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Abstract

This work is primarily concerned about the distributed control of networked linear time-
invariant (LTI) systems. In particular, we propose a truncated predictive control algorithm
based on k-hop neighbourhoods of the agents of the networked system. We establish stability
and regret bounds for the proposed algorithm, which shows that the regret decays exponentially
when the temporal prediction horizon k and the spatial radius k increases.

1 Introduction

The control of networked systems has retained great popularity for the past few decades because of
its myriad of applications [1-4]. A critical challenge in the control of networked is the distributed
nature of the decision making problem: the system is partitioned into nodes where each node may
only have access to local state information. Another difficulty is the time-varying and online nature
of many decision-making problems. Thus, research on efficiently controlling networked systems in
a distributed and online manner has become especially prevalent. One potential solution to both
problems that has had great traction over the years is distributed Predictive Control (PC) [5-7].
However, these methods mainly show asymptotic guarantees in the sense of stability and robustness
whereas performance guarantees, such as the regret and optimality of the algorithm, are lacking.
Recently, progress towards showing such performance guarantees has been made in the distributed
control and PC literatures in parallel.

Take the distributed control literature as an example: much progress has been made in the
synthesis of distributed controllers that are optimal relative to their distributed structure [8-11].
One such promising distributed control method for networked systems is the utilization of the spatial
decay property in the optimal centralized controller, i.e., the control gain between the control action
of agent 7 and the state of agent j decays based on the (graph) distance between the two agents.
The exact decay rate varies depending on the problem setting [12-16]. Particularly of interest is
the decay rate for the problem described in [15]: they show that the truncation of the centralized
solution to a finite-horizon linear quadratic cost (LQC) problem to a k-hop distributed controller
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(i.e. a controller whose gains vanish between nodes that are greater than a distance x away) has
near-optimal performance relative to the centralized solution.

On a different note, the PC literature is mature in its stability and robustness guarantees [17], [18]
and has recently developed online performance guarantees in both LTI and LTV (Linear Time-
Varying) settings [19-21]. An interesting property established in [21] is temporal decay between the
predictive states generated by PC controllers that have different initial conditions; they further
use this property to determine ISS (Input-to-State Stability) and regret properties of PC in the
LTV setting. Bolstered by the success of PC and spatial decay-based distributed control, a natural
question to ask is: how can we combine the two to attain efficient distributed and online control for
networked systems? Directly combining the works in [15] and [21] is nontrivial because [21]’s proof
of ISS and regret relies on its centralized setting: every node observes the global state and based
on that, can make fully-accurate predictions about the whole system. In the distributed setting
however, each node would only have access to its own state information and state information of
nodes nearby it, and thus, the node can no longer make fully-accurate predictions about the whole
system. In summary, the problem is: how can nodes make accurate predictions about the whole
system if they only have access to local information? Can we design a distributed PC algorithm that
adheres to this information constraint and has comparable performance guarantees to centralized
PC? We deem this problem the localized information-constrained predictive control problem (LICPC
Problem)

Contribution: In this paper, we develop a graph-truncated PC-style algorithm in which each
agent solves a PC problem with information limited to its k-hop neighbourhood and deploys its
resulting immediate control input. In particular, we show that this algorithm attains Input to
State Stability (ISS) and exponentially decaying dynamic regret in the horizon variable k and
the decentralization factor x, meaning that for sufficient choices of k and k, we are able to attain
controllers in an online manner that enjoy similar stability and regret guarantees of centralized PC.
The key technical contribution underlying these guarantees is the spatial decay property exhibited by
the centralized PC controller. Thus, predictions that use local information lead to accurate enough
predictions of the whole system for large enough & thereby solving the LICPC problem. Utilizing
these accurate enough predictions then leads us to the desired stability and regret guarantees.

Notation: We denote the cardinality of a set S by |S|. The set of positive integers is Z, the set
of reals as R, and the set of m x n matrices as R™*". Furthermore, we denote by [T] := {0, 1,...,T}.
The operator norm of a matrix A is denoted as || A|| and its minimum singular value as oy,in(A). The
2-norm of a vector v is |[v||. We further denote A > (=)0 to mean that A is a positive (semi)definite
matrix and for a matrix B, the notation A > B means that A — B > 0. The Moore-Penrose pseudo-
inverse of a matrix M is denoted MT. We define the notation v.r for v; indexed by t € [T] as the
set: {vg,v1,...,o7}. For a matrix A we denote the sub-block indexed by i,j € V, where V is an index
set, as Al j]; hence, A can be written as a sequence of its sub-blocks: A = (A[i, j])i jey (similar for
vectors). We use O(-), o(+), and O(+) as big-O, little-o, and big-theta notations respectively.



2 Preliminaries

2.1 Problem Setting

We consider a graph G := {V, £}, where |V| = N is the set of nodes/agents (we will use the terms
interchangeably) and £ is the set of edges between them. We denote Ng[i] := {i} U{j € V :
(1,7) € €} as the neighbourhood of node i and dg(,j) to be the shortest path distance between
nodes ¢ and j based on the graph G. We also denote the k-hop neighbourhood of a node i as
N§li]) == {j € V :dg(i,j) < w} and its boundary as ONg[i] := {j € V : dg(i, j) = K}.

Given the graph G we can write the LTI dynamics with disturbance w of a node ¢ as

welil = Y Ali i) + Bli, fludli] + weli]. (1)
JENGIi]

Here, we take x4[i] € R™i, wfi] € R™i, and wy[i] € R™: to be the state, control action, and
disturbance at node i and time t € Z, respectively; furthermore, A[i, j] € R™ "% and Bl[i, j] €
R™#i %™ The total number of states and control inputs are then n, := Yy Ny and 1y 1= D 50y, Ny,
Naturally, we can rewrite (1) as a centralized system:

Tyr1 = Axy + Buy + wy, (2)

where x; = (x4[i])icy, ur = (ueli])iey, and wy = (wy[i]);ey are the centralized state, control input,
and disturbance and similarly, A = (A[i, j]); jey and B = (B3, j])i jev where these matrices are
networked in the sense that for any (i,5) € Ngli], the submatrices Ali, j] and Bli, j] are 0.

