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Abstract

In a 14-dimensional gravidynamic unification model, the spacetime as well as
the internal symmetries of 2 lepton-quark generations would be consolidated in
a 64-component Weyl fermion. Alternatively, the latter fermionic multiplet can
describe 8 charged leptons, with 8 associated neutrinos, and the corresponding
antiparticles. In such a framework, the dynamics of vector bosons, as well as of
Higgs scalars, would be generated at the quantum level via unified couplings to
a vector, an antisymmetric tensor of 3rd rank, and an antisymmetric tensor
of 5th rank. We exhibit the complete SU5 structure of the latter couplings.
The underlying SU5 would contain a color SU3 symmetry, in the case of the
leptons and quarks, or a family SU3 symmetry, in the alternative model of
purely leptonic unification. This work begins by writing the Lorentz algebra
of 14 dimensional spacetime in terms of its 4-dimensional Lorentz subalgebra,
and an internal O10 factor. The latter is expressed via its U5 subalgebra. The
fermionic 64-plet is expressed in terms of 32 Weyl fermions in 4 dimensions.
Likewise, the pertinent vector and the tensors are expressed in terms of vectors
and scalars in 4 dimensions. The emerging picture regarding the fundamental
fermions, and their interactions, would lead to aspects that are describable by
the O10 and SU5 unification models, whether the grand unified model of leptons
and quarks, or the purely leptonic unification model.

1 Introduction

An O10 unification algebra, via its 16-component fundamental multiplet, would be able
to consolidate the symmetries and describe the interactions of fundamental fermions in
either of two ways. It is possible to describe the symmetries and associated interactions
of a single lepton-quark generation[1], [2], particles and antiparticles. Alternatively[3], it
is possible to describe the symmetries of 4 charged leptons, with 4 associated neutrinos,
and their antiparticles. In the first case one encounters a color SU3 symmetry, while
in the second case, a family SU3 symmetry is encountered. In either case the SU3 is a
subalgebra of SU5, the latter being the maximal subalgebra of O10.

In the framework of a higher-dimensional gravidynamic unification, we can embed the
O10 symmetry within a 14-spacetime scheme. The underlying O1,13 symmetry would
consolidate O10 with the 4-spacetime Lorentz symmetry. Both the spin and the internal
quantum numbers would become properties of a single spinorial representation. This
scheme is similar to the embedding of an O14 internal symmetry in an 18-spacetime
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gravidynamic framework[4], [5], [6], where the fermionic content describes 4 generations
of leptons and quarks.

Whereas in an 18-spacetime scheme, the symmetries of all fermions are consolidated
in a 256-component Majorana-Weyl spinor that can describe 64 Weyl particles in 4-
spacetime, we can only deal with a Weyl fermion in 14-spacetime, without a Majorana
condition, and where the fundamental Weyl spinor has 64 components, affording to
describe only 32 Weyl particles in 4-spacetime. Whereas the O14 internal symmetry
of 18-spacetime, via its SU7 maximal subalgebra, would account for both, a color SU3

and a family SU3, the O10 internal symmetry of 14-spacetime, via its SU5 maximal
subalgebra, would account to a single SU3, the latter being either a color symmetry
or a family symmetry. Hence, in a 14-spacetime gravidynamic model, we can either
describe a lepton-quark model with color or, alternatively, a purely leptonic model with
family structure. In fact, the 32 Weyl fermions emerging from 14-spacetime can either
describe two (rather than one) lepton-quark generations, particles and antiparticles.
Alternatively, they can describe 8 (rather than 4) charged leptons, with associated 8
neutrinos, and their antiparticles.

Our purpose in this article is to treat the O1,13 algebra of 14-spacetime in the same
manner[6] used to treat the O1,14 algebra of 18-spacetime. We shall explore, in detail,
the decomposition of the O1,13 symmetry through the 4-spacetime O1,3 symmetry and
the internal O10 symmetry factor. The structure of the latter will take shape via the
SU5 subalgebra.

In the following section, we shall begin by constructing the O1,13 algebra in terms of
O1,3 and U5 structural elements. This will be followed by algebraic techniques for
representing an O1,13 vector as well as antisymmetric tensors of ranks 3 and 5. In fact,
a vector and antisymmetric tensors of ranks 3 and 5 are the only possibilites for bosons
that can couple to a Weyl fermion in 14-spacetime, apart from the pertinent graviton
field. These bosons would have components that can describe vectors and scalars in
4-spacetime, and their dynamics would be generated by quantum-loop contributions.

In a subsequent section, we shall construct an O1,13 algebraic representation of the 64-
component Weyl spinor, and its Dirac conjugate, in terms of O1,3 Weyl spinors that
carry SU5 tensorial indices. This will be followed by the composition of the vector
and the tensors from fermionic bilinears. This leads the way to the construction of the
couplings of the fundamental fermions to the vector and the tensors.

2 The Algebra O1,13 in Terms of O1,3 and U5

The generators of the Lorentz algebra O1,13 in 14-spacetime may be decomposed into
the following set of generators:{

Jµν , Ja
b, Qab, Q

ab, Hµa, Hµ
a
}

(1)

Here, the symbols (µ, ν, λ, · · · ) are used to represent vectorial indices in 4-spacetime,
the symbols (a, b, c, · · · ) to represent the indices of complex SU5 vectors. In the above,
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the Jµν , being antisymmetric in (µ, ν), are the generators of the 4-spacetime Lorentz
algebra. The Ja

b are the generators of U5, the trace part of which is a U1 generator,
while the traceless part gives the generators of SU5. The conjugate generators Qab

and Qab, being antisymmetric in (a, b), are in the coset of O14 over U5. The conjugate
generators Hµa and Hµ

a are in the coset of O1,13 over O1,3 and O10.

