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SUMMARY In this paper, the function expansion based topology opti-
mization is employed to the automatic optimization of the waveguide dis-
persion property, and the optimum design of low-dispersion slow-light pho-
tonic crystal waveguides is demonstrated. In order to realize low-dispersion
and large group index, an objective function to be optimized is expressed by
the weighted sum of the objective functions for the desired group index and
the low-dispersion property, and weighting coefficients are updated through
the optimization process.
key words: function expansion method, topology optimization, photonic
crystal waveguide, slow-light, structural filter

1. INTRODUCTION

In the rapid spread of the Internet, the demand for high
speed and large capacity photonic network has been increas-
ing and the developments of novel high performance pho-
tonic circuit devices are required. In order to develop high
performance photonic devices, now, computer simulations
are widely used and automatic optimization techniques us-
ing them are also proposed. Among them, the topology op-
timization is a powerful optimization method which can op-
timize topological configuration and it has already been ap-
plied to several optimization problems of photonic circuit
devices [1]–[10].

In the standard topology optimization based on the den-
sity method [1], [2], [4]–[9], the density parameters are con-
tinuous and can be an intermediate value between 0 and 1.
This corresponds to an intermediate value between the re-
fractive indices of usable materials (gray area). On the other
hand, the function expansion based topology optimization
can easily suppress the gray area and its usefulness has been
demonstrated in the transmission problems [3], [10].

In this paper, the function expansion based topol-
ogy optimization is employed to optimize the waveguide
dispersion property and the automatic optimum design
of low-dispersion slow-light photonic crystal waveguides
(PCWGs) [11] is demonstrated. In order to realize low-
dispersion and large group index, an objective function to be
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optimized is expressed by the weighted sum of the objective
functions for the desired group index and low-dispersion
property. In the problems to realize group index of 50 and
100, using standard function expansion method, the opti-
mized PCWGs which have the group index of 50 with the
low-dispersion bandwidth of 10.5 nm and the group index
of 103 with the low-dispersion bandwidth of 4.3 nm are re-
alized. However, the PCWGs obtained with this optimiza-
tion and the optimization of the previous studies [10] have
a complicated structure. In order to suppress fine structures,
we have introduced a structural filter in the optimization pro-
cess and obtained the simplified structure with almost the
same propagation properties.

In section 2, the finite element method (FEM) for periodic
waveguides is described briefly. In section 3, we present the
formulation for the function expansion based topology op-
timization. In section 4, design examples are demonstrated.
In section 5, we confirm the low dispersion property. In sec-
tion 6, we introduce a structural filter to suppress the com-
plicated structures and this paper is concluded in section 7.

2. FINITE ELEMENT METHOD FOR PERIODIC
WAVEGUIDES

We consider a two-dimensional periodic waveguide, as
shown in Fig. 1, in which the structure is periodic in the lon-
gitudinal direction (x-direction) with period a and there is
no variation along the z-direction ( ∂

∂z = 0). From Maxwell’s
equations, we obtain the following wave equation:

∂

∂x

(
p
∂Φ

∂x

)
+
∂

∂y

(
p
∂Φ

∂y

)
+ k2

0qΦ = 0 (1)

p = 1, q = εr,Φ = Ez for TE mode

p = 1/εr, q = 1,Φ = Hz for TM mode

where k0 is the free space wave number, εr = n2 is the rel-
ative permittivity (n is the refractive index), Ez and Hz are
the z components of the electric and magnetic fields, respec-
tively. Since the field distribution has the same periodicity
as the structure, FEM is applied to the region of one period
along the x-direction, and the periodic boundary condition is
imposed on Γ1 and Γ2. Assuming the steady state propaga-
tion with the propagation constant of β, the fields Φ within
each element can be approximated as

Φe(x, y) = exp(− jβx){N}T {ϕ}e (2)
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Fig. 1 Analysis region of a photonic crystal waveguide.

where {N} is the shape function vector for the quadratic tri-
angular element, {ϕ}e is the nodal ϕ vector for each element,
and ϕ is the envelope function of Φ. Applying the Galerkin
procedure and periodic boundary condition, the following
matrix eigenvalue problem, whose eigenvalue is k2

0, can be
obtained [12].

