemma
2 vas=(Kagak k) = 12’?6. Suppose k = 3(mod 5). From Lemma Bl and Lemma Ml
vaz= (K akak) = 12’?4. Suppose k = 4(mod 5). From Lemma [ and Lemma [6
vas= (Kagakak) = % Suppose k = 0(mod 5). From Lemma [ if & = 5m and
m > 2q+1 where ¢ > 2, then vas= (Kyg ax,41) < 12m —3g— 3. From Lemma[Q if £ = 5m
and m > 2q where ¢ > 0, then vas= (Kyp ak4x) < 12m — 3q. |

3.3 The strong equitable vertex 3-arboricity of Kyii1 ax+1.4k+1

We investigate the strong equitable vertex 3-arboricity of the complete tripartite graph
Kk 1,4k41 4k+1-

The following upper bound of Kyp1 4x+1,4k+1 can be proved easily.
Proposition 3 If k > 5m + 1 where m > 0, then vas=(Kap11 ak+1,46+1) < 3k — 3m.

Proof. ~ We prove the proposition by induction on m. If m = 0, the result holds by
Theorem [l

Suppose m > 1. Since k > 5m + 1 > 5(m — 1) + 1, by the induction hypothesis and
Proposition [, we need to prove that Ky 4k+1.4k+1 has an equitable (3k — 3m + 1, 3)-
tree-coloring and an equitable (3k — 3m + 2, 3)-tree-coloring.

Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in{1,2,--- ,k—m+1}. Divide Y into k—m classes equitably and color the vertices of each
class with a color in {k —m+2,--- ,2k —2m + 1}. Divide Z into k — m classes equitably
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and color the vertices of each class with a color in {2k —2m +2,--- |3k —3m + 1}. It is
easy to check that the resulting coloring of K1 4k+1,4k+1 is an equitable (3k—3m+1, 3)-
tree-coloring with the size of each color class being 4 or 5.

Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,k—m+1}. Divide Y into kK —m+1 classes equitably and color the vertices of
each class with a color in {k—m+2,--- ,2k—2m+2}. Divide Z into k—m classes equitably
and color the vertices of each class with a color in {2k —2m 4 3,--- ;3k — 3m + 2}. Tt is
easy to check that the resulting coloring of K41 4k+1,4k+1 1S an equitable (3k —3m+2, 3)-
tree-coloring with the size of each color class being 4 or 5. |

The following corollaries are immediate.

Corollary 2 (i) If k= 2(mod 5), then vaz=(Ku+1,ak4+1,ak41) < 250
(ii) If k = 3(mod 5), then vas= (K1 ak41,a6+1) < 2252
(i13) If k= 4(mod 5), then vaz=(Kagt1 ak+1,4k+1) < 12k5+12'

(iv) If k = 0(mod 5), then UQ3E(K4k+1,4k+174k+1) < 12k5+15.

Lemma 11 If k = 2(mod 5), then vasz=(Kapt1 ak+1,4k+1) > I%TJFG.

Proof.  Let k = 5m + 2. We only need to show that Kyii1 4k+1,4k+1 has no equitable
(12m + 5, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 5, 3)-

tree-coloring of Kyj41 4k+1,4k+1- Then the size of every color class in c is exactly 5 because

12k43 _ 60m+4-25
12m+5 = 12m+5

divisible by 5, a contradiction. |

= 5. However, the size of every partite sets is 20m + 9, which is not

Lemma 12 If k = 3(mod 5), then vaz= (K1 ak+1,4k+1) > I%TJFQ.

Proof.  Let k = 5m + 3. We only need to show that Kyi41 4k+1,4k+1 has no equitable
(12m + 8, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 8, 3)-

tree-coloring of Kyj41 4x+1,4k+1- Then the size of every color class in ¢ is at least 4 because

12k43 | _ | 60m+39 | _
L12m—|—8J - L 12Tn+8 J =4

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where i = 4,5. Then we have the following two equations:

4eq + 5es = 60m + 39
cy +c5 =12m + 8.

We have the unique solution ¢4 = 1, ¢5 = 12m + 7. Since each color class containing
exactly 5 vertices must appear in some partite set of Kuapi1 akt1,4k+1, it follows that
Kaj11,4k+1,4k+1 has no equitable(12m + 8, 3)-tree-coloring satisfying the above conditions.
Then vas=(Kap1,454+1,4541) > 22 |
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Lemma 13 If k = 4(mod 5), then vaz= (K1 ak+1,4k+1) < %

Proof. Form (iii) of Corollaryl2, we have vaz= (K1 4k+1,4k+1) < % Let k = bm—+4.