We begin by writing the commutators of the O1,3 generators in the form

[Jµν , Jλρ] = (ηνλJµρ − ηµλJνρ + ηµρJνλ − ηνρJµλ) (2)

Here ηµν is the constant metric of 4-spacetime.

Whereas the generators Jµν commute with the generators of O10, namely, Ja
b, Qab, and

Qab, we have
[Jµν , Hλa] = (ηνλHµa − ηµλHνa) (3)

[Jµν , Hλ
a] = (ηνλHµ

a − ηµλHν
a) (4)

The generators Ja
b of the U5 algebra satisfy the commutators:[

Ja
b, Jc

d
]

=
(
δc
bJa

d − δadJcb
)

(5)

The commutators of Ja
b with the Q’s are[

Ja
b, Qcd

]
=
(
δc
bQad − δdbQac

)
(6)[

Ja
b, Qcd

]
= −

(
δa
cQbd − δadQbc

)
(7)

The commutators of Ja
b with the H’s are[

Ja
b, Hµc

]
= δc

bHµa (8)[
Ja

b, Hµ
c
]

= −δacHµ
b (9)

The commutators of the Q’s among themselves are

[Qab, Qcd] = 0 (10)[
Qab, Q

cd
]

=
(
δb
cJa

d − δacJbd + δa
dJb

c − δbdJac
)

(11)[
Qab, Qcd

]
= 0 (12)

The commutators of the Q’s with the H’s are

[Qab, Hµc] = 0 (13)

[Qab, Hµ
c] = (δb

cHµa − δacHµb) (14)[
Qab, Hµc

]
=
(
δc
bHa

µ − δcaHµ
b
)

(15)[
Qab, Hµ

c
]

= 0 (16)

Finally, the commutators of the H’s among themselves are

[Hµa, Hνb] = −ηµνQab (17)
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[
Hµa, Hν

b
]

= −ηµνJab − δabJµν (18)[
Hµ

a, Hν
b
]

= −ηµνQab (19)

We can verify that all Jacobi identiries involving all generators are satisfied, and that
all generators commute with the following quadratic (Casimir) operator:

1

2
JµνJνµ + Ja

bJb
a +

1

2
QabQ

ba +
1

2
QabQba −HµaHµ

a −Hµ
aHµa (20)

3 The Representation of an O1,13 Vector

In order to represent a vector in 14-spacetime, let us introduce the operators (Kµ, Ka, K
a).

The commutators of these with the Lorentz generators Jµν are

[Jµν , Kλ] = (ηνλKµ − ηµλKν) (21)

[Jµν , Ka] = 0 (22)

[Jµν , K
a] = 0 (23)

The commutators of the U5 generators Ja
b are[

Ja
b, Kλ

]
= 0 (24)[

Ja
b, Kc

]
= δc

bKa (25)[
Ja

b, Kc
]

= −δacKb (26)

The commutators of Qab are
[Qab, Kλ] = 0 (27)

[Qab, Kc] = 0 (28)

[Qab, K
c] = (δb

cKa − δacKb) (29)

The commutators of Qab are [
Qab, Kλ

]
= 0 (30)[

Qab, Kc

]
=
(
δc
bKa − δcaKb

)
(31)[

Qab, Kc
]

= 0 (32)

The commutators of Hµa are

[Hµa, Kλ] = −ηµλKa (33)

[Hµa, Kc] = 0 (34)

[Hµa, K
c] = δa

cKµ (35)

And finally, the commutators of Hµ
a are

[Hµ
a, Kλ] = −ηµλKa (36)
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[Hµ
a, Kc] = δc

aKµ (37)

[Hµ
a, Kc] = 0 (38)

We can verify that all the Jacobi identities involving any two of the O1,13 generators Jµν ,
Ja

b, Qab, Q
ab, Hµa or Hµ

a, with either of the operators Kµ, Ka, or Ka, are satisfied.
Moreover any of the O1,13 generators can be shown to commute with the following
quadratic operator:

KµKµ +KaK
a +KaKa (39)

We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O1,13 trans-
formations that act on it. The desired multiplet with components {Bµ, Ba, B

a} can be
introduced by the vector module

B = BµKµ +BaK
a +BaKa (40)

Introducing the O1,13 parameter module,

W =
1

2
ΩµνJµν + Ωa

bJb
a +

1

2
ΩabQ

ab +
1

2
ΩabQab + ΩµaHµ

a + Ωµ
aHµa (41)

we can compute the commutator [W ,B]. The latter gives a vector module whose
components would define the needed infinitesimal transformations. We obtain

δBµ = ΩµνBν + ΩµaB
a + Ωµ

aBa (42)

δBa = −Ωa
bBb + ΩabB

b − ΩµaBµ (43)

δBa = Ωb
aBb + ΩabBb − Ωµ

aBµ (44)

We can verify that, for any two vector modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

A · B = AµBµ + AaB
a + AaBa (45)

4 The Antisymmetric Tensor Representation of Rank 3

An O1,13 antisymmetric tensor representation of rank 3 would have the following O1,3

and U5 covariant components:

{Kµνλ, Kµνa, Kµν
a, Kµab, Kµa

b, Kµ
ab, Kabc, Kab

c, Ka
bc, Kabc} (46)

The symmetries of the above components with respect to their spacetime and SU5

indices should be clear. Notice that the tensor Kµνλ could be traded for a single-index
counterpart using the 4-dimensional epsilon symbol εµνλρ. However, it is convenient to
leave it in this form, at this stage. Likewise, the 3-index SU5 tensors can be traded for
2-index tensors using the pertinent epsilon symbol. Again, it is more convenient to leave
them as such. The replacements can be made later after the couplings are constructed.
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In order to be able to write out the infinitesimal transformations of an associated
multiplet, we proceed now to the elaborate task of writing down the commutators of
the above component operators with the generators of the O1,13 algebra.

