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A constitutive model for partially saturated soils

E. E. ALONSO*, A. GENS* and A. JOSA*

The Paper presents a constitutive model for
describing the stress—strain behaviour of partially
saturated soils. The model is formulated within the
framework of hardening plasticity using two inde-
pendent sets of stress variables: the excess of total
stress over air pressure and the suction. The model
is able to represent, in a conmsistent and unified
manner, many of the fundamental features of the
behaviour of partially saturated soils which had
been treated separately by previously proposed
models. On reaching saturation, the model
becomes a conventional critical state model
Because experimental evidence is still limited, the
model has been kept as simple as possible in order
to provide a basic framework from which exten-
sions are possible. The model is intended for par-
tially saturated soils which are slightly or
moderately expansive. After formulating the model
for isotropic and triaxial stress states, typical pre-
dictions are described and compared, in a qualitat-
ive way, with characteristic trends of the behaviour
of partially saturated soils. Afterwards, the results
of a number of suction-controlled laboratory tests
on compacted kaolin and a sandy clay are used to
evaluate the ability of the model to reproduce,
quantitatively, observed behaviour. The agreement
between observed and computed results is con-
sidered satisfactory and confirms the possibilities
of reproducing the most important features of par-
tially saturated soil behaviour using a simple
general framework.

KEYWORDS: compaction;
partial saturation; plasticity.

constitutive relations;

L’article présente un modéle constitutif pour déc-
rire le comportement contrainte/déformation des
sols partiellement saturés. Le modéle est formule
dans le cadre de la plasticité qui s’endurcit, en uti-
lisant deux jeux indépendants de variables de con-
trainte, c’est-a-dire Pexcés de la contrainte totale
sur la pression de P’air et la succion. Le modéle
peut représenter d’une facon logique et unifiee
beaucoup des caractéristiques fondamentales du
comportement des sols partiellement satures qui
avaient éte traités séparément dans des modéles
proposés précédemment. Lorsque la saturation est
atteinte le modéle devient un modéle conventionnel
d’état critique. Comme les données expérimentales
restent encore limitées, le modéle d’éte simplifié le
plus que possible, afin de fournir un cadre de base
a partir duquel des extensions sont possibles. Le
modéle convient a des sols partiellement satures
qui sont expansifs a un degre faible ou modére. Le
modéle est d’abord formulé pour des états de con-
trainte isotropes et triaxiaux. Puis Particle décrit
des predictions typiques et les compare de fagon
qualitative avec des tendances caractéristiques du
comportement des sols partiellement saturés. Les
résultats de quelques essais régis par la succion
effectués dans le laboratoire sur du kaolin compact
et sur une argile sablonneuse sont utilisés afin
d’évaluer la capacité du modéle de reproduire de
facon quantitative le comportement observe. On
considére que les résultats observés et calculés
s’accordent bien et quw’ils confirment les possibilités
de reproduire les caractéristiques les plus impor-
tantes du comportement des sols partiellement
saturés par Putilisation d’un cadre génméral trés
simple.
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degree of saturation
s suction (= u, — u,)
s, hardening parameter of the suction
increase yield curve
air pressure
water pressure
v specific volume
B parameter controlling the rate of
increase of soil stiffness with suction

£y, &3 principal strains
&,% ¢&5° elastic principal strains
,P, &;,7 plastic principal strains
&, &5 &P total, elastic and plastic deviatoric
strains
e,, 85 P total, elastic and plastic volumetric
strains

g,.° elastic volumetric strain induced by
changes in net mean stress
e, P plastic volumetric strain associated
with the LC yield surface
8Vp (evpe + avpp)
e,° elastic volumetric strain induced by
changes in suction
¢, plastic volumetric strain associated
with the SI yield surface
BVS (eVSe + EVSP)
¢ saturated friction angle
x elastic stiffness parameter for changes
in net mean stress
elastic stiffness parameter for changes
in suction
A(s) stiffness parameter for changes in net
mean stress for virgin states of the
soil

A, stiffness parameter for changes in
suction for virgin states of the soil
g4, 0,5, 05 total principal stresses

6;; total stresses

0. total mean stress (=(o, + 0, + 03)/3)

INTRODUCTION
The description of the stress-strain behaviour of
partially saturated soils has been closely linked
with efforts to isolate the relevant stress variables
concerning soil behaviour. Difficulties in finding a
single effective stress equation, illustrated in the
works of Aitchison and Donald (1956), Bishop
and Donald (1961), Bishop and Blight (1963) and
Burland (1965), progressively led to the accep-
tance of two effective stress fields as a necessary
framework to describe the observed features of
partially saturated soil behaviour under paths
involving the variation of total stress and pore
water pressure deficiency (or suction).

Important contributions to this topic were the
early works of Bishop & Donald (1961), Coleman
(1962), Matyas & Radhakrishna (1968) and the

null tests reported by Fredlund & Morgenstern
(1977) which led to a formal proposition of any
pair of stress fields among the following three
stress states: (0;; — u,0y); (0 — u,0;) and (u,
—u,)d; as a suitable stress framework to
describe stress—strain—strength behaviour of par-
tially saturated soils. In these expressions, o;; is
the total stress, #, and u,, the air and water pres-
sure and &;; the Kronecker delta. Under condi-
tions of partial saturation the term u, —u, is a
positive quantity and will be denoted as the
suction term s.

Adopting the suction and the excess of total
stress over air pressure as the relevant stress vari-
ables, several aspects of the mechanical behaviour
of partially saturated soils have been modelled in
the past through constitutive relationships. Some
of these models which cover partial aspects of the
stress—strain behaviour are

(@) The incremental stress—strain relations sug-
gested by Coleman (1962) to relate changes in
s and o;; — u, d;; to the strain response of the

soil. This is essentially an incremental elastic

type of formulation and it was also proposed
by Fredlund (1979) who recognized the non-
linear character of the moduli involved in the
incremental relations.

(b) The description of volumetric behaviour by
means of state surfaces in a three-dimensional
[e, (6 — u,), s] space. These surfaces are able
to describe the transitions from swelling to
collapse behaviour when the total stress
increases. They were formally introduced by
Matyas & Radhakrishna (1968). Based on
experimental results, Fredlund (1979) and
Lloret & Alonso (1980, 1985) proposed math-
ematical expressions for these surfaces, for a
class of imposed stress paths.

(c) An extension of the Mohr-Coulomb failure
criteria to include partial saturation, through
a new angle of friction relating changes in
shear strength to changes in suction
(Fredlund, Morgenstern & Widger, 1978). The
original linear expression has been recently
questioned in view of increasing experimental
evidence (Escario & Saez, 1986, 1987; Fred-
lund, Rahardjo & Gan, 1987).

These valuable efforts are, however, unable to
provide an integrated scheme for a stress—strain
characterization of partially saturated soils. In
addition, some basic features of partially saturat-
ed soil behaviour such as its strong stress path
dependence are poorly represented by the existing
models.

In devising the model, simplicity was con-
sidered a desirable feature. Nevertheless, funda-
mental tendencies of observed behaviour of
partially saturated soils are believed to be rep-
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resented by the model. The model, which uses
well established concepts of the theory of hard-
ening plasticity and reduces to a critical state
model when the soil reaches full saturation, offers
room for improvement when more experimental
evidence becomes available. A qualitative descrip-
tion of this model and its relationship with
observed behaviour is given in Alonso, Gens &
Hight (1987).

