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Vyachedav Tenin

Abstract.

This paper dealswith the generalizations of the First Noether theorem. It takesinto
account not only thefirst derivatives of the fields by the coordinates in Lagrangian, but
also the second. And thistheorem is generalized on the curved spaces. And alsoit's
generalized on asymmetric metric tensors.
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1) Action function.

It issaid in [1] that if g is the determinant of the metric tensor and S — the scalar function
constructed from a system of fields, then magnitude

A= oSx/- gd X (11)
is invariant relative to coordinate transformations. And so it is possible to take A as the action
function for this system of fields. That can be generalized and on N — dimensional spaces.

L=Sx/-g @.2) L - Lagrangian

2) Field equations.
Le L= L(ui;ui’k;ui,kI )

ui here is the symbol for any field. Let usvary A by the u; .
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dA=o -y + - gy +

xu; )>dNX:
fTu, o 7 Tuyy

Il ., Ny
= 7.1, xdu, >d (2.
Qﬂu (ﬂ " )+, ( (ﬂU, kI))]
If at any du. variation A= 0, then we get the equations for ui ;
L .
.01, =0 2.2
fu (ﬂ. )+, ( (ﬂU, kI)) (2.2)

3). The First Noether theorem.

We will follow [2], and in some places will add new formule.

i_et us consider an infinitesimal transformation of coordinates and field functions:
XK = xK +dxk (3.1
u(x9 =u.(x) +du. () (3.2

The variations §x* and du; can be expressed in terms of the infinitesimal linearly independent
transformation parameters dw,, as follows:

k= s k
dx= a Clmpdw, du(X)= a Y, xdw, (3.3
1£nEs 1£n£s
The indices i and n of the field functions and the transformation parameters may (or may not)
have a simple tensorial significance. We shall not specify it, and will agree to interpret repeated

indices as indicating summation.
We notethat the transformation law for the field functions

u, (x)= u (X) + dui,k (X)

contains the variations du; ; that are nonderivatives of su;. In other words, the operations 6 and
0/0x do not commute. The point is that du; is the variation of the field function due to both the
change in its form and the change in its argument. The variation due to the change in the form of
the function is defined by

du (X) =u(x)- u (X

which to within second-order terms can be written in the form

du () =du (x)- u, >dxk—(Y|(n)-ui;k>Ck(n))>dwn (3.4)

Covariant derivative in (3.4) takes into account the space curvature:
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(@) =T, (6 u) =(T,8) U +& '« =&, G +&,u"« (35)

By definition, the operation § commutes with 8,/0x.
We now define the variation of the action by

d A=ddL(x)>dx=0LExg>dx¢ oL (X)>dx
where
LX) = L(Ux9, U (39, U, (69) = L() +L (¥
and
dLO) = - sy + = sy, -
Ty, Tu S 1V

du, , =dL(x) + L., dx”

Covariant derivative here takes into account the space curvature.

In these expressions, 5L is the variation of L due to variations in the form of Ui ,Ui K ,Ui l .

HL(X):ﬂLx_jui+ L du, |+ L du,
Ty Ty A [V ’

and the second term describes the tota variation due to variations in the coordinates.

Thus:
dA = ddL(x) + L(X) " xalx) xaix + OL (X) xdx¢ oL (x) xdx

We shell now consider the difference between the last two terms, which describes the variation
in the volume of integration.
We have

AxC® dxgPreixg XX xcix = ngxlf z‘é z‘i 2; x> (1+ dx¥.y )

Covariant derivative here takes into account the space curvature.
And therefore

OL(x) xdx¢ OL(x) xdx = OL(x) xcix .k xcix

and
dA = ddL(x) +(L(X) xdx")., ] xdx
3.1). The asymmetric metric tensors.

The definitions for asymmetric metric tensor arein [3].

Let usfind 9k for asymmetric gy, .