For the commutators of Jµν , we have

[Jµν , Kλρσ] = (ηνλKµρσ + ηνρKµσλ + ηνσKµλρ)− (µ↔ ν) (47)

[Jµν , Kλρa] = (ηνλKµρa − ηνρKµλa)− (µ↔ ν) (48)

[Jµν , Kλρ
a] = (ηνλKµρ

a − ηνρKµλ
a)− (µ↔ ν) (49)

[Jµν , Kλab] = ηνλKµab − ηµλKνab (50)[
Jµν , Kλa

b
]

= ηνλKµa
b − ηµλKνa

b (51)[
Jµν , Kλ

ab
]

= ηνλKµ
ab − ηµλKν

ab (52)

The commutators of Jµν with Kabc, Kab
c, Ka

bc, and Kabc are vanishing.

Whereas Ja
b commutes with Kµνλ, its commutators with the other K’s are[

Ja
b, Kµνc

]
= δc

bKµνa (53)[
Ja

b, Kµν
c
]

= −δacKµν
b (54)[

Ja
b, Kµcd

]
= δc

bKµad − δdbKµac (55)[
Ja

b, Kµc
d
]

= δc
bKµa

d − δadKµc
b (56)[

Ja
b, Kµ

cd
]

= −δacKµ
bd + δa

dKµ
bc (57)[

Ja
b, Kcde

]
= δc

bKade + δd
bKaec + δe

bKacd (58)[
Ja

b, Kcd
e
]

=
(
δc
bKa,d

e − δdbKac
e
)
−
(
δa
eKcd

b
)

(59)[
Ja

b, Kc
de
]

=
(
δc
bKa

de
)
−
(
δa
dKc

be − δaeKc
bd
)

(60)[
Ja

b, Kcde
]

= −
(
δa
cKbde + δa

dKbec + δa
eKbcd

)
(61)

The nonvanishing commutators of Qab with the K’s are:

[Qab, Kµν
c] = δb

cKµνa − δacKµνb (62)[
Qab, Kµc

d
]

= δa
dKµbc − δbdKµac (63)[

Qab, Kµ
cd
]

= −
(
δa
cKµb

d − δbcKµa
d + δb

dKµa
c − δadKµb

c
)

(64)

[Qab, Kcd
e] = (δb

eKacd − δaeKbcd) (65)[
Qab, Kc

de
]

= −
(
δb
dKac

e − δadKbc
e + δa

eKbc
d − δbeKac

d
)

(66)[
Qab, K

cde
]

=
(
δb
cKa

de + δb
dKa

ec + δb
eKa

cd
)
− (a↔ b) (67)

The nonvanishing commutators of Qab with the K’s are:[
Qab, Kµνc

]
= δc

bKµν
a − δcaKµν

b (68)
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[
Qab, Kµcd

]
=
(
δc
aKµd

b − δcbKµd
a + δd

bKµc
a − δdaKµc

b
)

(69)[
Qab, Kµc

d
]

= δc
bKµ

ad − δcaKµ
bd (70)[

Qab, Kcde

]
=
(
δc
bKde

a + δd
bKec

a + δe
bKcd

a
)
− (a↔ b) (71)[

Qab, Kcd
e
]

=
(
−δcbKd

ae + δd
bKc

ae
)
− (a↔ b) (72)[

Qab, Kc
de
]

= δc
bKade − δcaKbde (73)

The nonvanishing commutators of Hµa with the K’s are:

[Hµa, Kνλρ] = − (ηµνKλρa + ηµρKνλa + ηµλKρνa) (74)

[Hµa, Kνλb] = (ηµνKλab − ηµλKνab) (75)[
Hµa, Kνλ

b
]

=
(
ηµνKλa

b − ηµλKνa
b
)

+
(
δa
bKµνλ

)
(76)

[Hµa, Kνbc] = −ηµνKabc (77)

[Hµa, Kνb
c] = −ηµνKab

c + δa
cKµνb (78)[

Hµa, Kν
bc
]

= −
(
ηµνKa

bc
)
−
(
δa
bKµν

c − δacKµν
b
)

(79)[
Hµa, Kbc

d
]

= δa
dKµbc (80)[

Hµa, Kb
cd
]

= −δacKµb
d + δa

dKµb
c

(81)[
Hµa, K

bcd
]

=
(
δa
bKµ

cd + δa
dKµ

bc + δa
cKµ

db
)

(82)

Finally, the nonvanishing commutators of Hµ
a with the K’s are:

[Hµ
a, Kνλρ] = − (ηµνKλρ

a + ηµρKνλ
a + ηµλKρν

a) (83)

[Hµ
a, Kνλb] = − (ηµνKλb

a − ηµλKνb
a) + (δb

aKµνλ) (84)[
Hµ

a, Kνλ
b
]

=
(
ηµνKλ

ab − ηµλKν
ab
)

(85)

[Hµ
a, Kνbc] = − (ηµνKbc

a)− (δb
aKµνc − δcaKµνb) (86)

[Hµ
a, Kνb

c] = ηµνKb
ac − δbaKµν

c (87)[
Hµ

a, Kν
bc
]

= −ηµνKabc (88)

[Hµ
a, Kbcd] = (δb

aKµcd + δd
aKµbc + δc

aKµdb) (89)[
Hµ

a, Kbc
d
]

=
(
δb
aKµc

d − δcaKµb
d
)

(90)[
Hµ

a, Kb
cd
]

= δb
aKµ

cd (91)

We can verify that all the Jacobi identities involving any two of the O1,13 generators Jµν ,
Ja

b, Qab, Q
ab, Hµa or Hµ

a, with either of the operators Kµνλ, Kµνa, · · · , are satisfied.
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Moreover any of the O1,13 generators can be shown to commute with the following
quadratic operator:

1
3!
KµνλKµνλ

+1
2
KµνaKµν

a + 1
2
Kµν

aKµνa

+1
2
KµabKµ

ab + 1
2
Kµ

abKµab −Kµa
bKµb

a

+ 1
3!
KabcK

abc + 1
3!
KabcKabc + 1

2
Kab

cKc
ab + 1

2
Ka

bcKbc
a

(92)

We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O1,13 trans-
formations that act on it. The desired multiplet with components {Bµνλ, Bµνa, · · · } can
be introduced by the tensor module

B =


1
3!
BµνλKµνλ + 1

2
BµνaKµν

a + 1
2
Bµν

aKµνa

+1
2
BµabKµ

ab +Bµa
bKµb

a + 1
2
Bµ

abKµab

+ 1
3!
BabcK

abc + 1
2
Bab

cKc
ab + 1

2
Ba

bcKbc
a + 1

3!
BabcKabc

 (93)

Introducing the O1,13 parameter module,

W =
1

2
ΩµνJµν + Ωa

bJb
a +

1

2
ΩabQ

ab +
1

2
ΩabQab + ΩµaHµ

a + Ωµ
aHµa (94)

we can compute the commutator [W ,B]. The latter gives a tensor module whose
components would define the needed infinitesimal transformations.

For Bµνλ, we obtain

δBµνλ =


ΩλρBµνρ − ΩµρBλνρ + ΩνρBλµρ

+ΩνaBλµ
a − ΩµaBλν

a + ΩλaBµν
a

+Ωλ
aBµνa − Ωµ

aBλνa + Ων
aBλµa

 (95)

For Bµνa, we obtain

δBµνa =


−ΩλaBλµν − ΩλµBλνa + ΩλνBλµa

+ΩνbBµa
b + ΩabBµν

b − ΩµbBνa
b

−Ωa
bBµνb + Ωµ

bBνab − Ων
bBµab

 (96)
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For Bµν
a, we obtain

δBµν
a =


ΩabBµνb − ΩνbBµ

ab + ΩµbBν
ab

+ΩλνBλµ
a − ΩλµBλν

a + Ωb
aBµν

b

−Ωλ
aBλµν + Ωµ

bBνb
a − Ων

bBµb
a

 (97)

For Bµab, we obtain

δBµab =


ΩµνBνab − ΩνaBµνb + ΩνbBµνa

+ΩµcBab
c − ΩbcBµa

c + ΩacBµb
c

+Ωa
cBµbc − Ωb

cBµac + Ωµ
cBabc

 (98)

For Bµa
b, we obtain

δBµa
b =


−ΩbcBµac − ΩµcBa

bc + ΩacBµ
bc

+ΩνaBµν
b + ΩµνBνa

b − Ωa
cBµc

b

+Ωc
bBµa

c + Ωµ
cBac

b − Ων
bBµνa

 (99)

For Bµ
ab, we obtain

δBµ
ab =


ΩµcB

abc + ΩµνBν
ab + ΩbcBa

µc

−ΩacBµc
b − Ωc

aBµ
bc + Ωc

bBµ
ac

Ωµ
cBc

ab − Ων
aBµν

b + Ων
bBµν

a

 (100)

For Babc, we obtain

δBabc =


−ΩµaBµbc + ΩµbBµac − ΩµcBµab

+ΩcdBab
d − ΩbdBac

d + ΩadBbc
d

−Ωa
dBbcd + Ωb

dBacd − Ωc
dBabd

 (101)

For Bab
c, we obtain

δBab
c =


ΩcdBabd − ΩbdBa

cd + ΩadBb
cd

−ΩµbBµa
c + ΩµaBµb

c + Ωa
dBbd

c

−Ωb
dBad

c + Ωd
cBab

d − Ωµ
cBµab

 (102)
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For Ba
bc, we obtain

δBa
bc =


ΩadB

bcd − ΩµaBµ
bc − ΩcdBc

ad

+ΩbdBad
c − Ωa

dBd
bc − Ωd

bBa
cd

+Ωd
cBa

bd − Ωµ
bBµa

c + Ωµ
cBµa

b

 (103)

Finally, for Babc, we obtain

δBabc =


ΩcdBd

ab − ΩbdBd
ac + ΩadBd

bc

+Ωd
aBbcd − Ωd

bBacd + Ωd
cBabd

−Ωµ
aBµ

bc + Ωµ
bBµ

ac − Ωµ
cBµ

ab

 (104)

We can verify that, for any two tensor modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

A · B =


1
3!
AµνλBµνλ + 1

2
AµνaBµν

a + 1
2
Aµν

aBµνa

+1
2
AµabBµ

ab − AµabBµb
a + 1

2
Aµ

abBµab

+ 1
3!
AabcB

abc + 1
2
Aab

cBc
ab + 1

2
Aa

bcBbc
a + 1

3!
AabcBabc

 (105)

5 The Antisymmetric Tensor Representation of Rank 5

An O1,13 antisymmetric tensor representation of rank 5 would have the following O1,3

and U5 covariant components:

Kµνλρa, Kµνλρ
a,

Kµνλab, Kµνλa
b, Kµνλ

ab,

Kµνabc, Kµνab
c, Kµνa

bc, Kµν
abc,

Kµabcd, Kµabc
d, Kµab

cd, Kµa
bcd, Kµ

abcd,

Kabcde, Kabcd
e, Kabc

de, Kab
cde, Ka

bcde, Kabcde


(106)

The symmetries of the above tensorial components with respect to spacetime and SU5

indices should be clear. Notice that tensors with 4 vectorial indices (µνλρ) could be
traded for zero-vectorial-index counterparts using the 4-dimensional epsilon symbol
εµνλρ, and tensors with 3 vectorial indices (µνλ) could be traded for a single-vectorial-
index counterparts, again, using the epsilon symbol. However, it is more convenient to
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leave them in the present form, at this stage. We now proceed to the elaborate task of
writing down the commutators of the above component operators with the generators
of the O1,13 algebra.