The model described in this Paper is intended
for partially saturated soils which are slightly or
moderately expansive such as partially saturated
sands, silts, clayey sands, sandy clays and clays of
low plasticity. It is also thought that some fea-
tures of the behaviour of expansive clays are suit-
ably represented by the proposed model as well.
However, a comprehensive description of this
type of soil will probably require significant
modifications of the model described below.

FEATURES OF BEHAVIOUR OF PARTIALLY
SATURATED SOIL

Some patterns of the behaviour of non-plastic
and moderately expansive partially saturated
soils have been established in the past three
decades through experimental work involving
mainly oedometer testing (with or without
suction control) and, to a lesser extent, triaxial
and direct shear testing. The main features of this
behaviour are summarized in the following para-
graphs. Additional details are given in Alonso,
Gens & Hight (1987).

Suction contributes to stiffening the soil against
external loading. This is a well proved result
when compacted samples either dry or wet of
optimum are loaded in compression (Rico & Del
Castillo, 1976). The oedometric results of samples
tested at different moisture conditions can also be
interpreted as an increase in the apparent precon-
solidation stress as suction increases (Dudley,
1970).

If the natural depositional processes or the
compaction method induce an open structure in
the soil, a reduction in suction (wetting) for a
given confining stress may induce an irrecover-
able volumetric compression (collapse). For a
certain range of the confining stress (which varies
from soil to soil) the amount of collapse increases
with the intensity of the confining stress (Blight,
1965; Barden, Madedor & Sides, 1969; Dudley,
1970; Booth, 1975; Jennings & Knight, 1975;
Erol & El Ruwaih, 1982; Yudhbir, 1982).
However, as the confining stress is increased, the
amount of collapse may reach a maximum fol-
lowed by decreasing values. Results compiled by
Yudhbir (1982) for different residual soils show

that the confining stress leading to the maximum
collapse varies widely for different initial condi-
tions. Similar qualitative results for compacted
samples of a low plasticity residual clay have been
reported by Booth (1975). Finally, once wetted,
the collapsed sample follows, approximately, the
stress—strain path of an initially saturated sample
in compression (Erol & El Ruwaih, 1982, testing
a natural loess; Maswoswe, 1985, testing a sandy
clay).

Any partially saturated soil included in the
types mentioned (and even active clays) may
either expand or collapse on wetting if the confin-
ing stress is sufficiently low (expansion) or high
(collapse). Among many others, results of this
type may be found in Maswoswe (1985) (testing a
statically compacted sandy clay) and Justo,
Delgado & Ruiz (1984) (testing compacted
samples of expansive clay).

Suction controlled experiments have revealed,
however, that a reversal in volumetric behaviour
may also occur during the wetting process. In
fact, potentially collapsible microstructures sub-
jected to a suction reduction from a relatively
high initial value have been reported to experi-
ence first an expansion and then a compressive
strain (Escario & Saez, 1973; Cox, 1978; Josa,
Alonso, Lloret & Gens, 1987).

The volumetric response of partially saturated
soils depends not only on the initial and final
stress and suction values but on the particular
path followed from the initial to the final state. It
has been often reported (Matyas & Radha-
krishna, 1968; Barden et al, 1969; Lloret &
Alonso, 1985; Josa et al., 1987) that paths which
involve loading steps and non-increasing suction
are essentially path independent. However, sig-
nificant departures from this result are obtained
when the stress path involves an increase in
suction and an increase in external load. The
state surfaces described by some of the authors
listed above are only meaningful if stress-path
independence is guaranteed.

Changes in suction may induce irreversible
volumetric deformations. This behaviour may be
investigated by subjecting samples of soil to
drying-wetting cycles. Tests of this type have been
reported by Yong, Japp & How (1971) for a
kaolinite and a natural low activity clay and by
Josa et al. (1987) for a moderately plastic kaolin.
In both cases plastic volumetric strains were mea-
sured as a consequence of a drying process.

For a limited range of confining stress and
applied suction, shear strength tests reported by
Fredlund et al. (1978), Gulhati and Satija (1981),
Ho and Fredlund (1982) and Fredlund &
Rahardjo (1985) may be interpreted in the sense
that an increase in suction results in an increase
in effective cohesion while maintaining constant
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the (saturated) friction angle ¢/. Departures from
this pattern have been reported by Escario and
Saez (1986) and Delage, Suraj de Silva & De
Laure (1987). The increase in strength cannot
continue indefinitely with applied suction. Some
recent results reported by Escario and Saez (1987)
and Fredlund et al. (1987), which extend the
suction ranges used in previously published
results, indicate a non-linear increase of strength
with suction and a tendency towards a maximum
at some given (high) suction.

Most of this experimental evidence has been
used to develop a model which could offer a
unified approach to some fundamental features of
the behaviour of partially saturated soils. The
conceptual bases for the model and the basic for-
mulation are given in the next sections. Examples
of the response of the model to some imposed
stress and strain conditions are then presented.
Finally, a comparison between predicted and
measured response for some suction controlled
tests will be made. This comparison will also
allow a more detailed presentation of some fea-
tures of the behaviour of partially saturated soils
which have only been outlined in the summary
above.

FORMULATION OF MODEL FOR ISOTROPIC
STRESS STATES
Stress states inducing yield

A suitable stress space to describe isotropic
states is (p, s) where p = ¢, — u, (net mean stress)
is the excess of mean stress o, over air pressure
and s is the suction. The purpose of this section is
to derive a yield locus in the (p, s) space using as
background information the behaviour of satu-
rated soils (which impose a limiting condition to
partially saturated soils) and observed features of
isotropic and oedometer testing under controlled
suction.

It is not strictly necessary to derive a yield
function in the way described below. It may
simply be proposed, on the basis of observed
yield behaviour, as a mathematical relationship
that involves constitutive parameters. Stress path
testing may later be used to check the overall
behaviour of the model and its ability to repro-
duce measured stress—strain response of the soil.
However, it is convenient in this case to present a
formal derivation of the yield function to under-
line ‘ab initio’ the relationship of yield states with
observed volumetric behaviour of partially satu-
rated soils and to incorporate the well established
features of isotropic or oedometer compression of
saturated soils. In this way the developed frame-
work will be hopefully well rooted in commonly
observed experimental behaviour.

Consider an isotropic test in which a soil
sample at a given suction (subsequently
maintained) is subjected to p-load increments
along virgin states. In full correspondence with
the behaviour of saturated soils the specific
volume, v = 1 + ¢, will be given by

v = N(s) — A(s) In I—f; o

where p° is a reference stress state for which
v = N(s). On unloading and reloading (at con-
stant s) the soil is supposed to behave elastically:

d=—x2 @)

In these equations the stiffness parameter A(s)
depends on suction in accordance with observa-
tions reported in the previous section. A depen-
dence of N(s) on s will be maintained for the sake
of generality. Although some dependence of x on
s is also likely, a constant value has been adopted
to ensure that the elastic part of the model is con-
servative. A schematic representation of Equa-
tions (1) and (2) is given in Fig. 1.

Consider in Fig. 2(a) the response to isotropic
loading of two samples subjected to different suc-
tions: s = 0 (saturated case) and a larger suction
s. The saturated preconsolidation stress is labelled
po* (point 3 in Fig. 2(a)). The second sample will
yield at a larger isotropic stress p, (point 1).