Thus, we define the networked control problem:

min Z <Z feld](zeld]) + z_: Ct—s—l[i](ut[i])) )
Y \t=0 t=0

Z0o:T,U0:T—1 <
1€

s.t. Ti4+1 = Al‘t + But + Wy, Vit € [T - 1], (3)

Tro =17,
for which the time varying costs f;[i] and ¢[i] are decentralized such that they only depend on the
state and control of node ¢ at time t. We can thus aggregate the costs into centralized versions

of themselves via summation, i.e. fi(z¢) := >,y fi[i](2¢[i]) and similarly for c;(us—1). Given the
dynamical system from before, we introduce two standard concepts:

Definition 1. The system (A, B) is (L,~)-stabilizable if there exists a controller K such that for
L>1,v€(0,1), and |K| < L, we have that ||(A — BK)!|| < LA for allt € 7.

We also require the stronger concept of the controllability index of a system (A, B):

Definition 2. There exists a positive integer d < n such that the reduced controllability matrix
Cct .= [B AB --- AdilB] 1s full row rank.



2.2 Predictive Control

Predictive Control (PC) is an algorithm that can be used to solve the finite horizon problem
in (3) in an online fashion. In particular, we have that at time ¢, the controller observes k
(the prediction horizon) information tuples ;.11 where each information tuple is defined as
I := (A, B,wy, ft,ct+1) and solves the following finite-horizon problem for each t < T' — k:

k—1 k
Uf (2, G F) == argmin > fipr(yr) + Y copr(vr-1) + Fup), (4)

Y0:£,Y0:k—1 =0 1
st. Yry1 = Ayr + Bur + ¢, VT €k —1],

Yo = T,

T

where ¢ € (R™)* is a sequence of k disturbances indexed from 0 to k — 1 and F' : R" s R is a

terminal cost regularizing the final predictive state. At each predictive time step 7, the predictive
state and control are y, € R™ and v, € R™ respectively. Abusing notation, we will often write
P (z,¢) for when the terminal cost can be either F(-) or fr and WP (z;-) = ¥P(z,¢;-) when the
disturbances are unambiguous. Thus, the overall algorithm can be written as:

Algorithm 1 Centralized PC (PC})
fort=0,1,....T—k—1do
Observe x; and information tuples Iy4ik—1.
Solve WF (x4, wiir_1; F) and apply u; = vp.

At t =T — k, observe x; and information tuple I;.7_1.
Solve W¥ (¢, we.r—1; fr) and apply upr—1 = vop—1-

In [21], they establish ISS and regret bounds for PCj. In particular, these bounds depend on
the temporal decay constant d1 (established in their lipschitz result for the optimization problem
¥ (Theorem 3.3 in [21])): with large enough prediction horizon, k, the dynamic regret will decay
exponentially as O(6%).

Despite such nice properties, it is quite cumbersome to perform PCj in the networked setting
because every node would require access to the global state and information tuples at every time
step t. Hence, we would ideally like to design a similar predictive controller for each node that only
has access to limited information; this naturally leads to the aforementioned LICPC problem which
we address in the folllowing section.

3 Main Results

The main idea behind the algorithm we will design is that at each time step, every node solves a
“k-hop” version of (4) such that they only have access to state information and future information
tuples of other nodes that are within a k-hop distance of themselves.



3.1 Algorithm

Before explicitly describing the algorithm, we require a way to formalize the idea of some node i
having access to only local information. This idea is encapsulated in the following definition:

Definition 3. For a matriv M = (M[j, k])jrey we can define its (i, k)-truncation M%) such that

M[j, k], € NI,

0, else,

MR, k] = { (5)

Note that this definition can easily be extended to vectors (i.e. set the entries belonging to j
that are outside of N[i] equal to 0). Thus, we can define the distributed counterpart of (4):

k—1 k

B, NG F) = angmin S fior () + 3 conr (0r-1) + Flu), (6)

Y0:k5V0:k—1 t=0 =1

st yrp1 = A0Ry 4 BORy 4 c0R) - r e[k —1],

vo = 2.

In (6), while we wrote 1/75 as a function of z,(, it only uses local information in the sense that
only the (7, k)-truncated version of A, B, (, and x are needed for solving (6). Further, for the
costs frir(yr) = D2 frrr[il(y-[5]), only the costs in the x-hop neighbourhood N§[i] are needed
since y;[j] = 0 for j outside of it. Similarly, cir(yr) = >_; ceor[il(v-—1[j]) only requires costs
within the k-hop neighbourhood Ng“[i] since BU%)[4, k] is nonzero for j € N§li] and k € Ng[j]. In
other words, to solve (6), agent i only needs to observe z(»*) and have access to the localized info

tuples: If, , ; where each localized info tuple is I} := (A(i”“), BUiwk) wt(i"i), ft(i’ﬁ), cgiﬁﬂ)) where
ft(i’”) [j] = filj] for j € N§[i] and 0 for j outside of N§[i] and cgiﬁﬂ) is defined similarly. The full

algorithm can be described as in Algorithm 2:

Algorithm 2 Distributed-Truncated PC (DT PCy)
fort=0,1,...,7 —1do
for:=1,...,N do

Agent i observes xii’n) and info tuples If, , ;

if t <T —k then
Solve 9f (x4, Wi k-1, NGi]; F)

else
Solve 9~ (zt, werr—1, NE [i]; fr)

Collect wvg[i] from the solution and set wu.[i| = vpli]

Apply u; to the system.

DT PC}, answers the first question in the LICPC problem by representing the information
constraint via (i, k)-truncated versions of the information tuples and state; each agent solves the
optimization problem in (6) in which they only have access to (i, k)-truncated versions of A, B,



¢, and x. DT PC} also solves the second question asked by the LICPC problem since the error
incurred from truncating the information at each node is negligible for large enough x due to a
spatial decay property (cf. Theorem 2). This leads to ISS and regret guarantees, which we present
now.