We have treated the above tensorial multiplet of 5th rank exactly in the same manner
by which we have treated the 3rd rank counterpart. However, the associated formalism
is too extensive to be presented here. Interested readers can request the pertinent
material if they think it would be useful for their work.

We now move to the treatment of the spinorial fermionic multiplet, being the most
essential part of our development.

6 The Dirac-Weyl Spinorial Representation of O1,13

A Dirac spinor in 14-spacetime has 27 = 128 components. A Weyl (chiral) constraint
would reduce this to 64 components. We cannot have an additional Majorana constraint
for fermions in 14-spacetime. In order to construct a corresponding multiplet of Weyl
spinors in 4-spacetime, with components that are described by U5 tensors, we introduce
the following set of operators: {

R,La, Rab, L
ab, Ra, L

}
(107)

The above objects are alternately right-handed and left-handed Weyl spinors of the
4-spacetime. As before, the symbols (a, b, c, . . .) do pertain to SU5, with the 2-index
objects antisymmetric. We now write the commutators of the above operators with the
generators of the O1,13 algebra.

For the commutators with Jµν , the generators of the 4-spacetime Lorentz algebra, all
the foregoing operator elements would satisfy commutators like this:

[Jµν , R] = −1

2
γµνR (108)

In the above, γµν is a member of the Dirac algebra, being equal to 1
2

[γµ, γν ] in terms of
the Dirac matrix operators γµ that satisfy {γµ, γν} = 2ηµν .

For the commutators with Ja
b, the generators of U5, we have[

Ja
b, R
]

= −1

2
δa
bR (109)

[
Ja

b, Lc
]

= δc
bLa −

1

2
δa
bLc (110)[

Ja
b, Rcd

]
=
(
δc
bRad − δdbRac

)
− 1

2
δa
bRcd (111)[

Ja
b, Lcd

]
= −

(
δa
cLbd − δadLbc

)
+

1

2
δa
bLcd (112)[

Ja
b, Rc

]
= −δacRb +

1

2
δa
bRc (113)
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[
Ja

b, L
]

=
1

2
δa
bL (114)

For the commutators with Qab, we have

[Qab, R] = Rab (115)

[Qab, Lc] =
1

2
εabcdeL

de (116)

[Qab, Rcd] = εabcdeR
e (117)[

Qab, L
cd
]

=
(
δa
cδb

d − δbcδad
)
L (118)

[Qab, R
c] = 0 (119)

[Qab, L] = 0 (120)

For the commutators with Qab, we have[
Qab, R

]
= 0 (121)[

Qab, Lc
]

= 0 (122)[
Qab, Rcd

]
= −

(
δc
aδd

b − δcbδda
)
R (123)[

Qab, Lcd
]

= −εabcdeLe (124)[
Qab, Rc

]
= −1

2
εabcdeRde (125)[

Qab, L
]

= −Lab (126)

For the commutators with Hµa, we have

[Hµa, R] = − 1√
2
γµLa (127)

[Hµa, Lb] =
1√
2
γµRab (128)

[Hµa, Rbc] = − 1

2
√

2
εabcdeγµL

de (129)

[
Hµa, L

bc
]

= − 1√
2
γµ
(
δa
bRc − δacRb

)
(130)

[
Hµa, R

b
]

= − 1√
2
δa
bγµL (131)

[Hµa, L] = 0 (132)

For the commutators with Hµ
a, we have

[Hµ
a, R] = 0 (133)
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[Hµ
a, Lb] =

1√
2
δb
aγµR (134)

[Hµ
a, Rbc] = − 1√

2
γµ (δb

aLc − δcaLb) (135)

[
Hµ

a, Lbc
]

=
1

2
√

2
εabcdeγµRde (136)

[
Hµ

a, Rb
]

=
1√
2
γµL

ab (137)

[Hµ
a, L] =

1√
2
γµR

a (138)

We can verify that all the Jacobi identities involving any two of the O1,13 generators
Jµν , Ja

b, Qab, Q
ab, Hµa, or Hµ

a, with any of the operators R, La, Rab, L
ab, Ra,or L, are

satisfied.

7 The Dirac Conjugate Spinorial Representation of O1,13

In order to be able to write Lagrangian terms for fermionic fields we must introduce
the conjugate spinorial representation. This can be done with the operator set{

R̄, L̄a, R̄ab, L̄ab, R̄a, L̄
}

(139)

All these are Dirac conjugate spinors. We now write the commutators of all the O1,13

generators with the elements of the above set.

First, all the above set of operators, being all Dirac conjugate spinors, would have
commutators with Jµν , the 4-spacetime Lorentz generators, that are like this:[

Jµν , R̄
]

=
1

2
R̄γµν (140)

For the commutators with Ja
b, the U5 generators, we have[

Ja
b, R̄
]

=
1

2
δa
bR̄ (141)

[
Ja

b, L̄c
]

= −δacL̄b +
1

2
δa
bL̄c (142)[

Ja
b, R̄cd

]
= −

(
δa
cR̄bd − δadR̄bc

)
+

1

2
δa
bR̄cd (143)[

Ja
b, L̄cd

]
=
(
δc
bL̄ad − δdbL̄ac

)
− 1

2
δa
bL̄cd (144)[

Ja
b, R̄c

]
= δc

bR̄a −
1

2
δa
bR̄c (145)
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[
Ja

b, L̄
]

= −1

2
δa
bL̄ (146)

For the commutators with Qab, we have[
Qab, R̄

]
= 0 (147)[

Qab, L̄
c
]

= 0 (148)[
Qab, R̄

cd
]

=
(
δa
cδb

d − δbcδad
)
R̄ (149)[

Qab, L̄cd
]

= εabcdeL̄
e (150)[

Qab, R̄c

]
=

1

2
εabcdeR̄

de (151)[
Qab, L̄

]
= L̄ab (152)