If both points, 1 and 3, belong to the same
yield curve in a (p, s) stress plane (Fig. 2(b)), a
relationship between the generic yield stress, p,
and the saturated value p,* can now be obtained
by relating the specific volumes at points 1 and 3
through a virtual path which involves an initial
unloading, at constant suction, from p, to p,*,
and a subsequent reduction in suction, from s to
zero, at constant stress (p,*). The sample, initially
at point 1 (p, s) follows the path 1-2-3 (Figs 2(a)

LT —— 55

§1>8,

v A Inp
!
(s = s2)
Fig. 1. Proposed variation of specific volume with net

mean stress and suction along virgin and unloading—
reloading paths
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Fig. 2. Relationship between preconsolidation stresses p, and p,*: (a) compression
curves for saturated and unsaturated soil; (b) stress path and yield curve in (p, ) stress

plane

and 2(b)). The following identity may be estab-
lished

3

where the different quantities are indicated in Fig,
2(a).

The suction unloading (wetting) from 2 to 3
occurs in the elastic domain. Under these circum-
stances a reversible swelling Av, takes place which
is given by a logarithmic expression similar to
Equation (2)

v, + Av, + Av, = v,

ds

dv= —k, ————
(s + pad

“@

P has been added to s to avoid infinite values as
s approaches zero.

Taking into account Equations (1), (2) and (4),
Equation (3) becomes

N(s)-—i(s)lnl—J%+ klnﬂo;-k;cslnM
p Do Dax
po*
= N(0) - A0} In = %)

which provides a relationship between p, and s as
a function of some reference stress values (py*, p°)
and some soil parameters (N(s), A(s), , ;). A con-
venient choice of p° and N({s) to simplify Equation
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(5) is to assume (Fig. 2(a))

Ao(p9))° = N(O) — N(s) = &, In - J: Pat ©
FPat

In other words, p° is the net mean stress at which
one may reach the saturated virgin state, starting
at a partially saturated condition, through a
wetting path which involves only (elastic) swell-
ing.

If Equation (6) is introduced into Equation (5),
the following relationship is obtained

*\ [4(0) — x]/[A(s) —x]
()- () "

This Equation defines the set of yield p, values
for each associated suction (it can be considered
therefore as a family of yield curves in a (p, s)
space). In order to isolate a single yield curve it is
necessary to specify the preconsolidation net
mean stress for saturated conditions (p,*) which
may be viewed as the hardening parameter in
Equation (7). This Equation plays a central role
in the model developed and explains, as discussed
at length later, not only the apparent increase in
preconsolidation stress associated with increasing
suction, but also the collapse phenomena
observed in wetting paths. For this reason, the
yield curves (7) will be named LC yield curves
(after loading—collapse). An LC yield curve
through points 1 and 3 has been sketched in Fig.
2(b). Note that when py,* = p° the LC yield curve
becomes a straight line (p, = p°). In this case,
changes in s do not result in plastic deformations.
Only the elastic component, as given by Equation
(4), is maintained.

Existing information on the volumetric behav-
iour of partially saturated soils, as revealed by
suction controlled tests, may be used to support
some of the model assumptions. The results of a
number of isotropic and oedometer tests of this
type were compiled by Lloret & Alonso (1985)
and reported in terms of state surfaces (the void
ratio was expressed as a function of net vertical
or net confining stress and suction). Surface fitting
analysis was performed in order to find the most
appropriate analytical expression for the analysed
data. The tests considered involved different soil
types (low plasticity clays, silty clay and clayey
sand) and suction values ranging from zero to 100
kPa in most of the cases.

Most of the reported state surfaces have been
obtained through stress paths which involve
reductions in suction from an initial value and a
subsequent increment in net mean (or vertical)
stress p. A path of this kind is shown in Fig. 3.
For this particular path, the final specific volume
for the (generic) stress state (p, s) may be written:

A
N <
) < @
i
§ -
pe o P

Fig. 3. Wetting and loading stress path in (p, s) stress
plane

up, 5) = o(p", 5 + Av(p®)| + A(s) In I% ®)

Si

where the p-loading was supposed to take place
along virgin states. This expression may be com-
pared with the following empirical equation
which was found by Lloret & Alonso (1985) to fit

well experimental results

v=a+bln£c+clns+d]n£clns
14 14

=a+clns-+-(b+d1ns)ln£c %)
p

where a, b, ¢ and d are constants.
Identifying Equations (8) and (9) suggests that

s
p, s;) + Av(p?)| =a+clns (10)
Si

which supports the logarithmic variation of v
with suction adopted in Equation (6).

In addition Equation (9) provides an expres-
sion describing the increase in soil stiffness with
suction:

Ms)=b+dIns (11

This expression may adequately predict an
increase in soil stiffness with suction if d < 0. It
predicts, however, an unlimited increase in
stiffness for increasing s and this is a limitation
for wide ranges of suction changes.

An asymptotic maximum stiffness, which is
probably closer to real behaviour, is predicted by
the alternative equation

As) = AO)L(1 —r) exp (—Ps) + 1] (12)

where r is a constant related to the maximum
stiffness of the soil (for an infinite suction),
r = Ms— o0)/A0), and B is a parameter which



CONSTITUTIVE MODEL FOR PARTIALLY SATURATED SOILS 411

controls the rate of increase of soil stiffness with
suction. Equation (12) has been adopted in the
remainder of this Paper given its superior predict-
ing capabilities as compared with Equation (11).
Different expressions may be used for the (virgin)
coefficient of compressibility when more experi-
mental evidence becomes available. Fig. 4 illus-
trates the shape of the LC yield curves, when A(s)
is given by Equation (12), for selected values of
parameters py*, r and f. Other parameters used
in drawing Fig. 4 are p° = 0-1 MPa, A(0) =
and k = 0-02.

As reviewed in a previous section, an increase
in suction may also induce irrecoverable strains.

It is proposed that whenever the soil reaches a
maximum previously attained value of the
suction s,, irreversible strains will begin to
develop. As a preliminary and simple choice,
before more experimental evidence becomes
available, the following yield condition

s = §y = constant (13)

is adopted. s, has the meaning of the maximum
past suction ever experienced by the soil and
bounds the transition from the elastic state to the
virgin range when suction is increased (Fig. 5).
This yield locus is named SI (after suction
increase). Both, LC and SI yield loci enclose an
elastic region in the (p, s) plane (Fig. 6). Adopting

0-20 .
I a linear dependence between v and In(s + p,),
both in the elasto-plastic and elastic range, one
0.16-p0:02MPa 0-3 . P
may write, for virgin states
012} ds
g i do= -4, —— (14)
173 n.na (S + pat)
- G-Uo
0-04 F /3 =125 MPa™'
| r=075 v
0-00 N | So Ins
01 09 1-1 !
]
0-20 i
{
- 075 :
016 |
0121
©
& L
=
w  008F
. Fig. 5. Definition of yield suction s
004 f=125MPa""' & v o
Po = 0-4 MPa
0-00 L 1 L "
!
020 7 5 ﬂ K
.
B=25MPa"’ 5 75 /10 s Si /
016} ° -
L 125
o-12}
o .
% o 17.5 / 25 Ela§tnc
w008t region ‘c
0-04 | r=075
L ps = 0-4 MPa
0-00 1 i 1 l 1
040 045 050 055 060 065 -
P P

p: MPa

Fig. 4. Shapes of the LC yield curve fer different values
of the parameters p,*, r and f

Fig. 6. Loading—collapse (LC) and suction increase (SI)
yield curves
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Tomar Auzsione namd czrmdbliom o macrmmanla
ror aryiug and wottlg 1cversdlis
ds
dv = —«k, (15)
(s + pa)

which is, basically, Equation (4). However, some
dependence of A, and x, on the net mean stress
may be suspected but, for simplicity, they will be
taken as constants.