.1 .1 [

em'A‘en xgrm;k :(emAen xgrm),k em,k - € >Gsmk
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0"k =G5k xg°" + Gk xg™ +g™ k

g™ g, =d" 9™k =- 9% g™ Xg,q

Osi ik =~ Fem @k X0 =0g k- s "Gk - Gsk X,

Jsi « :(és’él ),k =G skXxg,, +t0, "G«

Og:k =0 (3.1.2)

From Q. = O itfollows /- g;k =0

Taking into account

k k k n
— _ — G = +
L=Sx/-g S,=S, « OXTk=0X"k+Gnk X
[The Christoffel symbols for the for the asymmetric metric tensor must be taken from [3] -

(2.35)]
Gk”k =%ngn xgnk,n +%ngn )bkn,n =ixg,n +n, =&+ n,
2xg J- 0

N, =3>9"" b, ,

we obtain :

dA=qdL(x) +(L(x)>0xXk)  +n >dxk ]>x
Using the equation of motion (2.2) : |

ﬂl‘—ﬂ(ﬂl‘ 9,5 )

u Tu; Tui
we obtain :
L L - L _
dA = xdu, + X, du, +
ka(ﬂuu K ﬂl(ﬂui,kl ) TTu; ‘
+9, ( 1 Xaui,k)_
Ui

0 TNy du 9, (L0 ek )+ sk Joedx=

U
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IL qL — I
=qT,[( -1,(—))du + du, |+
“ TTu; Iﬂui,kl )[[VFT !
+Lodx* ] +n, >dx*}>dx
Taking into account (3.3) u (3.4) we have:
dA=- 3 C(‘Hk[qk(n)(x)]- J () )8,
1£nfEs

where

iy =NACm =g9™ % Chmy (BL2)

k ﬂL ﬂL m
(%) = - S ) IHY, o - U C ) -
" (n)(X) [ﬂUi,k ﬂ'(ﬂui,ku)M i~ Ym XCTm)
- by U Cmg])- LCre  (3.1.3)
Tl'ul’lk ()! )

Since the first variation of action must vanish, and if we equate to zero the coefficients of the
independent transformation parameters dw,, , we obtain

A \ :
A gk m (1 ) x=0 (3.1.4)
Tw,
Since the region of integration is arbitrary, we obtain the continuity equation :
d :
@ qk(n) (X) = J(n) (315)

3.2). The conservation laws for the symmetric metric tensor in curved space
and second derivativesin Lagrangian.

If j(n) = O,then:
Transforming the right-hand side of (3.1.4) by Gauss theorem, we obtain the conservation
laws for the corresponding surface integrals. If we further suppose that the integral in (3.1.4) is
valuated over a volume that expands without limit in space-like directions, but is bounded in

time-like directions by space-like three-dimensional surfaces ¢; and o, , we find that if the field
is practically zero on the boundaries of the spatial volume,

In this expression, doj, is the projection of the surface area element ¢ onto the three-plane
perpendicular to the x* axis. The above equation shows that the surface integrals

C_(S) = ods 8 ()
S
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are in fact independent of the surface o. In the special case where the surfaces are the three-
planes x! =t = congt, the integral is evaluated over the three-dimensional configuration space,
and the integrals

Ci (x1) = &d3x>gln) = const (3.2.)

are independent of time.
We have thus shown that to each continuous s — parameter transformation of coordinates

(3.1) and field functions (3.2), there correspond s time-independent invariants (3.2.1) Cn (n=
1, ..., 8). That isthe first Noether theorem (at |, =0).
The quantities Hé‘n) are not unique. Expressions of the form

i f km(n)

x™
can be added to them if

fkm _fmk

(n) = (n)
This ambiguity does not, however, affect the value of the conserved integrals (3.2.1).

3.3). The conservation laws for the asymmetric metric tensor in curved space
and second derivativesin Lagrangian.

If J(n) ! Othenwecan get from (3.1.4)

ty

ijSkXZ]k(n) - @3X><C)](n) >t :ijskqu(n) (3.3.1)
t

S, il S

Let usdefine Odit xj(n) = D(n) (3.3.2) then
t

Ot Xjy =Dy (t =t,) - Dy (t=1)) (3.3.3)
[
Hence we have :

O s« Q' (n) - C\iﬁ]sXXD(n)(t =t,) = s« X (n) - C\iﬁ]sXXD(n)(t =1,) (3.34)

From here we see that the values
By (X) = cgd°xX(q'm - 0dx' xj,,) =const  (3.3.5)

are independent of time. That is the first Noether theorem for the asymmetric metric tensors in
curved spaces with taking into account the second derivatives in Lagrangian.

4). Applications of the generalized First Noether theorem.
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