For the commutators with Qab, we have[
Qab, R̄

]
= −R̄ab (153)[

Qab, L̄c
]

= −1

2
εabcdeL̄de (154)[

Qab, R̄cd
]

= −εabcdeR̄e (155)[
Qab, L̄cd

]
= −

(
δc
aδd

b − δcbδda
)
L̄ (156)[

Qab, R̄c

]
= 0 (157)[

Qab, L̄
]

= 0 (158)

For the commutators with Hµa, we have[
Hµa, R̄

]
= 0 (159)[

Hµa, L̄
b
]

= − 1√
2
δa
bR̄γµ (160)

[
Hµa, R̄

bc
]

= − 1√
2

(
δa
bL̄c − δacL̄b

)
γµ (161)

[
Hµa, L̄bc

]
= − 1

2
√

2
εabcdeR̄

deγµ (162)

[
Hµa, R̄b

]
=

1√
2
L̄abγµ (163)

[
Hµa, L̄

]
= − 1√

2
R̄aγµ (164)

For the commutators with Hµ
a, we have[

Hµ
a, R̄

]
=

1√
2
L̄aγµ (165)
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[
Hµ

a, L̄b
]

=
1√
2
R̄abγµ (166)

[
Hµ

a, R̄bc
]

=
1

2
√

2
εabcdeL̄deγµ (167)

[
Hµ

a, L̄bc
]

= − 1√
2

(
δb
aR̄c − δcaR̄b

)
γµ (168)

[
Hµ

a, R̄b

]
=

1√
2
δb
aL̄γµ (169)[

Hµ
a, L̄
]

= 0 (170)

We can verify that all the Jacobi identities involving any two of the O1,13 generators
Jµν , Ja

b, Qab, Q
ab, Hµa, or Hµ

a, with anyone of the operators R̄, L̄a, R̄ab, L̄ab, R̄a, or
L̄, are satisfied.

Having constructed the manifestly 4-spacetime Lorentz covariant, as well as the U5

covariant, algebraic representations for a fundamental O1,13 spinor, and its Dirac con-
jugate, we can verify that all generators Jµν , Ja

b, Qab, Q
ab, Hµa, or Hµ

a, of O1,13 do
commute with the following quadratic operator:

L̄L− R̄aR̄
a − 1

2
L̄abL

ab − 1

2
R̄abRab − L̄aLa + R̄R (171)

We now proceed to construct the spinorial multiplet modules, giving the infinitesimal
transformations of the components, and the invariant bilinear.

8 Fundamental Spinorial Multiplet

We introduce an SU5 covariant multiplet of Weyl spinors in 4-spacetime, represented
by the following module:

Ψ = L̄ξ + R̄aχ
a +

1

2
L̄abξ

ab +
1

2
R̄abχab + L̄aξa + R̄χ (172)

Notice that the ξ’s are right-handed Weyl spinors, while the χ’s are left-handed. We
also introduce the Dirac conjugate module:

Ψ̄ = ξ̄L+ χ̄aR
a +

1

2
ξ̄abL

ab +
1

2
χ̄abRab + ξ̄aLa + χ̄R (173)

Now, with the O1,13 parameter module,

W =
1

2
ΩµνJµν + Ωa

bJb
a +

1

2
ΩabQ

ab +
1

2
ΩabQab + ΩµaHµ

a + Ωµ
aHµa (174)

we can compute the commutators [W ,Ψ] and
[
W , Ψ̄

]
. These give the corresponding

spinorial modules whose components define the O1,13 infinitesimal transformations.
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For the infinitesimal transformations of the Ψ components, we obtain

δξ =
1

4
Ωµνγµνξ −

1

2
Ωa

aξ − 1

2
Ωabξ

ab +
1√
2

Ωµaγµχ
a (175)

δχa =

 1
4
Ωµνγµνχ

a + Ωb
aχb − 1

2
Ωb

bχa

−1
4
εabcdeΩbcχde + 1√

2
Ωµbγµξ

ab − 1√
2
Ωµ

aγµξ

 (176)

δξab =


1
4
Ωµνγµνξ

ab − Ωc
aξbc + Ωc

bξac − 1
2
Ωc

cξab

−1
2
εabcdefΩcdξe + Ωabξ + 1

2
√
2
εabcdeΩµcγµχde

− 1√
2
Ωµ

bγµχ
a + 1√

2
Ωµ

aγµχ
b

 (177)

δχab =


1
4
Ωµνγµνχab + Ωa

cχbc − Ωb
cχac + 1

2
Ωc

cχab

−Ωabχ+ 1
2
εabcdeΩ

cdχe − 1√
2
Ωµbγµξa

+ 1√
2
Ωµaγµξb − 1

2
√
2
εabcdeΩµ

cγµξ
de

 (178)

δξa =

 1
4
Ωµνγµνξa − Ωa

bξb + 1
2
Ωb

bξa

+1
4
εabcdeΩ

bcξde + 1√
2
Ωµaγµχ+ 1√

2
Ωµ

bγµχab

 (179)

δχ =
1

4
Ωµνγµνχ+

1

2
Ωa

aχ+
1

2
Ωabχab −

1√
2

Ωµ
aγµξa (180)

For the infinitesimal transformations of the Ψ̄ components, we obtain

δξ̄ = −1

4
Ωµν ξ̄γµν +

1

2
Ωa

aξ̄ +
1

2
Ωabξ̄ab −

1√
2

Ωµ
aχ̄aγµ (181)

δχ̄a =

 −1
4
Ωµνχ̄aγµν − Ωa

bχ̄b + 1
2
Ωb

bχ̄a

+1
4
εabcdeΩ

bcχ̄de + 1√
2
Ωµaξ̄γµ + 1√

2
Ωµ

bξ̄abγµ

 (182)