3.2 Stability and Regret Guarantees
Before presenting our main result, we state our assumptions.
Assumption 1. The system matrices in (2) satisfy the following:
1. |A| <L, ||B| £ L, and | Bt|| < L.
2. The reduced controllability matriz has minimum singular value 0y (CY) > o for o > 0.

3. There exists ko < diam(G) such that for alli € V and k > ko, the system (A% BER) s
(L, ~)-stabilizable.

Where diam(G) is the diameter of the graph G. Note that the second assumption guarantees
existence of an (L,~)-stable K in the LTI setting. The final assumption essentially says that if we
isolate large enough x-hop neighbourhoods of nodes from a distributed system, then we expect that
these isolated k-hop subsystems to be stabilizable if the original distributed system was stabilizable.

We also make the following assumption on the costs:

Assumption 2. The costs are well-conditioned such that:
1. fi(+) and ¢(+) are p-strongly convex, L-smooth, and twice continuously differentiable for all t.

2. F(-) is a p-strongly convexr and L-smooth K-function (i.e., F(x) = B(||z||) where 5(-) is strictly
increasing and $(0) = 0) and twice continuously differentiable

3. fi(:) and c(-) are non-negative and fi(0) = c¢¢(0) =0 for allt =1,...,T. The same goes for
Jo(-).

Finally, we make one last assumption on the 7-hop neighbourhoods of the graph

Assumption 3. There exists a subexponential function p(-) such that for some distance d, we have
that

J €V :dg(i,j) = d| < p(d). (7)

Our main contribution is the following ISS and regret bound that mirrors those found in
centralized PC. The result is stated in the following theorem:

Theorem 1. Let the disturbance w; be uniformly bounded such that max,cp_y le;(l)HwHTH < Dy,
and let C := max(Q,I") and § := max(ds, d7) where Q and 6 are as in Lemma 3 and I' and és are
as in Theorem 2. Under Assumptions 1, 2, and 3 with constants € =1 — /6 > 0 and L from the
first two Assumptions, we take k and k such that

o (1-v8)(1-9) 210 65/2(1-6)
k> max | ko, 8 T2CZLN ’ & —4cs 7
log & log 6



which gives the following 1SS bound for the system:

thH < {C(l — é‘)maX(O,tfk)Hon —+ ¥’ t < T — ]{7,

3
%22(1 _ 5)T—2k6t+k—THx0” + 2%*2W’ else,

where W := 1?E’(SL)£VDk. Further, we have the regret bound:

cost(DTPCy,) — cost(OPT) =

2 2
O(( <Dk + ”%H; D’“) 55+ <Dk + 5k(”w0€‘ + Dk)) 6k>T + n\xo|!2> (9)

where n = ©(max (0", 5")).

Theorem 1 says that the regret is exponentially decaying in £ and k, meaning that if we pick &
and k equal to ©(logT'), we can attain o(1) dynamic regret. This result parallels that of [21] with
differences. One difference is that in contrast to a single decay constant in [21], our bound involves
two decay constants ds and 07, which correspond to the spatial and temporal decay constants
respectively. The spatial decay constant ds depends on the graph and networked structure of the
dynamics in (1). The temporal decay constant 7 is attributed to lipschitz property of (4) and its
costs’ conditioning. Aside from differences in the constants, the ISS result attains an extra factor of
¢ in the last &k time steps due to having to explicitly solve (6) at every time step. Furthermore, the
regret bound incurs extra error (the x term) from the truncation as expected.

4 Proof

We begin the proof of Theorem 1 with a roadmap,

Step 1: Prove exponential decay between the solution to the centralized problem in (4) versus
the solution to (6). The main idea is that we can express the KKT conditions of both (4) and (6) as
the matrix equation H(z)z = b for which we can directly apply the exponential decay of the inverse
of H from [14] and [15] to show exponential decay.

Step 2: Show the ISS bound on DT PC},. Here, we will utilize the exponential decay from Step
1 to establish a bound on the difference between the next state produced by DT PC), and the state
that would have been produced by PC%. Then, since PCY is already ISS, we expect DT PCY, also
to be ISS.

Step 3: We finally prove the regret bound of DT PC}. In order to prove the regret, we will use
assumption 2 and relate the difference between the trajectory from DT PC) and the offline optimal
trajectory \iIOT(:Uo,wO;T_l; fr) via the ISS bound.

We note that due to space limit, the proofs for some auxiliary results are omitted, and its explicit
proof can be found in the Appendix of [22].

4.1 Proof of Step 1

The main goal of Step 1 is to prove the following result:



Theorem 2. Let ¢¢ be the solution vector containing the primal and dual variables for the centralized
problem in (4) and let ¢° be that of the distributed problem in (6) for some i € V. Let the prediction
horizon be £ < k and the truncation factor be k > kg as in Assumption 1. Under the Assumptions
1, 2, and 3, we have the following decay result:

lg°li] — ali]ll < T(ll|l + D)% (10)

where the closed brackets [-] will henceforth denote the spatial indexing of some vector or matriz by

the network graph G underlying the dynamics, i.e. q°[i| means all the entries in ¢¢ corresponding

to node i (including all time steps); Dy := max;c[r_) Zi;%HwHTH. The constants I' and ds are
defined as

4042(551/

bsgi=—, Ii=— "

g 7 (1—-10s)? (

where the function p(-) is from Assumption 3 and constant L is from Assumptions 1 and 2. The
constants p and « are as in Theorem 2.

sup (p/fis)dp(d)) p(1),

deZ4

Before proving the result above, we first revisit the KK'T conditions of the optimization problems
in (4) and (6) and then we introduce two key auxiliary results to proving Theorem 2.
Let ¢ € [T] be arbitrary and ¢ < k be the horizon variable. Then we define the total cost as

/-1 V4
F) =3 feorlyr) + 3 crir(vrr) + 9w, (11)

7=0 =1

where g(-) is either F'(+) or fr(-) and z := (y0.v0, ..., Yo—1,Ve—1,Ye) is the trajectory.
Let J be the constraint jacobian

I
A -B I
J(A,B) := . : (12)
A -B I

which has ¢+ 1 rows. Let, A be the dual variables. The KKT conditions of (6) are then

. 0
A1 - e |

where J4 := J(A®®) B:A)) and (2%, M%) is primal-dual solution of ¢{. Further, we have the following
lemma:

Lemma 1 (Lemma 1 in [23]). For u-strongly convex, L-smooth, and twice continuously-differentiable
f, For each z and 2’ there exists symmetric G(z,2") such that pI < G(z) < LI and Vf(2)—-Vf(Z) =
G(z,2")(z = 2).