We only need to show that Kypi1 4k+14k+1 has an equitable (12m + 11, 3)-tree-coloring.

12k+43 J _ 60m+51J —4
2m+114 7 L12m~+11d — *

Then the size of every color class is at least 4 because |7

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 4,5. Then we have the following two equations:

4cy + ey = 60m + 51

c4+c5 =12m + 11.

We have the unique solution ¢4 = 4, ¢c5 = 12m+7. Since each color class containing exactly
5 vertices must appear in some partite set of K4j41 4x+1,4%+1, there are 4m+-3 color classes
containing exactly 5 vertices in some partite set of Kyp41 4k+1,4x+1 and there are 4m + 2
color classes containing exactly 5 vertices in other partite sets of Kyj41 4k41.4k+1. Since
there are 20m + 17 vertices in every partite set of Kypi1 4k+1,4k+1, there are 2 vertices
of color class containing exactly 4 vertices in some partite set and there are 7 vertices of
color class containing exactly 4 vertices in other partite sets. In this case, Kypi1 ak+1,4k+1
has an equitable (12m + 11, 3)-tree-coloring. [ |

Lemma 14 If k = 4(mod 5), then vasz=(Kapt1 ak+1,4k+1) > %

Proof.  Let k = 5m + 4. We only need to show that Kyii1 4k+1,4k+1 has no equitable
(12m + 10, 3)-tree-coloring. Assume, to the contrary, that c is an equitable (12m + 10, 3)-

tree-coloring of Kyj1 4k+1.4k+1- Then the size of every color class in c is at least 5 because

12k+3 60m-+51
L12m—|—i—_10J = hﬂiloJ =5

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 5,6. Then we have the following two equations:

5cs 4+ 6¢g = 60m + 51
cs + cg = 12m + 10.

We have the unique solution ¢; = 12m + 9, ¢g = 1. Since each color class containing
exactly 5 or 6 vertices must appear in some partite set of K4j41 4k+1,4x+1, it follows that
Kak+1,4k+1,4k+1 has no equitable(12m+10, 3)-tree-coloring satisfying the above conditions.
Then vag=(Kug+1,4541,4511) > 2L |

Lemma 15 If k = 0(mod 5), then vas=(Kut1 akt1,454+1) < 225

Proof. Form (iv) of Corollaryl2l we have vaz=(Kyk+1 4k+1,4k+1) < 1%5—“5 Let kK = 5m—+5.
We need to show that Kypi14k+1,4%+1 has an equitable (12m + 14, 3)-tree-coloring and an
equitable (12m + 13, 3)-tree-coloring.
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If Kat1,4k+1,46+1 has an equitable (12m + 14, 3)-tree-coloring , then the size of every

12k4+3 | _ | 60m+63 | _
2m—i—i-_14J - L122114J =4

color class is at least 4 because |7

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where i = 4,5. Then we have the following two equations:

4cy + Hes = 60m + 63

c4 + c5 = 12m + 14.

We have the unique solution ¢4 = 7, ¢5 = 12m+7. Since each color class containing exactly
5 vertices must appear in some partite set of K4p41 4k+1,4k+1, there are 4m+3 color classes
containing exactly 5 vertices in some partite set of Kyp41 4r+1,4x+1 and there are 4m + 2
color classes containing exactly 5 vertices in other partite sets of Kyj41 4k+1.4k+1. Since
there are 20m + 21 vertices in every partite set of Kay41 4k+1,4%+1, there are 6 vertices of
color class containing exactly 4 vertices in some partite set and there are 11 vertices of
color class containing exactly 4 vertices in other partite sets. In this case, Kk 1 ak+1,4k+1
has an equitable (12m + 14, 3)-tree-coloring.

We can prove that Kup41 4x+1,4k+1 has an equitable (12m + 13, 3)-tree-coloring using
an similar argument.

Form the above argument and Proposition [l we prove that vas= (K1 4k+1,4k+1) <
|

12k
2,

Lemma 16 If k = 0(mod 5), then vaz=(Kujt1 ak+1,4k+1) > %
Proof. Let k = 5m + 5. We only need to show that Ky;41 4r+1,4x+1 has no equitable
(12m + 11, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 8, 3)-

tree-coloring of Kyj41 4k+1,4k+1- Then the size of every color class in ¢ is at least 5 because

12k43 | _ | 60m+463 | _
L12m-i-11J - L12%4—11 =5

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where 7 = 5,6. Then we have the following two equations:

ocs + 6cg = 60m + 63
cs +cg =12m + 11.