δξ̄ab =


−1

4
Ωµν ξ̄abγµν + Ωa

cξ̄bc − Ωb
cξ̄ac + 1

2
Ωc

cξ̄ab

−Ωabξ̄ + 1
2
εabcdeΩ

cdξ̄e − 1√
2
Ωµbχ̄aγµ

+ 1√
2
Ωµaχ̄bγµ − 1

2
√
2
εabcdeΩµ

cχ̄deγµ

 (183)

δχ̄ab =


−1

4
Ωµνχ̄

abγµν − Ωc
aχ̄bc + Ωc

bχ̄ac − 1
2
Ωc

cχ̄ab

−1
2
εabcdeΩcdχ̄e + Ωabχ̄+ 1

2
√
2
εabcdeΩµcξ̄deγµ

− 1√
2
Ωµ

bξ̄aγµ + 1√
2
Ωµ

aξ̄bγµ

 (184)
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δξ̄a =

 −1
4
Ωµν ξ̄

aγµν + Ωb
aξ̄b − 1

2
Ωb

bξ̄a

−1
4
εabcdeΩbcξ̄de + 1√

2
Ωµbχ̄

abγµ − 1√
2
Ωµ

aχ̄γµ

 (185)

δχ̄ = −1

4
Ωµνχ̄γµν −

1

2
Ωa

aχ̄− 1

2
Ωabχ̄

ab +
1√
2

Ωµaξ̄
aγµ (186)

Having written the infinitesimal transformations, we can use them to show that the
following kinetic spinorial bilinear is invariant:

Ψ̄(iγ · ∂)Ψ⇒

 ξ̄(iγ · ∂)ξ − χ̄a(iγ · ∂)χa − 1
2
ξ̄ab(iγ · ∂)ξab

+1
2
χ̄ab(iγ · ∂)χab + ξ̄a(iγ · ∂)ξa − χ̄(iγ · ∂)χ

 (187)

9 The Composition of a Vector Mutiplet
from Fermionic Bilinears

Here we give the composition of an O1,13 vector multiplet with components {Vµ, Va, V a}
from the χ and ξ components of a fundamental spinorial multiplet:

Vµ =
1√
2

 ξ̄γµξ + χ̄aγµχ
a − 1

2
ξ̄abγµξ

ab

−1
2
χ̄abγµχab + ξ̄aγµξa + χ̄γµχ

 (188)

Va = −
(
χ̄aξ + ξ̄abχ

b − 1

4
εabcdeχ̄

bcξde + ξ̄bχab + χ̄ξa

)
(189)

V a =

(
ξ̄χa − χ̄bξab −

1

4
εabcdeξ̄bcχde − χ̄abξb + ξ̄aχ

)
(190)

Using the O1,13 infinitesimal transformations of the components on both sides, we can
verify that the above expressions are identities, in the sense that they are constructed
properly to be covariant with respect to the full O1,13 algebra.

10 The O1,13 Couplings of a Vector to a Weyl Fermion

Using the forgoing composition of an O1,13 vector in terms of the components os a Weyl
fermion, we can now construct the couplings. Starting with a bilinear invariant of two
vector modules V and W ,

V · W = VµWµ + VaW
a + V aWa (191)

we then replace the components Wµ, Wa, and W a, by their compositions in terms of
the χ and the ξ fermionic fields, and obtain the following manifestly Lorentz invariant,
as well as U5 invariant, coupling terms. These will be given according to the associated
bosonic component.
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First for the couplings to the vector Vµ, we have

Vµ ×
1√
2

 ξ̄γµξ + χ̄aγµχ
a − 1

2
ξ̄abγµξ

ab

−1
2
χ̄abγµχab + ξ̄aγµξa + χ̄γµχ

 (192)

For the couplings of the scalar 5-plet Va, we have

Va ×
(
ξ̄χa − χ̄bξab −

1

4
εabcdeξ̄bcχde − χ̄abξb + ξ̄aχ

)
(193)

For the couplings of the conjugate scalar 5-plet V a, we have

V a ×
(
−χ̄aξ − ξ̄abχb +

1

4
εabcdeχ̄

bcξde − ξ̄bχab − χ̄ξa
)

(194)

11 The Composition of a 3rd Rank Tensor Multiplet
from Fermionic Bilinears

Here we give the composition of an O1,13 tensor multiplet of 3rd rank with components
Vµνλ, Vµνa, Vµν

a, etc., from the χ and the ξ components of a fundamental spinorial
multiplet:

Vµνλ =
1

2

 ξ̄γµνλξ + χ̄aγµνλχ
a − 1

2
ξ̄abγµνλξ

ab

−1
2
χ̄abγµνλχab + ξ̄aγµνλξa + χ̄γµνλχ

 (195)

Vµνa = − 1√
2

 χ̄aγµνξ + χ̄γµνξa + ξ̄abγµνχ
b

+ξ̄bγµνχab − 1
4
εabcdeχ̄

bcγµνξ
de

 (196)

Vµν
a =

1√
2

 ξ̄aγµνχ+ ξ̄γµνχ
a − χ̄abγµνξb

−χ̄bγµνξab − 1
4
εabcdeξ̄bcγµνχde

 (197)

Vµab =

(
−ξ̄abγµξ + χ̄γµχab +

1

2
εabcdeξ̄

cγµξ
de − 1

2
εabcdeχ̄

cdγµχ
e

)
(198)

Vµa
b =



(
ξ̄bγµξa − χ̄aγµχb + ξ̄acγµξ

bc − χ̄bcγµχac
)

+1
2
δa
b

 ξ̄γµξ + χ̄cγµχ
c − 1

2
ξ̄cdγµξ

cd

+1
2
χ̄cdγµχcd − ξ̄cγµξc − χ̄γµχ


 (199)

Vµ
ab =

(
−ξ̄γµξab + χ̄abγµχ+

1

2
εabcdeξ̄cdγµξe −

1

2
εabcdeχ̄cγµχde

)
(200)

