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Abstract

We consider the online minimum cost matching problem on the line. In this problem, there
are n servers and, at each of n time steps, a request arrives and must be irrevocably matched
to a server that has not yet been matched to, with the goal of minimizing the sum of the
distances between the matched pairs. Online minimum cost matching is a central problem in
applications such as ride-hailing platforms and food delivery services. Despite achieving a worst-
case competitive ratio that is exponential in n, the simple greedy algorithm, which matches each
request to its nearest available free server, performs very well in practice. A major question is
thus to explain greedy’s strong empirical performance. In this paper, we aim to understand the
performance of greedy over instances that are at least partially random.

When both the requests and the servers are drawn uniformly and independently from [0, 1],
we obtain a constant competitive ratio for greedy, which improves over the previously best-
known O(y/n) bound for greedy in this setting. We extend this constant competitive ratio to
the excess supply setting where there is a linear excess of servers, which improves over the
previously best-known O(log® n) bound for greedy in this setting.

We moreover show that in the semi-random model where the requests are still drawn uni-
formly and independently but where the servers are chosen adversarially, greedy achieves an
O(logn) competitive ratio. Even though this one-sided randomness allows a large improvement
in greedy’s competitive ratio compared to the model where the requests are adversarial and
arrive in a random order, we show that it is not sufficient to obtain a constant competitive
ratio by giving a tight Q(logn) lower bound. These results invite further investigation about
how much randomness is necessary and sufficient to obtain strong theoretical guarantees for the
greedy algorithm for online minimum cost matching, on the line and beyond.
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1 Introduction

Matching problems form a core area of discrete optimization. In the 90s, a seminal paper by
Karp, Vazirani, and Vazirani [KVV90] introduced online bipartite maximum matching problems
and showed that, in the worst-case scenario, no deterministic algorithm can beat a simple greedy
procedure, and no randomized algorithm can beat ranking, which is a greedy procedure preceded
by a random shuffling of the order of the nodes. These elegant results and their natural application
to online advertising spurred much research, especially from the late 2000s on (see, e.g., [M113] and
the references therein for a survey). While more complex algorithms have been devised for models
other than worst-case analysis, greedy techniques are often used as a competitive benchmark for
comparisons, see, e.g., [FHK 10, LFZ"20, XSC*19].

In the last few years, motivated by the surge of ride-sharing platforms, a second online matching
paradigm has received much attention: online (bipartite) minimum cost matching. In this class
of problems, one side of the market is composed of servers (sometimes called drivers) and is fully
known at time 0. Nodes from the other side, often called requests or customers, arrive one at a
time. When request ¢ arrives, we must match it to one of the servers j, and incur a cost ¢;;. Server
j is then removed from the list of available servers, and the procedure continues. The goal is to
minimize the total cost of the matching.

Given the motivating application to ride-sharing, it is natural to impose the condition that both
servers and requests belong to some metric space (e.g., [GK19, KP93, Kan21, Ragl6, TTC94]).
Many algorithms in this area involve non-trivial procedures like randomized tree embeddings
[MNP06, BBGNO07], iterative segmentation of the space [Kan21] or primal-dual arguments [Ragl8],
or use randomization to bypass worst-case scenarios for deterministic algorithms [GL12].

Computational experiments suggest however that a simple greedy algorithm (sometimes also
called nearest neighbor) that matches each incoming request to the closest available server works
very well in practice. In particular, experiments have shown that greedy was more effective than
other existing algorithms in most tests and has outstanding scalability [TSD"16]. This performance
substantiates the choice of many ride-sharing platforms to actually implement greedy procedures,
in combination with other techniques [How, Lyf, Ubea, Ubeb|. In contrast, if we assume that n
servers and n requests are adversarially placed on a line, the greedy algorithm only achieves a 2" —1
competitive ratio [KP93, TTC94]. These results motivate the guiding question of this paper:

Can we find a theoretical justification for the strong practical performance of the greedy
algorithm for online minimum cost matching problems?

Understanding the strong practical performance of simple algorithms has motivated a lot of work
on beyond the worst-case analysis of algorithms. Some examples include using properties such as
curvature, stability, sharpness, and smoothness to obtain improved guarantees for greedy for sub-
modular maximization [CC84, CRV17, PST20, RZ22, BQS21] and different semi-random models
for analyzing local search for the traveling salesman problem [ERV14, KM15, ERV16, BFK22], k-
means for clustering [AMR09, MR13|, and greedy for online mazimum matching [GMO08, DJSW11,
MJ13, Arn22]. In the context of online minimum cost matching, our understanding of the perfor-
mance of greedy is limited. Despite its simplicity, greedy is hard to analyze because a greedy match
at some time step can have complex consequences on the available servers in a different region at a
much later time step. In other words, “the state of the system under the standard greedy algorithm
is hard to keep track of analytically” [Kan21].



In this paper, we aim to understand the performance of greedy over instances that are at least
partially random for online minimum cost matching on the line, which is a problem that has recently
received significant attention [AALS21, GL12, PS21, GKS20, MN20, Rag18, KN04, NR17, FHKO03].
We first consider the fully random model, where the n servers and n requests are all drawn uniformly
and independently from [0, 1]. In this model, greedy achieves an O(y/n) competitive ratio in the
plane [TTC94] and there are more sophisticated algorithms such as hierarchical greedy [Kan21] and
fair-bias [GGPW19] that are constant competitive in Euclidean spaces and on the line, respectively.
Our first main result settles the asymptotic performance of greedy for matching on the line in the
fully random model by showing that greedy achieves a constant competitive ratio in that setting.

Theorem 1. For online matching on the line in the fully random model, the greedy algorithm
achieves an O(1)-competitive ratio.

We show that this constant competitiveness of greedy also holds in the fully random e—excess
model, for every constant ¢ > 0. This is the modification of the fully random model where there is a
linear excess of servers, i.e., (1 + ¢)n servers. This results improves over the previously best-known
competitive ratio for greedy of O(log®n) in this setting [AALS21].

Theorem 2. For any constant € > 0, greedy is O(1)-competitive in the fully random e-excess model.

It is widely acknowledged (see, e.g., [Fei2l]) that i.i.d. instances often do not resemble “real”
instances. We next therefore consider whether strong guarantees for greedy can also be obtained
in a semi-random model. In particular, we consider a model that we call the random requests
model where the n servers are adversarially chosen and the requests are, as in the fully random
model, drawn uniformly and independently. In ride-sharing, this is motivated by the fact that
there have been examples of drivers that behave adversarially to increase the prices of the rides,
see, e.g., [Ubec]. Our next result shows that greedy is logarithmic competitive in the random
requests model.

Theorem 3. For online matching on the line in the random requests model, the greedy algorithm
achieves an O(logn)-competitive ratio.

In the model where the servers and requests are chosen adversarially but where the arrival
order is random, O(n) and Q(n"22?) upper and lower bounds are known for the competitive ratio of
greedy [GK19]. Combined with this Q(n°??) lower bound, our result shows that the performance of
greedy improves exponentially when the locations of the requests are also random. Our last main
result shows that this competitive ratio of greedy in the random requests model is tight.

Theorem 4. For online matching on the line in the random requests model, the greedy algorithm
achieves an (logn)-competitive ratio.

Combined with the previous result, we obtain that greedy is ©(log n)-competitive in the random
requests model. Interestingly, this lower bound is obtained on an instance where the servers are
very close to being uniformly spread.

These results improve our understanding of why and when greedy performs well for online
minimum cost matching, but there remain many intriguing questions. In particular, we believe that
it would be interesting to study semi-random requests and/or semi-random servers, for example, in
a model where some fraction of the servers are adversarial and some fraction are random. Another
interesting model, especially in the context of ride-sharing, would be one where the location of



a small number of servers can be chosen (i.e., a mix of best-case and worst-case). Considering
more general metric spaces beyond the line is of course also a direction for future work. Finally,
it would be interesting to explore empirically which semi-random models exhibit a structure that
most closely resembles the structure of real-world instances.

1.1 Technical overview

The main difficulty in analyzing the greedy algorithm is that there can be complex dependencies
between a greedy match that occurred at some time step in some region of the line and the set of
remaining servers that are available at a later time step in a completely different region of the line.
In other words, a single greedy match at some time step can have a butterfly effect on the servers
that will be available in the future in different regions. Algorithms such as hierarchical greedy that
partition the interval in different regions have been designed to prevent matching decisions in one
region from impacting the future available servers in another region, which does not necessarily
lead to algorithms that are better than greedy but does give algorithms that are simpler to analyze.

The starting point of our analysis, both for the upper and lower bounds, is to consider a hybrid
algorithm H'} that matches the first m requests according to an algorithm A and then greedily
matches each of the remaining requests to the closest available server. The algorithm A that is used
is different for each of our results. We show a hybrid lemma that upper bounds, for any algorithm
A that satisfies some fairly general properties, the difference cost(?—[ﬁfl) —cost(H'}) (i-e., between
the total costs incurred by 7-[2_1 and H'}) as a function of the cost incurred by A to match the
mt" request. This hybrid algorithm idea is similar to the path-coupling idea from [BD97] and was
also used in [GL12] to analyze online matching algorithms, but with two important differences: in
[GL12], their hybrid algorithm is used to analyze a randomized algorithm on a deterministic instance
(instead of a deterministic algorithm on a randomized instance), and in their hybrid algorithm, A
is an optimal offline algorithm (instead of an online algorithm).

In the fully random model, we consider the hybrid algorithm H'} where A is the hierarchical
greedy algorithm from [Kan21], which is known to be constant competitive in this model. We use
1) the hybrid lemma applied to this hybrid algorithm and 2) a bound on hierarchical greedy’s cost
for matching the m!” request to show that the difference E[cost(G) — cost(A)] (i.e., between the
total cost of greedy and the total cost of hierarchical greedy) is O(y/n). Since the expected optimal
total cost is known to be ©(y/n) in the fully random model and since hierarchical greedy is constant
competitive, we get that greedy is also constant competitive. The analysis for the excess supply
setting is different and relies on concentration arguments. In the random requests model, we use
the hybrid lemma to show that the total cost of greedy is within an O(logn) factor of the total cost
of a simple modification of the fair-bias algorithm from [GGPW19] that is constant competitive in
the random requests model.

The most technical result of this paper is the Q(logn) lower bound in the random requests
model. We consider an instance where there is a large number of servers at location 0, no servers
in (0,771/%], and the remaining 1 — o(1) servers uniformly spread in (n~/%,1]. We again analyze
the difference cost(?—lj_l) —cost(H'}), but with the hybrid algorithm H'} where A is the algorithm
that matches any request in [O,n_l/ %] to a server at 0 and greedily matches any other request
to the closest available server. We show that at any time step t, the set of available servers for
’Hﬁfl and H'} differ in at most one server. We then consider the distance d; at time ¢ between
these two different servers that are available to only one of the algorithms and we show that
cost(H} ™) — cost(H) can be lower bounded as a function of maxy>y, 6. Due to the randomness



of the requests, the main difficulty is to lower bound max¢>, d; (e.g., the gap J; can either shrink or
expand at each time step), which we do by giving a careful partial characterization of the remaining
servers for H'} at each time t.

1.2 Additional related work

In general metric spaces with adversarial requests and servers, [KP93| gave a 2n — 1 determin-
istic competitive algorithm and proved that this competitive ratio is optimal for deterministic
algorithms, On the line, [KP93] showed that the competitive ratio of greedy is at least 2" — 1. A
deterministic algorithm with a sublinear competitive ratio was presented in [ABNT14]. A few years
later, [NR17] gave a O(log?n) competitive deterministic algorithm, which was then shown to be
O(log n)-competitive in [Ragl8]. Regarding lower bounds, [FHKO03] showed that no deterministic
algorithm can achieve a competitive ratio strictly less than 9.001 on the line.

For randomized algorithms, still for adversarial requests and servers, [MNPO06] and [CPO07]
obtained a O(log3 n) competitive ratio in general metric spaces using randomized tree embeddings,
which was later improved to O(log®n) by [BBGNO07]. On the line, and for doubling metrics, [GL12]
showed that a randomized greedy algorithm is O(logn) competitive. Recently, [PS21] improved
the lower bound from [FHKO03] to obtain an 2(y/logn) lower bound for the line that also holds for
randomized algorithms. For general metrics, it was previously known that no randomized algorithm
can achieve a competitive ratio better than Q(logn) [MNPO06].

When the arrival order of the requests is random, [GK19] showed that greedy is O(n) and
Q(n%22) competitive. [Ragl6] gave a deterministic algorithm that achieves a O(logn) competitive
ratio, which is optimal even for randomized algorithms. When the requests are drawn i.i.d. from
any distribution over the set of servers, [GGPW19] gave a O((logloglogn)?) competitive algorithm
in general metric spaces that is also constant competitive on the line and for tree metrics. When
the servers and requests are uniformly and independently distributed, [TTC94] showed that greedy
achieves an O(y/n) competitive ratio on the unit disk and [Kan21] showed that an algorithm called
hierarchical greedy is constant competitive on the unit hypercube (and also analyzed the more
challenging fully dynamic setting where the servers also arrive online).

Empirical evaluations of different algorithms on real spatial data have shown that greedy per-
forms well in practice [TSD'16]. The excess supply setting was studied in [AALS21], who showed
that the total optimal cost is O(1) and the total cost of greedy is O(log®n) when the number of
excess servers is linear and when the requests and servers are random (but the arrival order can
be adversarial). The results for hierarchical greedy from [Kan21] also extends to the excess supply
setting. Recourse, i.e. allowing matching decisions to be revoked to some extent, has been consid-
ered in [MN20, GKS20]. In the offline non-bipartite version of the problem with 2n point drawn
uniformly from [0, 1], [FMR90] showed that greedy achieves a ©(logn) approximation.

2 Preliminaries

In the online matching on the line problem, there are ng servers S = {s1,...,8,,} and n = n,
requests R = (ry,...,r,) such that s;,r; € [0,1] for all <. Hence, an instance is given by a pair
(S, R). The servers are known to the algorithm at time ¢ = 0. At each time step t € [n], the
algorithm observes request r; and must irrevocably match it to a server that has not yet been
matched. We denote by s4(r) the server that gets matched to request r; by (the current execution



of) algorithm A and by S40 2 -+ 2 S4,, the sets of free servers obtained through the execution of
A, where S 4 is the initial set of servers, and for all ¢ € [n], S, is the set of remaining free servers
just after matching ;. The cost incurred from matching r; to s4(r¢) is costy (A, ry) = |re — sa(r¢)|
and the total cost of the matching produced by A on instance I is cost(A,I) = > 7" | costy(A, 7¢).
We often abuse notation and write cost¢(.A), cost(A), and S; instead of costy(A,r¢), cost(A, I), and
Sat. We consider instances I = (I, I,) that have a random component I, ~ D and an adversarial
component I, € Z4. The performance of an algorithm A is measured by its competitive ratio:

All models studied in the paper can be represented by a triple (n*, n?, n). Here, n* (resp. n) is
the cardinality of the set S" of servers (resp. of the set R of requests) sampled independently from
the uniform distribution g ;. n? is the number of adversarily placed servers (hence, n* +nf = ny).
The performance of an algorithm A is measured by its competitive ratio:

ma ES%RNZ,{[OJ]’A[COSJC(A, (Sd U Suv R))]
X :
siefo,1n? Esu, ragyy  [cost(OPT, (S U S, R))]

where O PT is the offline optimal matching when the requests are known at time ¢ = 0. Although
some papers in online optimization use a different notion of competitive ratio (see, e.g., survey
[Meh13]), in the context of online matching on the line, most literature we are aware of use the
same definition as ours. This is true, in particular, for papers over which we build [GGPW19,
Kan21, GK19] or whose results we improve [AALS21, TTC94].

More precisely, we study the three following models.

e In the fully random model, (n*,n% n) = (n,0,n), i.e., all servers S and requests R are drawn
uniformly and independently from [0, 1] and there is an equal number of servers and requests.

e For all constant € > 0, we define the fully random e—ezxcess model, in which (n“,nd,n) =

((1+¢€)n,0,n), i.e., all servers S and requests R are drawn uniformly and independently from
[0,1] and there is a linear excess of en servers.

e In the random requests model, (n*,n%,n) = (0,n,n), i.e., the requests R are still drawn

uniformly and independently from [0, 1] but the servers are now chosen adversarially over all
potential sequence of n requests in [0, 1].

The greedy algorithm, denoted by G, is the algorithm that matches each request 7, to the closest
available server, i.e., sg(r¢) = argmingcg, , | |s—r¢|. We say that an algorithm A makes neighboring
matches if it matches every request r; either to the closest available server to its left or to its right.
For any algorithm A and m € {0,...,n}, we define the hybrid algorithm H'} that matches the first
m requests according to A and then greedily matches the remaining requests to the closest available
server. The following key lemma (proved in Appendix B) bounds E[cost(H} ") — cost(H'})] as a
function of cost,,(A) — that is, the cost for algorithm A to match the mt request.

Lemma 5. (The Hybrid Lemma). There exists a constant C > 0 such that for any online
algorithm A that makes neighboring matches, for any instance with n servers S = {s1,...,Sn}
adversarially chosen, n requests R = (r1,...,r,) uniformly and independently drawn from [0, 1],
and for any event E,, that depends only on Sp—_1,7rm, we have

E[cost(Hy 1) — cost(H})|Em] < C - E[(1 + log (m» costy (A)| Em).



Figure 1: Set of servers S; (free servers at time ¢ for H’y) and S; (free servers at time ¢ for 7—[271)
in the case where S; # 5], where the squares are the servers in S; and the circles the servers in S;.

The idea of using hybrid algorithms for analyzing an online matching algorithm was used in
[GL12], which has a similar hybrid lemma (see Section 1.1 for additional discussion). The proof of
Lemma 5 relies on the following structural lemma (Lemma 6), in which, for a given realization R
of the sequence of requests and a fixed value of m € [n], we consider a simultaneous execution of
H'} and ’Hﬁfl on the sequence R. To ease the exposition, we drop the reference to the algorithms
in the indices and write S; and s(r;) instead of SH%t and ng(rt) to denote, respectively, the set
of free server for H'} just after matching r; and the server to which H'} matches r;. Similarly, we
write S; and s'(r;) instead of S,ijl’t and sﬂjq(n) for the equivalent objects for H’y~'. Finally,
to remove any ambiguity, we assume that all servers in Sy are distinct (even if it means moving
them an infinitesimal distance).

We now show that at all time steps t, the sets Sy and S} of free servers for the two algorithms
are all identical except for at most one server in each of these sets and that, if they each have such
a unique server, there is no server in Sy U S} that is in between the two unique servers (see Figure 1
for an illustration).

We let g < gf* denote these at most two servers in the symmetric difference of S; and S}, and
let & := gf* — g be the distance between these two servers. If S; = S, then we write g& = gt = ()
and & = 0. We also define sf = max{s € S; : s < gf} and sf' = min{s € S; : s > gf*} (with the
convention that s”, sf = () when there are no such servers).

Lemma 6. Let A be any online algorithm, Sy be n arbitrary servers and R be n arbitrary requests.
Let (So,...,Sn) and (S, ...,S,) denote the set of free servers for H% and H'} ™' at each time
steps. Then, the following propositions hold for all t € {m,... ,n}:

1. Differ in at most one server. |S;\ Sj| = |5;\ S| < 1.

2. Consecutiveness of the different servers. If g&', gi* # 0, there is no server s € Sy U S|
such that gF < s < gl

3. The values. Ift < n and Sy # S| (and assuming without loss of generality that S; =
S;U{gF\{gf}), then the values of s(ry41), s'(ri41), 0e1, 9541, 951 and an upper bound on
Acostyyq = |costyy1 (H™ 1) — costyy1(H™)| are given in Tables 2, 3 and 4 (in Appendiz B):

o if sk # 0, st £0, the values are given in Table 2, where d¥ = gF — st and dF = sft —gft,

o if st =0,s% #0, the values are given in Table 3, where df* = sf — gF,

o if sfi=0,s#0, the values are given in Table 4, where d¥ = gF — sF,

o if sk =0,sF =0, then Si11 = Si1=0,0141 =0, and |costy 1 (H™ 1) — costy 1 (H™)] <
Ot .



4. Gap remains zero after disappearing. If 6; =0, then 6y =0 for all t' > t.

The proof is given in Appendix B.

3 Greedy is Constant Competitive in the Fully Random Model

In this section, we show that greedy achieves a constant competitive ratio in the fully random
model where both the servers and requests are drawn uniformly and independently from [0, 1]. In
addition, we show that this result also holds when there is a linear excess supply of servers.

The setting with n servers. We recall that in this setting, the competitive ratio of any algorithm
A is given by:

E(r,s)~14(0,1)n xuu(0,1)» lcost(A, (S, R))]

E(Rr,$)~11(0,1)7 xt(0,1)r [cost (OPT, (S, R))]

The main idea of the analysis is to consider a hybrid algorithm that first runs the hierarchical
greedy algorithm from [Kan21|, and then greedily matches the remaining requests to the closest
available server.

We first present the hierarchical greedy algorithm introduced in [Kan2l1|, which we denote
by Af. To describe it, we need to define the sequence Iy, ...,Zo, where £y = log(n), which
are increasingly refined partitions of [0,1]. More precisely, Z,, = {[0,1]} and Z; is the par-
tition obtained by dividing each interval in Z,y; into two intervals of equal length, i.e., Z, =
(Yeiezen {2, (@ +9)/2] 1(x 4+ 9)/2,y]}) U (Vo ez, {10, ¥/2],1y/2,9]}). The partitions obtained
through this process can be organized in a binary tree, where the nodes at level ¢ are the intervals
of Z, and the leafs are the intervals of Zy.

Given a request 1, let I(r;) be the leaf interval to which r; belongs and J(r;) be the lowest-level
ancestor interval of I(r¢) in the tree such that J(ry) N S;—1 # 0, i.e., such that J(r) contains some
free servers when request r; arrives. The hierarchical greedy algorithm matches r; to a free server in
J(r). For our purposes, we assume that it matches r; to the closest free server in J(r¢). A request
¢ is said to be matched at level ¢ if J(r;) € Z,. There are two known results about hierarchical
greedy that are important for our analysis. The first one upper bounds the number of requests
matched at each level and the second one is its constant competitiveness.

Lemma 7 ([Kan2l1]). There is a constant C' > 0 such that, for all £ € {0,..., b}, E[|{ri: J(r) €
It}]] < C'V/n2t-toto=t,

Theorem 8 ([Kan21]). In the fully random model, we have that E[cost(A?)] = O(\/n).

Next, we show the following bound on the cost incurred by hierarchical greedy when matching
a request at level £ (proof deferred to Appendix C).

Lemma 9. For all t € [n], if r; is matched at level £, then we have costy(AH)log(1/costy(AM)) <
2= (log(2) (¢ — £) + 1).

The next lemma is the main lemma of this section and shows that the difference between the
total cost of greedy and hierarchical greedy is O(y/n).

Lemma 10. In the fully random model, we have that E[cost(G) — cost(A)] = O(y/n).