Hardening laws

According to Equation (2), an increase of p in
the elastic region will induce a compressive
(positive value) volumetric deformation given by

def= ——=-— (16)

Once the net mean stress p reaches the yield
value p, the total volumetric deformation may be
computed from Equation (1)

OINPRICC IO mQhkalioll

_ M) dpo
s L

and, therefore, the plastic component of volu-
metric strain will be given by

Ms) — %
v Po

Taking into account Equation (7) for the LC
yield locus, it is simple to show that the plastic
volumetric deformation (18) is also given by

M0) — x dpy*

*
v Po

de 17)

de, P =

vp

(18)

de, P =

vp

(19)

Similarly, an increase in suction within the
elastic region will result in the volumetric strain
(Equations (4) or (14))
K, ds
and, if the yield locus s = s, is reached, the fol-

lowing total and plastic deformations will be
induced (Equation 13)

e K,
Eys =

(20)

A d
de,, =22 %0 @1
v (SO + pat)
Ay — d
de, P = s — K 9% (22)
v (SO + pnt)

Irreversible deformations control the position
of the LC and SI yield surfaces through Equa-
tions (19) and (22). This type of hardening implies
an independent motion of both yield curves in the
(p, s) stress space. However, some experimental
evidence (Josa et al, 1987) suggests a definite
coupling between them (see also Fig. 20 and its

noaenrintad anttegian ntar cantiant LT acravias

ad>ullaltd Uibbubblull lll d uucx acutu’)ﬂ) HGWC ¥ol1,
the different treatment given so far to the plastic
deformations induced by suction or stress
changes have only a formal meaning which has
been useful to derive the appropriate relation-
ships. It could be argued, as a first approx-
imation, that both sets of plastic deformations
have similar effects. In this manner, a simple way
to couple both yield curves results if their posi-
tion is controlled by the total plastic volumetric
deformation, def =de,P +de, . Then, from
Equations (19) and (22) the proposed hardening
laws are as follows

dpe* v »
v 2
pot O — 5 @)
d
0 _ 7 _dep (24)

5o + Pt A’s — K y

MODEL FOR TRIAXIAL STRESS STATES

A third stress parameter, g = (6, — 0,), has to
be incorporated to include the effect of shear
stresses. The strain state is defined by ¢f(=¢,
+ 2¢,), volumetric strain, and (= %(e; — &),
shear strain. For consistency, the model must
predict saturated behaviour when the value of
suction reduces to zero. In accordance with the
aim of simplicity, the saturated model adopted as
a limit condition is a version of the modified
Cam-clay model which gives an adequate quali-
tative description of saturated soil behaviour. The
unsaturated formulation presented here could be
coupled to more complex saturated models,
achieving thus a better representation of some
aspects of soil behaviour. However, given that the
main aim of the model is the reproduction of the
general behaviour of unsaturated soil, the selected
saturated model is adequate for the purpose.
Accordingly, it is proposed that the yield curve
for a sample at constant suction s will be
described by an ellipse which will exhibit an iso-
tropic preconsolidation stress given by the pre-
viously defined p, value which lies on the
loading—collapse (LC) yield curve (Fig.7).

In order to define the ellipse it is also necessary
to specify the failure states. In parallel with the
saturated condition, a critical state line (CSL) for
non-zero suction will represent the increased
strength induced by suction. As a first hypothesis,
the effect of suction will be represented by an
increase in cohesion, maintaining the slope M of
the CSL for saturated conditions. As discussed
previously this may be a suitable approach for a
limited range of stress changes. Other choices are,
however, possible.

If the increase in cohesion follows a linear
relationship with suction, the ellipses will inter-
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Si

P Po

Fig. 7. Yield surfaces in (p, ¢, s) space

sect the p axis at a point for which
p=—p = —ks (25)

where k is a constant. The major axis of the
ellipse will span the segment —p,(s) to pe(s) and

its equation will be given by
4> — M*(p + pXpo —P) =0 (26)

It is also proposed that the yield locus SI
extends into the region g > 0 by means of a plane
parallel to the g axis, so that the Equation (13) is
maintained in the (p, g, s) space. A three-
dimensional view of the yield surfaces in the
(ps g, s) space is given in Fig. 8.

Regarding the direction of plastic strain
increments, associated with the yield surface (26),
a non-associated flow rule in the planes
s = constant is suggested. In fact, it is known
(Gens & Potts, 1982a) that conventional critical-
state models often overestimate K, values. To
avoid this shortcoming, the expression for the
associated flow rule is modified by introducing a
parameter « (Ohmaki, 1982) resulting in the fol-
lowing equation

def 2qa
devpp B M2(2p + ps - pO)

where o is chosen in such a way that the flow
rule predicts zero lateral strain for stress states
corresponding to Jaky's (1948) K, values
(Ko =1—s3sin ¢ = (6 — 2M)/(6 + M)). Given the
relationship between K, and M the new flow rule
does not introduce any additional constitutive
parameter. The components of the plastic strain
associated with this yield surface will be given by
(de,.P, de,P). The expressions for these strain com-
ponents can be derived by the application of stan-
dard procedures of strain hardening plasticity.
For the second yield surface (Equation (13)), the
vector of plastic strain increment induced by
suction increase will be (de,P, 0), where de,P is
given by Equation (22).

@n

p
Fig. 8. Three-dimensional view of the yield surfaces in (p, g, s) stress space



414 ALONSO, GENS AND JOSA

*A

Sz e

S

. |

<A

=Y

al

oY

©

Fig. 9. Suitable stress paths to determine the model
parameters

The elastic strains, deS = %(de,° — des°)
induced by changes in g will be computed
through a shear modulus G

de = (3G) dg (28)

An ordered summary of the mathematical
expressions defining the model are presented in
Appendix 1. Extension to the three-dimenstonal
principal stress space can be easily formulated
(Gens & Potts, 1988).

PARAMETERS OF THE MODEL AND THEIR
DETERMINATION

The application of the model requires informa-
tion on the following stress states and parameters.

(a) Initial state: initial stresses (p;, ¢;, sy, initial
specific volume v, and initial reference stress

g/ |

To
tailure

=Y

P

Pi )
ak
To
failure
s
S /
Pi T

(©
Fig. 10. Suggested tests to determine model parameters

variables (strain hardening parameters) defin-
ing the initial position of the yield surfaces
(Poi™, Soi)

(b) Parameters directly associated with the LC
yield curve (isotropic stress): p°, reference
stress; A(0), compressibility coefficient for the
saturated state along virgin loading; k, com-
pressibility coefficient along elastic
(unloading-reloading) stress paths; r, estab-
lishes the minimum value of the compress-
ibility coefficient (virgin states) for high values
of suction; f§, controls the rate of increase in
stiffness (virgin states) with suction.

(¢) Parameters directly associated with changes
in suction and the SI yield curve: i, com-
pressibility coefficient for increments of
suction across virgin states; x,, compress-
ibility coefficient for changes in suction within
the elastic region.
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(d) Parameters directly associated with changes
in shear stress and the shear strength: G,
shear modulus within the elastic domain; M,
slope of the critical state lines; k, parameter
that controls the increase in cohesion with
suction.