([K(β)] − k2
0[M]){ϕ} = {0} (3)

where
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We can obtain the eigenvalue k2
0 and eigenvector {ϕ} from

(3) with the parameter β, and the dispersion property can be
also obtained by varying β.

3. FUNCTION EXPANSION BASED TOPOLOGY
OPTIMIZATION

3.1 Expression for Permittivity Distribution

Now, if the device is designed using only two kinds of
materials, relative permittivity can be defined as follows by
using some analytical function w(x, y):

εr(x, y) = εra + (εrb − εra)H(w(x, y)) (6)

where εra and εrb are the relative permittivities of the two
considered materials. The function H(ξ) takes the value of
0 or 1 depending on the ξ and εr(x, y) at any points is the
relative permittivity of either εra or εrb depending on the
value of w(x, y). In order to make it possible to take the
differential of H(w(x, y)) in the sensitivity analysis described
in the following subsection, we define H(ξ) as follows:

H(ξ) =
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1
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1 − 1
2

(
ξ−h

h

)2
(0 ≤ ξ < h)

1 (ξ ≥ h)

(7)

where h has a non-zero value during the optimization pro-
cess and the relative permittivity takes an intermediate value
in −h < w(x, y) < h. However, gray area can be removed by
setting h to be 0 after the optimization process. In general,
w(x, y) is expressed in the form of the superposition of some

analytical function fi(x, y) as

w(x, y) =
∑

i

ci fi(x, y) (8)

By optimizing the value of the coefficient ci based on the
sensitivity analysis, the optimal structure can be obtained.
Several kinds of functions can be used for fi(x, y). In this
paper, Fourier series represented by the following equation
has been used [3]:

w(x, y) =
Nx−1∑
i=0

Ny−1∑
j=−Ny

(
ai j cos θi j + bi j sin θi j

)
(9)

θi j =
2πi
Lx

x +
2π j
Ly
y (10)

where Nx and Ny denote the number of expansion terms in
the x and y directions, respectively. In this paper, Nx and Ny
are set to be 16 and 128, respectively. In order to introduce
the periodic structure in the design region, Lx and Ly are set
to be the design region width along the x and y directions,
respectively.

3.2 Sensitivity Analysis

In the present automatic optimization process, we need to
know the dependence of the wavenumber k0 on the expan-
sion coefficient ci in (8). Now, we consider the following
expression of the relative permittivity with M parameters,
ci (i = 1, 2, · · · ,M):

εr = εr (c1, c2, · · · , cM) (11)

According to the matrix eigenvalue equation (3), the eigen-
value k2

0 is expressed by the eigen field as follow:

k2
0 =
{ϕ}†[K]{ϕ}
{ϕ}†[M]{ϕ} (12)

where † denotes a complex conjugate transpose. Assuming
the field variation by the perturbation of permittivity dis-
tribution to be negligible, the sensitivity of k0 to ci can be
expressed as follows:
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{ϕ}

2{ϕ}†[K]{ϕ} −
{ϕ}† ∂[M]

∂ci
{ϕ}

2{ϕ}†[M]{ϕ} (13)

where ∂[K]
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in (13) is given by
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∂[M]
∂ci

= 0 (17)

for TM modes. Considering (6), ∂εr
∂ci

in (15) and (16) is given
by

∂εr

∂ci
= (εrb − εra)

∂w(x, y)
∂ci

∂H (w (x, y))
∂w(x, y)

(18)

3.3 Objective Function

An objective function to be optimized needs to be ap-
propriately set up according to a problem. In this paper, in
order to design low-dispersion slow-light PCWGs [4]–[11],
the following objective function C is considered.