Proof. We first note that since the hierarchical greedy algorithm matches every request r; to the
closest free server in J(r¢), and since ry € J(ry) by definition of J(r:), hierarchical greedy makes
neighboring matches, which is the condition needed to apply the hybrid lemma to the hybrid
algorithm H™. We get that

Elcost(G) — cost(AM)]

= Z E[cost(H™ 1) — cost(H™)] H = AT HO =G
m=1
n
<C Z E[(1 + log (m))costm(AH)] Hybrid lemma
m=1

<C Z E[log (m)costm(AH)] + CE[cost(AM)]

m=1

<C Z E[log (m)costm(AH)] + O(vn) Theorem 8

m=1

=C Z Z]P’ (rm) € Zy) - E[log (m)costm(AH)\J(rm) € I+ O(v/n)

m=1 (=0
<CZZ]P’ (rm) € Ip) - 277 (log(2) (bo — £) + 1) + O(v/n) Lemma 9
m=1 (=0
Lo
=C> 27 (log(2) (4o — ¢) + 1) Z]P’ (rm) € Iy) + O(v/n)
=0

Lo
=CY 2 (log(2) (b — £) + 1) - El|{re : J(re) € I}[] + O(v/)

/=0
Lo
< CC'Vn ) 202 (log(2) (6 — ) + 1) + O(v/n) Lemma 7
/=0
Lo
=CC'VnY 2797 (log(2)j + 1) + O(v/n)
j=0
Lo 1 J o 1 J
=CC'Vn(log(2)) j(—F=) + — | | +0(/n)
= O0(vn). O

The last result needed is that the optimal cost in the fully random model is known to be ©(y/n).
Lemma 11 ([Kan2l)). In the fully random model, we have that E[OPT| = ©(y/n).
By combining Theorem 8, Lemma 10, and Lemma 11, we obtain the main result of this section.

Theorem 1. For online matching on the line in the fully random model, the greedy algorithm
achieves an O(1)-competitive ratio.



The excess supply setting. We consider here an extension of the previous model where there
is a linear excess of servers. For any constant ¢ > 0, we define the fully random e-excess model,
where an instance consist of n requests and n(1+ €) servers all drawn uniformly and independently
from [0, 1]. The competitive ratio of any algorithm A is given by:

E(r,$)~1(0,1)n xu(0,1)n 1+ alcost (A, (S, R))]
E(r,$)~(0,1)n xuu(0,1)n(1+0 [cOst (OPT, (S, R))]

In this setting, the hybrid approach with hierarchical greedy used above does not give a constant
competitive ratio. However, we are still able to prove that greedy is constant competitive with a
different argument. Unlike the model with n servers, the analysis for the excess supply setting does
not rely on the hybrid lemma but on concentration arguments. All proofs are in Appendix C.

The main technical contribution here lies in showing that, thanks to the excess of servers, there
is an exponentially small probability that there is a large area around the n-th request that contains
no available servers. More formally, for £,m € [0,1], we let z(; ) = [{t € [n — 1] : 7y € (£,m)}] be
the number of requests out of the n — 1 first requests that arrived in the interval (¢,m), and we let
Yem) = H{t € [n(1 +¢€)] : ¢ € (£,m)}| be the total number of servers that lie in the interval (¢, m).

Lemma 12. Let € > 0 be a constant. There are constants Ce, C! such that, in the fully random

e-excess model, we have that for all z € [%, 1],

P3,m € [0,1] : 2(0,m) = Yem), (tn =€ =2 or £ =0),(m —rp > 2z orm=1) [ r,) < Cle 0,
Using Lemma 12, we then upper bound the expected cost incurred by greedy at the last step.

Lemma 13. Let e > 0 be a constant. There is a constant C!' such that, in the fully random e-excess
C//

€

model, we have E[cost,(G)] < =

Last, we observe that, because of servers getting less and less dense as requests arrive, the
expected cost at each step of the greedy algorithm increases.

Lemma 14. Let ¢ > 0 be a constant. Then, in the fully random e-excess model, we have that for
all i € [n — 1], Elcost;(G)] < Elcosti+1(G)].

Using Lemma 13 and Lemma 14, we conclude that Elcost(G)] = .. E[cost;(G)] < n -
E[cost,(G)] < CY. We have thus shown the following.

Lemma 15. Let € > 0 be a constant. There exists a constant C! > 0 such that in the fully random
e-excess model, we have E[cost(G)] < CV.

In order to conclude the proof of Theorem 2, it suffices to lower bound the cost of the optimal
solution in the fully random e-excess model.

Lemma 16 ([Kan2l]). For any constant € > 0, we have that in the fully random e-excess model,

E[oPT] = ©(1).
We can then conclude the following result on the performance of the greedy algorithm.

Theorem 2. For any constant € > 0, greedy is O(1)-competitive in the fully random e-excess model.
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4 Greedy is Logarithmic Competitive in the Random Requests
Model

In this section, we show that greedy achieves an ©(logn) competitive ratio in the random requests
model where the servers are chosen adversarially and the requests are drawn uniformly and indepen-
dently from [0, 1]. Thus, unlike in the fully random model, servers and requests can be distributed
in a significantly different manner in this model.

4.1 Greedy is O(logn)-competitive

We first show the O(logn) upper bound. We note that, even though hierarchical greedy and greedy
are both constant-competitive in the fully random model, hierarchical greedy is only Q(nl/ 4)-
competitive in the random requests model (see Appendix E). The main lemma (Lemma 18) shows
that greedy is at most a logarithmic factor away from any online algorithm that makes neighboring
matches. To prove that lemma, we first need to lower bound the probability that the cost incurred
by any online algorithm at any time step is small. The proof is in Appendix D.

Lemma 17. In the random requests model, for any online algorithm A and any time step t € [n],
we have that P(costy(A) > 1/n*) > 1 —2/n3 and E[cost,(A)] > m

Next, to show that Lemma 18 holds for any online algorithm A that makes neighboring matches,
we use the hybrid lemma on the hybrid algorithm '}, and we abuse notation with H™.

Lemma 18. In the random requests model, there exists a constant C' > 0 such that, for any instance
and for any online algorithm A that makes neighboring matches, Elcost(G)] < C'log(n)E[cost(A)].

Proof. Note that {cost,,(A) > 1/n*} is an event that depends only on S,, 1 and r,, and that A
makes neighboring matches; hence we can use the hybrid lemma to get
E[cost(H™ 1) — cost(H™)]
= Elcost(H™ ) — cost(H™) | costy,(A) > 1/n*] - P(costy, (A) > 1/n?)
+ E[cost(H™ ) — cost(H™) | cost,(A) < 1/n%] - P(cost,, (A) < 1/n)
< E[cost(H™ 1) — cost(H™) | costy,(A) > 1/n] - P(cost,, (A) > 1/n*) +n-2/n3 Lemma 17
< CE[(1 + log (m))cos‘cm(fl) | costy,(A) > 1/n%] - P(cost,(A) > 1/n*) + 2072 Hybrid lemma
< C(1 + 4log(n))E[cost,y, (A) | costy,(A) > 1/n?] - P(cost,, (A) > 1/nt) + 202
< C(1 + 4log(n))E[costy, (A)] + 2n 2
= (" log(n)E[cost,, (A)].

Since H" = A and H° = G, we conclude that

E[cost(G) — cost(A Z E[cost(H™ 1) — cost(H™)] < C"log(n Z E[cost, (A
m=1 m=1
= C'log(n)E[cost(A)]. O

It remains to show the existence of a O(1)-competitive online algorithm that makes neighboring
matches in the random requests model, which is the case for a simple modification of the algorithm
fair-bias from [GGPW19]. The proof is deferred to Appendix D.

11
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Figure 2: Lower bound instance. There are n*/® +41log?(n)/n servers at 0, no server in the dashed
area, and n — (ng + 41og?(n)y/n) servers uniformly distributed in the gray area.

Lemma 19. In the random requests model, there exists a O(1)-competitive algorithm that makes
neighboring matches.

We are now ready to prove the main result of Section 4.1.

Theorem 3. For online matching on the line in the random requests model, the greedy algorithm
achieves an O(logn)-competitive ratio.

Proof. By Lemma 19, there exists A a O(1)-competitive algorithm in the random requests model
that makes neighboring matches. For such an algorithm A, we have, by Lemma 18, that E[cost(G)] <
C'log(n)E[cost(A)]. We conclude that greedy is O(logn)-competitive. O

4.2 Overview of the lower bound

The Q(logn) lower bound is the main technical proof of this paper. It is obtained by analyzing
another hybrid algorithm to show that, on some instance, greedy makes mistakes that have an
intricate cascading effect on the cost of future requests. In this section, we give an overview of
the proof of the lower bound. A reader interested in the complete analysis can directly skip to
Section 4.3.

Description of the instance.

There are n*/° + 4log(n)?\/n servers located at point 0, there are no servers in the interval
(0,n~1/5] and the remaining n — (n*/® + 4log(n)?\/n) servers are uniformly spread in the interval
(n_1/5, 1]. More precisely, for all j € [n4/5 + 4log(n)%y/n], we set s; = 0. Then, we let 7 :=n —
41og(n)?y/n/(1-n~1/5), and forall j € {1,...,n—n*5—4log(n)?\/n)}, we set 8(n4/5+4log(n)2 /i) +j =
n~1/5 4 % (see Figure 2 for an illustration of the instance). We note that, interestingly, the servers
are almost uniform since a 1 — o(1) fraction of the servers are uniformly spread in an interval
(o(1),1].

Analysis of the instance. We compare the greedy algorithm to the algorithm A that, for
all t € [n], matches r; to a free server at location 0 if 7, € [0,n'/°] and Sai—1 N {0} # 0, and,
otherwise, matches r; greedily. Note that for the instance defined above, A is a better algorithm
than greedy since the expected total number of requests in [O,n_l/ %] is n=1/5 . n = nt/5, which
is less than the number of servers at position 0. The main part of the proof is to lower bound
Elcost(H} ') — cost(H)], i.e., the increase in cost from switching from algorithm A to the greedy
algorithm G one step earlier in hybrid algorithm H:Z_l compared to H'}. As we will show, matching
a request in [0, n=1/ %] greedily at time ¢t = m instead of matching it to a server at location 0 causes
a cascading increase in costs at future time steps for ’Hﬂ_l compared to H'} due to the different
available servers, even though these two algorithms both match requests greedily at time steps
t > m.

12
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Figure 3: Sets of free servers for ™ and H™ ! at all time steps (with the circles for S; and the
squares for S7).

The first lemma shows that at every time step ¢, there are at most two servers in the symmetric
difference between the sets of free servers SH%t and SH2717 ;» and that the potential extra free server
in SHTZ_I» , 1s always located at 0 whereas the potential extra free server in SH%t is the leftmost free
server that is not at location 0 (see Figure 3). To ease notation, we write H™ and H™ ! instead

of H"{ and ”Hﬁ_l and S; and S} instead of Sym ; and Spm-1 ;.

Lemma 20. Let R be n arbitrary requests and Sy be n arbitrary servers. Then, for all t €
{0,...,m — 1}, we have Sy = S}, and for all t > m, either Sy = S; or S; = S; U {0} \ {min{s € S :
s>0}} (and {s € S :s>0} #0).

To bound E[cost(H™ 1) — cost(H™)], we analyze the gap &; := min{s € S; : s > 0} between the
unique available server in S} \ S; = {0} and the unique available server in S; \ S; = {min{s € S; :
s> 0}}. If S; = 5], then there is no gap and we define §; = 0. The next lemma formally bounds
B[ (costy(H™™1) — costy(H™)|0m, Sm] as a function of the gap 4.

Lemma 21. For all m € [n], we have that

n

1
m—1y m > Z o
E{tmgﬂ(costt(?-[ ) — cost(H™)|0m, Sm} > 2E[t€{07m7mﬁ?{>§}’tw)m} St+m — Om|0m, Sm}

— P(td > t{0}|5m, Sm),

where s;1 =min{s > 0:s € S;} and s;2 = min{s > s;1 : 5 € Si}; ty, ;== min{t > m : 549 — s¢.1 >
si1, or sp2 =0}, t = min{t > m : & = 0} and t(y := min{t > m| S, N {0} = 0}.

To prove Lemma 21, we first show some structural properties of the process {(d¢, St)}i>0. In
particular, we partially characterize the transitions from (¢, S¢) to (0441, St+1) (Lemma 41), and
show that if at some time step ¢, there remains servers at 0 and the gap so; — 51 between the two
first servers with positive location in S; is smaller than the gap d;, then the expected difference in
cost E[cost,(H™ 1) — cost;(H™)] at step t is lower bounded by (&; — d:—1)/2.

By Lemma 21, it remains to lower bound the maximum gap &¢, for ¢ > m. To analyze this gap, we
first need to introduce some additional notation and terminology. We consider a partition Iy, 11, . ..
of (0,1] into intervals of geometrically increasing size, where I; = (y;_1, ;] and y; = (3/2)'n~1/5
(with the convention y_; = 0). In addition, we say that a sequence of requests is regular if, for any
i € [n], the number of requests between any time steps ¢ and ¢’ that are in the interval [(i—1)/n,i/n]
sufficiently concentrates (Definition 29). By concentration bounds, a sequence of requests is regular
with high probability.

13



Lemma 22. With probability at least 1 — n~1°8(M) the sequence of requests is reqular.

When a sequence of requests is regular, we can bound, for algorithm H™, the gap s¢ j+1 — S¢,;
between the 7 and j+ 1% free servers s; j and s; j+1 with positive location at time t € [(1—o(1))n]
(Lemma 30).

The main technical lemma of the proof is to lower bound the maximum gap d; over all t > m,
which we do in the next lemma, where cq, d1, c3 are positive constants.

Lemma 23. For all i € [d;log(n)] and m < ¢in,

Om _
]P’( max Ot > yi—1| R is regular, Oy, Sm) > _n Q(log(n))
te{m,...,min(n—n°3,try)} Ui

Challenges to prove Lemma 23. The main difficulty in proving Lemma 23 is that the value
of §; at each time step t is dependent on the value of S;. However, S; lies in an exponentially-sized
state space and it is difficult to compute the exact distribution of .S; at all time steps. The key idea
is to separate the analysis of (01, ...,0,) and (S1,...,S,). We first show that with high probability,
the servers in (S1,...,Sy) become globally unavailable from left to right (see below an overview of
the proof for a more precise statement). Then, we lower bound the probability that for any y and
any arbitrary sequence of sets (S1 2D ... D S,), 6 = 0 before all servers in the interval (0,y] have
become unavailable. Combining these two properties leads to the desired result.

Overview of the proof of Lemma 23. The first part of the proof analyzes the sets of free
servers Sg 2 ... 2 .5, obtained with algorithm H™. We say that an interval I is depleted at time
tif ST = 0. We let t; := min{t > 0|S; NI = 0}, i.e., ¢; is the time at which I is depleted.
For simplicity, we write t; instead of t;,. We first show in Lemma 34 that for some constant
co € (1/2,1), if i1 < n — (1 — c2)"In, then, t;_; < t;. Then, we show in Lemma 37 that if
to<...<ti1<n—(1-cp)"'nandt;_1 <t then, t; <n — (1 —cz)'n. To show this last result,
we lower bound the number of requests matched in I; until time ¢, = min(t;,t;—1 + c2(n — t;—1)).
We first show that

{5 € [ti] Isum (1)) € Li}]| > [Hj €[] :rj e Li}| —Hj €[ti] 7y € Liysum(r) & Li}]
+{je{tici+1+ea(n—tioa),.... L} rj € [Byic1,yim1], sum(r)) € L}

We then lower bound each of these terms separately using Lemma 35, Lemma 36, Lemma 30, and
the regularity of the requests sequence. We deduce from this lower bound that if t; > n— (1 —cz)'n,
then the number of requests matched in I; exceeds the initial number of free servers in I;, which is
a contradiction. Hence the bound t; < n — (1 — ¢2)'n. Finally, by combining the above inequalities
shown in Lemma 34 and Lemma 37, we show inductively that there is a constant d; > 0 such that the
intervals {/;};c(d, 10g(n)) are depleted in increasing order, i.e. that m <t <... <tg 10g(n) < n—n%
and that m < t;gy, (Lemma 32), which is the main lemma of this first part.

In the second part of the proof of Lemma 23, we use the characterization from Lemma 41 to
prove the following in Lemma 43: conditioning on the gap ¢,, and available servers S,,, and for all
Y € [0m, 1], we have
Om,

P(min(t(og},t{o}) < min(td,t{o})‘ém,Sm) =
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In other words, starting from a gap d,,,, the probability that the gap has not yet disappeared at the
time all the servers in (0,y] have been depleted, or that all the servers at location 0 are depleted
before either of these events occurs, is lower bounded by 9z .

The third and last part combines the first two parts to obtain Lemma 23. Since we have shown
in the first part that the intervals {I;} are depleted in increasing order of j, we have that just
before the time t,, where (0,y;] = Uj<;I; is depleted, none of the intervals I; for j < i have free
servers left, hence min{s > 0:s € S, 1} € I;. Hence, if 6, 1 # 0, we have by the definition of &;
that 0, 1 = min{s > 0:s € Styfl} € I; = (yi—1,y;], which, in particular, implies Oty —1 > Yi-1.
Thus, to prove the desired result, it suffices to lower bound the probability that d;, —1 # 0 and

that ¢,, < t{g) and t,;, < n —n“. By using the second part, we show that it is lower bounded by

om _ p-Qog(n))
Yi

Concluding the proof. By combining the main lemma (Lemma 23) with Lemma 21, we can
show the following bounds on E[cost(H™ 1) — cost(H™)].
Lemma 24.

1. For any m > ¢in, we have: E[cost(H™ 1) — cost(H™)|rm € [0,y0]] = —O(n=/%).

2. for any m < cin, we have: Elcost(H™ 1) — cost(H™)|rm € [0,10]] = Q(log(n)n=1/?).

3. For any m € [n], we have: Elcost(H™ ') — cost(H™)|rm € (yo,1]] = 0.

The last lemma needed is the following bound on OPT.

Lemma 25. For any n € N, the expected cost OPT of the optimal offline matching for our lower
bound instance satisfies: E[OPT) = O(n3/%).

By doing a telescoping sum over all m € [n] and using that H" = A and H® = G, we obtain
from Lemma 24 and 25 the lower bound.

Theorem 4. For online matching on the line in the random requests model, the greedy algorithm
achieves an Q(logn)-competitive ratio.

4.3 Greedy is Q(logn)-competitive

In this section, we give a more detailed proof of our lower bound result. All omitted proofs can be
found in Appendix E.

4.3.1 Preliminaries

Description of the instance.

There are n*/° + 4log(n)?\/n servers located at point 0, there are no servers in the interval
(0,n~ /%] and the remaining n — (n*/® 4 4log(n)?y/n) servers are uniformly spread in the interval
(n=1/%,1]. More precisely, for all j € [n*/° + 4log(n)%\/n], we set s; = 0. Then, we let 7 := n —
41og(n)?y/n/(1-n~1/5), and forall j € {1,...,n—n*5—4log(n)?\/n)}, we set S (nA/5 44 log(n)2 /) +j =
n~5 4 % (see Figure 2 for an illustration of the instance). We note that, interestingly, the servers
are almost uniform since a 1 — o(1) fraction of the servers are uniformly spread in an interval
(o(1), 1].

We now give bounds on the number of servers contained in each subinterval of [n=1/5,1].
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Fact 26. Let n := n — 4log(n)®/n/(1 — n='/5). For any I C [n=/% 1], we have |So N I| €
[l = 1,71 + 3]

Basic definitions and notations. We first introduce some notation and terminology.

Definition 27. We consider a partition Iy, I1, ... of (0,1] into intervals of geometrically increasing
size, where I; = (yi_1,y:] and y; = (3/2)'n='/° (with the convention y_1 = 0).

We now define an algorithm A to which we will compare the greedy algorithm.

Definition 28. We let A be the algorithm that, for allt € [n], matches r, to a free server at location
0 if 14 € [0,n" /5] and Sa—1N{0} # 0, and, otherwise, matches ¢ greedily. For all m > 0, we
recall that H™ denotes the hybrid algorithm that matches the first m requests according to A, then,
matches greedily the remaining requests to the remaining free servers.

A useful tool: regularity of the requests sequence. Informally, we define a sequence of
requests R regular if in every time interval, its realized density is not much different from its
expected density. We now give some intuition about why we define such a notion. Throughout the
proof, many random events can be shown to occur with high probability by successive applications
of simple Chernoff bounds. Once the sequence of requests is assumed to be regular, these events
become deterministic events, which greatly simplifies the analysis.

More formally, we start by discretizing the interval [0,1] as D = {% : i € {0,...,n}}. For any
interval I = [ig,ig] C [0, 1], we also consider d™(I), the smallest interval with end points in D that
contains I, and d~(I), the largest interval with end points in D contained in I.

1. d¥(I):= [df,d}], with d] = max{z € D|z <i.} and d}; = min{z € D|z > i}
2. d~(I) := [d},dg], with d;, = min{z € D|z > i} and d; = max{x € D|z <ig}.

Definition 29. We say that a realization R of the sequence of requests is reqular if for all d,d’ € D
such that d < d', and for all t,t' € [n] such that t <,

1. |{jeft,....t'}rjeld,d]} > (d —d)(t —t) —log(n)*\/(d —d)(¥ — 1),
2. and if (d' —d)(t' —t) = Q(1), then
G e{t,.. ..t} rj € [dd}| < (d = d)(t' —t) +log(n)*\/(d — d)(t' — 1),

We now show that R is regular with high probability.
Lemma 22. With probability at least 1 — n~ 8™ the sequence of requests is reqular.

Proof. Note that for all d,d’ € D such that d < d' and ¢,t' € [n] such that ¢t < ¢/, [{j €
{t,....¢'} r; € [d,d]}| follows a binomial distribution B(t' —¢,d’ — d). Hence the lemma results
from a direct application of Chernoff Bounds (Lemma 48) and a union bound over all d,d’ € D
and t,t' € [n]. O

We now show a property that is implied by the regularity of a sequence R of requests. We
define m; = [S; N (0,1]|, and we denote by 0 < s¢1 < ... < Stm, < 1 the locations of the m; free
servers with positive location in S;. For some small ¢ > 0, we define c¢3 = % + €. The following
lemma upper bounds the distance between two consecutive free servers with positive location in S;
at time t € [n — o(n)] for algorithm H™ assuming that R is regular.
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Lemma 30. Assume that the sequence of requests is reqular. Then, for n large enough and for all
t€[n—n%] and j € [my — 1], we have s¢ 1 — 545 < 2log(n)*nt=2e,

4.3.2 Upper bound on the cost of the optimal offline matching

We first introduce a useful lemma.

Lemma 31. Let m > 0 and R = {r1,...,7g} be a set of at most m requests uniformly drawn
from the interval (0,1] and Z = {z1,...,2m} be a set of m servers such that for alli € {1,...,m},
2; = . Then, the optimal matching M* between Z and R satisfies E(cost(M*)) = O(y/m).

Proof. We assume without loss of generality that R contains exactly m requests and we let (1) <
. < T(m) denote the ordered statistics of R. In this case, we claim that an optimal matching M*
between R and Z is to match each r(; to z; for all i € {1,...,m} (see the proof of Theorem 2.5 in
[AALS21] for a proof of this fact).
Now, it is a known fact that for all 7 € {1,...,m}, r(; follows a Beta distribution B(i, m+1—1)

(see [Sin10]). In particular, we have that E[r(] = i and std(r(;) = % \ﬁ We

thus obtain
E(cost(M*)) = 3 E(jr — =)

< ZE(!%’) —E(r)|) + E(E(rq)) — 2il)

m

< i std(r Z — zl) (lemma 49)

=1 =1

ml m
< _
_zﬁmzl

O]

We now give an upper bound on the cost of the optimal offline matching for our lower bound
instance.