A rational engineering approach requires the
use of the simplest model compatible with the
desired accuracy of results. A particular analysis
of a given problem will involve some soil type
and initial conditions and an estimation of
expected stress paths. It may well happen that
one of the proposed yield surfaces will never be
reached. For instance, the behaviour of partially
saturated non-expansive soils under paths which
typically involve wetting and increase or decrease
in mean and shear stress may be modelied by the
LC yield curve and the associated yield surface in
the (p, g, s) space. The SI yield plane will not play
any role in this case.

An example of this type may be found in the
analysis of embankment dams in which the initial
‘as-compacted” suction will not likely be
increased. In this case the model requires nine
parameters (p°, 4(0), , r, B, k,, G, M, k), five more
than the parameters involved in a critical state
model (X0), k, G and M). The five additional
parameters (p°, r, B, k,, k) allow for the modelling
of typical patterns of the behaviour of partially
saturated soil such as increasing stiffness and
strength with increasing suction, collapse pheno-
mena and (moderate) volumetric expansion when
the soil is wetted. If drying processes are expected
to influence the soil, a new parameter (4,) and the
consideration of the SI yield surface may become
necessary.

The determination of the model parameters
will, in general, require suction-controlled testing.
Suggested stress paths for different sets of para-
meters are the following (they have been indicated
in Fig. 9)

(@) tests that involve isotropic drained compres-
sion (loading and unloading) at several con-
stant suction values; they provide data to find
1%, Po*, A0), k, r and B (Fig. 9a)

(b) tests that involve a drying-wetting cycle at a
given net mean applied stress; they provide
data to find s,, 4, and x, (Fig. 9b)

(¢) drained shear strength tests at different
suction values; they provide data to deter-
mine G, M and k (Fig. 9¢).

These basic stress paths may be combined into
a few different tests necessary to obtain all the
model parameters. Three tests which could lead
to a full identification of the model are represent-
ed in Fig. 10. This is, of course, a minimum
experimental programme. A more reliable deter-

mination of parameters will certainly require
more tests.

TYPICAL FEATURES OF PREDICTED
BEHAVIOUR

Before a comparison is made with some experi-
mental results, it is perhaps convenient to show
the capabilities of the model by computing its
predictions along a number of selected triaxial
stress paths. In all the cases presented a single set
of model parameters has been selected to describe
a reference ‘soil’. They are

(a) parameters directly associated with changes in
p and with the LC yield curve:

M0)=02; x«=002; r=075;
f=125MPa~!; p°=0-10MPa
(b) compressibility  coefficients for  suction
changes:
A, =0-08; x,= 0008

(c) parameters directly associated with changes in
shear stress and shear strength:

G=10MPa; M=1;, k=06

In addition, the initial void ratio was assumed to
be 0-9 (v = 1:9). This ideal soil is a moderately
compressible material. For large values of suction
the compressibility against changes in p is
reduced to 75% of the saturated values. The angle
of shearing resistance for saturated conditions is
25-4° and the change in cohesion due to suction
increase is moderate (k = 0-6). For each of the
examples presented the initial position of the
yield curves LC and SI is indicated.

Case 1, volumetric deformation induced by wetting
at increasing confining stress

The stress paths and the initial position of the
yield LC and SI curves are indicated in Fig. 1ta
(po* = 0-20 MPa; 5, = 0-3 MPa). Three wetting
paths—AB, CD and EF (1, 2 and 3)—starting at
an initial suction s; = 0-2 MPa and three different
confining stresses (0-15; 0-35 and 0-6 MPa) lead
to the volumetric deformations plotted in Fig.
11(b). The first wetting path (AB) takes place
within the elastic region and induces a continuous
expansion (segment AB in Fig. 11(b)). The second
wetting path, CD, starts once a compression AC
is applied to the sample. During wetting, a col-
lapse of the sample starts at the beginning of
suction reduction. The slight elastic expansion
during path CD is smaller than the compression
induced by the motion of the LC curve to its final
position and therefore a net collapse is computed.
Finally, under path EF at a larger confining
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Fig. 11. Response of model to decreasing suction (wetting) at increasing net mean
stress p: (a) stress paths; (b) specific volume-net mean stress relationships

stress, a larger collapse takes place (segment EF
in Fig. 11(b)). Also, the compression curves, once
the wetting is completed, follow a unique path for
saturated conditions (path DF after wetting 2
follows the saturated compression curve BDF).
Experimental results which favour this unique-
ness have been reported by Jennings and Burland
(1962) and Blight (1965) for collapsing sands, by
Erol and El-Ruwaih (1982) testing loess and by
Maswoswe (1985) in the case of a low plasticity
sandy clay.

Case 2, effect of alternate application of load and
suction changes

A first example is illustrated in Fig. 12(a).
Beginning at the initial stress point A (s, = 02

MPa, p, = 0-15 MPa), three alternative loading
stress paths (1, 2, 3) which always involve a non-
increasing suction and a common final stress
point, sz = 0 and pp = 0:6 MPa, are represented.
The initial position of the yield curves is given by
po* = 0-20 MPa and s, = 0-3 MPa. The different
combinations of p-loading and suction reduction,
inducing either expansion (A-C—>E—-F) or
collapse (A - B—- D —>F), take the LC yield
curve to a final common position LCg. The final
volumetric deformation is the same under the
three stress paths. These types of loading and
suction change sequences lead to volume changes
which are stress path independent and they have
been used by some authors, quoted before, to for-
mulate the volumetric behaviour of partially satu-
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Fig. 12. Response of model to increments of net mean stress p and decreasing suction
(wetting): (a) stress paths; (b) specific volume-net mean stress relationships

rated soils in terms of state surfaces. Experimental
results that involved stress paths qualitatively
similar to the paths indicated in Fig. 12(a) were
also reported by Barden et al. (1969) (group 2
tests) for low-plasticity clay. The pattern of model
predictions agrees well with measured results.
Consider, however, stress paths which involve
drying steps (Fig. 13). Three samples (1, 2, 3) start
now at a common stress point A (s, =0, p, =
0-15 MPa) and are loaded and dried in three dif-
ferent sequences towards the final point F (sg =
0-2 MPa; py = 0-6 MPa). The same initial pre-
consolidation state of the sample (s, = 0-3 MPa;
po* = 0-2 MPa) as before is adopted in this case.

Sample 1, loaded under saturated conditions, dis-
places the yield LC curve to the position LCy and
then experiences an elastic decrease in volume
when suction is increased from B to F, without
any further change of the position of the LC
curve. This sample experiences the largest volu-
metric deformation of the three. Under path 3,
the suction applied from A to E induces some
compression of the sample and an increase in
stiffness against the subsequent increase of confin-
ing stress. The stress path EF displaces the LC
yield curve to the final position LCy at a reference
Por® < Pog* =06 MPa. It will experience the
smallest volumetric deformation as Fig. 13(b)
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indicates. The paths which involve drying before
subsequent p-loading are therefore stress path
dependent. This conclusion was also reached in
the experimental work reported by Barden et al.
(1969) testing low plasticity clay, Matyas & Rad-
hakrishna (1968) testing a low plasticity sandy
clay and Josa et al. (1987) testing kaolin.

Case 3, coupling of the SI and LC yield curves

In the preceding two cases the SI yield curve
did not play any role in the model predictions
since the applied suctions were smaller than s,.