We have the unique solution ¢; = 12m + 3, ¢g = 8. Since each color class containing
exactly 5 or 6 vertices must appear in some partite set of Kyy11 4k+1,4k+1, it follows that
Kuaj11,4k+1,4k+1 has no equitable(12m+11, 3)-tree-coloring satisfying the above conditions.
Then vas= (Kap1,ar41,4541) > 22E. |

In the following, we consider the remaining case k = 1(mod 5) and give the proof of
(v) of Theorem [l

Lemma 17 Ifk =5m +1 and m > 2, then vas=(Kuap41 ak+1,46+1) < 12m.
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Proof. By Proposition [l and Proposition [l vasz=(Kak+1,4k+1,4k+1) < 12m + 3. It suffices
to prove that Kujy1 4k+1.4k+1 has an equitable (12m + 2, 3)-tree-coloring and an equitable
(12m + 1, 3)-tree-coloring.

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--+ ,4m+1}. Divide Y into 4m+ 1 classes equitably and color the vertices of each
class with a color in {4m +2,--- ,8m + 2}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m +3,--- ,12m + 2}. It is easy to check that
the resulting coloring of K411 4k+1,4k+1 is an equitable (12m 4 2, 3)-tree-coloring with the
size of each color class being 5 or 6.

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m + 1}. Divide Y into 4m classes equitably and color the vertices of each
class with a color in {4m + 2,--- ,8m + 1}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m +2,--- ,12m + 1}. It is easy to check that
the resulting coloring of K441 4k+1,4k+1 is an equitable (12m 4 1, 3)-tree-coloring with the
size of each color class being 5 or 6. |

Lemma 18 If k = 5m + 1 and m > 2q + 1 where ¢ > 1, then vaz™ (Kpt+1 ak+1,4k+1) <
12m — 3q.

Proof. We prove the theorem by induction on q. When g = 1, it is equivalent to prove that
if m > 3, then vaz=(Kup a,4x) < 12m. Since m > 3 > 2, we have vas= (Kap41,4k+1,4k+1) <
12m by Lemmal[I3l It suffices to prove that Kujy1 4x+1.4%+1 has an equitable (12m — 1, 3)-
tree-coloring and an equitable (12m — 2, 3)-tree-coloring by Proposition [Il

Divide X into 4m — 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m — 1}. Divide Y into 4m classes equitably and color the vertices of each
class with a color in {4m,--- ,8m — 1}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m,--- ,12m — 1}. It is easy to check that the
resulting coloring of Kyx1+1 4x+1,4k+1 is an equitable (12m — 1, 3)-tree-coloring with the size
of each color class being 5 or 6.

Divide X into 4m — 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m — 1}. Divide Y into 4m — 1 classes equitably and color the vertices of
each class with a color in {4m,--- ,;8m —2}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m —1,--- ,12m — 2}. It is easy to check that
the resulting coloring of K441 4k+1,4k+1 is an equitable (12m — 2, 3)-tree-coloring with the
size of each color class being 5 or 6. The result holds for ¢ = 1.

Suppose ¢ > 2. Since m > 2q+ 1 > 2(q — 1) + 1, by the induction hypothesis and
Proposition [I we need to prove that Kyji1 4k+1,4%+1 has an equitable (12m — 3¢ + 1, 3)-
tree-coloring and an equitable (12m — 3q + 2, 3)-tree-coloring.

Divide X into 4m—qg+1 classes equitably and color the vertices of each class with a color
in{1,2,--- ,4m—q+1}. Divide Y into 4m—q classes equitably and color the vertices of each
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class with a color in {4m —q+2,--- ,8m —2¢+1}. Divide Z into 4m — g classes equitably
and color the vertices of each class with a color in {8m—2¢+2,--- ,12m—3¢+1}. It is easy
to check that the resulting coloring of K441 4k+1,4k+1 1S an equitable (12m — 3¢ + 1, 3)-
tree-coloring with the size of each color class being 5 or 6.