Minimize C =
∫ βb

βa

W1

∣∣∣∣∣∂k0(β)
∂β

−
vg

c

∣∣∣∣∣ dβ
+

∫ βb

βa

w

∣∣∣∣∣∣∂2k0(β)
∂β2

∣∣∣∣∣∣ dβ (19)

where vg is the desired group velocity, βa and βb (βa < βb)
express the design region of the propagation constant. In
the actual implementation, (19) is discretized in β and is ex-
pressed by

Minimize C = W1C(1) +W2C(2) (20)

C(1) =

N∑
i=1

∣∣∣∣k0(βi) − k0(βi)
∣∣∣∣ (21)

C(2) =

N−1∑
i=2

|k0(βi+1) − 2k0(βi) + k0(βi−1)| (22)

where β1 = βa, βN = βb, ∆β = βN−β1

N−1 , W2 =
w
∆β

, and

k0(βi) = (vg/c)(i − 1)∆β + k0(β1) is the desired wavenum-
ber for βi. Minimization of C(1) and C(2) corresponds to
realizing the desired group velocity and reducing the wave-
length dispersion, respectively. W1 and W2 are the param-
eters which determine the priority of C(1) and C(2). In this
paper, the following setting is used:

W1

W2
=

∣∣∣∣∣∣C(1)

C(2)

∣∣∣∣∣∣ , W1 +W2 = 1 (23)

Using (23), we expect the worse term to be optimized more.

3.4 Update of Permittivity Distribution

In order to obtain the optimum structure, we iteratively
update the parameter ci according to the sensitivity of the
objective function C. In this paper, the standard maximum
gradient method is employed and each parameter is updated
as follows:

c′i = ci −
1
|∇cC|

∂C
∂ci
× δ (24)

|∇cC| =

√√√ M∑
i=1

∣∣∣∣∣∂C∂ci

∣∣∣∣∣2 (25)

Fig. 2 Design model of low dispersion and slow light PCWG.

Fig. 3 Initial structure for optimization (h=0).

where δ is a step size for updating. For a large value of δ, C
would not converge. On the other hand, for a small value of
δ, it might need more iterations to achieve the convergence.
In this paper, δ is set to be 0.01. This value δ is addressed in
detail in the next section.

4. DESIGN EXAMPLE OF PHOTONIC CRYSTAL
WAVEGUIDE

Here, in order to confirm the usefulness of the pro-
posed optimization method, the low-dispersion and slow-
light PCWGs with desired group index are designed. The
structure of the PCWG is shown in Fig. 2. Considering the
PC with the air hole radius of r = 0.29a, the design region
width is set to be b = 5

√
3a. The refractive indices of the

dielectric and air regions are n1 = 3.4 and n2 = 1, respec-
tively. The dispersion property of TM mode is optimized.
Let N = 11 in (20)～(22) and optimized region in the prop-
agation constant is set to be 0.37 ≤ βa/2π ≤ 0.48. The low
dispersion bandwidth is defined by n′g±10 % [4]–[7], where
n′g is a central group index.

Figure 3 shows the initial structure used in this paper.
We find that the air holes in the design region look like el-
liptical holes with the ellipticity of about 0.73 and the semi-
major axis of about 0.28a. This is because the structure in
the design region is expressed using the finite number of
terms of the Fourier series, that is, w(x, y) in (9). In this pa-
per, w(x, y) is the Fourier series approximation for the ideal
initial function w0(x, y) defined as

w0(x, y) = min
i=1,2,··· ,Nh

{√
(x − x0,i)2 + (y − y0,i)2/r − 1

}
(26)

where Nh (=12) is the number of air holes and (x0,i, y0,i) is
the center coordinate of each air hole. The design region
shown in Fig. 2 is exactly expressed if we can use w0(x, y) as
w(x, y) in (6), but we employ the initial structure for Nx = 16
and Ny = 128 in (9), as shown in Fig. 3. The dispersion
properties of the ideal structure (Fig. 2) and the initial one
(Fig. 3) are shown in Fig. 4, where the lattice constant is set
to be 350 nm.