0-35

T T T

p: MPa

(b)
Fig. 13. Response of model to increments of net mean stress p and increasing suction
(drying): (a) stress paths; (b) specific volume-net mean stress relationships

In Fig. 14, a p-loading path AB at a constant
suction (s, = OMPa) is compared with a similar
loading (DE) preceded in this latter case by a
drying—wetting cycle (ACD) in which a maximum
suction of 0-3 MPa is applied. The initial yield
curves are characterized by py* = 0-2 MPa and
5o = 0025 MPa. The drying-wetting cycle
induces a net compaction of the sample and the
irreversible path of this deformation moves LC;
to the position LCp, shown in Fig. 14(a). On sub-
sequent p-loading, path DE, the sample experi-
ences a larger preconsolidation stress than the
sample subjected to path AB (Fig. 14(b)). Experi-
mental indication of this type of behaviour may
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Fig. 14. Effect of initial increase of suction: (a) stress paths; (b) specific volume-net

mean stress relationships

be found in the experimental work of Josa et al.
(1987).

Case 4, shear tests for different suctions

Three shear tests maintaining a constant net
mean stress p, = 0-15 MPa, for three different
suctions (s; = 010 MPa, s, = 0-20 MPa, s; =
0-30 MPa) are indicated in Fig. 15. The initial
yield curves LC and SI (po* = 0-15 MPa, s, = 0-4
MPa) are shown in Fig. 15(a). The shear stress—
shear strain relationships computed in the three
cases are plotted in Fig. 15(b). These curves show an
increase in strength with suction. Results of this
kind have been reported by Delage et al. (1987)
testing silt in a suction controlled triaxial cell.

Case 5, failure under decreasing suction

A stress path to illustrate the possibility of
failure of a stressed partially saturated soil due to
suction reduction is indicated in Fig. 16. This
type of failure is probably significant in slopes
located in partially saturated soils (i.e. slopes in
residual soils in tropical regions) subjected to
wetting due to infiltration from rainfalls (Brand,
1981). In the case analysed the suction was first
increased at constant net mean stress (path AB),
then the net mean stress was increased at con-
stant suction (BC), a deviatoric stress was applied
(CD) and the suction was finally reduced until
failure was achieved (DE). The initial positions of
the yield curves LC and SI are plotted in Fig.
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Fig. 15. Response of model to shear tests at different suctions: (a)
stress paths; (b) shear stress—shear strain relationships

16(a) (po* = 0-15 MPa; s, = 0-3 MPa). The effect
of final wetting (DE) in terms of change in shear
strain is plotted in Fig. 16(b). Failure takes place
at a final suction sz = 0-033 MPa.

COMPARISON OF MODEL PREDICTIONS
WITH EXPERIMENTAL RESULTS
Tests on partially saturated compacted kaolin
reported by Josa (1988)

Details of the tests performed on partially satu-
rated compacted kaolin are given elsewhere (Josa

et al., 1987; Josa, 1988) and only a brief summary
is given here. A stress-path triaxial cell was suit-
ably modified to induce suction states in the pore
water. This was achieved by applying a constant
air pressure in the upper porous stone and a vari-
able water pressure in the lower stone. Load and
deformation measurements were made inside the
testing chamber. Pore and confining pressures as
well as vertical load were applied by means of
mercury pots whose position was controlled by
stepper motors. A computer, linked to the system,
controlled the predefined stress and suction path
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Fig. 16. Response of model to test in which failure is
induced by decreasing suction (wetting): (a) stress paths;
(b) suction—shear strain relationship

through the necessary feedback of measured per-
formance.

The soil used in the tests was a commercially
available kaolin moderately plastic (w, = 38-7%;
wp = 269%; % particles <2u: 4%; % par-
ticles < No. 200 ASTM: 95%; uniformity coeffi-
cient: 2; Universal Classification: ML). Main
mineral components were quartz and kaolinite. A
moderate percentage of illite was also found in
X-ray diffraction tests. Samples were compacted
by kneading and then allowed to consolidate to
an initial stress state given by p = 0-045 MPa;
s = 0-01 MPa and q = 0. Once consolidated, they
reached e, = 0915 and S,, = 0-875. From this
state the subsequent application of a desired
stress path was carried out.

The parameters controlling the variation of soil
stiffness with suction (A4(0), r and f; see Equation

(12)) can be obtained by means of isotropic com-
pression tests at different constant suctions. Tests
of this kind are shown in Fig. 17(a). In Fig. 17(b)
the variation of A(s), computed through Equation
(17) was plotted in terms of p. Three A(s) values
were obtained (A(0-04) = 0-09; A(0-06) = 0-075;
A(0-09) = 0.06) from the final horizontal sections
of the curves which relate to samples loaded
beyond their preconsolidation pressure. They
allow the determination of the three unknowns
A(0), r and B through Equation (12). It was found
A0) =0-14; f =164 MPa"' and r = 0-26. Also,
an average value x = 0-015, was measured under
unloading paths.

In order to obtain A, and «,, tests involving the
application of suction cycles at a constant net
mean stress p, are ideally suited, provided the
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Fig. 17. Isotropic compression tests of partially saturat-
ed compacted kaolin: (a) stress paths; (b) variation of
soil compressibility
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suction decrease path does not intersect the LC
yield locus. This may be achieved if the suction is
first increased and then decreased, at a constant
net mean stress. A test of this kind is represented
in Fig. 18. It shows a quasi-elastic response of the
soil beyond the first suction increase, as suggested
by the model proposed. Several tests of this kind
provided the following average parameter values:
Ay = 0-05 and x, = 0-01.

The shear modulus G was obtained in drained
tests involving the application of a deviatoric
stress g at different values of net mean stress and
suction. The stress paths selected and the mea-
sured shear stress-strain relationships are given
in Figs 22(a) and (b) respectively (these tests will
be used subsequently to compare with model
predictions). As a consequence of the flow rule
assumed, no plastic shear strains occur at the
start of the test, so the initial part of the stress—
strain curves can be used to determine the elastic
shear modulus G. A value of 3-3 MPa was
obtained.

Several shear strength tests were performed at
different values of p and s (Fig. 19). Within the
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Fig. 18. Effect of cycles of applied suction on changes in
specific volume of isotropically confined partially saturat-
ed compacted kaolin: (a) stress paths; (b) experimental
results
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Fig. 19. Comparison between measured ¢, values and
predicted shear strength assuming critical state plane in
the (p, g, 5) space

range of stresses applied (s = 0 to 0-097 MPa and
p = 0-137 to 0-59 MPa) the plane

g=Mp + Mks =0821p + 10225 (29)

fits the results with a standard deviation of 6-8%
(Fig. 19). This plane provides the constants
M = 0-821 and k = 1-245.

The initial position of the yield surface is gov-
erned by the reference stress variables p,* and s, .
Po* may be obtained if there is information con-
cerning the yield stress under increasing p. In our
case, this information is provided by the tests
reported in Fig. 17. A relatively sudden change in
1/A(s) with p provides an estimation of p,.
Although it is difficult to pinpoint exactly the
position of the yield point, the following values
can perhaps be identified from Fig. 17(b):
po(0-04) = 0-065 MPa; py0-06) = 0-07 MPa;
Po = (0-09) = 0-085 MPa. These values have been
used to compute p,* and p° through Equation (7).
A least squares error prediction procedure leads
to py* =0-055 MPa and p®=0-043 MPa. In
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addition, tests in which suction was increased,
thus maintaining a constant net mean stress p,
equal to the initial value, could be interpreted in a
similar way (test E1 in Fig. 20). It was found s, =
0-03 MPa. A second test (E3) represented in Fig.
20 shows an apparent increase in s, when the
sample has undergone a previous increase in net
mean stress p (path AC). This result suggests a
coupling between the yield loci LC and SI as pro-
posed in the model.