Divide X into 4m — ¢ + 1 classes equitably and color the vertices of each class with
a color in {1,2,--- ,4m — ¢ + 1}. Divide Y into 4m — ¢ + 1 classes equitably and color
the vertices of each class with a color in {4m — ¢+ 2,--- ,8m — 2¢ + 2}. Divide Z into
4m — ¢ classes equitably and color the vertices of each class with a color in {8m — 2¢ +
3,-++,12m — 3q + 2}. It is easy to check that the resulting coloring of Kuj41 ak+1,4k=1 18
an equitable (12m — 3q + 2, 3)-tree-coloring with the size of each color class being 5 or 6. I

Lemma 19 If k = 5m + 1 and m > 2q where ¢ > 0, then vaz™(Kykt1 ak+1,4k+1) <
12m — 3q + 3.

Proof.  When ¢ = 0,1, the result holds by Proposition B] and Lemma I3l If ¢ > 3,
then ¢ —1 > 2. Since m > 2q > 2(q — 1) + 1, it follows that vas™(Kak+1 ak+1,4k+1) <
12m —3(q¢ — 1) = 12m — 3¢ + 3. 1

Proof of Theorem [Bt Suppose k =2 (mod 5). From (i) of Corollary 2l and Lemma [IT]
va3= (Kak41 4k+1 4k+1) = %. Suppose k = 3 (mod 5). From (ii) of Corollary 2 and
Lemma 02, vas™ (K41 4k+1,4k+1) = %. Suppose k = 4 (mod 5). From Lemma
and Lemma [T4] UG3E(K4k+1,4k+1,4k+1) = %
and Lemma [6] vas=(Kap11,4k+1,4k+1) = % Suppose k = 1 (mod 5). From Lemma
08, if k = 5m + 1 and m > 2¢ + 1 where ¢ > 1, then vas=(Kap41,4k+1,4k=1) < 12m — 3q.
From Lemma [9] if £ = 5m + 1 and m > 2q where ¢ > 0, then vaz™=(Kuapy1 ab+1,4k+1) <

12m — 3q + 3. |

. Suppose k = 0 (mod 5). From Lemma

3.4 The strong equitable vertex 3-arboricity of Kyi2 4x42 4512

We investigate the strong equitable vertex 3-arboricity of the complete tripartite graph
Kyky2 ak42,48+2-

The following upper bound of K49 4x42,4k+2 can be proved easily.
Proposition 4 If k > 5m + 2 where m > 0, then vas=(Kap12 ak+2,4k+2) < 3k — 3m.

Proof. ~ We prove the proposition by induction on m. If m = 0, the result holds by
Theorem [l

Suppose m > 1. Since k > 5m + 2 > 5(m — 1) 4+ 2, by the induction hypothesis and
Proposition [, we need to prove that Kujy2 4k+24k+2 has an equitable (3k — 3m + 1, 3)-
tree-coloring and an equitable (3k — 3m + 2, 3)-tree-coloring.
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Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in{1,2,--- ,k—m+1}. Divide Y into k—m classes equitably and color the vertices of each
class with a color in {k —m +2,--- ,2k — 2m + 1}. Divide Z into k —m classes equitably
and color the vertices of each class with a color in {2k —2m 4+ 2,--- 3k —3m + 1}. Tt is
easy to check that the resulting coloring of K49 4k+2 4k+2 is an equitable (3k—3m+1, 3)-
tree-coloring with the size of each color class being 4 or 5.

Divide X into k—m+1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,k—m+1}. Divide Y into kK —m+1 classes equitably and color the vertices of
each class with a color in {k—m+2,--- ,2k—2m+2}. Divide Z into k—m classes equitably
and color the vertices of each class with a color in {2k —2m + 3,--- 3k — 3m + 2}. It is
easy to check that the resulting coloring of K2 4k+24k+2 is an equitable (3k —3m+2, 3)-
tree-coloring with the size of each color class being 4 or 5. |

The following corollaries are immediate.

Corollary 3 (i) If k=3 (mod 5), then vaz=(Kipi2 4k+24k+2) < 121;—1—9‘
(ii) If k =4 (mod 5), then vaz=(Kuptoakr2akr2) < 12k5+12.
(it7) If k =0 (mod 5), then vas=(Kuaky2 ak+2,4k+2) < 121?15‘

(iv) If k =1 (mod 5), then Ua3E(K4k+2,4k+274k+2) < 12k5+18.

Lemma 20 If k = 3(mod 5), then vasz=(Kapt2 ak+2,4k+2) > I%TJFQ.