Using Lemma 1, we can write (13) as H%® = b% where

0
H = [G(;C;, 0) (Jd)T] , b= [x((”“))] , (14)
C 1K

and ¢% is short hand notation for (zd, )\d). Furthermore, when taking the difference of the KKT
conditions for equations (4) and (6), we get,

. . 0
VF(z) = VI + () TA = (IO |
Jezc — szd |:<L:| ’
where the notation z¢ and J¢ := J(A, B) denote the solution and constraint jacobian of \iif

respectively and the vectors on the RHS are z1 := 2 — 2(#® and ¢+ := ¢ — ¢(»%). Applying Lemma
1 to Vf(z°) — Vf(29), we get

G(z;;zd) (Jc)T] - [G(iéZd) (Jd)T} = on ’ (15)
—He =H¢ s

where ¢¢ is short hand for (z¢, X9)).
The purpose of rewriting the KKT conditions using the H matrices defined above is because we
have the following result from [14] and [15] on such H matrices:

Lemma 2 (Theorem 3.6 in [14] and Theorems A.3 and A.4 in [15]). Consider the following matriz
H
G J(A,B)T

H= J(A, B) 0 ’

such that G is a block diagonal matriz with singular values pI < G <X LI, and the system (A, B) is
(L,~)-stabilizable. Further, let G = {V,E} be any graph whose set of nodes partitions H such that
for any i,j5 €V, if dg(i,j) > 1, then H[i,j] = 0. Then, the KKT matriz H has singular values
bounded as pg < o(H) < Ly and its inverse H— ' is spatially exponentially decaying with respect to
the graph G

1H (i, 4] < ap™@t), (16)
where the constants are defined as:
(1-9)°
= ———"—-, Lp:=2L+1
/’LJ L2(1 _ L2)7 H +
1 2Ly L%\ Ly\ '
(e o))
I poo w2 ) g
1
_ (L%-M%)Z o Ly
Ly +uy) 1P



With the results above, we are ready to prove Theorem 2.

Proof of Theorem 2. By (15), we have,
bL _ chc _Hd d _ Hc(qc _ qd) _ (Hd _Hc)qd
— qc . qd _ (HC)fl (bJ_ _ Hj_qd)

where H+ = H¢ — H%. Then we obtain the upper bound:

la°li] — ¢%filll = Z}Hﬂlwﬂ@ﬂﬂ—E:Hﬂﬁﬁow
JEV key
S MW@QWH+ ) EjnHHxMWH%1Wmmwwm)
jEV\Ng[i] kE@Ng[i]ﬁNg 7] mENg['L]

IR D SR SV EC L)

JEV\NE ] k€ONG[iINNg[j] meNF[4]
2K
<a Y (o/bs)p %(ML+th)Z]M%ﬁmWHWD
d=kr+1 s=0
20255 Lp(1) ¢ ’
< o | sy d b + [|6%|)o%
(1592<%£(%>p(0(HH|D3

In the first inequality, we have used (i) Lemma 2 applied to H¢; (ii) for j € Ng[i], the j’th
entry/row of bt and H+ are zero (hence the outer sum is over j € V\ N§[i]); (iii) H*[j, k] is
nonzero only when k € Ng[j] since H consists of networked matrices, and ¢%[k] is only nonzero
in NV§[i] (hence the inner sum is over k € ONE[i] N Ng[j]); (iv) Héq* = b¥. The second inequality
uses Lemma 2 applied to H? and the fact that ||[H1[j, k]|| < 2L. The third inequality follows from
Assumption 3. Finally, the inequality in (10) follows from [|b]| < ||lz|| + S4Zb|I¢- | for either bt or
b, O

4.2 Proof of Step 2 (ISS)

To show ISS, we first show a recursive upper bound on the states generated by DT PC}, denoted as
Zo.T-
Theorem 3. Let C := max(I',Q2) and we denote 6 := max(ds,d7) where T' and és are as in

Theorem 2 and €} and o1 are from Lemma 3. Under the Assumptions of Theorem 1, we have the
following upper bounds on the states generated by DT PCy. For 1 <t+1<k:

t
e < C 3 (Ladm 4 20265 [yl + Claol) + W, (17
m=0
fork<t+1<T—k:

k—1
st < € ST (L™ 4 2076829 oy + W, (18)
m=0



and finally fort +1>1T — k:

-
|zl € Y 2CL||a—mll0"T™ + CEET Jwg_g || + W (19)

m=0
where Ly := CLN and W 1is as in Theorem 1.
Theorem 3 directly leads to the ISS in (8) by induction.