A summary of model parameters and initial
and reference conditions is given in Table 1.

The stress paths followed by two tests (ES and
E6) in the plane g = 0 are represented in Fig. 21.
The measured volumetric deformations of the two
samples (in terms of v) and the model predictions
using the parameters given in Table 1 are plotted
in Fig. 21. In these two tests the samples are sub-
jected to ever increasing changes in net mean
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Fig. 20. Tests on partially saturated compacted kaolin
involving increase in suction: (a) stress paths; (b) Varia-
tion of soil compressibility with applied suction
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Fig. 21. Comparison between measured and predicted
results for partially saturated compacted kaolin under
isotropic stress changes: (a) stress paths; (b) variation of
specific volume with net mean stress

stress and suction along different paths. Fig. 21
shows a reasonably good prediction.

A second example, involving the application of
deviatoric stresses, is given in Fig. 22. The results
of two tests—test E18 (path CZ) and test Ell
(path JZ)—are compared with model predictions.
Test E18 involves the application of ¢ main-
taining dp = 0. In test E11, do; = 0. In both tests
the samples reached failure. The comparison
between measured and predicted shear stress—
shear strain relationships is given in Fig. 22(b). In
general terms, a good correspondence is obtained.

Tests on partially saturated compacted sandy clay
reported by Maswoswe (1985)

Maswoswe (1985) reports several suction con-
trolled oedometer and triaxial tests of low plasti-
city sandy clay (Lower Cromer till) having the
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Fig. 22. Shear tests on partially saturated compacted

kaolin: (a) stress paths; (b) comparison of measured and
predicted shear stress—shear strain relationships

following characteristics: wy = 25%; wp = 12%;
clay content: 17%; percentage of sand >50%;
clay activity = 0.71. Samples were statically com-
pacted, dry of optimum.

An important aim of the research work report-
ed by Maswoswe (1985) was to determine the
stress path followed by the soil during collapse
under oedometric conditions (no lateral
deformation). Accordingly, the radial deformation
of the samples in the triaxial tests was constantly
monitored and the stress state was modified to
ensure zero lateral deformation. The results of a
particularly relevant test in which a sample was
first subjected to an increase in vertical stress
under constant water content and subsequently
wetted under constant vertical stress were selected
for comparison with the model developed. The
stress path followed by the sample is shown in
Fig. 23 in a plane (6, — u,, s5). Measured behav-
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Fig. 23. Stress path followed by sample of sandy clay
(Lower Cromer till) tested by Maswoswe (1985) (test
SK3)

iour of the sample in terms of variation of void
ratio with vertical stress and in terms of the stress
path followed by the soil in the planes ((o,
+03)/2 — u,, (0, — 03)/2) and (o, + 03)/2 — u,,
(o, — 05)/2) are plotted in Fig. 24(a and b).

The tests performed by Maswoswe (1985) are
not well suited to determine, in a direct way, the
parameters of the proposed model. In particular,
the loading test under constant water content are
difficult to interpret as the saturation of the
sample increases with the load and therefore
‘pure’ compression behaviour and collapse phe-
nomena may coexist in the sample along the
same stress path. Fortunately, some basic param-
eters of saturated compacted Lower Cromer till
have been reported by independent studies (Gens,
1982; Gens & Potts, 1982b). The following values
were taken from this work: A(0) = 0-066;
Kk = 0-:0077; M = 1-2. They have been selected for
the purposes of the present comparison as they
appear to fit well the behaviour of the soil satu-
rated after compaction.

Other model parameters could not be obtained
directly from Maswoswe’s results. However, the
observed trends of behaviour have been used to
obtain approximate values for the unknown
parameters. For instance, the collapsing proper-
ties of the soil tested are relatively important and
therefore a low value for r(r = 0-25) was adopted.
On the other hand, the increase in stiffness with
suction is relatively marked and this is reflected in
the selected values # =20 MPa~!, and k =08
The test to be modelled (test SK3, Fig. 24(a)) indi-
cated an apparent preconsolidation net mean
stress p, =02 MPa for a suction close to
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Fig. 24. Results reported by Maswoswe (1985) (Test
SK3) and model predictions: (a) variation of void ratio
with vertical stress; (b) stress paths in the triaxial plane

s =022 MPa. Oedometer tests on saturated
samples prepared in the same way and with the
same initial conditions showed preconsolidation
stresses significantly lower, around p,* = 0-02
MPa. These results, interpreted through Equation
(7), provide a value p°® = 0-012 MPa for the refer-
ence stress. Again due to the significant collapsing
characteristics of the tested soil, it is difficult to
isolate recoverable volumetric strains along the
wetting paths. It is thought that, given the type of
soi} and the rigid open structure likely to develop
in the process of static compaction dry of
optimum, the value of x, will probably be very
small. Therefore x, was selected equal to 0-001.

In his experimental work on saturated com-
pacted Lower Cromer till, Gens (1982) proposed
a variation of G with the maximum previous
effective preconsolidation stress p,’, G = 93-4p,’.
It is unclear to what extent could this expression,
valid for saturated conditions, be used for a par-
tially saturated soil. Thinking in terms of the pro-
posed model, given an apparent preconsolidation
stress p,, the wetter the soil (i.e. the lower the
suction), the smaller its specific volume. This
probably indicates that the preceding expression
for G in terms of p,’ will probably overestimate

the shear modulus if p,’ is substituted by p,. The
value of G used in the present analysis of Mas-
woswe’s results, G =7 MPa, which provides a
good fit for the experimental results, may be
found if the expression for G is computed for a
value of p,’ intermediate between py(= 0-2 MPa)
and py*(= 0-02 MPa). It is also believed that sec-
ondary plastic strains take place within the elastic
region bounded by the LC and SI yield loci and
this will tend to underestimate the shear modulus
which better fits the experimental results.

A summary of the model parameters discussed
here and the initial stress conditions of the test
analysed is given in Table 1. Although the chosen
parameters are consistent with the experimental
evidence, it is recognized that other sets of param-
eter values might lead to similar model predic-
tions.

The first part of the test represented in Figs 23
and 24 involves the application of vertical stress
at constant water content. Suction was not con-
trolled and its variation is a response of the
sample to the boundary conditions. This type of
test cannot be reproduced with the proposed
model wunless a relationship between water
content (or, alternatively, degree of saturation S,)
and the stress state (p, g, s) is established. A
simple way to model this relationship is to use the
concept of state surface as described, for instance,
in Lloret and Alonso (1985). In general S,
depends markedly on s whereas the influence of
applied stress is small (Alonso, Gens & Hight,
1987). Accordingly, the following relationship

S, =1 —m tanh (ns) (30)

where m and n are constants, has been used.
Lloret and Alonso (1985) found that this expres-
sion fitted well published experimental results for
soils with degrees of saturation over 0-4. Mas-
woswe’s results for test SK3 can be approximated
with the values n = 5-38 MPa~!, m = 0-64. The
loading process at constant water content could
now be modelled in an iterative way by imposing
that the S, values derived from the computed
deformations of the sample should match the
values given by Equation (30).

Using the parameters and the initial and refer-
ence stress values indicated in Table 1 the com-
puted model predictions, plotted in Fig. 24, show
a satisfactory agreement with the measured
results. The model correctly predicts that the K,
value after collapse corresponds to K, for satu-
rated specimens.