First, the desired group index ng is set to be 100 and its
optimized result is shown in Fig. 5. Figure 5(a) shows the
convergence behavior of the objective function C. From this
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Fig. 4 Comparison of the initial structure and the ideal structure.

Fig. 5 Optimization of low dispersion and slow light PCWG (ng = 100).

figure, we can see that C decreases oscillately. The optimum
value of C is obtained at 144th iteration. Figure 5(b) and (c)
show the optimized structure and modal field distribution at
the normalized propagation constant βa/2π = 0.425. The
dispersion curve and the frequency dependence of the group
index are shown in Fig. 5(d). The obtained dispersion curve
is in good agreement with the aimed dispersion curve except
near the both edges of the considered propagation constant
region. In the optimized structure, the group index of ng =
103 and low-dispersion bandwidth of 4.3 nm are realized at

Fig. 6 Convergence of the objective function for each δ.

the central wavelength of 1.55 µm.
In this paper, δ is set to be 0.01. The convergence be-

havior of the objective function, C, may depend on the value
of δ. The large δ accelerates the convergence, however the
optimal solution may be jumped over. On the other hand,
The smaller δ makes convergence slower. Figure 6 shows
the convergence behavior of C when δ is set to be 0.002,
0.01, and 0.05. In this case, the minimum value of C is
steadily obtained when δ is set to be 0.01.

Next, in order to confirm that this approach can be ap-
plicable to optimization for several waveguide dispersion
properties, the desired group index ng is set to be 50 and
its optimized result is shown in Fig. 7. Figure 7(a) shows
the convergence behavior of the objective function C. From
this figure, we can see that the oscillation of C is suppressed
compared to the case of ng = 100. The optimum value of C
is obtained at 176th iteration. Figure 7(b) and (c) show the
optimized structure and modal field distribution at the nor-
malized propagation constant βa/2π = 0.425. The disper-
sion curve and the frequency dependence of the group index
are shown in Fig. 7(d). The obtained dispersion curve is also
in good agreement with the aimed dispersion curve. In this
optimization, the group index of ng = 50 and low-dispersion
bandwidth of 10.5 nm are realized at the central wavelength
of 1.55 µm. The group index and operation bandwidth are
in the trade-off relationship.

In the structural optimization, in general, the higher
degree of design freedom can realize the better properties,
however, the obtained structure tends to be complicated. In
Fig. 5(b) and Fig. 7(b), the obtained PCWGs have compli-
cated microscopic structure. We think these microscopic
structures correspond to the gray area generated in the stan-
dard density method, i.e., the locally averaged refractive in-
dex around microscopic structures exhibits an intermediate
value between the refractive indices of two usable materials.
It may be possible to improve the dispersion property using
more than two materials. However, in this problem, avail-
able materials are restricted to two materials. In section 6,
we attempt to suppress these microscopic structures using
structural filter.

5. TIME EVOLUTION OF OPTICAL PULSE

Next, in order to confirm the low-dispersion property of
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Fig. 7 Optimization of low dispersion and slow light PCWG (ng = 50).

Fig. 8 Time evolution of Gaussian pulse.

the designed PCWGs, the time evolution of Gaussian pulse
in them is analyzed. Figure 8 shows the input pulse and
output pulse after 100 µm propagation. The time width of
input pulse is assumed to be 2.7 ps, which corresponds to
wavelength bandwidth of 3 nm. Although the pulse width
is slightly broadened in the case of ng = 100, the low-
dispersion propagation is realized. The estimated group ve-
locities of this analysis are ng = 50 and ng = 100, respec-
tively.

Fig. 9 Optimization of low dispersion and slow light PCWG (ng = 100),
where the Gaussian filter is used as a structural filter.