Lemma 25. For any n € N, the expected cost OPT of the optimal offline matching for our lower
bound instance satisfies: E[OPT = O(n®/°).

Proof. For a given realization R of the requests sequence, we partition the requests into R; = {r €
R:re[0,n '/} and Ry = {r € R:r € (n"Y/%1]}. We also let R; be the n*/® requests of R;
that arrived first, or Ry = Ry if |R1| < n%/®, and let Ry be the n — (n*/® 4 4log(n)?\/n) requests
of Ry that arrived first, or Ry = Ry if |Ra| < n — (n*/° + 4log(n)?\/n).

We now define the following matching M, where for all » € R, sp/(r) denotes the server to
which 7 is matched, and for any subset R of the requests, M | denote the restriction of M to R:

e For all r € Ry, sp(r) = 0.
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° ]\4|§2 is an optimal matching between Ry and Sp N (n_1/5, 1].
e The remaining requests are matched arbitrarily to the remaining free servers.

Note that M is well defined since |Ry| < n*/° < [So N {0}| and |Rs| < n — (n*/® 4 4log(n)?\/n) <
[So N (n_1/5, 1”

Now, for all 7 € Ry, since r € [0,n~ /5], we have |r — sp(r)] = |r — 0] <n~'/% hence
El[cost(M B> lsa(r) = r[] SE[|Raf]-n~ /% < /P75 = pd/5, (1)
T€R1

Next, note that the requests in Ry are uniform i.i.d. in (n='/% 1] and the servers in Son(n=/°, 1]
are uniformly spread in (yo, 1], hence by using Lemma 31 and a simple scaling argument, we get

Elcost(M|g,)] = O(y/[Rz|) = O(v/n). (2)

Now, note that |R1| = |{r € R : r € [0,n~/5]}| follows a binomial distribution B(n,n /%) with
mean 1n*/® and standard deviation \/n%/5(1 — n=1/5), thus by Lemma 49, we have E[max(0, |R;| —
n*")] < E[||R1| — n*?|] < /n45(1 —n-1/5) < /n. Since by definition, R; \ R; contains
max(0, |R1| — n*®) elements, we thus have

E[|R, \ Ful] = Efmax(0,|Ri| — /)] < V.

We also have that |Ry| = |[{r € R : r € (n~1/%,1]}| follows a binomial distribution B(n,1—n"1/5)
with mean n — n*/® and standard deviation \/(n — n4/5)n=1/5). Hence, by Lemma 49, we have
E[max(0, |Ra| — (n — n*/%))] < E[|Rs| — (n —n*/?)|] < v/(n —n4/5)n=1/5 < \/n. Since by definition,
Ry \ Ry contains max(0, |Rs| — (n — n*/® — 4log(n)?y/n)) elements, we thus have

E[|Ry \ Re|] = E[max(0, |Ro| — (n —n*/® — 4log(n)’v/n))]
max(0, | Ry| — (n — n*/®))] + 4log(n)?v/n

Since for all r € R, we have |sp/(r) —r| < 1, we get

Bfeost(M] g, 71, oo )] < BRI\ Tl + Ef| Ry \ Fal] = O(v/). 3)
Combining (1), (2) and (3), we finally get

E[OPT] < E[cost(M)] = E[COSt(M|(Rl\EI)U(RQ\Eg))] + E[cost (M|, )] + E[cost (M|, )] = on3%). O

4.3.3 Analysis of (51,...,5).

We first introduce a few constants that will be used thoughout the proof. We recall that c3 = %—i—e for
some small € > 0. We also define the following constants: ¢; = 2(1—¢€),co = 2 (1 +¢€) + §(1 —€)).
Note that in particular, we have 1 > ¢o > 1/2 > ¢; > 0. In addition, we define d; := (1 —
5)/10g(1/(1 - c2)).

In this section, we consider a fixed value m < cin and we give some global property of the
sequence (51, ...,5y) of sets of free servers for H™. More precisely, we first define for all interval I
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the time ¢7 := min{t > 0|S; N I = 0} at which the last free server of I is matched to some request
(we say that I is depleted at time t7). The objective is to show that during the execution of H™,
and for all ¢ < j, the interval I; is depleted at an earlier time step than /;, and that all intervals
{Li}ic(d, 10g(n) are depleted between times m and n — n® (which is formally stated in the next
lemma, whose proof is given at the end of the section).

Lemma 32. Let m < c1n and consider algorithm H™. Then, assuming that the sequence of requests
R 1is regular, we have that cin <t1 < ... <{g 10g(n) < 7 —n%. In addition, we have cin < tg).

Before presenting the proof of Lemma 32, we introduce a few technical properties. We first
show a simple but useful lemma.

Lemma 33. For all i € {0,...,d;log(n)}, we have (1 — c3)'n > n.

Proof. Let i € {0,...,d;log(n)}. Then,

. . (1—c3) log(n)
(1 — Cg)zn = e_ZIOg(l/(I—Q))“‘lOg(”) > e_Log(li(lfgcQ)) log(1/(1—c2))+log(n) — 6—(1—03)log(n)+log(n) — o

where the inequality is by definition of d; and since i < dj log(n). O

We now show a number of properties that are satisfied for all 7 € [d; log(n)] under the assumption
that the sequence of requests R is regular.

We first show that if the depletion time ¢;_; of interval I;_; is small enough, then I;_; is depleted
before I;.

Lemma 34. Let m < cin and i € [dylog(n)]. Assume that R is reqular and that t;—1 <n — (1 —
Cg)i_ln. Then, t;_1 < t;.

Next, we show that if the intervals Iy,...,I;_1 are depleted in increasing order of ¢ and that
t;_1 is small enough, then ¢; is also small enough. To this end, we first introduce a couple lemmas.
The first one upper bounds the number of requests that arrived in I; and were matched outside of
I; until time min(t;,t,—1 + co(n — t;—1)).

Lemma 35. Let m < cin and i € [d1log(n)]. Assume that R is regular, that to < ... < ti—1 <
n—(1—c2)"'n and that t;_1 < t;. Lett; := min(t;,t;_1 + ca(n —t;_1)). Then,

[{j € &) : 75 € L, sum (r5) ¢ i} = O(V/n).

The next lemma lower bounds the number of requests that arrived in the interval [%yi_l, Yi—1]
and were matched inside I; from time ¢;_1 + 1 4+ ¢1(n — t;—1) to time min(¢;,t,—1 + co(n — t;—1)).

Lemma 36. Let m < cin and i € [dilog(n)]. Assume that R is regular, that to < ... < t;_1 and
that t;—q < t;. Let t; :== min(t;,t;—1 + ca(n — t;—1)). Then,

Hie{tici+1+ca(n—tizr),....t}:rj € [%yiflvyifl]u sym(r;) € 1;}

> %(5 —ti1 —c1(n —ti_1))| L] — O(V/n).

Using the two above lemmas, we show that if the intervals I, ..., I;_1 are depleted in increasing
order of i and t;_; is small enough, then ¢; <n — (1 — c2)'n.
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Figure 4: Requests in and out of I; up to time ¢; = min(¢;, t;—1 + ca(n — t;—1)), with (A) the total
number of requests that arrived in I; from time 0 to ¢;, (B) the total number of requests that
arrived in I; and were matched outside I; from time 0 to ¢;, and (C') the total number of requests
that arrived in [%yi_l, yi—1] and were matched inside I; from time ¢;—1 + 1+ c¢1(n —t;—1) to time &;
(note that there are no free servers in the dashed area for times t > t;,_1).

Lemma 37. Let m < cin and i € [d1log(n)]. Assume that R is regular, that tg < ... < ti—1 <
n—(1—c2)"tn, and that t;_1 < t;. Then, t; <n — (1 —co)'n.

Proof. Fix i € [d;log(n)]. We start by lower bounding the number of requests that were matched
to servers inside I; until time #; := min(¢;,t;—1 + ca(n — t;—1)) included. First, we have (see Figure
4):

{j € [ti] |sum (1)) € L}
=|{j € [t:] Irj € Li,s3m(rj) € Li}| + {7 € [ti] Irj & L, sum (1) € Li}]

= |{jelti]:r; € L} (A)
— g eltil i vy € Ly syem(ry) & L} (B)
+Hje{tici+l+ca(n—tir),....ti}:rj € [%Z/z‘—hyi—l]ﬁ?{m("’j) € L}| (©)

where the lower bound in (C) is since I; = (y;_1,;]; hence [3y;—1,y;-1] C [0,1] \ L.

We now bound each of these three terms separately. Since we assumed that the sequence of
requests is regular, by applying the first regularity condition with ¢t = 0, t' = ¢;, [d,d'] = d(I;)),
we have that

[{j el irj e LM = {j € ] :rj € d” (I} = d™ (L)t —log(n)*y/d=(I)T; = | L[t — O(V/n).

By Lemma 35, we have that

{j € [ti] : vj € Liyspm(ry) & LY = O(V/n),
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and by Lemma 36, we have that
{jef{tici+1l+a(n—tir),....L} 1) € [Byic1,yim1], sum(r)) € L}

1 ~
2 5t —tics —er(n —ti1)|Lif = O(vn).

Combining the four previous inequalities gives

. — 1
{5 € [ s swn(ry) € L} = || [+ 5B — tiot — eu(n = ti1))| = O(V).
Now, {j € [t;] : sym(r;) € Li}| is trivially upper bounded by the initial number of servers

available in I;, which, by Fact 26, is at most |I;|n+ 1 < |I;|(n+1). By combining this upper bound
with the above lower bound and by simplifying the |;| on both sides, we obtain

(ti—tin—ca(n—t;i1) —O(n™°), (4)

N

_ 1 - o
n+1> ti+§(ti—ti_1 _Cl(n_ti—l)) _O(\/?Z/‘LD =t,+

where the equality is since | ;| = Q(n~1/?) for all i > 0.
Next, we show that the previous inequality implies that #; = ¢;. Assume by contradiction that
ti =ti—1 + co(n —t;—1). We get

1 ~
tio1+e2(n —tio1) + 5(%—1 +ea(n—tis1) —ticg —er(n —ti1)) — O(n™/1°)

=ti1 4+ (n—ti1)(ca(1+1/2) — ¢1/2) — O(n™/10)

=ti_1+ (n—ti_1)(1+¢) — O(n™?)

=n+e(n—ti_1) —On"0)

> n+en® — O(n/10)

>n+1,

where the second equality is since c2(1+1/2) —c1/2 = 3 2(Q+e+i(1—€)—5-2(1—¢) =

(14 ¢€). The first inequality is since t;_1 < n — (1 — ¢c2)""'n < n —n (by using the assumption of
the lemma and from Lemma 30), and the last inequality is since we set ¢35 > 3/4 and assumed n
large enough.

Hence, by (4), we cannot have t; = t;_1 4+ ca(n—t;—1), thus t; = min(t;—1 +cao(n —t;—1),t;) = t;.
Using the assumption that #;_1 <n — (1 — c2)"~'n, we conclude that

t; <t,_1+ 02(n — tifl) = con + (1 — Cg)ti,1 < con—+ (1 - CQ)(TZ — (1 — Cg)i_ln) =n— (1 — Cg)in. ]

Finally, we show in the two following lemmas that I is not yet depleted at time cin, and that
if it is the case, we also have that {0} is not yet depleted at time cin.

Lemma 38. Let m < ¢in and i € [dylog(n)]. Assume that R is reqular and that t, < ta. Then,
cin < t1.

Lemma 39. Let m < cin and i € [dylog(n)]. Assume that R is regular and that cin < ti, then
cin < t{O}'
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We are now ready to present the proof of Lemma 32, that we restate below for convenience.

Lemma 32. Let m < cin and consider algorithm H™. Then, assuming that the sequence of requests
R 1is regular, we have that cin <t1 < ... <{g 10g(n) < 7 —n%. In addition, we have cin < tg).

Proof. Fix m € [¢1n] and assume that the sequence of requests is regular. We first show by induction
on i that, for n sufficiently large, we have tg < ... <t; <n—(1—cz)in for alli € {0,...,d; log(n)}.

The base case is immediate since by construction of the instance, Iy N Sy = (0, n~Y NSy =0,
which implies that tg = 0 =n — (1 — c2)n.

Now, for n large enough, let i € [dy log(n)] and assume that tg < ... <t;—1 <n — (1 —c2)" " !n.
Then, in particular, we have that t; 1 < n — (1 — c3)""!n, hence t; 1 < t; by Lemma 34. By
combining this with the assumption that tg < ... < t;_1 < n — (1 — c2)*"'n, we obtain that
t; <n — (1 — c2)'n by Lemma 37. Hence, we get tg < ... < t; < n — (1 — c2)'n, which concludes
the inductive case.

By applying the previous inequalities with i = djlog(n), and by Lemma 33, we thus have
t <. <t logm) <n—(1 —g) 4108y < n—n<. In addition, since ¢; < tp and since we assumed
m < cin, we have that m < cin < t; by Lemma 38, which also implies that m < cin < Loy by
Lemma 39. We conclude that m <t; <... <tg 10g(n) <1 —n and that m <{y.

O

4.3.4 Lower bound on E[cost(H™ ') — cost(H™)].

The objective of this section is to use the characterization of the remaining servers (Si,...,Sy)
from Lemma 32 in Section 4.3.3 to prove the following lemma, in which we lower bound the total
difference of cost between algorithms H™~! and H™ conditioned on the location of request 7.
The proof is given at the end of the section.

Lemma 24.
1. For any m > c¢in, we have: E[cost(H™ 1) — cost(H™)|rm € [0,y0]] = —O(n=/%).
2. for any m < cin, we have: Elcost(H™ 1) — cost(H™)|rm € [0,0]] = Q(log(n)n=1/?).

3. For any m € [n], we have: Elcost(H™ ') — cost(H™)|rm € (yo,1]] = 0.

Structural properties. In order to prove Lemma 24, we first introduce a few structural prop-
erties about the sets (S, ..., S:) and (S),...,S}) of free servers for H™~! and H™. We first show
that at every time step ¢, there are at most two servers in the symmetric difference between S; and

7, and that the potential extra free server in S} is always located at 0 whereas the potential extra
free server in S; is the leftmost free server in S; that is not at location 0 (see Figure 3).

Lemma 20. Let R be n arbitrary requests and Sy be n arbitrary servers. Then, for all t €
{0,...,m — 1}, we have Sy = S}, and for all t > m, either Sy = S} or S; = Sy U{0} \ {min{s € S; :
s> 0}} (and {s€ Sy :s>0} #0).

Armed with the previous lemma, we define the gap d; := min{s € S; : s > 0} between the unique
available server in S} \ S; = {0} and the unique available server in S; \ S} = {min{s € S; : s > 0}}.
In the following, we let s;1 = min{s > 0:s € S;} and s;2 = min{s > s : s € S;} denote the first
two servers with positive location for H™ just after matching ry.
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Tei1 € ... 0,9] | [&,dbwe] | [obwe gy 4 W] | S, + L5y + wy [0 + wy, 1]
Sty1 S\ {0} | Si\ {6} Si\ {6} Si\ {0 +w} | Ts € [0 +we, 1] NSy :
Se\ {s}
Ot41 0t 0 0y + wy ¢ 0
E[Acostyy1] .. .] >0 >0 > {;%t (jthZEV\ISisi >0 >0

Table 1: Values of (0441, S¢+1) and expected value of Acosty41 conditioning on (d¢, S¢) and on ry41,
assuming that Sy N {0} # 0, & # 0 and |S; N (04, 1]| > 1, and where wy 1= s;9 — s¢1.

0 ifS, =9

Definition 40. For allt € [n], we let 0 := _
st,1 otherwise.

We now present a few properties satisfied by { (9, S¢) }t>m. We start by a partial characterization
of the value of (&;,5;) and of the difference of cost Acost;r1 := costyr1(H™ 1) — costip1(H™)
between the costs incurred by H™ ! and H™ at time step ¢ as a function of 6; and S;.

Lemma 41. All following properties hold at any time t € {m,...,n —1}:

1. if 6 =0, then for allt' > t, we have dy = 0 and Acostyy1 =0,
2. if Syn {0} # 0, then Acosty1 > 0.

3. if Sy {0} £ 0, 6 # 0 and |Sy N (64, 1]| > 1, then the values of (8441, St+1) and the expected
value of Acosty1 conditioning on (d¢, St) and on riy1 are as given in Table 1, where wy :=
st.2— i1 and where we write E[Acosti1|...] instead of E[Acostiy1|(6t, St), SeN{0} # 0, 6, # 0,
|St N (575, 1” >1,rq1 €. ]

4. ’Lf 5t+1 7é 5,5, then St+1 = St \ {(St}

5. Ls,n{o1=0.6,20 - E[Acosti11|(0¢, St)] = —1s,n0y=0,5,0  P(0e41 = 0[(d¢, St)).

In Lemma 43, we use the properties given in Lemma 41 to lower bound the probability that the
gap ¢ has not yet disappeared at the time all servers in (0, y] have been depleted, or that all the
servers at location 0 are depleted before either of these events occurs. We first recall that for any
interval I C [0,1], t; := min{t > m| S; NI = 0} is the time at which I is depleted. We also define
a couple additional stopping times for {(d¢, S¢)}.

Definition 42.

e Distance between s;» and s;; becomes large or s;o = (. Let t* := min{t > m :
St — St1 > St1, or g2 = 0}.

e § disappears. Let t* := min{t > m : & = 0}.
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Lemma 43. Conditioning on the gap 6., and available servers Sy,, and for all y € [6m, 1], we have
]P’(mln(t(oy},t{o}) < min(t ,t{o})‘ém,sm) > ?,

We conclude this part by two simple properties. The first is about the initial gap §,, just after
matching request r,.

Lemma 44.
1. If 6, > 0, then 7, € [0, 0]

2. For all m € [n)], 8, € [0,2n~1/7].

3. For all m € [e1n], E[dp|rm € [0, yo]] > "741/5 — p—Q(og(n))

Finally, we show that if R is regular, then for all i € [d; log(n)], the interval (0,y;] is depleted
before all servers at location 0 are depleted, and we upper bound the probability that all servers at
location 0 are depleted before § disappears.

Lemma 45. For all m € [n] and i € [d; logn],
1. if R is regular, then t( ) < t{o}-

2. P(td > t{0}|'f‘m S [O,yo]) = O(n’1/5).

Lower bound on E[cost(H™ 1) — cost(H™)] as a function of the gap §. Using the structural
properties stated above, we lower bound the expected difference of cost for matching requests

Tm+1s--+3Tn-
Lemma 21. For all m € [n], we have that

n

IE[ Z (costt(Hm_l) — costt(Hm)|5m,Sm} > ;E[te{o,..., max Ot+m — Om|Om, Sm}

t=m-+1 min(t{o},tw)—m}

— ]P)(td > t{o}\ém, Sm),

where s;1 =min{s > 0:s € S;} and s;2 = min{s > s;1 : 5 € Si}; ty, ;== min{t > m : 549 — s¢.1 >
si1, or s =0}, t = min{t > m: 6 = 0} and tgo) := min{t > m| S, N {0} = 0}.

The full proof is in Appendix 4.3 and we only present here the main steps: by the second
property of Lemma 41, we have that while there still are some free servers at location 0, the
difference of cost Acost,y1 is always nonnegative. Moreover, we also have, by the third property of
Lemma 41 (and the values given in Table 1) that as long as §; # 0, [S¢ N (0, 1]| > 1, |S; N {0} # 0
and wy > d;, the expected value of Acost;11 is at least the increase in §. A telescoping sum over
all time steps yields the result.

We also give a simple lower bound on the expected difference of cost for matching requests
T1y+ e s Tm-

Lemma 46. For all m € [n], B| 327, (costy,(H™ ) — costy(H™))|rm € [0,90]| > —n~1/5.
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Main technical lemma. We are now ready to present the main technical lemma of this part,
which is a lower bound on the probability that the gap J ever exceeds y;—1 for all ¢ sufficiently
small.

Lemma 23. For all i € [dylog(n)] and m < ¢in,

Oom
IP’( max Ot > yi—1|R is regular, Oy, Sm) > — — n—$2(log(n))
te{m,...min(n—n®3,t1oy)} Yi

Proof. Fix m € {1,...,cin} and i € [d; log(n)]. For simplicity, we write ¢; to denote tz,, the time
at which I; is depleted during the execution of H™, and we write ¢,, to denote (g, the time at
which (0, y;] is depleted.

In the remainder of the proof, we condition on the fact that the sequence of requests is regular.
In particular, by Lemma 32, we have that

m<t1<...<td110g(n)Sn—nc3. (5)

We start by lower bounding the probability that d;, —1 > 0 conditioning on the variables 6., Sy,
First, note that if m < t,, < t?, then by definition of t¢, we have that 5%_1 > 0. In addition, by
definition of t;,t,,, and since I; = (y;—1,y;] C (0,¥;], we have t; < t,,. Since by (5), we have m < t;,
we get that m < ¢,,. Finally, since R is regular, we also have, by Lemma 45, that min(t,,, t1o1) = t,.
Hence, if min(ty,, ;o)) < min(td,t{o}), then t,, = min(ty,,t0)) < min(td,t{o}) < t?. Therefore, we
have

P(étyi_l > 0|R is regular, d,,, Sp,)
> P(m < t,, < t%R is regular, §,,, S,,)
(t,, < tR is regular, §,,, Spm)
( n(ty,, tiy) < min (t? ;tgoy)|R is regular, 6, S )
> P min(ty,,t1o) < min(t?, t103)|0m Sm) — () R is regular w.h.p. by Lemma 22
5 Om _—0(og(n) Lemma 43 (6)
Yi

Next, we assume that 6%_1 > 0 and we lower bound max;c (... min(n—ns ¢ o)} d¢. By definition
of §, we have that for all t > 0, either 6; = 0 or §; = min{x > 0|z € S;}. Since we assumed
5%,1 > 0, we thus have

5tyi_1 = min{x > 0’.%' € Styi_l}' (7)

Now, by (5), we have that for all j <i—1, ¢; <t; (i.e., (yj—1,y;] is depleted before (y;—1,yi]).
Recalling that ¢; = min{t > m : Sy N (yi—1, y;) = 0} and that ¢,, = min{t > m : S, N (0, y;] = 0}, we

get that ¢; = t,, and that (0,y;—1] N Sty,—1 = (U;;%(yj_l,ij NSy, —1= (. Hence,
min{x > O|SL‘ S Styifl} > Yio1- (8)

Combining (8) and (7), we get that d;, —1 > y;—1. In addition, since m < ¢; < n —n by (5)
and t,, = t; as argued above, we have that m < t,, < n —n®. Since R is regular, we also have,
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by Lemma 45, that ¢,, < t;5y. We deduce that MAXe {m,..., min(n—n®3,t (o))} 0 = bt,,—1 = Yi—1. As a
result,

IP’( max 0t > yi—1|R is regular, d,,, Sm) > IP(6¢, —1 > O|R is regular, §,,,, Sin).
te{m,...,min(n—n°3,t7oy)} Z

Combining this with (6), we finally obtain

)
P( i 5 > yi_1|R is regular, dm, Sm) > n—og(n)) ]
te{m,...,min(n—nc37t{0})} Yi

Concluding the proof. We now present the proof of Lemma 24, that we restate below for
convenience.
Lemma 24.