Proof. Let k = 5m + 3. We only need to show that Ky;42 442 4x+2 has no equitable
(12m + 8, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 8, 3)-

tree-coloring of Kyjy2 4x+24k+2. Then the size of every color class in c is at least 5 because

12k46 | __ | 60m+42 | _
L12m—i—8J - I— 1277r7L1-i-8J =5

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 5,6. Then we have the following two equations:

5cs + 6cg = 60m + 42
c5 4 cg = 12m + 8.

We have the unique solution ¢; = 12m + 6, ¢g = 2. Since each color class containing
exactly 5 or 6 vertices must appear in some partite set of Kyy42 4k+42 4k+2, it follows that
K 12,4k+2,4k+2 has no equitable(12m + 8, 3)-tree-coloring satisfying the above conditions.
Then vas=(Kug+o,4542,4512) > 22, |

Lemma 21 If k = 4(mod 5), then vas=(Kujt2 ak+2.4k+2) > 12]“5—“2

Proof. Let k = 5m + 4. We only need to show that Ky;42 442 4k+2 has no equitable
(12m + 11, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 11, 3)-

tree-coloring of Kyj 42 4x+24k+2. Then the size of every color class in ¢ is at least 4 because

12k46 | _ | 60m+54 | _
L12m-i-11J - L12%4—11 =4
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Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where i = 4,5. Then we have the following two equations:

4cy + Hes = 60m + b4
cy +c5 =12m + 11.

We have the unique solution ¢4 = 1, ¢5 = 12m + 10. Since each color class containing
exactly 5 vertices must appear in some partite set of Kupi2aky24k42, it follows that
K 12,4k+2,4k+2 has no equitable(12m+11, 3)-tree-coloring satisfying the above conditions.
Then vas=(Kaptoapt0,4542) > ZEHZ, |

Lemma 22 If k = 0(mod 5), then vaz=(Kigt2 ak+2,4k+2) < w.

Proof. Form (iii) of Corollaryl3], we have vaz=(Kupi2 4k+24k+2) < % Let k = 5m+5.

We only need to show that Kyji245+24k+2 has an equitable (12m + 14, 3)-tree-coloring.

12k+4-6 J _ 60m+66J —4
2m+141 7 L12m+4141 —

Then the size of every color class is at least 4 because |7

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 4,5. Then we have the following two equations:

4cq + 5es = 60m + 66

cy +c5 =12m + 14.

We have the unique solution ¢4 = 4, ¢5 = 12m + 10. Since each color class containing
exactly 5 vertices must appear in some partite set of Kyy42 442 4x42, there are 4m+4 color
classes containing exactly 5 vertices in some partite set of Kyj19 4x+24k+2 and there are
4m + 3 color classes containing exactly 5 vertices in other partite sets of Kypy2 k42 4k+2-
Since there are 20m+22 vertices in every partite set of Kyp 12 4542 4x-+2, there are 2 vertices
of color class containing exactly 4 vertices in some partite set and there are 7 vertices of
color class containing exactly 4 vertices in other partite sets. In this case, K4r12 4k+2 4k+2
has an equitable (12m + 14, 3)-tree-coloring. |

Lemma 23 If k = 0(mod 5), then vasz=(Kujt2 ak+2.4k+2) > w.

Proof.  Let k = 5m + 5. We only need to show that Kyii2 4r424x+2 has no equitable
(12m + 13, 3)-tree-coloring. Assume, to the contrary, that ¢ is an equitable (12m + 13, 3)-

tree-coloring of Kyj42 4k+24k+2. Then the size of every color class in c is at least 5 because

12k+6 60m+66
L12m—|—i—_13J = hﬂil?)J =5

Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where ¢ = 5,6. Then we have the following two equations:

ocs + 6cg = 60m + 66
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cs +cg = 12m + 13.

We have the unique solution c¢5 = 12m + 12, ¢g = 1. Since each color class containing
exactly 5 or 6 vertices must appear in some partite set of Kyy42 4k+42 4x+2, it follows that
K 12,4k+2,4k+2 has no equitable(12m+13, 3)-tree-coloring satisfying the above conditions.
Then vas=(Kukso,ax42,4512) > 20, i

Lemma 24 If k = 1(mod 5) (k # 1), then vaz™(Kapt2 ak+2,4k+2) < I%TJF?’