Proof of (8). First, it is easy to verify that the ISS bound holds for ¢ = 0. For the induction step,
we show the case 2k <t <T — k — 1, and the other cases are similar. In other words, we assume
the ISS bound holds for all ¢y <t for some ¢ € [2k,T — k — 1], and now show the ISS bound also
holds for t + 1. Since k < t+ 1 < T — k, we have from Theorem 3 that

k
i1l < C D (Ene"T™ 1 +20%6°%72) 2| + W (20)
m=1

By the induction hypothesis, the upper bound in (20) becomes,

=Am

k

C w

€3 (Lt 2032 (S 1= H a4 5 ) + W, (21)
— 3 3

where the max disappears since ¢t > 2k —1. Then, note the choice of k and x in Theorem 1 guarantees

that C') " A, <1 —&, which allows us to upper bound (21) as

(22)

[ t—k+11,, . Ca-m W
(gu €)1 o||)cZAm<1 O

m=1

Finally, the selection of 1 — & = /4, k, and & in Theorem 1 further guarantees that C Yo Am (1 —
€)™ < 1, which obtains the desired bound in (8) and concludes the induction. O

The remainder of this subsection will be devoted to proving Theorem 3. We first require a
couple definitions and supplementary results. First, we define the following terminal state predictive
control problem similar to (4):

k k
U, ¢, &) = argmin Y firr(yr) + O crar (01), (23)
T=1

Y0:k,Y0:k—1 =0
s.t. yr+1 = Ayr + Bu, + ¢, V7 € [k —1],

Yo =, yk:ja

By [21], the following lipschitz property of ¥¥ holds.



Lemma 3. (Theorem 3.3 in [21]) Under assumptions 1 and 2 and for horizon length k > d, the
controllability index, given any (x,¢,Z) and (2/,{',7'),

k—1
_ _ m —mil = _ m—I
19 (2, ¢, 2)y,, — UF (', 7))y, )| <0 <5TII$ — o+ -2+ > G - CZH) (24)
=0

where D := supycpp_p|lwel| and the constants Q and 61 are defined in Theorem 3.3 in [21]

Furthermore, as a Corollary of Lemma 2, we have the following lipschitz result on \i/f

Corollary 1. Let ¢ € [T] and q denote the optimal vector of primal and dual variables to
UY(x,¢9() and ¢ be that of Wi(z', ("5 9(-)). We partition q and ¢ by the the temporal graph
Ge = {{[4},{(0,1),...,(¢ — 1,0)}} such that we can denote qn, and ¢, indexed by m € [{]. The
lipschitz property then follows from Lemma 2:

/—1
lgm — gl < @ (pm!w — 2|+ ™G - CZII) (25)
1=0
2D
§a<pm||x—x’||+1 ’“) (26)
—p

Utilizing the above two results, we attain the following:

Lemma 4. Let Y1 = VY (T1mm)yms, and Yyt = Tk (@me1) then we have the

following upper bound on the norm of their difference:

Ym+27

1-6
(27)

—m— — 6C
ym+1 = Yyl < CLN([t—mrl| + Di)d™Hm*t 4 C2g07m=2 (5'“ Hllze—mll + Collzi—m—1l) + Dk) ;

The proof is in Appendix-B of [22], from which we acquire a few auxiliary results. First, by the
principle of optimality, we have

~ =
U1 (@emyse = U (27 )i (28)

where zf_, := UF (2, m_1)y,. Next, we also have
[2t—m = @il < LN ([@t-m—1]l + Dx)o", (29)

which follows directly from rewriting the norm as

It = 25l = [ Bttt = U1 (2t—m—1)uo)l; (30)

where us_p,_1 := (&f_m_l(xt_m_l,./\/g [i])vo[i] Jicv> and then applying Theorem 2 to get the upper
bound in (29). Now we may prove Theorem 3.
Proof of Theorem 3. We only prove the case for k <t <T —k — 1, and the proofs for t < k—1 and

t > T + k are similar. We start by comparing the norm of ||z:11] as

loesall = || B o)y — @5 = 7201)|



k—2
<D @)y = V1 @yl 1 gy (o) [+ Lo (2]l + Di)8"

3
I
=

E
[ V)

6C
< (CLN(th motl| + Dy)sm+m+l 4 g2gh—m=2 <5k 1(||xt mll + C8 )|z 1||) +6Dk>)
0

3
Il

2C
+ COMlzekir | + T=5 Dk + L (Il + Dy)o™

<C Z (Lng"™ +2026° " 73) |lwp || + W.
m=0

The first equality uses the definition z7 ; = ¥ (24)y,- In the first inequality, we telescope WF(24)y,
and apply (29). In the second inequality, we apply Lemma 4 and Corollary 1 with 2/ =0 and ¢’ = 0.
In the final inequality, we combine terms and upper bound by the geometric sum to attain the
desired bound. O

4.3 Proof of Step 3 (Regret)

To prove the regret result in Theorem 1 we first prove the following critical result which bounds the
difference between DT PC}’s trajectory and the optimal offline trajectory:

Theorem 4. Let xg.7 be the trajectory generated by DT PC), and x(.p is the optimal offline trajectory.
Fort+1<T — k, we have that

t
4C’2L
lorss — i | < COF (206T|xo||+Dk)+Z S0 (04 el + (5% +89D1)
=0

(31)
and fort+1>T — k+ 1, we have that

T—k
ot 403 e
e = 2l < Z CLN(|zeml + Di)d™™ + Z st 0 el + 8" D) (32)

m=0

Proof. Fort+1<T —k: Let Zo.p denote the state trajectory of \iJOT(xo; F). Then we can upper
bound the norm of the difference as

[#e1 — i | < llwer = Zepall + B — 2734l
By Lemma 3 and Corollary 1 and for ¢t +1 < T — k, we have the upper bound from equation (21)
n [21]

. X 4C
e = ol < 08 (2067 ol + 5 1) (33)

Then we make the observation that

\I/T t+m+1

~ ,
t—m—1 (l‘t*mfl)ym-m = \Ijtfntjrm(xg—m)ym-;-lv (34)



where zf_,, = W tmHl (g, ), Thus we have,
e = Besall = lzes — O (o3 Fyes |
T— T
< [z — " Juill + ZH‘P L (Tt—m)ymss — \I't 7Z+T+1(xtfmfl)ym+2”
t—1
/ /
< llaers — 2 + Y CO™ arm — 2
m=0
t—1
/ /
< llzess = il + 28 — 2l + 3 €0 (Izem = 5l + 25 — 28}
m=0

where we’ve applied the observation from above (34) and Corollary 1 in the second inequality. We
then apply the bound in (29) and the bound

4C?