1. For any m > cin, we have: Elcost(H™ 1) — cost(H™)|rm € [0,40]] = *O(n_1/5).

2. for any m < cin, we have: Elcost(H™ 1) — cost(H™)|rm € [0, 0]] = Qlog(n)n=1/5).

3. For any m € [n], we have: Elcost(H™ 1) — cost(H™)|rm € (yo,1]] = 0.

Proof. Let m € [n]. Since H™ and H™ ! make the same decisions at all time steps when 7, €
(o, 1], it is immediate that E[cost(H™ 1) —cost(H™)|rm € (yo, 1]] = 0, which shows the third point
of the lemma.

We now show the first two points. By Lemma 21, we have that

= 1
E (costy(H™ 1) — cost(H™))|6m, S -E max Ot+m — Om|Om, Sm
[t:;i—l } 2 [tE{O,...,min(t{O},tw)—m} ]
— P(td > t{0}|5m, Sim)-
(9)
Thus, we first get
E[cost(H™ ) — cost(H™)|rm € [0,y0]]

— m—1 m e 1 .
= E[t:%l(costt(% ) — costy(H™))|rm € [0 yo} [; costy(H — costy(H™))|rm € [Ovy[)]:|

> E[t_ZJrl(COStt(Hm_l) — costy(H™))|rm € |0, yo]} —nP

B /(x,S)eXE[ Z (COStt<Hm_l) - COStt(Hm))KémaSm) = (.I',S),T'm € [O,yo]}
-dP((x, S)|rm € [0,30]) — n~1/5

) /< s)ex E[ Y7 (costi(H" ) = costu(H™) | (0ms Sm) = (@,)| - dP((@, $)lrm € [0,90]) =0~/

t=m+1
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2 / [0 =P > t(0y| (6, Sm) = (,9))] - AP((x, §)|rm € [0,90]) —n ™"/
(z,8)eXx

= /( s)ex[o —P(t* > t(0)| (6, Sm) = (2,.9)), 7 € [0,50]] - AP((, S)|7m € [0,50]) — 0~/

—P(t* > tiy|rm € [0,50]) —n/?
= _O(nil/S)a

where the first inequality is by Lemma 46, the second and fourth equalities are since conditioned
on (8, Sm), {(costy(H™), costy(H™ 1)) }t>m41 is independent on 7, the second inequality is by
(9) and the last equality by Lemma 45. This completes the proof of the first point of Lemma 24.

Next, we prove the second point of the lemma by providing a tighter lower bound on (9) when
m < ¢in. In the remainder of the proof, we consider a fixed m € {1,...,cin}.

First, we show that t¥ > n — n®. Note that if R is regular, then by Lemma 30, we have that
for all t € [n — n], s;2 — st1 < 2log(n)n!=2. Thus, for n large enough (and since we chose
c3 > 4/5), we have that s;9 — 541 < n~1/5. Since by definition of the instance, it is always the case
that s;1 > yo = n*1/5, we thus have s¢ 2 —s¢1 < s¢,1. In addition, since t < n—n® and c¢3 > 4/5, we
have that for n large enough, S;N(0,1] > SoN (0, 1]—(n—n) = n—(n*/°+4log(n)?y/n)—(n—n) =
n —n*% — 4log(n)?\/n > 2, thus st2 # 0. Since t¥ = min{t > m : s;9 — s4.1 > s1.1, or sp2 = 0},
we thus have t < t%. Hence t¥ > n — n®

Therefore,
E Stsm|Om: S, R is Tegul )
(te{o,...7milga)§}7tw)—m} t+ml 1s regular
>1[«:( Sterm|Om Sons R 1 ) 10
= te{O,...,min(EtI;(i),(nfnCS)7m} trml 'm, R 1s regular (10)
Next,
E( max Otam|Om, Sm, R is regular)
t€{0,...,min(tfoy,n—n3)—m} i ’
1
= P a Otrm = X|6pm, S, R is regular ) d
/0 (te{o, 7min(£?0}}fn_n03)_m} t+ _x\ 1s regu r) X
d1 log(n
> max Otrm = X|6m, Sm, R is regular) dx
Z / te{0,...,min(tsoy,n—n3)—m} b ’
dllog(
> Yi — Yi-1 -IP’( max Otrm = YilOm, Sm, R is regular)
iz; ( ) te{0,...,min(t oy ,n—n3)—m} s ‘
d1 log(n) 5 log(n)
> Yi — yi1) - —— —n~ Hos)
; ( 1) Yi+1
di log(n) ~1,-1/5
ISV T Z 3/2> / Om — p~$log(n))
(3/2)n —1/5 " (3/2)itn-1/5
= Cdplog(n) —n~ (log(n)), (11)
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for some constant C' > 0. The first inequality is since Uj;iog(n) I; C [0, 1], the second inequality is
since I; = (yi—1,v:] and the third inequality results from Lemma 23. Finally, the second equality is
since y; = (3/2)'n~1/5 for all i € {0,...,d; log(n)} and since y_; = 0.

Thus, we get

IE( max Stsm| G, Sm>

t€{0,...,min(toy,t¥)—m}

> E<t€{0,...,miIr11%?{)§} ) m) St+m|Om,s Sm, R 18 regular)IP’(R is regular)

> E< max Ot+m|Om, Sm, R is regular)P(R is regular)
tE{O,...,min(t{o},n—n%)—m}

> (Céplog(n) — n*QUOg(”)))(l _ n*Q(IOg(n)))
— O, log(n) — n~20oz(m)
where the second inequality is by (10) and the third one by (11) and the fact that R is regular with

high probability by Lemma 22.
Combining this with (9) gives:

E{ z": (costy(H™ 1) —costt(’Hm))]ém,Sm} >

t=m+1

Oy log(n) — =B 5,1~ Bt > t10)[6,, Si).

N

Finally, similarly as for the first point, we get

E[cost(H™ 1) — cost(H™)|rm € [0, yo]]

n

> / E| Y (costy(H™) = costi(H™))|om, S| - dP((w, S) | € [0, 0]) = n™"/?
(@,5)eX  *ymmiq

> / <1[C.’E log(n) — n—Q(log(n)) — .’IJ] — P(td > t{0}|(5m7 Sm) = (1.7 S))))
(z,5)eXx 2

AdAP((z, S)|rm € [0,10]) —n~/?

> Bldm|rm € [0,0]] - (3C og(n) — 1) = n~ W) — P > 110 |r,y € [0,90]) —n '/
> E[6n[rm € [0, 0] - (3C log(n) — 1) — n~ 8] — O(n=1/5)
n/s Q 1 Qa 1/5
> < " (og(n))) (3Clog(n) — 1) — n~200s(m) _ O~ 1/5)
= Q(log(n)n~'%),

where the fourth inequality is by Lemma 45 and the fifth one by Lemma 44. This concludes the
proof of the second point and the proof of the lemma.
O

4.3.5 Proof of Theorem 4

We are now ready to conclude the proof of our lower bound result.
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Proof. Since A = G and A" = A, we have that
E[cost(G)] — E[cost(A)]

Z E[cost(H™ 1) — cost(H™)]

3
Il

E[cost(?—[m_l) — cost(H™)|rm € (yo, 1]]P(rm € (yo0,1])

I
10

o
S

1

_l’_

E[cost(H™ 1) — cost(H™)|rm € [0, y0]|P(rm € [0, 0])

3
Il

+ Z E[cost(H™ 1) — cost(H™)|rm € [0, y0]]P(rm € [0, y0])

m=cin+1
cin n
>0+ Z C"log(n)n~Yon=1/% — Z Cn~V/op=1/5 (for some constants C,C" > 0)
m=1 m=cin+1
=0 (C/(log(n)(er — 1) = C(1 =1 = 1))
= Q(log(n)n”?),

where the inequality is by Lemma 24 and since P(r,, € [0,yo]) = P(rm € [0,n~/%]) = n=1/5,
Thus, E[cost(G)] > E[cost(A)] + Q(log(n)n?/®) = Q(log(n)n?/%). Since by Lemma 25 we have

E[OPT] = O(n%/%), we conclude that E]éc[oosggf} = Q(log(n)). O
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Appendix

A Auxiliary Lemmas

Throughout the paper, we will use the following version of Chernoff bounds.

Lemma 47. (Chernoff Bounds) Let X = > """ | X;, where X; = 1 with probability p; and X; =0
with probability 1 — p;, and all X; are independent. Let p=E[X] =", p;. Then

o Upper tail: P(X > (14 0)u) < e~ %m0 for all § > 0.
o Lower tail: P(X < (1 —8)u) < e 912 for all § € [0, 1].

In particular, we will repeatedly use the following lemma, which immediately follows from
Chernoff bounds.

Lemma 48. Let X ~ B(n,p) be a binomially distributed random variable with parameters n and
p. Then,
P(X > E[X] — log(n)*\/E[X]) > 1 — n~ )

Y

and if np = Q(1),
P(X < E[X] + log(n)*\/E[X]) > 1 —n~®eem),

Proof. This results from a direct application of Chernoff bounds as stated in Lemma 47 with

d = log(n /\/7
P(X < E[X](1 - log(n)?/\/E[ e~ log(m)?/2 _ p—Qlog(n))
and if np = Q(1),

P(X > E[X](1 + log(n)?//E[X]) < e~ 108"/ (2+log(m)*/\/EIX]) _ ;,~S2(log(n)
(since 1/\/E[X] = 1//mp = O(1)).
O

Finally, we recall the following classical inequality, which follows immediately from Jensen’s
inequality.

Lemma 49. For any random variable Y: E[|Y — E[Y]|] < std(Y').

B Proof of the Hybrid Lemma (Lemma 5)

The objective of this section is to prove Lemma 5, that we restate below.

Lemma 5. (The Hybrid Lemma). There exists a constant C > 0 such that for any online
algorithm A that makes neighboring matches, for any instance with n servers S = {s1,...,Sn}
adversarially chosen, n requests R = (r1,...,r,) uniformly and independently drawn from [0, 1],
and for any event E,, that depends only on S,,_1,Tm, we have

E[cost(H} ') — cost(H})|Em] < C - E[(1 + log (m)) oty (A)|Ep
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Note that the proof globally follows the proof of the hybrid lemma (Lemma 5.1) in [GL12].
However, [GL12] considers a fixed deterministic sequence of requests and uses a coupling argument
between a randomized greedy algorithm and an optimal offline matching, whereas we directly
leverage the randomness of the input sequence to analyze the performance of hybrid algorithms
between an online algorithm A and the standard deterministic greedy algorithm.

In the remainder of this section, for a given realization R of the sequence of requests and a fixed
value of m € [n], we consider a simultaneous execution of H’} and Hz_l on the sequence R. To
ease the exposition, we drop the reference to the algorithms in the indices. In particular, we write
St,s(rt), N (rt) instead of Sym ¢, sym (r1), Naym (1) to denote, respectively, the set of free server for
H') just after matching 7, the server to which H'} matches r;, and the set of servers neighboring
r¢ when r; arrives. Similarly, we write Sj, s'(r), N7 (r¢) instead of SH:ZLAJ, S,Hz—l(?"t),NHzfl(rt) for
the equivalent objects for H:Z‘_l. Finally, to remove any ambiguity, we assume that all servers in
Sp are distinct (even if it means moving them an infinitesimal distance).

Before presenting the proof of Lemma 5, we introduce some useful lemmas. The first lemma
holds for an arbitrary sequence of requests and first shows that at all time steps ¢, the sets .S; and
S} of free servers for the two algorithms are all identical except for at most one server in each of
these sets and that, if they each have such a unique server, there is no server in S; U S] that is in
between the two unique servers (see Figure 1 for an illustration).

We let gf < gf* denote these at most two servers in the symmetric difference of S; and S}, and
let 0; := g}* — g be the distance between these two servers. If S; = SJ, then we write g& = g = ()
and §; = 0. We also define sf = max{s € S; : s < gF'} and sf* = min{s € S; : s > gF} (with the
convention that s, s/ = () when there are no such servers).

Lemma 6. Let A be any online algorithm, Sy be n arbitrary servers and R be n arbitrary requests.
Let (So,...,Sn) and (Sy,...,S,,) denote the set of free servers for H'¢ and 7-[174‘_1 at each time
steps. Then, the following propositions hold for all t € {m, ... ,n}:

1. Differ in at most one server. |S;\ S| = |S;\ S¢| < 1.

2. Consecutiveness of the different servers. If g&, gt # 0, there is no server s € S; U S,
such that gF < s < gft.

3. The values. Ift < n and Sy # S; (and assuming without loss of generality that S; =
S;U{gFI\{gf'}), then the values of s(ry41), s'(re41), 0e41, 9541, 9o and an upper bound on
Acostyy := |costyy1(H™ 1) — costy 1 (H™)| are given in Tables 2, 3 and /4 (in Appendiz B):

o if sk #£0,sf #0, the values are given in Table 2, where dF = gF — st and dff = sF —gFt,
o if sk =0,sF #0, the values are given in Table 3, where dff = s — gft,
o if sfi=0,sL # 0, the values are given in Table 4, where d- = gF — sF,
o ifsf =0, =0, then Syy1 =S, = 0,841 =0, and |costy1(H™ 1) — costy1(H™)] <
Ot
4. Gap remains zero after disappearing. If 6, =0, then 6y =0 for all t' > t.

Proof. First, note that since H™ and H™ ! both match 71,...,7,_1 to exactly the same servers
that A matches them to, we have that S; = Sj for all t € [m — 1].
We now show propositions 1,2, 3 by induction for t € {m,...,n}.
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Figure 5: Illustration of Case 1 in the proof of Lemma 6

For t = m, first recall that H™ matches r,, to the same server as A, while #™~! matches
rm greedily. Let s,Ln_l = max{s € Sgm-1:5 < ry} and 351—1 =min{s € Sgm—1:5 >}
Since both A and greedy make neighboring matches, we have s(rp,), s(rm)’ € {s% |, 5% 1. Hence
either H™ and H™ ! make the same matching decision for 7,,, in which case we are done, or one
algorithm matches r,, to 37%1—1 whereas the other matches it to 3717%1—1- In this last case, proposition
1 is satisfied, and by definition of g% and gf, we have gk = sk | and g% = sf |. Now, by
definition of s% |, sE | there is no server s € S, U S/, such that gL < s < g& which shows that

m
proposition 2 is satisfied at time m.
Next, let t € {m,...,n — 1} and assume that propositions 1,2 are satisfied at time ¢. We now

show that proposition 3 is satisfied at time ¢ and that propositions 1,2 are satisfied at time ¢ + 1.
Recall that both algorithms match r,yq1 by following the greedy criterion; hence, if S; = Sj, the
result follows immediately. We now assume that S; # S;. By the inductive hypothesis, we thus
have that |S; \ Sf| = |S; \ Si| = 1, with S;AS] = {gF, g}, and that there is no server s € S; U S]
such that gf < s < gf*. We assume without loss of generality that S; = S, U {gF} \ {¢f'}. We
will consider different cases depending on whether or not there is a free server s on the left of gf
and a free server sf* on the right of gf*. Recall that we defined df = gf — s when s* # () and
df = st — gF when s # 0.

sk, sB # () : We consider all possibles cases depending on the location of request r;11 (see Figures

5,6,7,8,9,10)
L

e Case 1: 141 € sF + 0, %t] In this case, we have N (ri11) = {sF, gF}, N(rev1) = {sF, gF'},
and it is immediate that |ry 1 — sF| < |gF — 41| and that |ryq — sF| < |gft — re41]. Hence
we get s(ryy1) = 8 (re1) = st
Combining this with the induction hypothesis, we get: Sii1 = S; \ {sF} = (S, U {gF} \
{gf D\ {sf} = (Si\ i) U{ar} \ ol = Sty U {gf}\ {9/}, which immediately implies
that gtLH = gF, gﬁl = gF and 6.1 = &;. In addition, since s(ry11) = §'(7¢41), we have
Acostiy = 0.

L L
e Case2: 14 € sf%—[%’f, di g'ét]. In this case, we have N'(r411) = {sF, gF}, N'(re41) = {sF, gt}

. drL .
Since 7441 > sF + -, we have |ry 11 — sF| > |gF — ri41|, thus we get s(ry1) = gf, and since

df+6
rep1 < s 4 S5t we have [req — sf| < |gff — riqa], thus we get s () = st

Combining this with the induction hypothesis, we get: Sii1 = S; \ {g¥} = (S, U {gF} \

{of ) \{gf} = Si\{gi"} = Sty U{si}\ {9/}, which implies that gfi; = si", g{i; = g/, and
Sep1 = git — st = (gff — gb) + (gF — sF) = 6, + dF. In addition, Acostir1 = ||ree1 — gF| —
recr = stll < lgf — sp| = df.
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Figure 6: Hlustration of Case 2 in the proof of Lemma 6
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Figure 7: Nlustration of Case 3 in the proof of Lemma 6

L R
e Case 3: 141 € sf + [dt;& db + % ;r&].
N'(ri1) C {sF, gft, sl}, with gf € N(ri41) and ¢gff € N(ri11). since ryq > st +

dL . dB+5
sk + -, we have |ryy1 — sF| > |gF — riy1|, and since 7441 < sF + dF + t;r . we have

dE+6;
57— <

In this case, we have N (r.11) C {sF,gt,sf},
df;—&t Z

|sB — 11| > |gF — 741, thus we get s(ry1) = gF. Similarly, since 741 < st + df +
dtL+5z
2

sk 4 dF + 6, + @, we have [sf* — rii1| > |gFf — req1], and since ry g > s+
s — 71| > [gff = riqal, thus we get s'(r1) = gf*.

Combining this with the induction hypothesis, we get St+1 = S\ {gF} = (S;U{gFI\{gFD\
{gF} = SI\ {9} = Si,,, which implies that 9t+1 =gft, = 0 and 6,41 = 0. In addition,
Acoster1 = [[rer1 — g | = [rern — gl < 1gff — gf | = 6.

, we have

d +6t

Case 4: 141 € st + [dF + L dF+ 6, +4 ] ThlS case is symmetrlc to Case 2 by noting the
one to one correspondence between O dF ,st ) gt and 1,dR, sk, gt . We get that s(ryp1) = sf

s'(ri41) = gff, which implies g/, = g ,gt+1 = s{ and 641 = sf—g/ = (s{'—g{")+(9f—at") =
dR + d¢. In addition, Acostyy 1 < [sf — gff| = df.

R
Case 5: 7441 € sF + [dF + 6 + d2 Jdl 4+ 6 + dF). This case is symmetric to Case 1 by
noting the one to one correspondence between 0, d” ,st ,gF and 1,dR, sf, gft. We get that
s(rip1) = 8'(re11) = sf, which implies Acost;1 = 0, gH_1 =gk, gﬁl =gt and §y41 = 6.

S = . =
L I E— e B
5L gt AN
S T Y

Figure 8: Ilustration of Case 4 in the proof of Lemma 6
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Figure 9: Hlustration of Case 5 in the proof of Lemma 6
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Figure 10: Illustration of Case 6 in the proof of Lemma 6

e Case 6: 741 € [0,57)U (s, 1]. In this case, the free servers neighboring 7,1 are identical for
H™ and H™ !, thus s(re41) = 8'(r41). By using the assumption that [S;\ Sj| = |S:\ Sf| = 1,
we get that Sy \ Syyq| = |S7q \ Se41| = 1 and that g/, = gF, gft) = 9f, i1 = 6. In
addition, since s(r¢y1) = §'(ri+1), we have Acostirq = 0.

Hence, in all cases, we have that propositions 1,2 hold at time ¢t + 1 and that the values of
gF1, 9F 1, 8141 given in Table 2 hold.

sk =, sf # () : We again consider all possibles cases depending on the location of request ;1.
Note that the exact same argument as above shows that the value of gtLH, gﬁH, d¢11, and the upper
bound on Acostyy1 given in the last three columns of Table 3 are identical to those in the last three

columns of Table 2, and that propositions 1,2 hold at time ¢ 4+ 1 in these cases. We thus only need
df+o,
7 |-

to show the result in the case r,11 € [0, g +

In this case (see Figure 11), we have N (ry41) = {gF'}, N'(re4+1) = {9{*}, hence we immediately
get s(rir1) = gF, 8 (rip1) = gff. Combining this with the induction hypothesis, we get: Sii1 =
S\ gE = (S{U LGP\ LoD\ {9} = )\ {9F'} = i, which implies that gy, = g%, = 0 and
811 = 0. In addition, Acostsy1 < |gft — gF| = 6;. Hence, we have that propositions 1,2 hold at
time ¢t + 1 and that the values of gtL_H, gﬁrl, d¢41 given in Table 3 hold.

T [ ¢ =
B
g 1 g/ oR
gf + 3
Figure 11: Tllustration of the case st = 0, sf # 0 : and r,,1 € [0, gF + @] in the proof of Lemma

6
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repr —sboe . || 0,90 | (4D, S | (it gy diTESe) |ogn g Atk g g, 4 4 Gk 0) U (sB - sE 1 s
d5+5t+§} df + 6 +df]
s(re41) 37{: gtL gtL StR Sﬁ € [07 StL) U (857 1]
s'(re41) StL StL gﬁ gﬁ Sﬁ € [07 StL) U (51{%7 1]
ok gt st 0 9t 9t 9t
9fy gt gt 0 st gt 9t
Ott1 (St 5t + dtL 0 5t + dﬁ 51‘, 51‘,
Acosti+1 < 0 dtL 51& dﬁ 0 0
Table 2: Values of §;41, gtLJr17 gﬁH, and upper bound on Acostsy; when s, s # ().
ren €. || 10.gE U] | gb ¢ B Gh s W | [gF o gk v ot df) | (sR1)
s(re41) gF st st € (sff,1]
s'(re41) gft gt st e (s, 1]
9t 0 gF gf 9t
afiy 0 s1° 9t gt
et 0 8¢ +dit 0t 0t
Acosti41 < 5t dﬁ 0 0

Table 3: Values of 41, 9{117 95}17 and upper bound on Acost;;; when sF = ), sf # ().

st =(),sl' # 0 : This case is symmetric to the case s/ =

R _

correspondence between 0,dr, sF, gF and 1,df, sft, gF.

0,sF # 0, by noting the one to one

sk = (),s® = 0: In this case, we have S; = {gF} and S, = {g*}. Hence, whatever the value of ry1,
we get that Sip1 = Sj,; = 0 and d¢41 = 0. In addition, we have Acostyy1 < lgft — gl| = 6.

This concludes the proof that proposition 3 is satisfied at time ¢ and that propositions 1,2 are
satisfied at time ¢ 4+ 1. Hence the three first propositions of the lemma hold for all ¢t € {m, ..., n}.

Finally, we show proposition 4. Note that if §; = 0 for some ¢t € {m,...,n}, then by definition
of &;, we have S; = S}. Since both H™ and H™ ! match greedily 741, .., 7, we get S; = S} for
all j € {t,...,n}, which shows that §; =0 for j € {¢,...,n}.
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€ | 0B | 0F - ot dE), o — 00+ E] | o — 00+ %), 0 — EE) | [gf - 4 )
s(re+1) € [0,sf) st 9t gt
Sres) | €10,s5) sk st 9t
941 gtL 91{: StL 0
9% gﬁ gzﬁ gﬁ 0
Ot+1 O 0 ot + dtL 0
Acosti41 < 0 0 dfl 575

Table 4: Values of .41, gtLH, gﬁl, and upper bound on Acost;y1 when s = (), sF # ()

In the remainder of this section, we assume that the structural properties proved in Lemma
6 hold. By using the third and fourth propositions of Lemma 6, we now upper bound the total
difference of cost incurred during the simultaneous execution of H™ and H™ ! for an arbitrary
sequence of requests R.