More than the success in predicting accurately
a particular test in this case should be stressed the
capability of the model to reproduce the basic
features of a relatively complicated stress path
such as the loading and collapse under K, condi-
tions.
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Tests on partially saturated compacted kaolin
reported by Karube (1986)

The resuits of several tests on partially saturat-
ed compacted kaolin in a triaxial cell were report-
ed by Karube (1986). The following basic
properties of the soil are provided in this refer-
ence: w, = 37%; IP = 28%; clay fraction: 22%;
maximum size of particles: 0-04 mm. Among the
different results reported, two tests corresponding
to the stress paths shown in Fig. 25(a) have been
selected for comparison with the model devel-
oped.

These two tests are particularly interesting
since they reveal most of the patterns of behav-
iour of partially saturated soil, discussed in pre-
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Fig. 25. Tests on compacted kaolin reported by Karube
(1986): (a) stress paths; (b) comparison between experi-
mental and computed results

vious sections of this Paper. The samples used in
the tests were compacted at a water content 6%
dry of optimum and they had S, = 0-627 and
v = 2-114. They were subsequently consolidated
under the initial stress state (p =002 MPa;
s = 0-05 MPa) and they reached S,, = 0-645 and
vo = 2:098. Two alternative isotropic stress paths,
shown in Fig. 25(a), starting and ending at the
same stress point were followed by Karube
(1986). The variation of specific volume is plotted
in Fig. 25(b).

In order to derive the model parameters, the
results reported by Karube have been used in the
following way.

The value of x is directly related to the behav-
iour observed in the path steps C to B and D to
A which involve unloading of the net mean stress.
The behaviour in the steps B to C and A to D is
controlled by the parameters A(0), p°, §, r and py*
as well as k. Given the relatively low water
content used in compaction, the soil should have
a low compressibility. The values A(0) = 0-065
and p° =001 MPa were first selected and the
remaining parameters mentioned were subse-
quently determined from the measured results
along the stress path steps indicated. It was esti-
mated: x = 0-011; § =20 MPa~!; r = 075 and
Po* =004 MPa. The value of k, is directly
related to the wetting path under low confining
stress (B to A) and it was found x, = 0-005. In the
drying paths A to B and D to C both 4, and s,,
as well as x,, are relevant. Using the reported
results it was found A4,=0025 and s,=
0-07 MPa.

All of these parameters and the initial and ref-
erence stress states have been summarized in
Table 1. Model predictions using these values are
plotted in Fig. 25(b). The quantitative agreement
is in this case satisfactory. Even more important
is, again, the ability of the model to reproduce the
main features of the measured behaviour.

CONCLUDING REMARKS

A review of the main characteristics of the
behaviour of partially saturated soils has shown
that existing models cover only limited aspects of
the stress—strain response of these soils. Using as
effective stress fields two independent stress
variables—the excess of total stress over air pres-
sure and the water pressure deficiency (or
suction}—an elastoplastic hardening model has
been developed and is described in the Paper. It
accounts for the stiffness changes of the soil
induced by suction changes, reproduces the irre-
versible response of the soil against stress and
suction reversals, provides the conditions for col-
lapsibility and links the amount of collapse to the
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stiffness changes of the soil induced by changes in
suction. For isotropic stress conditions the model
is characterized by two yield curves (LC;
loading—collapse and SI, suction—increase) whose
hardening laws are controlled by the total plastic
volumetric deformation. These curves become
yield surfaces when a third axis (accounting for
shear stress) is introduced to model triaxial stress
states. The behaviour of saturated soils is a par-
ticular case of the model developed which is
reached when suction becomes zero. Different
constitutive models for saturated conditions can
be coupled to the unsaturated formulation pre-
sented in this Paper. For simplicity, a critical
state model has been used as the reference model
for saturated soil.

For applications that involve stress paths
which imply monotonic wetting of the soil (which
may be the case of embankment dam construc-
tion and subsequent water impounding) the
model is characterized by nine constants, five
more than the critical state model. These addi-
tional five constants account for phenomena typi-
cally associated with the behaviour of partially
saturated soils such as decrease in stiffness and
strength with suction decrease, collapse and
(moderate) expansion of the soil when wetted. An
additional parameter is required when the stress
path implies suction increases beyond the
maximum past suction value. Suitable testing
procedures for obtaining the model parameters
have been indicated.

As described in the Paper the model provides a
simple representation of swelling, but is unable to
approximate the behaviour of highly expansive
soils. It is therefore intended for use with partially
saturated soils of moderate to low plasticity, such
as sandy clays, clayey sands and silts, and granu-
lar soils.

Extension and further elaboration of the pro-
posed model may be envisaged to improve the
description of partially saturated soil behaviour.
Some aspects not specifically included in the
model are the irreversible nature of expansion in
swelling clays, the decrease in collapse potential
when the confining stress becomes larger than a
critical or threshold value and the non-linear
character of the strength envelope. It is believed,
however, that before such extensions are made
more experience should be gained with the model
in its simplest forms.

The comparison made between the results of
several suction controlled tests on low plasticity
kaolin and a sandy clay and model predictions is
encouraging. The examples analysed demonstrate
that the model is capable of making accurate pre-
dictions. More significant perhaps is the possi-
bility of reproducing relevant features of partially
saturated soil behaviour in a unified context.
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APPENDIX 1. MATHEMATICAL FORMULATION OF
CONSTITUTIVE MODEL

An ordered summary of the proposed model is pre-
sented here. The plastic strain increments can be
obtained following standard procedures of the theory of
hardening plasticity.

Yield surfaces

Two yield surfaces have been defined (in terms of the
following stress variables: p = (o, + 20,)/3 —u,; q=
O, —03;5=1u, —uU,):

fip. 4.5, P = =M p+pXpo—p)=0  (31)

where

ps=ks (32)
{A(0) —x)/[A(s}—x]
Po (E) 33)
p p
Ms) = A0)(1 —r) exp (—Bs) + r] (34)
fols, sg)=s—5,=0 35)

Po and p,* are preconsolidation p stresses for suction s
and for saturated conditions respectively.

Flow rules
The plastic strain increment associated with yield

surface f, is (de, P, de.P),

de, P = pun, (36)
de = pyn, @7
where
n,=1 (38)
n, = [2qa/M*(2p + p, — po)] (39)

In Equation (39) « is a constant which can be derived
by requiring that the direction of plastic strain
increment for zero lateral deformation,

de,
de

P
5 = @3){1/11 — K/MO0)]} (40)

vp

(where for simplicity de,® has been assumed to be zero),
is found for stress states satisfying K, conditions:

(a/p + p) = 3(1 — K)[(1 + 2K,) @n
Equations (6), (39-41) provide

MM — 9M —3) B
o= _——9(6 v {1/[1 — x/AO)]} 42)
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For the yield surface f, the associated plastic strain
vector is (de,.?, 0) where

de, P =pu, (43)

Both y, and g, can be obtained through plastic con-
sistency conditions.

Hardening laws

The evolution of the yield surfaces is controlled by
the hardening parameters p,* and s,. They depend on
the total plastic volumetric strain increment de as
follows

d *
Po ey 4)
Po AH0) — x

d

%o de,? 45)

(5o + P A —K,

Elastic strains
The volumetric and shear elastic components of
strain are given by

de.c x dp + Kk, ds 46)
£f=——+—
Yvp v(s+pd

de,f =(1/3G) dq 47)
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