Proof. Form (iv) of Corollaryl] we have vaz=(Kykt2 4k+2,45+2) < %. Let k = 5m—+6.
We need to show that Kyi2 4k-+2,4k-+2 has an equitable (12m + 17, 3)-tree-coloring and an
equitable (12m + 16, 3)-tree-coloring.

If Kapt2.4k+2,4k+2 has an equitable (12m + 17, 3)-tree-coloring , then the size of every

12k46 | _ | 60m+78 | _
ntir) = Liomirs] = 4

color class is at least 4 because |1

Let ¢; denote the number of those color classes such that each color class contains
exactly 7 vertices, where ¢ = 4,5. Then we have the following two equations:

4cy + Hcs = 60m + 78

4+ c5 = 12m + 17.

We have the unique solution ¢4 = 7, ¢5 = 12m + 10. Since each color class containing
exactly 5 vertices must appear in some partite set of K442 4142 4x42, there are 4m+-4 color
classes containing exactly 5 vertices in some partite set of K412 4x+24r+2 and there are
4m + 3 color classes containing exactly 5 vertices in other partite sets of Kypy2 4542 4k+2-
Since there are 20m+26 vertices in every partite set of Kyj 49 4x424k+2, there are 6 vertices
of color class containing exactly 4 vertices in some partite set and there are 11 vertices of
color class containing exactly 4 vertices in other partite sets. In this case, Kyx42 ak+2 4k+2
has an equitable (12m + 17, 3)-tree-coloring.

We can prove that Kyj424k124k+2 has an equitable (12m + 16, 3)-tree-coloring using
an similar argument.

Form the above argument and Proposition [I, we prove that vas=(Kapt24k424k+2) <
|

12k4-3
5 -

Lemma 25 If k = 1(mod 5 (k # 1), then vas=(Kuk+akt2,4512) > Zat3.

Proof. Let k = 5m + 6. We only need to show that Ky; 2 4142 4k+2 has no equitable
(12m + 14, 3)-tree-coloring. Assume, to the contrary, that c is an equitable (12m + 14, 3)-

tree-coloring of Kyj42 4x+24k+2. Then the size of every color class in c is at least 5 because

12k46 | _ | 60m+78 | _
L12m—i—14J - L12%4—14J =5
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Let ¢; denote the number of those color classes such that each color class contains
exactly i vertices, where 7 = 5,6. Then we have the following two equations:

5cs + 6cg = 60m + 78
c5 4 cg = 12m + 14.

We have the unique solution ¢; = 12m + 6, ¢g = 8. Since each color class containing
exactly 5 or 6 vertices must appear in some partite set of Kyuj42 4r+42 4k+2, it follows that
K12 4k+2,4k+2 has no equitable(12m+14, 3)-tree-coloring satisfying the above conditions.
Then vas=(Kagto,4k42,4542) > 253 |

In the following, we consider the remaining case k = 2(mod 5) and give the proof of
(v) of Theorem Hl

Lemma 26 If k =5m +2 and m > 2, then vaz™(Kujt24k+2,4k+2) < 12m + 3.

Proof. By Proposition @land Propositiondl vas=(Kag12 4k+2,4k+2) < 12m+6. So we need
to prove that Kup192 4k+24k+2 has an equitable (12m + 4, 3)-tree-coloring and an equitable
(12m + 5, 3)-tree-coloring.

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--+ ,4m+1}. Divide Y into 4m+ 1 classes equitably and color the vertices of each
class with a color in {4m+2,--- ,8m+2}. Divide Z into 4m+2 classes equitably and color
the vertices of each class with a color in {8m + 3,--- ,12m + 4}. It is easy to check that
the resulting coloring of K442 k42 4k-+2 is an equitable (12m 4 4, 3)-tree-coloring with the
size of each color class being 5 or 6.

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m+1}. Divide Y into 4m+ 2 classes equitably and color the vertices of each
class with a color in {4m+2,--- ,8m+3}. Divide Z into 4m+2 classes equitably and color
the vertices of each class with a color in {8m +4,--- ,12m + 5}. It is easy to check that
the resulting coloring of K419 ak+2.4k+2 is an equitable (12m+ 5, 3)-tree-coloring with the
size of each color class being 5 or 6. |

Lemma 27 If k = 5m + 2 and m > 2q + 1 where ¢ > 1, then vas=(Kaj12 ak+2.4k+2) <
12m — 3q + 3.