6. STRUCTURAL FILTER

Finally, in order to suppress the complicated structure,
we introduce a structural filter. The complicated structure
is the major issue of this optimization. This problem makes
actual fabrication to be difficult, and the slight deviation of
fabricated structure can degrade the wave-guiding property.
The structural filters are used to smooth the current struc-
ture. Filter operation is expressed as a convolution integral:

w′(x, y) =
∫ ∞

−∞

∫ ∞

−∞
w(ξ, η)g(x − ξ, y − η)dξdη (27)

where w is a current structure, g is a filter function, and w′

is a simplified structure. In this paper, w is actually given in
the frequency domain. Therefore, the convolution integral
can be rewritten as the simple product of W and G in the
frequency domain.

W ′(kx, ky) = W(kx, ky)G(kx, ky) (28)

where W(kx, ky) is the Fourier transform of w(x, y) in (9),
G is the Fourier transform of g. In this paper, we use the
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Fig. 10 Optimization of low dispersion and slow light PCWG (ng = 50),
where the Gaussian filter is used as a structural filter.

Gaussian filter defined by

G(kx, ky) =
1

2πσ2
exp

−k2
x + k2

y

2σ2

 , (29)

where kx and ky is the frequency domain of x and y, σ is the
effect of the Gaussian filter. In this paper, σ value is set to be
500 rad/µm. In this optimization, we use the initial structure
of Fig. 3 and the objective function of (20)～(23). After
updating the refractive index distribution, we introduce the
structural filter.

First, the desired group index ng is set to be 100 and its
optimized result is shown in Fig. 9. Figure 9(a) shows the
convergence behavior of the objective function C. The opti-
mum value of C is obtained at 126th iteration. Figure 9(b)
and (c) show the optimized structure and modal field dis-
tribution at the normalized propagation constant βa/2π =
0.425. Compared with the structure without using a smooth-
ing filter shown in Fig. 5(b), the simpler optimized structure
is obtained. The dispersion curve and the frequency depen-
dence of the group index are shown in Fig. 9(d). The ob-
tained dispersion curve is in good agreement with the aimed
dispersion curve except near the both edges of the consid-

Fig. 11 Dependence of in the optimized structure and properties on σ.

ered propagation constant region. In the optimized structure,
the group index of ng = 103 and low-dispersion bandwidth
of 4.3 nm are realized at the central wavelength of 1.55 µm.

Next, the desired group index ng is set to be 50 and its
optimized result is shown in Fig. 10. Figure 10(a) shows
the convergence behavior of the objective function C. The
optimum value of C is obtained at 120th iteration. Fig-
ure 10(b) and (c) show the optimized structure and modal
field distribution at the normalized propagation constant
βa/2π = 0.425. The dispersion curve and the frequency
dependence of the group index are shown in Fig. 10(d). The
obtained dispersion curve is also in good agreement with the
aimed dispersion curve. In this optimization, the group in-
dex of ng = 48 and low-dispersion bandwidth of 9.5 nm are
realized at the central wavelength of 1.55 µm. This struc-
ture is simplified, compared with the structure without using
a smoothing filter shown in Fig. 7(b). However, the band-
width is slightly narrowed.

Finally, in order to verify the effect of the parameter
σ in the filter function, we examine the dependence of the
optimized property and structure on σ in detail. Figure 11
shows the optimized results for different σ values. When
σ is set to be 1000 rad/µm, the smoothing effect does not
seem to be sufficient. On the other hand, when σ is set to be
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100 rad/µm, the smoothing effect is too strong and the low
dispersion property is not maintained. As a result, when σ
is set to be 400～ 600 rad/µm, the low dispersion property
is realized in the relatively simple structure.

7. CONCLUSION

In this paper, we applied the function expansion based
topology optimization method to the optimization prob-
lem of the waveguide dispersion and designed the low-
dispersion and slow-light PCWGs. In order to realize two
properties of low dispersion and desired group velocity, the
objective function is expressed in the form of weighted sum
of two terms and the priority of these terms is adaptively
updated. In these problems, simply using the function ex-
pansion method, the complicated structure is sometimes ob-
tained. Therefore, we introduced a structural filter to sim-
plify the structure. At the next step, we will design novel
high performance photonic devices by using this optimiza-
tion method.
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