195 (), = @ < 55y

(6%l + 6% Dy), (35)
(Equation 19 in [21]) which holds for ¢ + 1 < T' — k. This completes the proof for ¢t +1 < T — k.
The case for t +1 > T — k + 1 is similar so its proof is omitted here. O

Before finishing the proof of Theorem 1, we require the following two Lemmas. First, we have
from [21]:

Lemma 5 (Lemma F.2 in [21]). Suppose h : R™ — R, is a convex and L-smooth continuously
differentiable function. Then for x,x’ € R™ and n > 0, we have that

M) — (1+mh(a’) < = (1 T 717) o — /|12

The above Lemma 5 will be applied to both f; and ¢;.
In addition, we require the following bound on the one step terminal state problem (k = 1) in
(23), the proof is in Appendix-C of [22]

Lemma 6. Let v and v' be the two “one-step” terminal state problems: \I/%(wt,:rtH)vo and
U} (2}, )41 )ve- Under Assumptions 1 and 2, we have that

o —o'||* < C? ([l — 241> + lwesr — zpa[?) (36)
where C' is as in Theorem 3.

We are now ready to prove the regret in Theorem 1.

Proof of Theorem 1. First, denote 4 := U} (x4, Z411)v,- Then consider the difference of the costs
¢t+1 which can be written as:

ce+1(ue) — (L +n)erra(ae) + (L +n) (cerr(@e) — (1 +n)eea(ug))



L 1 B _ N
<5 (14 2) Qo = @l + (0 o= )P
1
<c? (1 n n) (L%mxtn D% 4 [lzgs — ol + (L4 ) (lee — aF12 + laess — e ?) )
1 * *
<20°1% (1 n n) ((thu T D26 4 (L m)(llee — 12 + s — xmu%). (37)

Where in the first inequality, we have applied Lemma 5. To obtain the second inequality, by the
parallelogram identity, we have the upper bound

e =l < 2 (e = B (o)l + 19 (@) — ) (39)

where k' := min(k, T —t). Applying Theorem 2 to ||u; — UF (z;)y, || and Lemma 6 to ||TF (x4)y, — |
gives us the following upper bound of (38):

2 (LR (el + De)?6*" + C*(||lze1 — 2f14])) - (39)

Observe that

i 1) = 12 s 2o — W e 2l
for which we can apply Lemma 6. This, together with (39) gives us the second inequality in (37).
Finally, we attain the last inequality by applying (29) again. We take n = ©(max(d¥, §%)). Denoting
1471 = (14 n)?, we have

T
cost(DTPCy) — (1 +1')cost(OPT) =Y " (fe(ws) — (14 ) ful@)) + (cr(ur—1) — (1 +1)ee(uy_,))
t=1
1 T—1
< 20913 (1 n n) 3 <||$t+1 ol + (el + D28 + (1t 1) (e — 2212 + les — m:w))
t=0

T
<6C°L3 (1 ) (1+mn) Z (lzell + Dr)?6% + [loe — zf||)

t=

= Lo([ (b bl Py g (i el 2 DY ] ) (a0

Where in the first inequality we apply (37), Lemma 5, and that n < n’. In the second inequality,
we merge all of the norms of differences. In the final line, we apply the ISS bound and Theorem 4
to attain the final expression in (40).

Since ' = 2n 4 %, and hence, ' = © (max(6¥, §)), we simply add n'cost(OPT) to the RHS of
(40) to achieve the bound in (9). This finishes the proof of Theorem 1. O

5 Simulations

We consider the temperature control of a building with HVAC network graph that is a 5 x 5 mesh
grid with diameter 8 and each of its 25 nodes corresponding to a different zone in the building.
The states are the temperatures of each zone and their respective temperature integrators and the
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Figure 1: DT PC}y, versus the OPT for fixed x (left) and fixed k (right).
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Figure 2: DT PCy, versus PCy for k = 11 and varying k.

control variable at zone i is its manipulated heat generation/absorption. Further details about the
system and setup are in Appendix-D in [22]

The results are shown in Figure 1 where we chose a time horizon of T' = 30. Observe that
DT PCy, exhibits the decaying regret behavior as in (9) as x and k increase. Note that in Figure 1
(right), the regret stops decreasing because the prediction horizon k becomes the bottleneck after x
reaches 2. Figure 2 demonstrates our result in Theorem 2: when x increases under fixed k, DT PC}
becomes exponentially close to PCy.

6 Conclusion

In this work we have shown that our algorithm DT PC}, produces trajectories that are similar to
those produced by centralized predictive control PC}. Furthermore, we have shown stability and
regret bounds for DT PC} which guarantee near-optimal performance. As for future work, we would
like to extend this analysis to the LTV dynamics case.
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7 Appendix

7.1 Proofs of intermediary results in Step 1
7.1.1 Proof of Lemma 2

We note that the proof is a combination of Theorem 3.6 in [14] and Theorems A.3 and A.4 in [15].
For completeness, we provide a proof below with a focus on the differences from the proofs of those
Theorems; the steps that are identical are omitted.

The proof for the exponential decay result in equation (16) is available in [14] (Theorem 3.6)
which requires upper and lower bounds on the singular values of the H matrix: i.e., ug < o(H) < L.
So we will prove the bounds on the singular values similar to Theorems A.3 and A.4 in [15].

Let Z be an orthonormal null-space basis matrix for J, i.e. Col(Z) = Null(J), then, we shall
prove the following uniform regularity conditions:

H=<Lyl, Z'GZ=pl, JJ' = ujl, (41)
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https://ex19087.github.io/Distributed_Truncated_Predictive_Control/ACC_Truncated_Predictive_Control_full.pdf

Proof of H X Lyl: Let H,, denote the submatrix of H such that the rows correspond to
(yr,vr, Ar) and the columns correspond to (y,/, v/, A;/), then we have that

Gy, I
Gy, , T=1 #U,

i
[ 0

0|, 7=7+1#4

H, —A -B : (42)

GIyZ I, T=1 =/

O], T=7+1=/¢
-A -B
\O_, T—7>1

where each G .y comes from defining the block diagonal matrices of G such that

-Gyo

Gyé—

where each G, and G, corresponds to the predictive state and control y, and v; respectively. The
upper bound ||H|| < 2L + 1 follows from the following result (Lemma 5.11 from [14]):

1/2

1/2
] < ( max Sl | <glea;<2||Mijn> - (43)

JEV SY

Proof of Z"GZ = pI: The bound is immediate from Z being full rank and G > ul.