Proof. We prove this theorem by induction on q. When ¢ = 1, it is equivalent to prove
that if m > 3, then vas™(Kagt24k+24k+2) < 12m. Since m > 3 > 2, it follows from
Lemma 20 that vas=(Kag+2 4k+2,4k+2) < 12m + 3. We need to prove that Kyj12 ak+2 4k-+2
has an equitable (12m + 1, 3)-tree-coloring and an equitable (12m + 2, 3)-tree-coloring by
Proposition [I1

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--- ,4m + 1}. Divide Y into 4m classes equitably and color the vertices of each
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class with a color in {4m + 2,--- ,8m + 1}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m +2,--- ,12m + 1}. It is easy to check that
the resulting coloring of K441 4k+1.4k+1 is an equitable (12m+ 1, 3)-tree-coloring with the
size of each color class being 5 or 6.

Divide X into 4m + 1 classes equitably and color the vertices of each class with a color
in {1,2,--+ ,4m+1}. Divide Y into 4m+ 1 classes equitably and color the vertices of each
class with a color in {4m + 2,--- ,8m + 2}. Divide Z into 4m classes equitably and color
the vertices of each class with a color in {8m +3,--- ,12m + 2}. It is easy to check that
the resulting coloring of K412 ak+2.4k-+2 is an equitable (12m+ 2, 3)-tree-coloring with the
size of each color class being 5 or 6.

Suppose ¢ > 2. Since m > 2q+ 1 > 2(q — 1) + 1, by the induction hypothesis and
Proposition [, it suffices to prove that K2 4k+24k+2 has an equitable (12m — 3¢ + 5, 3)-
tree-coloring and an equitable (12m — 3¢ + 4, 3)-tree-coloring.

Divide X into 4m — ¢ + 1 classes equitably and color the vertices of each class with
a color in {1,2,--- ,4m — ¢ 4+ 1}. Divide Y into 4m — q + 1 classes equitably and color
the vertices of each class with a color in {4m — ¢+ 2,--- ,8m — 2¢q + 2}. Divide Z into
4m — q+ 2 classes equitably and color the vertices of each class with a color in {8m —2q +
3,---,12m — 3q + 4}. It is easy to check that the resulting coloring of Kuj42 ak+24k+2 18
an equitable (12m — 3¢ + 4, 3)-tree-coloring with the size of each color class being 5 or 6.

Divide X into 4m — ¢ + 1 classes equitably and color the vertices of each class with
a color in {1,2,--- ,4m — ¢ 4+ 1}. Divide Y into 4m — q + 2 classes equitably and color
the vertices of each class with a color in {4m — ¢+ 2,--- ,8m — 2¢ + 3}. Divide Z into
4m — g+ 2 classes equitably and color the vertices of each class with a color in {8m — 2q +
4,---,12m — 3¢ + 5}. It is easy to check that the resulting coloring of Kyj42 ak+2.4k+2 18
an equltable (12m — 3q + 5, 3)-tree-coloring with the size of each color class being 5 or 6.
|

Lemma 28 If k = 5m + 2 and m > 2q where ¢ > 0, then vaz™(Kyky2 4k+2,4k+2) <
12m — 3q + 6.

Proof. ~ When ¢ = 0,1, the result holds by Proposition d and Lemma R0l If ¢ > 2,
then ¢ —1 > 1. Since m > 2¢ > 2(q — 1) + 1, it follows that vas=(Kuapi2ak+2,4k+2) <
12m —3(¢ — 1) + 3 = 12m — 3¢ + 6. |

Proof of Theorem [4: Suppose k = 3(mod5). From (i) of Corollary Bl and Lemma
R0, vas=(Kapt24k+2,4k+2) = 12k+9 Suppose k = 4(mod5). From (ii) of Corollary3l and
Lemma 1], vas=(Kap12.4k+2, 4k+2) 12k+12 Suppose k = 0(mod5). From Lemma 22] and
Lemma 23] vas™(Kaj424k+2,4k+2) = 12k+10 Suppose k = 1(mod5). From Lemma 24] and
Lemma 20 vas=(Kag124k+2,4k+2) = 12k+5 Suppose k = 2(mod 5). From Lemma 27] if
k = 5m + 2 and m > 2q + 1, where ¢ > 1, then vas=(Kap424k+2,4k+2) < 12m — 3¢ + 3.

From Lemma 28] if £ = 5m + 2 and m > 2q, where ¢ > 0, then vas=(Kuap124k+2,4k+2) <
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12m — 3q + 6. |
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