Lemma 50. For any arbitrary sequence of n requests in [0, 1], we have

HH™ ') — cost(H™) < 2 5.
cost( ) — cost(H™) < te{géﬁ—l} ¢

Proof. Since H™ and H™ ! both match rq,...,r,—1 to exactly the same servers as A, we first
have that cost;(H™ 1) — cost,(H™) = 0 for all t € [m — 1]. Then, since H™ matches 7, to the
same server as A while H™~! matches r,, greedily, we have that |r,, — s'(r,,)| = min{|r,, —s| : s €
Sam—1} < |rm — 8(rm)|- Thus, costy,(H™™1) — cost,, (H™) < 0.

Next, we define ¢y := min{t > m : §; = 0}, i.e., the first time step where the two sets of free
servers become identical again. Note that by the fourth point of Lemma 6, we have that é; = 0
for any t > tg, which, by definition of §, implies that S; = S} for any ¢ > t;. We deduce that
costy(H™ 1) — costy(H™) = 0 for any ¢ € [to + 1,...,n].

Finally, by a direct inspection of all possible cases enumerated in the third point of Lemma
6, we get that for all t € {m,... ,tg — 1}, costs(H™ 1) — cost;(H™) < & — &1, and we get that
costy, (H™ 1) — costyy (H™) < 6151

Putting everything together, we obtain

n

cost(H™ 1) — cost(H™) = Z(costt(”)'-[mfl) — costy(H™))

t=1
to—1
<0+ Z ((515 — 51571) + 515071 +0= 2515071 — 0 < 21&6{72??,)1(1—1} Ot
t=m+1
]

In the remainder of the section, we consider the more specific case where the requests in R are
sampled uniformly at random in [0, 1]. In the following lemma, we show that for any initial set of
servers, if we have at time m that d,,, = x, then the probability that the distance d; between the
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(potential) extra server of H™ and the (potential) extra server of H™ ! will ever exceed y at any
time ¢t € {m,...,n — 1} is upper bounded by %

Lemma 51. Let z € (0,1] and y € [z,1]. Then, for any initial set S of n —m arbitrary servers in
[0, 1], we have
PR( max 0p > y’(sm =x,5n = S) < E
{m,....,n—1} Y
Proof. We show by downward induction on j that for any j € {m,...,n — 1}, any = € (0,1],
y € [z, 1], and any arbitrary set S of n — j arbitrary servers in [0, 1],

]P’R< max 6 > ylo; ==, = s) <2
te{jyn—1} y

We first show the base case, which is for j = n — 1. For any =z € (0,1], y € [z, 1], and any
arbitrary server s in [0, 1], it is immediate that

1 ifz= x
PR<6TZ—1 > y‘én—l = IB,Sn_l = {3}> = { Y < -

0 otherwise Y
Next, let j € {m,...,n—2}, and assume that for all z € (0,1}, y € [z, 1], and any set S of n—(j+1)
arbitrary servers in [0, 1], we have
x
IP( 8 > yldi1 =, 5 :S><—.
R te{jfllf.ifn—l} b= y| AR Ty

Now, consider some arbitrary = € (0,1], y € [z, 1], and S some arbitrary set of n — j — 1 servers
in [0,1], and assume that §; =z and S; = S.

Since §; = x # 0, we have S; # S}. Furthermore, by Lemma 6, we have |S;\ S;| =[S} \ S;| = 1
with S;AST = {gjL,gf}. We assume without loss of generality that S} = S; U {gf} \ {gJL} Recall
that we defined SJL = max{s € §; : s < gjL}, sf =min{s € §; : s > gJR}, and d]L = gjL — S]L,
dit = gt — ght

J J J-

First, we note the following proposition: for any r € [0, 1], letting x(z,S,r) and T'(z, S,r) be

the value of d;41 and S;;1 assuming that 0; = x,5; = S and rj;1 = r, we have

IP)R(te‘{jl?'l'?}fl(—l} 0 = yloj = x, 55 = S, rjp1 = 7‘)

- ]P’R(te{;flﬁffl} O >yloj =x,5=8,0j41 = x(x,8,r),Sjp1 =T (x,5,7),rj11 = r)

= ]P)R(té{j—irllﬁffn—l} 515 > y’éj =7, S] = S7 5j+1 = X(:C7S7 T)a Sj+1 = T($7S7T)7Tj+1 = 7’)

= ]P)R(te{j—i{Ill,?fn—l} 0 > yldjy1 = x(x,8,7),Sj+1 =T(x, S, 7‘))
< x@5r) (12)
Yy
where the second equality is since we conditioned on 0; = = < y, the third equality is since
conditioned on Sjy1,0;41, we have that {5t}te{j+1,...,n} is independent on r;41,S5j,0;, and the
inequality is by the induction hypothesis.
We now enumerate all possible cases depending on request r;1. We start by the case where

L sf # (. By Lemma 6, the values of x(z, S,7;41) are the one given in Table 2.

Sj,
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Case 1: 141 € s + [0, ] We have, by Table 2, that x(x, S, rj;1) = 0; = «. Thus, by (12),
we get

L
PR( max 5t>y|5 =z,5; —STJ+1€S —|-[O,d‘77.]><E
te{j....n} y

L .
d;+6

L
Case 2: 141 € s + [73, 2]. We have x(z,S,7j41) = 0, —|—dJL =z —|—d]L. Thus, by (12), we

get

dL dbys, x + db
PR(teHle}?(n}&t = yl0j =@, 8 = Sirjp1 € 5§;+ 573 J]) = Y -
Case 3: 141 € 8 + [ 5 dL 4 ; ’]. We have that x(z,S,7;+1) = 0. Thus, by (12), we

get

+5J df+4;
2

L
JdF +

]P’R< max}5t>y|5 =z, 95 —S’I“J+1€S + [

ted{g,...,n

])go.

J+~7

Case 4: rjq1 € S + [dL +
Thus, by (12), We get

dL+5 + } We havex(:n,S,er):5j+df:x+d§%.

x+d§?‘
,

R
]P’R(t I{nax o > yld; ==, 5; —STJ_HES +[dL+ J % dL+<5 + ])<
-]17

R
Case 5: 7j41 € SJL + [d]L +0; + d%,df +0; + df]. We have x(z,S,rj41) = 6; = . Thus, by
(12), we get

L L R x
PR(teﬂaﬁ}apyw — 0,8 = S,y € sF 4 [dE + 6+ % dF + 6+ df ]) <

Case 6: 141 € [O,S]L) U (sf, 1]. We have x(z, S,rj+1) = 0; = x. Thus, by (12), we get

x
PR<te?;,E.l.%n} 0 >yld; =x,8 =85,rj41 €0, sJL) U (sf, 1]) < '

By combining the six cases above and using that J; = x, we get

Pp( max & >yl =29 =)

te{j,...,n—1}
v b dbys; . T+ dF
<P(rjp1 €8y +10,4])- §+}P’(r]+1€s + %, Ly , =40
dB+6 dR .'L'+dR
+P(rjp1 € sk + [dF + 252, dE + 6+ ) - 2

Y

+P(rjp1 € 5§ + [d} +6; 42 + ,d§+5 +dff]) - g—l—IP’(erE[0,sf)u(sf,1])-§

db ¢ oz x+dh g x+dE 4R g z
— 2.z I T ) 2 (= (d - dB il
5 y+2 ; 5 ; + y+( (J+]+x))y
T df :c—i—df a:+df R I R
:5-(7 -+ (1 (@f +df +2)))

X
-
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We now consider the case where sj = (), sR # (. By Lemma 6, the values of x(z,S,r;j;+1) and

T(x,S,rj4+1) are the one given in Table 3. We consider four different cases.

e Case 1: rj11 € [0, g] + J ] We have, by Table 3 that x(x,S,rj+1) = 0. Thus, by (12), w
get

+94;
PR(te?Jlax}é > ylo; =z, 55 = S, rj41 € [0, gj + ] ]><0

J+3

(b4 6+ L), e €

[gj -l- 0 +4 -4 ,gj +0; + dj] and rj+1 € (55 R 1] are identical as the ones in Cases 4,5,6 when
,sit#D.
J 5j

By combining the four cases above, we get

e Cases 2,3 4 the upper bounds we get in the cases 711 € [gj +

PR(tE{ﬁ%{—l} dj > yloj =, 5; S)

R ac—i-d§12

LI )

<0+P(rj+1 € [gj +

di x x
+P(rjy1 € [gF + 6+ 4,9k +6;+dF]) - ; +P(rjq1 € (s5,1]) - ;
J J L R
21— (dk+ Rad
y +2 y+( (j+J+x))y

x4 dit di
P A —(dL R
(5L + L+ (- (@ +df+a))

IN
QIR I8 N8

The case sf # 0, sf“ () is similar to the case above and we conclude in the same way. F inally, in
the case sf f

get

, S (), we have by Lemma 6 that for any r;1, we have d;41 = 0. Thus, by (12), w

> = L= <
PR(te{mﬁl}(St > ylo, =, S, S) <0

Hence, in all cases, we have shown that

> = = <
PR(te{ﬁﬁiﬁl}é ylo; =z, 8; = S)_

which concludes the inductive case and the proof of the lemma. ]

Lemma 52. Let E,, any event that depends only on Spy—1,7Tm. Then, for a constant C > 0:
Ex [5m(1 +10g(1/8m))| Emy S > o} P(5y > 0) < CER[@ +log (m))costm(A)\Em}

Proof. We first condition on E,, and on {d,, > 0}.

Recall that H™ and H™ ! both match ri,...,7n_1 to the same servers as A, and that H™
matches r,, to the same server as A, while H™ ! matches r,, greedily. Hence, we have that
|Tm — $(7m)| = costy,(A) and that |r, — ' ()| = min{|r, —s| : s € Sam—1} < |rm —s(rm)|. Thus,

Om = 18(rm) — 8" (ri)| < |rm — s(rin)| + |7 — 8" (rm)| < 2|rm — 8(rm)| = 2cost, (A).
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Note that z —s xlog(2) reaches its maximum value over (0,1] at z = 1/e (with %log(ﬁ) =1
and is non-decreasing on (0, 1/e]. Since d,, € (0, 1], we thus have

2costy, (A) log(1/(2cost,, (A)))  if 2cost,,(A) € (0,1/¢]
1/e < 2costy,(A) if 2costy, (A) € [1/e, 1].
< 2c08ty, (A) (1 + log(1/(2costy, (A))) 4+ 1).

As a result, we get that for some C' > 0,

Ex [5m(1 £ 108(1/8 )| Evmy 0 > o] P(6,, > 0)

Om (1 +1log(1/6,)) < 2costy,(A) + {

< CER{(l + log (m))costm(A)‘Em,ém > O] -P(6,, > 0)

< C’ER[(l—l—log (m))costm(A)‘Em]. O

We are now ready to present the proof of the hybrid lemma.

Proof of Lemma 5.

Proof. Let S be an arbitrary set of n servers in [0, 1] and R a sequence of n requests drawn uniformly
at random from [0, 1]. In the remainder of the proof, we consider a simultaneous execution of H™
and H™~! with initial set of servers S and requests R. Let E,, be any event that depends only on
rm and Sy,,_1.

Conditioning on event E,, and on the variables d,,, Sy, we have

Eg[cost(H™ ) — cost(H™)|Em, S, S

S QER[ max 5t|Ema 6ma Sm] Lemma 50
te{m,...,n—1}
= 15,50 - 2ER| . max 5 6t/ s 6m, S Lemma 6 (proposition 4)
te{m,...,n—
1
< 16m>0 ' 2(5m +/ PR[ max 515 > y‘ETI‘L’ 6m; Sm] dY>
S te{m,...,n—1}
1
=1s,50" 2(5m +/ ]P’R[ max 0 > y|dm, Sm] dy) max &; 1L (Sy—1,7m) when [0y, Sp,
Sim te{m,...,n—1} t>m
Ls
<1s.>0" 2(5m +/ ﬂdy) Lemma 51
om Y
= IL(5m>0 : 25m(1 + IOg(l/ém))' (13)
(14)

By the tower rule, we conclude that

Eglcost(H™ ) — cost(H™)|Ep)

= Er[Eg[cost(H™ ) — cost(H™)|Em, S, S| Em]

< Baflg 0 - 26m(1 +108(1/6)| En] by (13)
= 2ER[0m (1 + log(1/6m))|Em, Om > 0] - P(6,, > 0)

< 2CEg[(1 + log (m))costm(A)‘Em]. Lemma 52
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C Missing Analysis from Section 3

Lemma 9. For all t € [n], if r¢ is matched at level £, then we have cost;(A™)log(1/cost;(AM)) <
2= (log(2) (Lo — £) + 1).

Proof. Let £ € {0,...,4y}. Since by construction, the intervals of Z, have length at most 2t=to the
cost incurred by A when matching a request r; at level £ satisfies: costs (A7) < 2t=to,

Since z — xlog(1/z) reaches its maximum value over (0,1] at z = 1/e (with %log(%/e) =1
and is non-decreasing on (0, 1/¢e], we conclude that if r; is matched at level ¢,

20t Jog(1/2-t0) if 20t € (0,1/e€]
1/e < 2t if 267 € [1/e, 1]
< 2t~ log(1/2710) + 2t 10
= 2t (log(2) (4o — £) + 1).

cost; (A7) log(1/cost,(AF)) < {

O

The excess supply setting. In the remainder of this section, we present the proof that for any
constant € > 0,in the fully random e-excess model, the expected cost of greedy is upper bounded
by a constant. We restate below the main lemma of this section, and we give the proof at the end
of the section.

Lemma 15. Let € > 0 be a constant. There exists a constant C!' > 0 such that in the fully random
e-excess model, we have E[cost(G)] < CV.

We first introduce some notations that will be used through this section.

e For any ¢, m € [0,1], we let x(y,,y = [{t € [n—1] : 74 € ({,m)}| be the number of requests out
of the n — 1 first requests that arrived in the interval (¢, m).

e For any ¢,m € [0,1], we let y,,) = [{t € [n(1 +¢€)] : s¢ € (£, m)}| be the total number of
servers that lie in the interval (¢, m).

We now prove a couple of lemmas. The first one upper bounds the probability that for some
given z € [%, 1], there exists an interval of length large enough w.r.t. z such that r, € I and
such that when r,, arrives, the number of servers and of requests that arrived strictly before r,, and

lying in I are equal.

Lemma 12. Let € > 0 be a constant. There are constants Ce, CL such that, in the fully random

e-excess model, we have that for all z € [4;6, 1],

P(30,m € [0,1]  T(gm) = Yoy, (tn — £ > 2 or £ =0),(m — 1y >z orm = 1) | 1) < Cle "%,
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Proof. In the remainder of the proof, we condition on the random variable r,. We start by dis-
cretizing the interval [0, 1], and first let

] max{j€Z>0:rn—z—%20} if r, >z
Jo = N .
-1 otherwise.

and

o Jmin{k € Zoo,ra 24§ <1} i 1wy >
0~ -1 otherwise.

Consider the case jo,ko # —1. For all j € {0,...,jo}, we let £; := r, — 2z — %, and for all
ke{0,...,ko}, welet mp =1, + 2+ % We also let £, 11 =0, and my,41 = 1.

Now, consider any pair (j, k) € {0,...,j0} x {0,...,ko}. First, note that for any realization R
of the sequence of requests, and for any ¢ € [(;1,¢;],m € [my, my41], we have

T(em) < T(y41,mpr1) and Yem) = Y(e;my)- (15)

Then, note that z(, , m,,,) follows a binomial distribution B(n — 1,mg41 — €j+1) and that
Y(¢;,my,) follows a binomial distribution B(n(1+€), my — ¢;). Thus, by Chernoff bounds, we get that
for some C, > 0,

*(nfl)(mkﬂffjﬂ)%
P(x(£j+17mk+1) = (n—=1)(mps1 — L41)(1+€/4)) < e G/
< e Dm—t)Ce (16)
and
1t (mp ) (55
P(y(éj,mk) < n(l+e€)(my — E])<1 - 4(16-‘1-6))) < e 2
< ef(nfl)(mkféj)ce' (17)
Next, since z > %, we have that

n(l+e)(mr — ) (1 = 3555)) — (n = 1) (mrqr — £i1) (1 + €/4)
> n(1 4 €)(mp — £;)(1 = 5555)) — n(migr — £i41) (1 +€/4)
= n(my, — £;)(1 + 3¢/4)) — n(my, — £; + 2)(1 + €/4)
=n(my —l;)e/2 —2(1 +€/4)
>nze/2 —2(1+4¢/4)
> 0. (18)

Hence, if we have that (g, ) < (n—1)(mg41—£€j41)(1+¢€/4) and that ye, ) > n(1+e€)(my —
) (1 - ﬁ), then, we obtain by (15) and (18) that for all £ € [£;1,¢;],m € [my, Mmp1]:

Tiom) < Ty 1 mpsy) < (0=1)(Mip1—Lip1) (1+e/4) < n(1+€)(mk—€j)(1—@) < Y(e;mp) < Yem)-
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Thus, we have:

P(3C € [jy1,45],m € [my, mpy1] : Tem) = Yem)| Tn)
<SP@@ 0 ,mpyn) = (0= 1) (M1 — Lip1) (1 +€/4)| )
Py, gy < 01+ €)mp — €5)(1 = )] 70)
< 9e~ (n=1)(my—£;)Ce

)

where the last inequality is by (16) and (17), and since 2(g; 1, and y(¢, m,) are independent of ry,.
By union bound over all (j,k) € {0,...,j50} X {0,...,ko}, we obtain that for some constant
C! > 0:

P(3l,m € [0,1] : (gm) = Ym)s (tn —€ =2z 0r £ =0),(m—rp > z0r m=1)[1,)

= ]P)( U {HE € [€j+1,€j}7m S [mk,mkH] S Zem) = y(g’m)}| ’I’n>
5,640, jo } x{0s..osk0 }
< > P(3 € [lj41,45],m € [mp, mpr1] 2 Tiom) = Yem)l o)
7,k€{0,...,50} x{0,...,ko }
< Z 9e—(n=1)(mg—L;)Ce
3:k€{0,....50} x{0,....ko }
— 9¢2(n=1)zC Z e—(n—l)(%)&
5,kE40,.jo k< {00 }
_ Céef2nz06’ (19)

where the last inequality holds since for any C. > 0, > =100 k=1, 00 e~ UHk)Ce converges.
Next, we consider the case where kg = —1 or jo = —1. Now, by a similar argument as above,
we have that if jo = —1 and kg # —1, then for all k € {0, ..., ko},

P(3m € [mp, mpy1] 2 T(0,m) = Yo,m)| ) < 2e (M —0)Ce
and if kg = —1 and jo # —1, then for all j € {0,...,jo},
P(3C € [jv1,45] s z01) = Yyl mn) < 9~ n(1=4;)Ce
We conclude in a similar way as in (19) that there are C,, C! > 0 such that

P(Ew?m € [07 1] S Leym) = Yum) (Tn —{>zorl= 0), (m —Tp > ZOorm= 1) ‘ T'n) < Cée_nch,

Finally, if jo = —1 and ko = —1, note that 1 — 2 < r, < z. In this case, since x(,;) =n —1 and
Y(0,1) = n(1 + €), we simply have

P(3¢,m € [0,1] : (g m) = Y@m)s (tn =€ =2z 0or £ =0),(m—1y, > 2z0rm=1) | r,)

—nzCle

= P(z(0,1) = Yo,1)] 7n) = 0 < Cle
O

Next, we upper bound the expected cost incurred by G while matching the n* request.
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Lemma 13. Let e > 0 be a constant. There is a constant C!' such that, in the fully random e-excess
model, we have E[cost,(G)] < o

€
n -

Proof. To exclude any ambiguity, we condition on the event that all servers are distinct and that
no server or requests are at positions 0 and 1, which occurs almost surely.

In the remainder of the proof, we condition on the variable r, and let sﬁ = max{s € S,_1 :
s <rp} and s® = min{s € S,,_1 : s > r,} denote the nearest available servers on the left and on
the right of 7, when r, arrives; with the convention that s% = 0 and s& = 1 if there are no such
Servers.

Now, let z € [4(1%6/4) 1] and assume that cost n(G) > z Since G matches Ty to the closest
available server we must have r,, — s >z or s =0, and s —r, > Zor s = 1. In addition, by
definition of s% and s, we have that ( sk sByn Sn 1=0. Now recall that all requests 71, ..., n—1
have been matched each time to the closest available server. Moreover, s~ was either available when
rj arrives but r; was not matched to it, or st = 0; similarly for sZ. Hence, for all j € [n — 1], if
r; ¢ (sk, sk, then sg(r;) ¢ (sk,sk). Similarly, if 7; € (sL, s®), then sg(r;) € (sL, s&). Therefore,

n? n n? TL
|{J€[n—1] sg(rj) € (syysi)H =i € [n— 1] 7j € (s, s7)}.
In addition, since (s%, sf) N = (), all servers in (s, )N Sy must have been matched to some

request before time n — 1, hence
[{j € [n—1]:sg(ry) € (s 5303 = [{j € (L + )] 55 € (77, 57)}.
By combining the two previous equalities and by definition of .z ,r), and y(z ,ry, we get that
L(sk,sk) :’{jE[n—l]Z’f" (n? n)}’ |{]€[n(1+6)] (n? n)}’_ysn,n

Since we have that r, — s > zor s =0, and s —Trp > zor s = 1, we thus have that

P(costn(G) > z | )
<P@Em € [0,1]: 2pm) = Ym) tn — £ = z0or £ =0),(m—7p > z0orm=1)[ry).
(20)

Now, by Lemma 12, we have that for some constants C,, C! > 0:
P(3¢,m € [0,1] : Z(rm) = Yem)s (rn — € > 2z 01 £ =0), (m — 1y > 2 or m = 1) | ,) < Cle™ "%,

Combining this with (20) and by the law of total probability, we get P(cost,(G) > z) < Cle "*Ce,
Hence, we obtain

1
E[cost,(G)] < 4(1:_;/4) —l—/ 4(14e/4) P(cost,(G) > z)dz

IN

1
4(1;5/4) i / (1+6/4) Clen2Ced;

4(14¢/a) , Ci

< ddre/d) | e

= en + Cen
C//

n

(for some C¢ > 0).

(for some C/ > 0).
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We would like to underscore that a simple application of Chernoff bounds between all initial
pairs of servers locations would only lead to a weaker version of the above lemma, involving poly-
logarithmic terms. Since our objective was to present a sharp analysis of greedy, we introduced the
more refined analysis presented above.

We next show that, because of servers getting less and less dense as requests arrive, the expected
cost at each step of the greedy algorithm is nondecreasing.

Lemma 14. Let € > 0 be a constant. Then, in the fully random e-excess model, we have that for
all i € [n — 1], E[cost;i(G)] < E[costi+1(G)].