Proof of JJT = usI: The proof is the exact same as in Theorem A.4 of [15] so it is omitted
here.

Finally, we can use the conditions in (41) to prove the lower bound of H. First we can rewrite
the inverse of H by its schur complement

1 [G JT]_l B [Gl — GGG GLIT(Gy)
- - 1

J (G))-LIC —(Gy) (44)

)

where Gy := JG~1JT. So we may upper bound the norm of H~! as the sum of the norms of its
sub-blocks as such:

IE=H < 167+ Q+ 20767 + [JGTHPIGT (45)



where |G| < i, |JG7Y| < LTH, and we can obtain the upper bound on G as

|G = (GG = (G AT AT R

L
= |GV IT TGP < Gl T < (46)
23
Applying the upper bounds to (45), we obtain
1 2L L L
I < =+ <1+H+Ij> £
[ poo ) g
as desired. This completes the proof of Lemma 2. O

7.2 Proofs of intermediary results in Step 2
7.2.1 Complete proof of ISS in Theorem 1

For the case of t < k — 1, the induction step from (17) is

t
C W
lenl <€ An <§on|| ; f) T Clleol + W,
m=0

for which the choice of k and x in Theorem 1 guarantees that C Zf;:lo A < (1—€) and so

w

C
[zl < ZHCCOH T (47)

as desired.

For the case of k <t < 2k —1, let (t —m — k + 1)1 denote max(0,t —m — k + 1), then by

Theorem 3,
k

zepa ]l < C Y (LnS™Hm = 42028 2) @y || + W

m=1

And thus, by the induction hypothesis and the condition that C')" A, <1—¢,

k
ol €€ 3 An (G1- 90 H e )] + (48)

m=1

for which we can split the sum up as
c t—k k W

(Fa-o*ml)o( X -0+ > An-0 )+ )

m=1 m=t—k+1
Equation (49) is clearly upperbounded by

k

g - t—k T o —-m K
(§<1 £+ ou)cZAmu o+ (50)

m=1



which is the same as in equation (22), thus, by the same logic, the desired bound in (8) is obtained
for this case.
For the case of t > T — k, we have from (19) that

t+k-T
|zeall < D 2CLn||ws—mll0"™ + CEET lwp_g || + W
m=0
t+k=T
< (Gort o oral + ) [ X 20ma0mm ) < SO r g 4
; AP ; :
< GO (O = T e + W) + ¢

where the second inequality is obtained through the following fact for t —m > T — k

C

_ w
[Tt < 25”]“ g +

?7
which can be easily proved by induction, similar to the previous induction argument for ¢t < k —1, cf.
eq. (47); the third line comes from applying the condition Y, 2CLyé"T™ < (1 — &) (guaranteed

by the choice of x in Theorem 1). The final inequality is obtained by applying the ISS bound for
t =T — k in (8). This completes the proof of (8) O

7.2.2 Proof of Corollary 1

As shown in Equation (42), H;y = 0 for [t — /| > 1 meaning that H satisfies the conditions of
Lemma 2 for the graph G,;. Thus, we have that

14
lgm = gl = | D Hoi( = b)) < @ (pmllw =+ "G - Cz’ll) ; (51)
=0

le[/] =

where we denote

[0] , else,
G

and similarly for ). The inequality is obtained through application of Lemma 2.

7.2.3 Proof of Lemma 4

First, observe that
-1

'L \TL
Ymr1 = Vi 1 (@tm—1)ymss = V(T )y (52)
where 2§_,, := WUF (24 m_1)y,- Then, denote

_ k — k—1
Y=V (Tt—m) gy y = U (T )y



so now we may proceed to prove the Lemma as:

k— - k— -
[Ymt1 = Ui | = 1 (@t Dy — Y (T s T )y |

< C (8™ zom — @iyl + 82— 7))

1-6

6C'D
< CL(tpall + DS 4 G252 (341 (] + OBl + S0k ) (53)

4D
< CLn(feromr || + D)8+ 4+ C2gh=m=2 (6’” (el + 125 l) + ’“)

where in the first equality, we apply the principle of optimality. In the first inequality we apply
Lemma 3. In the second inequality, we apply the result in (29) along with the upper bounds

2D
19l <c<5’f Yol + - ’“)

0
and
I711< € (3 et ll + 725 ).
which both come from the Lipschitz bound in Corollary 1. The last inequality then comes from
applying Corollary 1 to zf_,, and combining the D} terms. O

7.2.4 Full proof of Theorem 3

For the case t < k — 1, we have that

|es1ll = 19F (20)y, — (@511 — 2o41) |
t—1
<Y I @ m)yis = Uit @m o |+ 196 (20)ge | + D (|4l + Di)o"
m=0
t—1 6C
< Z <C’L ST (21 || + Dy) + C2§k—m=2 (6’“ Yzl + CO||zt—m—1])) + 5Dk>>
m=0
5t+1 2C 5
+C ||.730H+71_6Dk+LN(”$tH+Dk)
t
<Y (CLy6™ ™ +2C36% ™ 73) ||z pl| + C ol + W (54)
m=0

where we use the definition of WF(z;),, in the first equality. We telescope W (x;),—1 and the result
in (29) in the second line. In the second inequality, we apply Lemma 4 and Corollary 1 with 2’ =0

and ¢/ = 0. Then in the last inequality we combine like terms.
Fort > T — k: We continue similarly,