Proof. Recall that Sy O ... O &, denote the sequence of set of free servers obtained during the
execution of G. Since for all i € [n—1], S; C S;_1, we have that for all S C [0, 1] with |S| =n—(i—1)
and S C S such that |S'| = [S] — 1:

E[costi(G)|Si-1 = S] = E,,u0,1) [g"gg |ri — s]]

< Eri_,_lwl/{[o,l} [geﬂé} 7541 — 5]

= E[cost;i11(G)]S; = 9]
= E[cost;11(G)|S; = S, Si—1 = 5],

where the last equation holds since conditioning on S5;, the matching decision for r;;; is inde-
pendent of S;_1.

Hence, by applying a first time the tower rule over S;_1, we get E[cost;(G)] < E[costi+1(G)|S; =
S’], and by applying it a second time over S;, we get

E[costi(G)] < E[costi+1(G)]. O
We are now ready to prove the main lemma of this section.

Lemma 15. Let € > 0 be a constant. There exists a constant C!' > 0 such that in the fully random
e-excess model, we have E[cost(G)] < CV.

Proof. Using Lemma 13 and Lemma 14, we conclude that

Elcost(G)] = Zn:E[costi(g)} < n-Elcost,(G)] < CV. O
=1

D Missing Analysis from Section 4.1

Lemma 17. In the random requests model, for any online algorithm A and any time step t € [n],

we have that P(cost,(A) > 1/n*) > 1 —2/n3 and E[cost,(A)] > m
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Proof. We first lower bound the probability that cost;(.A) > 1/n*. Conditioning on S;_1, we have
P(cost(A) < l/n4 | Si—1) <P(3s € S : |jrp — 8| < l/n4 | Si—1)
=P( U {1 € [max(0,s — 1/n*), min(1, s+ 1/n*)]} | Si-1)
SESt_1
< Z P(r; € [max(0,s — 1/n), min(1,s 4+ 1/n*)] | S;_1)
sESt_1
< Z 2/n’
SESz_l
<2/nd.
Thus, P(cost;(A) < 1/n?) < 2/n3.

Next, we lower bound E[cost:(A)]. We condition on S;—; and let 0 < 547 < ... < s < 1
denote the ordered servers of S;_;. By convention, we also write s; 9 = 0, s¢ ,4+1 = 1. Then,

E[costy(A)[Si-1] =Y P(re € [s1,i, s1,i11])Elcosty(A)|re € [s4, spi41]]
=0

_ znj (St,i—i-l - St,i)2
, 2 '
=0

Since Y i (Sti+1—St,i) = Stnt1— 51,0 = 1, the above sum is minimized when sy ;41 —s;; = 1/(n+1)

for all ¢, and the minimum value is 2(n1+1). By the tower law, we deduce that E[cost;(A]) >
1

2(n+1) -

O

In the remainder of this section, we demonstrate the existence of a O(1)-competitive algorithm
for the random requests model that makes neighboring matches. We first show that we can always
transform any algorithm into an algorithm which satisfies this last property without increasing the
total cost.

Lemma 53. For any online algorithm A, there exists an algorithm A’ that makes neighboring
matches such that E[cost(A)'] < E[cost(A)].

Proof. We show the result by induction on ¢. Let tg > 0 and suppose that A is an online algorithm
that makes neighboring matches for all ¢ < ¢y, but does not necessarily make neighboring matches
when ¢ > t9. Without loss of generality, assume that 7,41 is matched by A to an available server
s € Say, such that r4 11 < s. Now, let s = min{z € Sa4, : 2 > 74,41} denote the closest available
server on the right of 4 41, and let j € {tc + 1,...n} be such that A matches request r; to s’. We
define the algorithm A’ that matches all requests r; to exactly the same servers A matches them
to for all ¢ # j,to + 1, matches 74,41 to s’ and matches r; to s (this is a valid construction since s’
is available when ry, 1 arrives and s is available when r; arrives). Then by construction, A" makes
neighboring matches for all ¢ <ty + 1.

We now analyse the cost of A’. Since A and A’ match all requests other than 74,41 and 7;
to the same servers, they incur the same cost for these requests. Now, we consider three cases: if
r; < s, then

costyy4+1(A) + cost; (A) = [regq1 — 8|+ |rj — | = (s — rggs1) + (s = 1))
= (8" = rtg1) + (8 = 15) = |rtgr1 — 8’| + |rj — | = costyg41(A") + cost;(A),
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if s <r; <, then

costy,4+1(A) + cost; (A) = |ryy41 — 8|+ |rj — §|

= (5 = 1io41) + (1 = )| = (5" = rg41) + (s —15) +2(r; — &)

> (s = rigq1) + (s = 7j) = |rg41 — 8’|+ |rj — 8| = costyy41(A") + costj(A'),
and if r; > s, then

costyy+1(A) + cost; (A) = |reyq1 — 8|+ |rj — §|
= (s = rigsn) + (15 — )] = (5~ rigun) + (g — ) +2(s — )
> (8/ - Tt0+1) + (rj - S) = |rt0+1 - S/| + |rj - 8| = COStt0+1(~A/) + COStj(‘A,)v

Hence, in all cases, A’ achieves a lower cost than A for requests {r¢ 4+1,7;}.
Therefore, A’ makes neighboring matches and is such that E[cost(A)'] < E[cost(A)]. O

Next, we show that a simple adaptation of the algorithm Fair-Bias from [GGPW19] is a O(1)-
competitive algorithm for the random requests model. We first recall a result from [GGPW19].

Lemma 54 (Theorem 4.6. in [GGPW19]). Given a tree metric (S,d) with a server at each of
the n = |S| > 2 points. Algorithm Fair-Bias is 9-competitive if the requests are drawn from a
distribution D over the servers’ locations.

Note that in the above lemma, the requests have support in the servers’ locations, whereas, in
the random requests model, we consider uniform requests in [0, 1]. We show in the following lemma
that we can nevertheless derive from Algorithm Fair-Bias a O(1)-competitive algorithm A in the
random requests model, and such that A makes neighboring matches.

Lemma 19. In the random requests model, there exists a O(1)-competitive algorithm that makes
neighboring matches.

Proof. To ease the notations, we write F; to denote the algorithm Fair-bias in the remainder of the

proof.
Given an instance of the random requests model with set of servers S and a realization of
the requests sequence R = {ry,...,r,}, we let R = {r1,...,7,} be such that for all i € [n],

7; = argmingg|r; — s| is the closest server location to r;. We consider the algorithm A that
matches the requests in R exactly to the same servers F; matches the requests in R. In order to
analyze A, we now define a distribution D over the servers locations, such that for all s € S,

PTND(r = 5) = PTNM([le])(arg min ‘7“ — s/‘ = s),
s'es

Note that since for all i € [n], r; ~ U([0,1]), we have, by construction, that R ~ D when R ~
u((0,1)),

We now show that A has a constant competitive ratio. Let R be the realization of the requests
and R the corresponding transformed requests. We let Mg be an optimal offline matching for R and
OPTR be the cost of this matching. We also let sy, (7) be the server M matches ¢ to. In addition, let
OPTj; denote the cost of an optimal offline matching for R. Now, the cost of the matching returned
by A satisfies:

costr(A) =D |ri —sa(ri)| < (Iri = Fil + |7 — sa(ri)) = Y |ri = 7 + costg(Fp).  (21)
=1 i=1

=1
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Since for all i € [n], we have that |r; — 7| = mingeg |1, — 5| < |1y — s, (2)], we immediately get

n
> " |ri — 7| < OPTg. (22)
=1

In addition, by considering the matching {(7%, s, (7)) }icjn) for R, we get

n n
OPTj <Z|T‘@—SMR Z |75 — 73| + |7 — Sng (1) Z |73 — Sng ()] = 20PTR.
=1 =1 i=1

Hence, Eg-y/(0,1)[0PTz] < 2 - Eg~y(0,1)[0PTr]. Combining this with the fact that fair-bias is
9-competitive by Lemma 54, and using the definition of the distribution D, we obtain

Ep~i(o,1)) [cost 5 (Fp)] = E_pleost z(Fp)] < 9-Ep p[0PT]

=9. ERNZ/I([O,l])[OPTR] <18- ERNZ,{([OJD[OPTR]-
(23)

Hence, taking the expectation over R ~ U(]0,1]) on both sides of (21) and combining it with
(22) and (23), we finally obtain

Egi(fo,1])[cost r(A)] < (1 +18) - Eps(jo,1])[0PTR],

which shows that A is O(1)-competitive in the random requests model. Using Lemma 53, we can
then transform A into a O(1)-competitive algorithm A’ that makes neighboring matches, which
completes the proof of the lemma. O

E Hierarchical Greedy is Q(n!/) in the Random Requests Model

In this section, we show that in the random requests model, the Hierarchical Greedy algorithm
proposed in [Kan21] is Q(n'/4) competitive on the line. We first introduce the instance on which
this lower bound is achieved. To ease the presentation, we define an instance J2, with 2n servers
and 2n requests and where the servers and requests are in [0,2]. Note that by as simple scaling
argument, this instance can be cast as an instance of the random requests model with n servers
and requests in [0, 1].

Description of the instance J5,. We define the set of servers Sy as follows: there are n — n3/4
servers uniformly spread in the interval [0,1 — n~/4], there are no servers in the interval (1 —
n=1/4, 1), there are n3/% servers at position 1+ n~%4, and the remaining n servers are uniformly
spread in the interval [1,2]. More precisely, we let s; = % for all j € [n — n3/4], sj =1+ n~4 for
all j € {n —n%*+1,...,n} and s; = % for all j € {n+1,...,2n}. The sequence of requests R
contains 2n requests sampled uniformly at random in [0, 2]. We note that, interestingly, the servers
are almost uniform since a 1 — o(1) fraction of the servers are uniformly spread in the interval
[0,2]. In other words, the Hierarchical Greedy algorithm is not robust to a small perturbation of
the servers.

Lemma 55. The expected value of the optimal offline matching for the instance Jap satisfies:

E[0PT = O(\/n).
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Proof. For a given realization R of the requests sequence, we partition the requests into Ry = {r €
R:rec[0,1—n"Y*, Ro={recR:re(1-n""Y%1)} and R3 = {r € R:r € [1,2]}. We also let
R be the first n — n3/4 elements of Ry, or By = Ry if |Ri| <n— n3/4; we let Rs be the first n3/4
elements of Ry, or Ry = Ry if |Ra| < n3/%, and we let R3 be the first n elements of Rs, or R3 = Rj
if |R3’ <n.

We now define the following matching M, where for all r € R, sp(r) denotes the server to
which r is matched and for all R C R, M| 5 7 denotes the restriction of M to requests in R:

e M|z, is an optimal matching between Ry and SoN[0,1 —n~ V4.
e Forall 7 € Ry, sy(r) =1+n" V4
o M|z, is an optimal matching between Rz and Sp N [1,2].

e The remaining requests are matched arbitrarily to the remaining free servers.

Note that M is well defined since |Ri| <n—n?*=1SyN[0,1—n 4|, |Rs| < n?* =[Sy N {1+
n~'/4}|, and |R3| <n =[Sy N[1,2]|.

Now, for all 7 € Ry, since r € (1 — n~Y4,1), we have |r — sp(r)| = |1 +n~ /4 = r| < 2n~1/4
hence, letting cost(M) denote the cost of the matching M, we have

Elcost(M]g,)] =E[ Y [sn(r) — r|] E[Raf] - 20714 <n* . 2n7 14 = 2p1/2, (24)
T’ERQ

Next, note that the requests in Ry are uniform i.i.d. in [0,1 —n~'4] and the servers in Sy N[0, 1 —
n~1/4] are uniformly spread in [0, 1 —n~'/4]. Similarly, the requests in R3 are uniform i.i.d. in [1,2]
and the servers in Sp N [1, 2] are uniformly spread in [1,2]. Hence by Lemma 11, we have that

Efcost (Mg, )] + Elcost (M7, )] = O(vn). (25)

Now, note that |Ry| = |[{r € R :r € [0,1 —n~'/4]}| follows a binomial distribution B(2n, (1 —
n=1%/2), |Ro| = |{r € R:r € (1 —n~Y*1)}| follows a binomial distribution B(2n,n~1/4/2) and
|R3| = |{r € R : r € [1,2]}| follows a binomial distribution B(2n,1/2). Hence, by Lemma 49, we
get

E[|R, \ Buf] = Efmax(0, |Ri| - n — n¥/4)] < E[J|Ri| —n —n®/4]

< \J(n—n¥1) - (1= (1 —n-1/1)/2) = O(v/n),
E[|Rs \ Raf] = Efmax(0, | Ro| — )] < E[|[Ro| — n¥/4]) < /n3/4. <1 - n*1/4/2> — O(v/n),
E[|Rs \ Bs[) = Elmax(0, |Rs| - n] < E[|[Rs| — nl] < /n(1 - 1/2) =

Since for all r € R, we have |sp/(r) —r| < 1, we get

Elcost(M| g\ 7y u(ra\Ba))u(Rs\Bs))] < Ell[R1 \ R1|] + E[|R2 \ Rz[] +E[|R3 \ Rs|] = O(V/n). (26)
Combining (24), (25) and (26), we get

E[0PT] < Elcost(M)] = E[cost (M| g\ 7, )u(Rs\Fo)U(Rs\Bs)) T Elcost(M |z, )]
+ E[cost(M|g,)] + E[cost(M|g,)] = O(vn). O
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Lemma 56. The expected cost of the matching returned by algorithm A™ on instance Joy, satisfies:

E[cost(AH, Ta,)] = Q(n¥/4).

Proof. For a given realization R of the requests sequence, we let Ry = {r € R : r € [0,1]}. We
also let By be the first n — n3/4 elements of Ry, or By = Ry if |Ri| < n— n3/%. Now, note that
|Ri| = |{r € R:r €]0,1]}| follows a binomial distribution B(2n,1/2) with mean n. Hence,

E[[Ry \ Ri[] > n**P(|Ry \ Ra| > n¥/*) = n®/*P(|Ry| > n) = %n3/4. (27)

Next, note that the Hierarchical Greedy algorithm matches a request r € [0,1] to a server in
(1,2] only if [0, 1] has no more available servers. Hence, since Ry contains at most n —n3/4 requests
and there are initially n —n%/* servers in [0, 1], all requests in R; will be matched to servers in [0, 1].
Now, if |Ry \ Ri| > 0, then |R;| = n — n®/* = Sy N [0, 1]; hence, when any request r € |R; \ Ry|
arrives, all the servers in [0,1] have already been matched to a request in Ry. Therefore, r is
matched by A to a server s, u(r) in (1,2]. Noting that the requests in R; \ R; are uniform in
[0,1], we thus have, for any ¢ such that 7, € |[R; \ Ry,

_ _ — 1
E[COStt(AH,T‘t)|Tt € R\ Ri]|=E[syu(ri) —relre € Ri\ R1] > 1 —=E[r|r: € R1 \ R1] = 3 (28)
Thus,

Elcost(A™, Jay)] Z E[cost; (A", 7))

te(n]

> ZEcostt rt)|re € Ry \ R1]P(ry € Ry \ Ry)

te[n)

> Y LR R\ ) (by (28))

te[n]

1
= iE[Z ]thGRl\El]

te[n]

1 _
= B[R\ Bl

_ in3/4. (by (27))

By combining Lemmas 56 and 55, we get the following result.

Lemma 57. For online matching on the line in the random requests model, the Hierarchical Greedy
algorithm A achieves an Q(n'/*)-competitive ratio.

F Missing Analysis from Section 4.3

F.1 Missing analysis from Section 4.3.1

Fact 26. Let 7 := n — 4log(n)®/n/(1 —n='/%). For any I C [n=/°,1], we have |So N I| €
[AII] = 1,7/1] + 3]
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Proof. Let x,y € [0, 1] such that z < y and let k, j € N be such that 3 k <z< k“ and j_l <y<i
Then by construction of Z,,, the number of servers in the interval [z, y] isin {j— k: 1,5— k: ,J—k+1
and by definition of k, j, we have j —k—2 < f(y—x) < j—k. Hence, for all z > n(y—z)+3 or z <
n(y—x)—1,wehave z ¢ {j—k—1,j—k,j—k+1}; hence [SoN[x,y]| € [n(y—x)—1,n(y—x)+3]. O

uw@l\b

Lemma 30. Assume that the sequence of requests is reqular. Then, for n large enough and for all
t € [n—n%] and j € [my — 1], we have st j4+1 — st < 2log(n)int=2e.
Proof. Note that if the statement of the lemma holds for t = n—n®, then it holds for all t € [n—n®]
since Sy O Sy—nes when t < n — n®. Hence it suffices to consider the case t = n — n3

Now, consider s,s" € Sy, _nes N (0,1] such that s’ — s > 2log(n)*n!~2%. Note that if there exists
s" € Sp_pes such that s < s’ < s/, we are done. In the remainder of the proof, we show that there
is such an s”. By definition of H™, each request is either matched greedily, or it is matched to
0. Hence, for all j € [n —n®], if r; ¢ (s,s'), then sym(r;) ¢ (s,s’) (since r; is closer to either s
or s’ than any point in (s,s’), and both s and s’ are available when r; arrives). Similarly, by the
greediness of H™ for requests r > yo and since s > yo (by definition of Sy and since S,,_nes C Sp),
if r; € (s,5'), then sym(r;) € (s,s') for all j <n —n. Therefore,

{7 € [n—n®]: sym(ry) € (s,8)}H = [{j € [n —n®] 1 7j € (5,8)}].
Note that d*((s,s’)) - n'=2% > (s — s)n'=2% > 2log(n)*n!=2%(n — n®) = Q(1). Hence, by
applying the first regularity condition with ¢ =0, ' =n —n®, and (d,d’) = d*((s, s')), we have

{j€n—n®]:rj€(s,s)H<Hj€m—n®]:r;ed((s,5)}
= (n—nCS)'!dJr((S’S )| +log(n)?y/(n — nes) - [d*+((s, s"))|

< (n—-n%)(s — 2) + log(n 2\/(n nes)(s' — s+ 2)
< (n—n%3)(s —s)+ log(n) V(n —ne) (s’ — s) + 4log(n)?.
By combining the previous inequality with the previous equality, we obtain that
1 € In—n] s spm (1) € (5,5)H < (n—n)(s' — ) +log(n)2y/(n — ) (5 — 5) +dlog(n)?. (29)
Now, since we assumed s’ — s > 2log(n)*n!=2%, we have, for n large enough and since c3 €

(4/5,1), that (1 — 4log(n)?nt/?= /(1 — n~1/%) — (4log(n)? +1)/((s' — s)nc?’))i1 < 2, thus we also
have

(s' — s) > 2log(n)*nt=2%

> 210g(n)4m7;263)
> log(n)' — (n =)
n2es(1 — 4log(n)2nt/2=cs /(1 — n=1/5) — (4log(n)2 + 1)/((s' — s")n°s)
= log(n)* (n_— n)
(nes — 4log(n)?nt/2 /(1 — n=1/5) — (4log(n)? +1)/(s' — 5))?
= log(n)* — (n—n%)
((n —4log(n)?n'/2/(1 —n=1/5) — (4log(n)? + 1)/(s' — s)) — (n — n<))?
= log(n)? (n = n%)

(7 — (4log(n)? + 1)/(s" = s) = (n — n))?’
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which implies that (s’ — s)2(72 — (4log(n)? +1)/(s' — s) — (n — n))? > log(n)*(n —n%)(s' — s).
By taking the square root on both sides and reorganizing the terms, this gives

(s = s)n— 1> (n—n3)(s' — 5) + log(n)?\/(n — ne) (s’ — s) + 4log(n)>
Combining this with (29) and using that (s' — s)in — 1 < |Sp N (s, ")| by Fact 26, we obtain
{5 € In = n®]lspm(r;) € (5,8} < (5" = s)r =1 < [So N (s, )],
Hence,
|Sn—nes N (s,8)] =150 N (5,8") \ {j € [n —n]|spm (1)) € (s,5")} > 0.

Thus, there exists s” € S, _necs such that s < s” < ', which concludes the proof. O

F.2 Missing analysis from Section 4.3.3

Lemma 34. Let m < cin and i € [dylog(n)]. Assume that R is reqular and that t;—y <n — (1 —
c2)"tn. Then, t; 1 < t;.

Proof. We treat separately the cases ¢ = 1 and ¢ > 1. The case ¢ = 1 is immediate since by
construction of the instance, InNSy = (0, n_1/5] NSy = 0 whereas I; NSy = (n~1/5, %n_1/5]050 £,
which implies tg = 0 < 1.

Next, assume i € {2,...,d;log(n)}. By definition of ¢,_1, we have that (y;—2,yi—1]NS,_,—1 # 0,
which implies that sy, ;11 < y;—1. In addition, because of the assumptions and by Lemma 33, we
have t; 1 —1 <n—(1—c)"'n < n—n%. Hence, by applying Lemma 30 with ¢t = ¢;_1, we deduce
(Yi—1,yi—1+2log(n)*n'=2¢)NS;,_, 1 # 0. Then, since c3 > 3/4 and since we assumed n sufficiently
large, we have that y;_; + 2log(n)*n'=2 = (3/2)" =15 4 2log(n)*n'=23 < (3/2)'n~1/> = y,.
Thus, we get that (y;—1,vi] NSy, ,—1 # 0. By definition of ¢;, this implies that ¢; > t,_; — 1. In
addition, since I;_1 and I; are disjoint, at most one of I;_1 and I; can be depleted at each time step
and we have that t;_1 # t;. We conclude that ¢; > ¢;_1. ]

Lemma 35. Let m < c¢in and i € [dylog(n)]. Assume that R is regqular, that to < ... < t;—1 <
n—(1—c2)"'n and that t; 1 < t;. Lett; := min(t;,t;_1 + ca(n —t;_1)). Then,

1{j € [ti] 1 7j € I, spm (r5) & L} = O(V/n).

Proof. Let i € [dy log(n)]. We first upper bound [{j € [t;] : j € L, sym (15) > yi}|.

Since t; = min(t;, ;-1 + ca(n — t;—1)) < t;, we have that (y;—1,:] N S;;_; # 0 by definition
of ¢;, which implies that s;;_; ; < y;. Now, using the definition of t;, the assumption that ¢;_; <
n—(1—c)" 'n, and Lemma 33, we have t; — 1 < t; 1 +co(n—t; 1) —1=con+t; 1(1—co) —1<
n— (1 —c2)'n < n —n%. Hence, by Lemma 30, applied with t = ; — 1, we obtain that there is
5 € (y; — 2log(n)*nt=2% 41N St_1- We let s be such a server. Then, by the greediness of H™ for
all requests 7 > yo, we have that for all j € [;], if 7; < y; — 2log(n)*n'=2¢ then sym(rj) <s <y
(since r; is closer to s than any point in (s,y;], and s is available when r; arrives).

Now, note that since we assumed c3 > 3/4 and n large enough, we have y; — 2log(n)*n!=2¢ >
(3/2)'n=Y% — 2log(n)*n=1* > (3/2)" 'n~Y% = y;_1. Hence, we can write I; = (yi_1,y;i —
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2log(n)in!=2%] U (y; — 2log(n)*nt=2¢ y;]. Since we have shown that sym(r;) < y; for all j such
that r; < y; — 2log(n)*n!=2¢, we thus obtain

[{j € [ti] :rj € Liy sum (r5) > yi}]

= |{j € [ti] : 7j € (yi — 21og(n)'n' 2%, i), s3m (15) > i}

< {j € [l :rj € (yi — 21og(n)*n' 2%, yil}|

< Wj € [n):rj € d*(lys — 2log(n)'n' >, y;])}|

< |d* ([yi — 21og(n)*n' 7%, yi))| - n +log? (n)V/|d* ([yi — 2log(n)*nt=2e, y])| - n

< (2log(n)*n'=2 £ 2/n) - n + log?(n)/(2log(n)*n1=2¢ +2/n) - n

=0(vn). (30)
where the third inequality is by the second regularity condition, applied with t = 0, t' = n, [d,d'] =
d* ([y; — 21log(n)*n! =2 y;]), which satisfy the condition (t —¢')(d —d') = n-2log(n)*n'=2¢ = Q(1)
since ¢ < 1. The fourth inequality is by definition of d*(-), and the fifth is since ¢35 > 3/4.

Next, we upper bound [{j € [t;] : rj € I;, sym (1) < yi—1}|. We treat separately the cases where
J€[tici] and j € {t;1 + 1,1;}.

First, consider the case j € [t;—1]. If i = 1, then by construction of the instance, Iy NSy = 0,
hence tg = 0 and we have the trivial identity |{j € [to] : rj € 11, sym(1;) > y1}| = 0. Now, for i > 1,
by definition of ¢;_;, we have that (y;—2,yi—1] NS, ,—1 # 0, which implies that s, ,—11 < yi—1.
Since by assumption and by Lemma 33, we have t;_1 — 1 <n — (1 — )" 'n < n — n, we obtain,
by applying Lemma 30 at time ¢t = ¢;_; — 1 and by a similar argument as in (30):

{j € ltica] :rj € Liyspm () < wica} < i € [n] 1 vy € d¥ ([yio1, yim1 + 2log(n)*n' >3]} = OE\/?)
31

Now, for all j € {t;—1 + 1,¢}, since 7 > t;_1 + 1 and ¢ty < ... < t;—1 by assumption, we
have that (0,y;—1] N Sj—1 = (Uke[ifl] (yk,l,yk}) N Sj—1 = 0 by definition of ¢y, ...,t;—1; and since
Jj < t; < t;, we have that (y;—1,y) N Sj—1 # 0 by definition of ¢;. Hence, if r; € I;, we either
have sym(r;) > yi—1 or sym(r;) = 0. By the greediness of H™ for all » > n~'/® and since
lyi =l < lyi — yima] = [(3/2)'n ™% = (3/2)"'n~1/?| = 1/2(3/2)" 'n~/? < |rj — 0] for any r; € I,
we have that sym(r;) > y;—1 for any r; € I;. Hence, we get that

{i € {tia + 1t} vy € Liysm (rj) < wia }| = 0.
Combining this with (31), we obtain:
[{j € [6i] : 7 € Liysm (rj) < yir}| = O(V/n). (32)
Finally, from (30) and (32), we get
|{j € [m 1Ty e IZ',SHm(T’j) ¢ IZ}|
=g eltil - rj € Ly spm(ry) > yitl + {J € [ti] - 75 € Liy sy (ry) S gica}l = O(Vn). O

Lemma 36. Let m < cin and i € [dilog(n)]. Assume that R is regular, that to < ... < t;_1 and
that t;—1 < t;. Let t; :== min(t;,t;—1 + ca(n — t;—1)). Then,

Hie{tici+1+c(n—ti1),...,ti}: r; € [%yi_l,yi_l], SHm(Tj) € Li}|
1 -
2 i(tz — tifl — cl(n — tifl))|fi| — O(\/ﬁ)
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Proof. Consider j € {ti—1 + 1+ ci(n — ti—1),...,%;} and assume that r; € [%yi_l,yi_ﬂ. Since
j > tioi+1and tgp < ... < t—1 by assumption, we have j > ty for all £ € [i — 1]. Thus,

by definition of tg,...,t;—1, we have that (0,y;—1] N Sj—1 = <Uke[z‘—1} (yk_l,yk]) NSj_1 =0. In

addition, since j < ¢; < t;, we have that (y;—1,v;] N .Sj—1 # 0 by definition of ¢;. Thus, by the
greediness of H™ for all j > t;_1 + 1+ c1(n — ti—1) > cin > m, and since r; € [%yi,l,yi,l], we
either have sym(rj) € (yi—1, i) or sym(rj) = 0. Now, since (y;—1,v:] N Sj—1 # 0, and since for any
5 € (Yi—1,%i] N Sj—1, we have

s =7l < lyi = Jyial = (3/2) ' VO3 = 2] = |3y | < |r; — 0],
we must have sym (r;) € (yi—1,v;]. Hence,
{je{tii+tea(n—tia),... .t} :rj € [Fyi1,yia]}]
={jefticitaln—tio1),....6} 1 € [Byict, yim1], sum (1)) € (Yic1, vl }. (33)

Now, since we assumed that the sequence of requests is regular, by applying the first regularity
condition with ¢t =t;_1 + c1(n —t;_1), t' =1; and [d,d'] = d_([%yi,l, yi—1])), we have that

i €{tica+ 1+ ci(n—tia),... G} iy € [Fyio1, via]}
>je{tiat1+aln—tia),....L}y:ry€d ([Jyi-1, 91}
>d™ (Byi—1,yi-1)) - (G — tica — ci(n — tiz1) — 1) (34)
—tog(n)\/d= (i1, 5 1]) - (F — i —ea(n —ti1) — 1),
> (yim1 — Syic1 —2/n)(E —tin —ei(n —tizg) — 1)
—log(n)*\/ (i1 — Syims —2/n)(F — tiy —er(n— ti1) — 1),

> (ti —tic1 —ci(n — ti—1))yzl — O(v/n). (35)

By combining (35) and (33), and noting that |I;| = (3/2)'n~1/°—(3/2)" 1n~1/5 = (3/2)i_1n_1/5-% =

Y1 we finally obtain that

{j € {tici +er(n—tica), ..., L} rj € [Byic1, yic1], sum (1)) € (yi1, 93l
1 -
2 i(tz _ti—l —cl(n—ti_l))\li| —O(\/ﬁ) ]

Lemma 38. Let m < ¢in and i € [dylog(n)]. Assume that R is reqular and that t, < to. Then,
cin < t1.

Proof. First, note that, since t; is the time at which I is depleted, we have, using Fact 26, that
H{j € t1] : sym(rj) € L} =|So N 11| > |[1|n — 1. (36)
In particular, t; > [{j € [t1] : sym(r;) € I1}| > |I1|7 — 1; thus for all i > 0, we have
il = QL[ Li]n) = Q(1). (37)

Next, we upper bound [{j € [t1] : sym(rj) € I1}|. Since t; < t2 by assumption, for all j € [t1],
we have that (y1,y2] NS;—1 # 0 by definition of t5. Hence, by the greediness of H™ for all requests
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r > yo, if ; > yo, we have sym (r;) > y1 (since r; is closer to any s € (y1,y2] NSj—1 than any point
in [0,y1]). We thus get

{7 € [t [swm (rj) € i} < {J € [ta] = 75 < o}

Now, note that by (37), we have t1|d* (I;)| = Q(1) for all i. Hence, by applying the second regularity
condition with ¢ = 0, ¢ = t1, and [d,d’| = d* (Iy),d" (I),d " (I3), respectively, we get

{j € [t1] : 7j < w2l
<Hjet]:red (I} +{jet]:red (I} +{jeltl:red ()}
< (d(Io) + d* (1) + d* (I2))t1 +log(n)?(V/d* (Io)ty + /d+ (1)t + V/d* (I2)t)
< (Hol + [11] + |Ta] + 6/n)ty + log(n)* (/[ lolty + 2/n + /|11ty + 2/n + /| 2|t + 2/n)
< (ol + || + | I2)t1 + O(v/n)

9 ~

n—1/5

where the first inequality is since (0,2] = Io U I1 U I, and the equality is since |I;| = "5— and

|Io U T, ULy = (3/2)>n~1/5. Hence, by combining the two previous inequalities, we obtain

15 € [6] Jsmn(r3) € )] < 210101 + O(v). (39)

Combining (36) and (38), and reorganizing the terms, we get

2n =« 2(n — 4log(n)2y/n/(1 — n~1/5 N 2n =«
bz 2 o) n)) = 20 s/ Do = 2 o),
Hence, since we chose ¢; < 2/9, and since we assumed n sufficiently large, we have t; > c¢in. O
Lemma 39. Let m < cin and i € [dylog(n)]. Assume that R is regular and that cin < ti, then
cin < t{O}'

Proof. Note that by definition of ¢; and since we assumed c¢in < t;, we have that for all j € [cin],
S;NI; # (. Hence, by the greediness of H™ for all requests > yo, if r; > y1, we have sym(r;) > yo
(since r; is closer to any s € (yo,y1] N .Sj—1 than to the servers at location 0). We thus get

{7 € [exn] [spm (ry) = O} < [{7 € [ern] [sm (rj) € [0,90)}H < {7 € [ean] 1y <wi}] (39)

Now, note that we have ¢in|dt(I;)| = Q(1) for j = 0,1. Hence, by applying the second
regularity condition with ¢t =0, ¢’ = c¢in, and [d,d'] = d*(Iy),d" (1), respectively, we get

{j €lan]:ry <y} <|{j€lan]:ry e d (L)} + {j € [an] : rj € dT (1)}
< (d*(Io) + d* (I))ern + log(n)2(V/d* (To)ern + \/d* (I )ern)
< ([o| + [I1])ern + O(V/n)

=a1(3/2)n 5 n+ O(Vn),
4/5

<n
< ’SO N {OHa
where the fourth inequality is since we set ¢; < 2/3 and since we assumed n large enough and

the last one by definition of the instance. Hence, combining this with (39), we get |S¢,n, N {0} =
|So N {0} — [{Jj € [e1n] [sym(rj) = 0} > 0. By definition of #;py, we deduce that ¢y, > cin. O
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F.3 Missing analysis from Section 4.3.4

In the following, we write N(r;) = {max{z € S;—1 : z < r},min{z € S;—1 : z > r}} and
N(ry) ={max{z € S,_; : 2 <r},min{z € S]_; : z > r;}} to denote the servers in S; and S; which
are either closest on the left or closest on the right to r;. We also write s(r¢) and s'(r;) to denote
the servers to which r; is matched by H™ and H™ !, respectively.

Lemma 20. Let R be n arbitrary requests and Sy be n arbitrary servers. Then, for all t €
{0,...,m — 1}, we have Sy = S}, and for all t > m, either Sy = S} or S; = Sy U{0} \ {min{s € S; :
s> 0}} (and {s € S :s>0} #0).

Proof. Tt is immediate that S; = S for all t € {0,...,m — 1} since H™ and H™ ! make the same
matching decisions until time m — 1.

Next, we show that either S,, = S),, or {s > 0|s € Sp,} # 0 and S, = S, U{0} \ {sm,1}. We
consider different cases depending on the location of request 7.

e Case 1: 7, € (n"'/51] or (r,, € [0,n7'/%] and S,,_; N {0} = (). In this case, both H™

and H™~! match r,, greedily. Since we also have S,,,_1 = S/ _;, we get Sy, = S0,.

e Case 2: 7, € [0,n7'/%] and S,,,_1N{0} # (. In this case, H™ matches r,, to 0, i.e. s(ry,) = 0,

while ™~ matches 7, greedily. Note that S’ , N (0,n"%/%] C S)N (0,n"/%] = B, hence
, =min{s >0:5¢€ S, 1} >n % and we thus have N(r,) C {0, 87,11} Since
H™~! matches r,, greedily, we get that s(r,) € {0,s], }.

S;nfl,
We now consider two cases:
(1) §'(ryy) = 0. In this case, we have s'(r,,) = s(r,) = 0, hence S, = S,.

(2) 8'(rm) = sp,_1,1- In this case, we have s(ry,) = 0 and s'(r;,) = s, ;; = min{s > 0:5 €

S 1} =min{s >0:s€ 85,1} =min{s >0:s€ S5, U{0}} =min{s >0:s5€ S} = sm1.
Hence 57, = 87, 1 \ {s'(rm)} = Sy 1 \ {sm1} = Sm—1 \ {sm1} = S U{0} \ {5m.1}.

Hence we either have that S, = S5}, or that S}, = S;,, U{0}\ {sm,1}. Now, we show by induction
on t that for all ¢ € {m,...,n}, we either have that S; = S] or that S} = S; U {0} \ {s¢1}-

Fixt € {m,...,n—1}. If S; = 5}, it is immediate that S;1; = S;,; and we are done. We now
assume that S; = S; U {0} \ {s;1}. We thus have that S = S; U{gf} \ {gF} with gF = 0,95 = s11.
To get the values of S;11,S5; |, we apply the third point of Lemma 6, noting that we have here
gt = 0,97 = s11,8F = 0,8F = s19,dF = |gF — sF| = 0,d* = |sF — gf*| = sy, — s1,. We enumerate
below all possible values of S;11,S5;,; by reporting the values given in Tables 2, 3 and 4 (note that
the roles of S; and S} are reversed since S, = S; U{gf} \ {g{'} here instead of S; = S;U{gf}\ {gf'}
as in the statement of Lemma 6).

e Case 1: 5,5 # () and S; N {0} # 0. In this case, the values of S;11, 5], are obtained by
using Table 2. There are three possible cases: (1) S;11 = Si,; (Column 4 of Table 2) (2)
Si1 =51 U{0}\ {s¢,1} and 541 € Siy1 (Column 2,3,6,7) (3) S;,y = Si41 U {0} \ {512} and
stq ¢ Sty1 (Column 5).

e Case 2: S;N{0} =0 and s;2 # 0. In this case, the values of S;;1,S],, are obtained
by using Table 3. There are three possible cases: (1) Siy1 = S;,; (Column 2) (2) S | =
Sir1U{0}\ {s¢,1} and ;1 € Spy1 (Column 4,5) (3) S7,; = Spr1 U{0} \ {512} and 51 ¢ Siya
(Column 3).
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e Case 3: 5,3 = () and S;N{0} # 0. In this case, the values of S;,1, 5], are obtained by using
Table 4. There are two possible cases: (1) Si1 = S, (Column 5) (2) S7, | = Si1U{0}\ {511}
and s;1 € Si41 (Column 2,3,4).

e Case 4: s;p =0 and S; N {0} = 0. From Lemma 6, we get S;11 = S;_;.

In all cases, we get that either (1) Syy1 = S; 1, (2) Sj1y = Si41 U {0} \ {511} and s;1 € Siya
or (3) Siyq = Si41 U{0}\ {ss2} and 541 ¢ Spy1. If case (2) holds, and since s;; € Sii1, note
that s;111 = min{s € Si41 : s > 0} = 541, and if case (3) holds, since s;1 ¢ Siy1, note that
St+1,10 = min{s € Syp1 0 s > 0} = min{s € Sy \ {sy1} 1 s > 0} = s;2. In all cases, we have that
either S;11 = S, or Si,; = St11 U {0} \ {s¢41,1}, which concludes the inductive case and the
proof.

OJ

Lemma 41. All following properties hold at any time t € {m,...,n —1}:

1. if 6 =0, then for allt' > t, we have 6y = 0 and Acost;y1 =0,
2. if Sy N {0} # 0, then Acosty1q > 0.

3. 4f Sen {0} #0, 6 # 0 and |S¢ N (6, 1]] > 1, then the values of (6¢+1, St+1) and the expected
value of Acosty1 conditioning on (0¢, St) and on riy1 are as given in Table 1, where wy :=
st.2— i1 and where we write E[Acosti1|...] instead of E[Acostiy1|(dt, St), SeN{0} # 0, 6 # 0,
|St N (575, 1” >1,rq1 €. ]

4. Zf 5t+1 7& 515, then St+1 == St \ {5,5}
5. Lg,n{0}=0,8,20 - E[Acosti11|(0¢, St)] > —1g,n{01=0.6,0 - P(dt11 = 0[(J¢, Sy)).

Proof. In the following, we consider a fixed t € {m,...,n — 1}. We start by the proof of Point 1.

Proof of Point 1. By definition of §, if §; = 0, then S; = S}. Since both %™ and H™ ! match
all requests 7441, ...,7, greedily, it is immediate that S; = S;- for all j > t, which also implies that
0; = 0 and Acostjq =0 for all j > ¢.

We now show points 2,3,4,5. First, note that by Lemma 20, we have that either S; = S| or
S; = S, U{0}\ {st1}. Since all properties follow immediately when S; = S;, we assume in the
following that S; = S; U {0} \ {s¢1}.

Proof of Point 2. Assume that S;N{0} # (. Then, S;N[0,1] = (S:U{0}\{s1})NI[0,1] C S:NJ0, 1],
hence, for any value of r,1 € [0, 1], we have, by definition of the process:

costyp1(H™) = |rep1 — s(rer1)| = min |regpq — 8|
s€5¢N[0,1]

< min rgp1 — 8| = |rip1 — 8 (rep1)| = costepr (H™H).
s€S;N[0,1]

Thus, Acosty 1 = costy(H™ 1) — costy(H™) > 0.
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Figure 12: Illustration of the different cases in Point 3 of Lemma 41.

Proof of point 3. In the remainder of this paragraph, we condition on the variables (d;, S;) and
we assume that S; N {0} # 0, §; # 0 and |S; N (04, 1]] > 1.

To get the values of (411, S¢+1) depending on the location of 141, we apply the third point of
Lemma 6, by noting that we have in this case g& = 0, g = s;.1,5F = 0, 5% = s;0,dl = |gF — sL| =
0,df* = |sf' — gf'| = s1, — sy, = w;. The values given in Table 1 are thus directly reported from
Table 2 (see Figure 12 for an illustration of the different cases).

Next, we give a lower bound on the expected value of Acosty;1 depending on r:y1. Note
that, since Sy N {0} # 0, we already have that Acost;+; > 0 from Point 2 and we can fill the
corresponding values in Table 1. We thus only need to refine the lower bound on Acost; 1 in the case
rei1 € [&LQ”‘”Z 0¢+4t] and wy < &;. To ease the exposition, we let & be the set of all (4, S) that satisfy
the assumptions of the third point of the lemma (i.e., & = {(§,S) € [0,1] x [0,1]*t : SN {0} # 0,
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d #0and |[SN(4,1]| > 1}). Since §'(r441) = ¢ + wy, we have

Elcosttyy |(3, St), (3¢, St) € &, wy < 0y, € [2528,6, + 2]

= E[[(0: +w¢) — re41] [(04,St), (64, S¢) € Eywy < O, re41 € [Jtzwt , 0t + 5]

= E[(6; + we) — 7e41|(8¢, Sp), (62, 1) € Epywy < Oy, o1 € [252E, 6y + %]

- % FE[(6 + %) — 7441|(8s, Sb), (O, St) € Eywy < 8y, g € [2F0E, 6, 4 1))

w0t b

2 2
_ w0
2 4’

and since since s(ry11) = &, we have
Elcostiy1 |(0¢,St), (04, 1) € E,wy < g, 141 € [5’53%,51& + 2]

=E[|6; — res1| (8¢, Sb), (5, St) € Epywy < 6y, 7e41 € 252, 6, + L]

(6t ) —

- 2
=7
where the inequality is since 0; € [w, 0t + %t] when wy < 6.
Hence,
Se+w w wy O, Oy wy
E[Acostyy1](d¢, St), (8¢, St) € Ep,wy < 6, Tey1 € [H57, 6 + B > (? + Z) 1 > >

Proof of point 4.

By assumption, we have 6; = min{s > 0 : s € S;} € S;. Now, assume that s(riy1) # 0.
Then, whatever the value of s'(ri+1), we have that & ¢ (S; U {0} \ {6:}) \ {s'(r1+1)}, whereas
6 € Se\{s(re1)}. Thus, Si 4 = (SeU{OP\{6:}) \ {s'(re41)} # Se\{s(res1)} = St41, and by defini-
tion of §, we get 641 = min{s > 0:s5 € Spy1} = min{s > 0:s € S\ {s(r¢+1)}} = d:. By contrapo-
sition, if d;41 # d¢, then we must have s(r441) = ¢, and we thus get Sir1 = Se\{s(re+1)} = Se\{d:}.

Proof of point 5. We condition on the variables (d;, S¢) and assume that Sy N {0} = () and §; # 0.
We first show that ;11 # 0 if and only if §'(r¢41) # 0.

e <: Assume that s'(r1) # 0. Since 0 € (S U {0} \ {se1}) \ {s'(r¢41)}, and O ¢ S; by
assumption, we have that whatever the value of s(ry41), i, = (StU{0}\{s,1})\ {5 (1141)} #
Se\ {s(ri+1)} = Si41. Thus, by construction of §, we get d;41 # 0.

e = Assume, by contrapositive, that s'(r;+1) = 0. Since by assumption, S; N {0} = ), we have
that Sp = {s,1,81,2} U (S¢ N (s1,2,1]). Now, since s'(re41) = argmingeg,uop (s,13 15 — re+1l,
we have that for all s € Sy N [s¢2,1], [re41 — 0] < |repq — s; thus, if 1 > 541, we have that
|rer1—5e1| < |re41—0] < |rep1—s], and if 11 < 4.1, it is immediate that for all s € SiN[s;2,1],
|si1 — reg1] < |s — 7¢q1|. Hence, we get that s(ry11) = argmingg, [ri11 — 8| = s¢,1, which
immediately implies that S;11 = Sj,;, from which we deduce d;41 = 0.
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We now show that Acosti1 > 0 when s'(ry41) # 0. Since s'(r¢41) € Sp U {0} \ {s¢1} and
§'(re41) # 0, we have §'(r¢41) € Sp. Thus, |s(re41) — 11| = minges, |s — rega| < 18/ (reg1) — resls
and we deduce Acostyr1 = |8'(req1) — res1| — [s(re41) — re1] > 0.

Hence, we have shown that d;+1 # 0 if and only if s'(r441) # 0, and that if §'(r411) # 0, then
Acosty1 > 0. Using that it is always the case that Acosti+1 € [—1, 1], we get:

Ls,n{0)=0,5.0 - E[Acosti1](dt, St)]
= Lo,n(op=piro - (ElDcostest] (0, St), drer # OP(dr1 # 0/(3e, 1))

+ E[Acostesr (8, Sp), 0es1 = O]P(8es1 = 0|(3%, st)))
>0 — Lg,n{01=0,5,0 - P(6t+1 = 0](¢, St)),

which concludes the proof of the fifth point and the proof of Lemma 41. O

Lemma 43. Conditioning on the gap 0., and available servers Sy,, and for all y € [0m, 1], we have
Om

P(min(t(07y],t{0}) S min(td, t{o})‘ém, Sm) Z Y

Proof. For all j € {m,...,n—1}, we define the auxiliary stopping times: 9% = min{t > j : 6; = 0},
t?{o} =min{t > j: S;N{0} = 0} and t?o , = min{t > j: $:n{(0,y]} = 0}. To ease the presentation,
we write @ and ¢/ instead of min(t?o}, t{o y)) and min(tj{lo}7 54y,

We now show by downward induction on j that for any j € {m,...,n}, any pair (x,S) with
x € [0, 1] and with S a set of n — j arbitrary servers in [0, 1] such that either x = 0 or x = min{s €
S:s >0}, and any y € (z, 1], we have:
6]' :SU,S]' :S) Z E

o
Pr(ty < 7
— Yy

We first show the base case, which is for j = n. The only valid pair of (z,S) is (0,0), and it is
immediate that for any y € (0, 1], we have

Pr(ty <15, = 0,8, =0) =1> =,
— Yy

Next, let j € {m,...,n — 1}, and assume that for any pair (z,S) with 2 € [0,1] and with S a
set of n — (j + 1) arbitrary servers in [0, 1] such that either x = 0 or x = min{s € S : s > 0}, and
any y € (z, 1], we have

PR(%“ < g = 0, Sy = S) >
- Y

Now, consider some arbitrary pair (z,S) with « € [0,1] and with S a set of n — j arbitrary
servers in [0, 1] such that either x = 0 or x = min{s € S : s > 0}, and some arbitrary y € (z, 1],
and assume that §; =z and S; = S.