~ _ U
el = 17~ (@), — (@f41 — zes)]
t+k—T—1

< Z ”\IIT t+m(xt*m)ym+1 \II? 7:‘L+T+1(xt7m71)ym+2|| + |‘\Il§17k(xT*k)yt+k—T+l ” + LN(th” + Dk)(sﬂ

m=0



t+k—T-1
Z ||\IIT t+m(xt—m)ym+1 \I/T t+m(l,§ )ym+1H =+ ”\IIT k('rT k)yt+k T+1|| +LN(||mt|| +Dk)6

m=0
t+k—T—1 920
< Y OO @i — 2+ COTF T oy, I+ 3—=5Dr + Lzl + Dy)o"
m=0
t+k=T
4C'L
< N 20Lyl|wi—m |87+ COTHY |z el + 7 gpk, (55)
m=0
c _ gT—t+m+1 . . . . . . gty g
where x§_, = Wl Um0, . The first inequality is obtained via telescoping W] ~*(z4),,

and applying the following upper bound for t —m — 1> T — k,

ot = @t-mll = | B (P @)oo = w-m1) )| € Lv(l@t-mosll + D)6™  (56)

where ut_m_1 = (Nf_;‘;fﬁnﬂ(mt m— 1,Ng[ ) Z]> y and we’ve applied Theorem 2 to obtain the
ic

inequality (56) which resembles the result in (29). The second inequality is obtained through
applying Corollary 1 twice; the final inequality is then obtained by applying the result in (56) and
combining terms. This completes the proof of Theorem 3 O
7.3 Proofs of intermediary results in Step 3

7.3.1 Complete Proof of Theorem 4

For the case t > T — k, we have that

[Zi41 — 23]l = 21 — TG (20) g |
< [z — xt Juill + Z H‘I’T Hm (Tt—m)ymir — \I'tT rijH (@t—m—1)ymaz |l
t—1
< Ln(|[ze]] + Dg)o"™ + Z CS™ @i — 2§, |
m=0
-1 ) )
< Lv(larl+ D0+ 3 €™ (1o = 2l + I o5 )
m=0
t t—1 403
Z N[ @t + Dg)d" ™ + Z mémﬂ <52k|’$t—m—1” + 5ka))
m=0 m=t+k—T

(57)

where in the first inequality we telescope @g(xo)yt +1- In the second inequality, we apply the result

in (56) and Corollary 1 on the terms in the sum, denoting x§ _,, := UL tm (g, 1) . In the

third inequality, we apply the triangle inequality and denote x¢ , := \Ilimnm(le Hmﬂ)(xt_m_l)yl.

Finally, in the last inequality, we apply (29) and (56) to the terms ||xt—, — z$_,, ||, and the result in
(35) to the terms ||z¢_, —x¢ , ||. This completes the proof of Theorem 4. O



7.3.2 Proof of Lemma 6

Consider the following optimization problem:
arg min cy11(v)
v
s.t. 441 = Axy + Bo + wy. (58)

Clearly, the v produced from (58) is the same as the one produced from the ”one-step” terminal
state problem \Il% (T4, 141)v,- We can then split v such that v = vy + v, where v, € COI(BT) and
v, € Null(B). In particular, v, must be uniquely determined as

v, = BY (2441 — Az —wy), (59)
since z;+1 — Axy — wy is in the image of B and for any v € R™,
B = 441 + Az + wil| > [[(BBT = I)(wp41 — Azy — wi)| =0,

that is, Bt (x¢41 — Azy — wy) is the least-squares solution. Thus, denote v, = B,w where B, is the
orthonormal basis matrix for Null(B) and w € R™~"k(B)  Thus, the optimization problem in (58)
becomes the following unconstrained optimization problem

ngn cev1(vy + Baw) (60)

which achieves its optima at w such that BJVCt+1(’Uy + B,w) = 0. Denote v/ = U; + B,w' to be
W} (2}, 2,41 )v,, then comparing the optimality conditions gives us

B;(VctJrl(vy + B,w) — Vct+1(v'y + BW')) = B;—Gc(vy — v; +B,(w—-w))=0

— B;—GCBZ(W W)= —BZGc(vy - U;), (61)

where we’ve applied Lemma 1 in the first equality. Since B, is full rank and orthonormal, we have
that

L
low = Wl < =y — v (62)
1
by L-smoothness and p-strong convexity of ¢;y1(-). Finally, we have that
/(12 /112 N\ 112 2L2 /112
o =07 = [loy = v " + [| Bz(w — )| < ?Ilvy |
4L
S (e = 2l + Nzeer — 254401%) (63)

where the first inequality comes from B, being orthonormal and (62). Then the second inequality
comes from the bound

loy = vyl = 1B (@e41 — 241 — Alwe — a))Il < L2(llze — 24 + lwess — 2 4]) (64)



and then applying the parallelogram identity. I'> from Theorem 2 is of the same magnitude as %26,

so we can take O? ~ ‘%} which finishes the proof. O

7.4 Simulation Details and Setup

Let T; be the vector containing the temperature of each zone at time ¢t and U; the respective
integrators. Let u; be the vector containing the manipulated heat generation/absorption of each
zone at time ¢, and let w; be the disturbances at time ¢. then the Euler-discretized dynamics of the
system for a sampling time t; = 1 (seconds) are

Ut_l,_l o I tsI Ut O
[THJ a [0 ItsL] [Tt] + [0.57551] Ut + W, (65)

where L[i, j] = k;j = 0.05 for i,j € V is the weighted graph Laplacian and each k;; corresponds
to the degree of heat exchange between zones i and j. The disturbances are normally distributed
as wy ~ N (0,251), a multivariate Gaussian random variable with mean 0 and covariance matrix
251. As for the costs, we set fy(z¢) := 3z Q¢ for constant Q = I and all t, F(z;) = 32/ Qpx; for
constant @ = 101 and finally we have c;41(u¢) = Su/ Ryuy for time varying Ry = diag(5|Z|) + I
where the diag(-) operator creates a diagonal matrix whose entries correspond to its input vector’s,
and Z is the standard multivariate Gaussian with mean 0 and covariance matrix I. The system
assumptions of (A, B) in Assumption 1 are further detailed in Section 5 of [15].
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