We first consider the case where x > 0, |(z,y] NS| > 1 and SN {0} # 0.

First, note that since S; N {0} # 0, 6; = = > 0 and S; N (0,y] 2 {z} # 0, we have that
@,ﬂ > j+ 1. We deduce the following proposition: for any r € [0,1], letting x(zx,S,r) and
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T(x,S,r) be the value of 041 and Sj41 assuming that §; = ,5; =S and 711 = r, we have

PR(@ <o = 2,8 = S,rj41 = 7“)

= IP’R<ti, <96, = 2,85 = 8,641 = x(x,5,7),Sj41 = T(x,8,7),rj11 = r)

= PR (6 <TG = 2, ) = 8,041 = X(.8,7), Sjs1 = T(w, 8,7), 7551 =)

=Pp (t{fl < M‘5j+1 =x(z,S,r),Sj+1 =T (x, S,r))

> MEAT) (10)

where the second equality is since té,ﬂ > 7 + 1, the third equality is since conditioned on
Sj+1,0541, we have that {(d, St)}te{jﬂi,n} is independent on 741,55, 5, and the inequality is by
the induction hypothesis.

We now enumerate five different cases depending on request 7;11. Since we assumed that
|(z,y]NS| > 1, SN{0} #0 and ¢; = x # 0, we have by Lemma 41 that the values of x(z, S, rj11)

are the one given in Table 1, with s% = min{s € S: s > 2} and w = sf' — 2.

e Case 1: rj;1 € [0,5]. Then, from Table 1, we have x(x,S,7;41) = §; = x. Thus, by using
(40), we get

PR(@ < 9965 =z, 85 = S,rj11 €0, %]) > g

Case 2: 7j11 € [5, 5], Trivially, we have

PR(@ <65 = x,8; = S rj1 €[5, HTUJ}) > 0.

Case 3: rj41 € [, x4+ ¥]. Then, from Table 1, we have x(z, S,7j+1) = sf. Thus, by using
(40), we get

R
| - s T+ w
PR(@Sﬂ’(SJ:%Sj:S,mle[”%,:rjt%])ZE: 2

Case 4: 7j41 € [+ §,z + w]. Then, from Table 1, we have x(z,S,7j1) = =.

Thus, by using (40), we get

Pr <t§, < il

0j =x,8;=85,rj41 € [:c—i—%,a:—i—w]) >

< |8

Case 5: rj41 € [ +w, 1]. Then, from Table 1, we have that x(z, S,7j4+1) = «. Thus, by using
(40), we get

PR(@Sﬂ‘éj Z:L',Sj = S,T’j+1 € [:U+w, 1]) >

<8
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By combining the five cases above, we get

Pr(t) <195 = 2,8, = S)

T+ w

T
Z ]P’(Tj+1 c [0, %]) . Q + 0 + P(T’J‘_H c [HTM,Z‘ + %]) .

SR e

FBlp €t For )+ By € ot w,1)

QLI |8 IS

It remains to show the inductive case when either z = 0, |(z,y] N S| =0, or SN {0} = 0. Note
that if x = 0, it is immediate that

Pr(t) <t = 2,8 = 5) 20="1,
— Y
and if SN {0} =0, thentjzﬂ:j and we have

Pr(t) <75, = 2,8, = S) =12 g

Finally, if |(z,y] NS| =0 and = > 0, then
SiN0,y] = (SN (0,2]) U (SN (z,9]) = {x} UD = {5},

where the second equality is since min{s > O|s € S} = z and the assumption that |S N (z,y]| = 0.
Now, we have

tP% = min{t > j: 6 = 0 or S; N {0} = 0}
> min{t > j: 6 # J; or Sy N {0} =0}
=min{t > j: Sy = S;_1 \ {0,} or Sy N {0} =0}
=min{t > j:5: N0,y =0 or S;N{0} =0}
=1,
where the inequality is since d; = x > 0, the second equality is from the fourth point of Lemma 41,
and the third equality is since S; N (0,y] = {0,}. Hence we also get

IP)R(% Sﬂw] :I,Sj = S) =1 >

< |8

Hence, in all possible cases, we have shown that

Pr(t) <6, = 2,5 = §) >

<8

which concludes the inductive case. We conclude the proof by applying the above inequality with
J=m. O
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Lemma 44.
1. If 0y > 0, then 1y, € [0, yo].
2. For all m € [n)], &, € [0,2n~1/7].

3. For all m € [e1n], E[dp|rm € [0, y0]] > "_41/5 — p—Q(og(n))

Proof. Point 1. By Lemma 20, we have that S,,—1 = S/, ;. Now, if r,, € (yo, 1], then both H™
and H™ ! match r,, greedily. Hence, S,, = S, which, by definition of §, implies that 6,, = 0. By
contraposition, if d§,, > 0, we must have r,, € [0, yo].

Point 2. It is immediate that 6,, = 0 when r,, € (yo,1]. Now, if r,, € [0,%0], then either
SN {0} = 0 or S, N {0} # (. In the first case, r,, is matched greedily by both H™ and H™ !
and we get S,, = S/, and d,, = 0. In the second case, we first have, by definition of H™, that
$(rm) = 0. Then, by the greediness of H™=! for 7, we get |s(rm) — 7| < |7 — 0], which implies
s(rm) < 2rp. Hence, 8,, = s(r!) — 0 < 21, < 2yo = 2n~ />, We conclude that for all m € [n],
Sm € [0,2n71/5].

Point 3. Fix m < ¢yn. We first show that if R is regular and r,, € [%yo,yo], we have that
Om = Sm—1,1 = n=1/.

Assume that the sequence of requests is regular and consider r,, € [%yo, yo]. We start by showing
that s(rp,) = sm—1.1 and s(ry,) = 0. Since m < ¢1n, we have by Lemma 32 that m < t; = min{t >
0:8:NI; = 0}. Hence, S, 1N[n~"15 (3/2)n=1/5] # . Since S,,_1N[0,n~ /5] C Son[0,n" /5] =0,
we thus have s, ;1 = sp-11 € [n=1/%,(3/2)n1/%]. Since 1 € [3yo,30] = En~Y5, "5, we
deduce that N’(ry,) C {0, $;—1,1}. Now, note that

[sm—1,1 = 7| < 1(3/2)n7 % — 1| < [(3/2)n7 1% = (3/4)n 75| = (3/4)n™5 < |y — 0.

Since H™~! matches 7, greedily, we get that s'(rp) = sm—1.1-

On the other hand, H™ follows A4 for matching r,,. Note that by Lemma 32, we have that
m < tyoy, hence S}, ; N {0} = Sp—1 N {0} # 0. Since ry, € [0,n71/%], we get by definition of A
that s(ry,) = 0.

Since s(rp,) = 0 and s(r,) = sm—1,1, we deduce that Sy, = Sp—1 \ {0} # Sm—1 \ {Sm-11} =
Sl 1\ {sm-11} = S.,, hence, by definition of §, we get: §, = Spm1 = Sm—1,1 > n~1/5. We have
thus shown that if R is regular and r,, € [%yo, o], then d,, > n~1/5. As a result,

E[0m|rm € [0,y0] = n Y P(6 > 0~ 2|1y, € [0,10])

>0 OP(rm € [$y0,yol, R is regular|r,, € [0, yo])
=n" P (P(ry, € (290, yol|[Tm € [0,90]) — P(rm € [3y0,y0], R is not regular|ry, € [0, yo]))
>0~ P(P(rm € [§y0, yollrm € [0,90]) — P(R is not regular|ry, € [0,y0]))
= n_l/s(IP’(r € [% Y0, Yo]|rm € [0,y0]) — P(rm € [0,90], R is not regular) /P(r,, € [0, yo]))
> n~ VO (P(ry, € € [2y0, yo]|Irm € [0,90]) — P(R is not regular)/P(ry, € [0,0]))
_ %n—1/5 — = log(n)).
where the last equality holds since R is regular with high probability by Lemma 22. O
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Lemma 45. For all m € [n] and i € [d; logn],
1. if R is regular, then t( .1 < tioy-
2. P(td > tioylrm € 10,%0]) = O(n=1/5).

Proof. We first assume that the requests sequence is regular, and we show that there is no ¢ € [n]
such that s;1 < 1/2 and S; N {0} = 0.

Assume by contradiction that there is such a ¢. Since s; is available at time ¢, we have that
for all i € [t], s¢1 is available when request r; arrives. In addition, recall that H" either matches
each request to 0, or matches it greedily, and it matches a request r to 0 only if » < yy. Since by
definition of the instance, s;1 > yo, we get that there is no i € [¢] such that r; < s and s(r;) > s¢1
(since r; is closer to s than any other server s > s;1 and s;; is available when 7; arrives) and
there is no ¢ € [t] such that r; > s;1 and s(r;) < s¢1. Hence,

{ie[t]:m €[0,se1]| =i € [t] : s(ri) € [0, 5.1]}].

In addition, since s;; = min{s > 0: s € S} and since we assumed that S; N {0} = 0, we have
[0,s:,1) NSy =S¢ N {0} = 0, hence all servers in [0, s;1) have been matched to some request before
time ¢ and we have |i € [t] : s(r;) € [0, s¢.1]] = |SoN[0,8¢1)]. Let dt = min{j/n:j € [n],j/n > si1}.
We get

{i € [n] :r; € [0,d7 ]}
> {iet]:r€[0,d]}
> {ielt]:ri €0,seal}
=[S0 N[0, s¢ 1)\

[n='/%,d" —1/n)|

[(dT —1/n—n"")7 —1]

[(d% = 1/n—n~'5)(n — 4log(n)®v/n/(1 —n~ /%)) = 1]
—(

—(

> [So N [0,n7 /%] +[Sp N
> [n*® + 4log(n)?®v/n] +
= [n*/? + 4log(n)*V/n] +
= d"n + 4log(n)*v/n(1 —
= d*n + 4log(n)*v/n(1 —
> d™n + log nQW,

dt —1/n—n"1%) /(1 —n7%)) —2
1/2=n"?) /(1 —n~1/%)) —2

where the fourth inequality is by definition of the instance and by Fact 26, and the fourth equality
since d* < s41+1/n < 1/2+ 1/n and the last inequality since dt < 1/2. Hence, the second
regularity condition from Definition 29 is not satisfied for t = 0,#/ =n and d = 0,d’ = d*. Thus, if
R is regular, then there is no ¢ € [n] such that s;; < 1/2 and S; N {0} = 0.

On the way, we deduce the following equation, that will be used in the proof of the second part
of the lemma.

P(3t € [n] : st < 1/2 and Sy N {0} = O|ry, € [0,y0])

< P(R is not regular|r, € [0,y0]) < P(R is not regular)/P(ry, € [0, yo]) = n~00s(),
(41)

where the last inequality holds since R is regular with high probability by Lemma 22.
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Now, we assume that R is regular and we show that for all i € [dylog(n)], t(0,,] < t0}- Note
that if ¢(o,,] > (o}, then, by definition of ¢(g,,, we have that S, N (0,yi] # 0, which implies that
Stioy,l < ¥i < 1/2. By definition of (o}, we also have S, N {0} = 0. This contradicts the fact
that there is no ¢ € [n] such that s;; < 1/2 and Sy N {0} = 0. Hence, we have (g ,,] < t{0}, which
concludes the proof of the first part of the lemma.

Next, we show that t¢ < t{oy with high probability. First, note that by Lemma 51, we have
P(maxyep) 0t > 1/2 | 6m) < 20m. Since by Lemma 44, we have that for all m € [n], 6, < 2n /5,
we get

P(%?ﬁc 8 > 1/2|rm € [0,50]) < 4n~1/0. (42)
n

Hence, we have

P(t? > t(oy|rm € [0, 90))

=P(t* > to}, iy = 1/2|rm € [0,0]) + P(t? > tyoy, Sty < 1/2[rm € [0,50])

< P(btgy, > 1/2[rm € [0,90]) + P(dry, < 1/2,0t, > 0,5k, N{0} = Olrm € [0,y0])

< P(ét{o} > 1/2|Tm € [Ovy()]) + P(St{o},l < 1/27515{0} n {0} = ®|Tm = [anO])

< P(gnz[u}(ét > 1/2|rm € [0,y0]) + P(3t € [n] : 841 < 1/2 and Sy N {0} = O|ry, € [0,y0])
€n

< 4n—1/5 + n—Q(log(n))

= O(n),

where the first inequality holds since by definition of t¢, if t¢ > t{oy, then o 0y > 0, and since we
always have S; o N {0} = 0 by definition of t{oy- The second inequality holds since by definition of
d, if 6y, > 0, then 0y, = 14,1 The last inequality is by (42) and (41). -

Lemma 21. For all m € [n], we have that

. 1
E t(H™Y) = costy(H™)|0m, Sm| > SE Stsem — OOy Sim
[t;rl(cos ((H™Y) — cost (H™)| } Z5 [tG{O,...,mirrﬁ?{);},tw)m} - \ }

— ]P)(td > t{o}\ém, Sm),

where s;1 =min{s > 0:s € S¢} and s;2 = min{s > s;1: 5 € S}; ty :=min{t > m: 5.2 — sp1 >
st1, or s =0}, tY =min{t > m: & = 0} and t(o := min{t > m| S, N {0} = 0}.

Proof. We analyse the difference of cost between H™ and H™ ! for all requests rp,11,...,7,. We
consider in the following paragraphs some time steps t > m and we omit to mention this condition
throughout the proof.

We start by some preliminary notational considerations. We first recall that w; = s;2 — s4,1.
Also, note that for all ¢ € N, we have S;;1 C Sy; thus if S; N {0} = 0, then Sy N {0} = 0.
Hence, by definition of ts), we first have that S; N {0} # 0 if and only if ¢ < t;gy — 1. Then,
by definition, we have that if J; # 0, then 6; = s;1. Thus, if 6; # 0 and w; < &, we have that
ISt N (64, 1)) = [Se N (s¢1,1]] and that s¢ 9 — s¢1 = wy < 6 = s1,4, hence we have that t <¢* —1. In
addition, since d; # 0, by the first point of Lemma 41, we have that ¢; # 0 for all ¢’ < ¢; hence we
have that t < t — 1. Reciprocally, and by a similar argument, if ¢ < t* — 1 and t < t% — 1, then we

69



have that §; # 0, |S: N (6, 1]] > 1 and wy < §;. Hence, we have that d; # 0, |S: N (0, 1]| > 1 and
wy < & if and only if t <t¥ — 1 and t < td— 1. Therefore,

1.8,n{0}0,6:7#0,15:N (G, 11> 1we <6, = Li<min(rw i to)-1 A0 Lgnoy20 = Li<igg-1-

Lower bound on E[Acost;;;]| in the case where ¢ < troy — 1. For all t < ¢1gy — 1 we have
Sy M {0} # 0; thus, by the second point of Lemma 41, we have that Acost;; > 0. Hence,

E[:ﬂ-tgt{o}—l . Acosttﬂ\(ét, St)] Z 0.

If we further have that ¢ < min(t%, t¢, tr0y)—1, then, as argued above, we first have that S;N{0} # 0,
d¢ # 0 and |S; N (0, 1]| > 1, thus the assumptions of the third point of Lemma 41 are satisfied. In
addition, we have that w; < ;. Therefore, by inspecting all possible cases given in Table 1, we
obtain:

E[ltgmin(tw,td,t{o})q - Acostyy1[(d¢, St)]

> 04 Lycpmin(e 4 ¢0y)—1 - EIACOSt111|(8, Se), 41 € [P, 6 + 4]
P(resr € [252,6 + )1(0, S))

Wt 5
= Licminee t 01" P(regr €[50, 6 + ),

where the last equality is since w; < §; and by inspecting the corresponding case in Table 1, and
since r¢11 is independent of (&, Sy).
By combining the two previous inequalities, we get

E[ﬂtft{o}—l : ACOStH_l‘((St, St)]

= E[]ltgmin(tw,td,t{o})ﬂ - Acoste1](0t, St)] + E[]lmin(tw,td,t{o})flgtgt{o}71 - Acostyt1[(dt, St)]

Wy
> Ly<min(ew e t0y) -1 " > P(reg € 2526, + %) + 0.

Note that conditioning on (d;, S;), we have that Acost;y; is independent of (0, Sy,). Thus, for
any (z,S) € X, first conditioning on (d,,, Sy, ), then applying the tower law gives:
E[]ltgt{o}—l . ACOStt+1|((5m, Sm)]
= E[E[Li<t(g,—1 - Acoste1](0t, St), (G Sm)] [(0m, S
= E[E[ltgt{o}—l . ACOStt+1 ’(5,5, St)] |(5m7 Sm)]

> E[Li<min(rw td,t00y) 1 - %K(va Sm)] - P(resn € [25%, 6, + %))

= Bllycuint 1)1~ 5 1O Sl EIL i 5 |G S

- E[]ltgmin(tw,td,t{o})—l,mHE[‘St'gwt e+ 5] ' %K(sm’ Sm)l;

- E[ltgmin(tw,td,t{o})—l,rtJrle[6t+2wt Serit] @K&”’ Sim)], (43)
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where the third equality uses that r41; is independent of (,,,Sy,), and the fourth equality holds
since 74,1 and (dy, S;) are independent, which implies that 7,1 and {t < min(#", %, tioy) — 1} are
independent. To see the last equality, note that if ¢ < min(t", td, t{o}) —1, then, as argued above, the
assumptions of the third point of Lemma 41 are satisfied. Since we also have ryy1 € [5tgwt , 0t + 5],
we get from Table 1 that d;11 = §¢ + wy.

Next, if the assumptions of the third point of Lemma 41 are satisfied, by inspecting all possible
cases given in Table 1, we have that r. 1 € [6”5““ , 04 + %] if and only if ;41 # &; and &1 # 0.
Thus,

S twy = ]ltgmin(tw,td,t{o})71,6t+17£6t,6t+17é0' (44)

tgmin(t“’,td,t{o})—l,rt+16[ 2 ,(St-‘r%]

In addition, by definition of t¢ and by the first point of Lemma 41, we have that ;,1 # 0 if and
only if t < t¢ — 2, thus

ﬂtgmin(tw,td,t{o})—1,§t+17£6t,6t+17£0 = ]ltgmin(t“’,td—l,t{o})—1,6t+17£5t ‘ (45)

Hence, by combining (43), (44) and (45), we get that for all t € N,

Ot+1 — O
E[ﬂ-tﬁt{o}—l . ACOStt-Fl‘((va Sm)] Z E[]ltgmin(tw7td—l,t{0})—1,6t+17£6t ' T|(5m7 Sm)] (46)

Lower bound on E[Acost;;1] in the case where ¢ > t;;. Note that from the first point of
Lemma 41, if §; = 0, then Acosty+; = 0. In addition, recall that S;N{0} = ) when ¢ > t{0y- Hence,
using the fifth point of Lemma 41, we get

E[ﬂtzt{o} - Acostyi](0¢, St)] = IE[]ltZt{O},(;#O - Acostyy1](0, Sy)] + E[ltZt{o},(St:O - Acostyt](dt, St)]
= E[Lt>t0, 6020 - Acostys1|(dr, St)]

—Li>ty0y.80 - P(0r1 = 0[ (¢, 51))

= —Li>10),0020 - E[Ls, 1 =0(0¢, S1)]

Y

= —E[]ltzt{o},égé&ém:o ‘ (5t7 St)] .

Note that by the first point of Lemma 41 and by definition of t¢, we have that 6; # 0, 0,1 = 0 if
and only if 6;1 = t¢. Thus, ]ltzt{o},(g#o,(;tﬂzo = ﬂtzt{0}75t+1:td. Finally, by the tower law, we get:

B[yt - Acostip1|(6ms Sm)l = —E[Ly> g, 604102l (Gms Sm)]- (47)

Concluding the proof of Lemma 21. We lower bound the difference of costs for matching
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requests ry41, ..., Tyt

n

E Z costy(H™ 1) — costy(H™)|0m, Sm

t=m+1
[n—1
=F Z Acostiy1|(9m, Sm)
Lt=m
[n—1 n—1
=F Z Li<tigy—1- Acosti1|(0m, Sm) | + E Z Li>tg, - Acostit1](dm, Sm)]
Li=m t=m
[n—1
SE[ S 1 01 =0t |5 g
= Z tgmin(tw,td—l,t{o})—1,5t+17£5t ’ T ( m» m)
Lt=m
n—1
- E Z ]]‘tzt{o}, 6t+1:td|(5m7 Sm)
t=m
in(t¥,t4—1,tr0v)—1
min( {0}) 5t+1 _ (5t ;
=E Z 16t+17£5t T (6my Sm) | — P(t* > t{0}|(5m7 Sm))
t=m

1

= §E lémin(tw,tdl,t{o}) = Om |(Om, Sm) | — P(td > t{0}|(5m7 Sm)),

where the inequality is by (46) and (47).

In addition, note that by construction of the process, for all ¢ € N, we have that S;41 C Si;
hence s;1 < s¢41,1. Then, forall ¢ < t4—2. we have that d;, 0t4+1 # 0, hence by construction, we have
0t = st,1 and O¢41 = Seq1,1. Thus, we get that 6; < d141. Hence, we have that 0w a1 o) =
MAXpe (0, min(t td—1,t o))} ;. In addition, since by the first point of Lemma 41, we have that ét =0

for all t > t¢, we get that MAX ;e (0, .. min(t 141, 10))} 0 = MAXye(0,...,min(t,t (o))} d¢. Therefore,

E Z costy(H™ 1) — costs(H™)|0m, Sm] > ;E[ max 5 — Om,

t=m—+1 te{0,...,min(t¥ t1oy)}

(O Sm)]

— P(td > t{0}|(5m, Sm))
O
Lemma 46. For all m € [n], E{Zgl(costt(?—[mfl) — costy(H™))|rm € [0, yoﬂ > —n~ 15,

Proof. Since H™ and H™ ! both follow A for the first m — 1 requests, it is immediate that

m—1
E Z costt(’}-[m_l) — costy(H™)|0m, Sm] =0.
=1

We now lower bound the cost of matching request r,,. We consider two cases:
(1) If 7, € (y0,1] or (rm € [0,%0] and S,,, N {0} = 0), then both H™ and H™ ! match r,, greedily.
Since Sy,—1 = S/ we get costy,(H™ 1) = costp, (H™).

m—1
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(2) If (rmm € [0,50] and Sy, N {0} # 0), then s(r,,) = 0, hence costy,(H™ ') — costp,(H™) >
—costy(H™) = —|rm — 0] > —yo = —n~ /5,
In both cases,
E[cost,, (H™ 1) — costy (H™)|0m, Sm] > —n /.

Combining the two above equations concludes the proof. ]
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