Vabc =
√

2εabcde

(
1

2
χ̄deξ − 1

2
χ̄ξde − ξ̄dχe

)
(201)
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Vab
c =

1√
2



(
−ξ̄abχc + ξ̄cχab − 1

2
εabdef χ̄

cdξef
)

−δac
 χ̄bξ + χ̄ξb

+ξ̄bdχ
d − ξ̄dχbd + 1

4
εbdefgχ̄

deξfg


− (a↔ b) (202)

Va
bc =

1√
2



(
−χ̄bcξa + χ̄aξ

bc + 1
2
εbcdef ξ̄adχef

)
−δab

 ξ̄χc − ξ̄cχ

−χ̄dξcd + χ̄cdξd − 1
4
εcdefg ξ̄deχfg


− (b↔ c) (203)

V abc = −
√

2εabcde
(
ξ̄χde − ξ̄deχ−

1

2
χ̄dξe

)
(204)

Using the infinitesimal O1,13 transformations of the components on both sides, we can
verify that the above expressions are identities, in the sense that they are constructed
properly to be covariant with respect to the full O1,13 algebra.

12 The O1,13 Couplings of a 3rd Rank Tensor
to a Weyl Fermion

Using the foregoing composition of a 3rd rank O1,13 tensor in terms of the components
of a Weyl fermion, we can now construct the couplings. Starting with the bilinear
invariant V · W of two tensor modules V and W , we would replace the components of
W by their compositions in terms of the χ and ξ fermionic components. We obtain the
manifestly 4-spacetime Lorentz invariant, and U5 invariant, coupling terms. These will
be given according to the associated bosonic field component.

Here we give the couplings of the fundamental fermions to the bosonic component Vµνλ,

1

12
Vµνλ ×

 ξ̄γµνλξ + χ̄γµνλχ− 1
2
ξ̄abγµνλξ

ab

+χ̄aγµνλχ
a + ξ̄aγµνλξa − 1

2
χabγµνλχab

 (205)

Notice that the tensor Vµνλ can be traded for a vector using the epsilon symbol of 4-
spacetime, and likewise, the Dirac matric γµνλ can be traded for γµγ5. This should be
done in practical applications.

Here we give the couplings to the bosonic components Vµνa. The latter are a 5-plet of
field-strength-like tensors. We have

1

2
√

2
Vµνa ×

 ξ̄γµνχ
a − χ̄bγµνξab + ξ̄aγµνχ

−χ̄abγµνξb − 1
4
εabcdeξ̄bcγµνχde

 (206)
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Here we give the couplings to the conjugate 5-plet,

− 1

2
√

2
Vµν

a ×

 χ̄γµνξa + ξ̄abγµνχ
b + χ̄aγµνξ

+ξ̄bγµνχab − 1
4
εabcdeχ̄

bcγµνξ
de

 (207)

Here we give the couplings to the components Vµab. These are a 10-plet of vector bosons
that lie in the coset of O10 over U5. We have

1

2
Vµab ×

(
−ξ̄γµξab + χ̄abγµχ+

1

2
εabcdeξ̄cdγµξe −

1

2
εabcdeχ̄cγµχde

)
(208)

Here we give the couplings to the conjugate 10-plet Vµ
ab,

1

2
Vµ

ab ×
(
χ̄γµχab − ξ̄abγµξ +

1

2
εabcdeξ̄

cγµξ
de − 1

2
εabcdeχ̄

cdγµχ
e

)
(209)

Here we give the couplings to the components Vµa
b. These are the vector bosons of U5.

We have 
Vµa

b ×
(
χ̄bγµχ

a − ξ̄aγµξb + χ̄acγµχbc − ξ̄bcγµξac
)

−1
2
Vµa

a ×

 ξ̄γµξ − χ̄γµχ− ξ̄bγµξb + χ̄bγµχ
b

+1
2
χ̄bcγµχbc − 1

2
ξ̄bcγµξ

bc


 (210)

Notice that we can decompose the U5 tensor Vµa
b into a trace part Vµa

a and a traceless
part, corresponding respectively to U1 and SU5.

Here we give the couplings to the components Vabc,

− 1√
2

1

3!
εabcdeVabc ×

(
ξ̄deχ− ξ̄χde + 2χ̄dξe

)
(211)

Notice that the 3-index antisymmetric SU5 tensor Vabc can be traded for a 2-index
antisymmetric tensor, using

1

3!
εabcdeVabc ⇒ V de (212)

These represent a conjugate 10-plet of scalars.

Here we give the couplings to the conjugate components V abc,

1√
2

1

3!
εabcdeV

abc ×
(
χ̄deξ − χ̄ξde − 2ξ̄dχe

)
(213)

Also, we can make the replacement,

1

3!
εabcdeV

abc ⇒ Vde (214)

The SU5 Structure of 14-Dimensional Unification by N.S. Baaklini 20



N.S.B. Letters NSBL-EP-016

Here we give the couplings to the components Vab
c,

√
2


1
2
Vab

c ×
(
χ̄cξ

ab − χ̄abξc + 1
2
εabdef ξ̄cfχde

)
+1

2
Vab

b ×
(
ξ̄χa − ξ̄aχ+ χ̄acξc − χ̄cξac − 1

4
εacdef ξ̄cdχef

)
 (215)

Finally, we give the couplings to the conjugate components Va
bc,

√
2


1
2
Va

bc ×
(
ξ̄aχbc − ξ̄bcχa − 1

2
εbcdef χ̄

adξef
)

+1
2
Va

ab ×
(
χ̄ξb − χ̄bξ + ξ̄cχbc − ξ̄bcχc − 1

4
εbcdef χ̄

cdξef
)
 (216)

13 Discussion

In this article, we have explored the structure of the fundamental spin-1
2

fermionic SU5

multiplets that constitute a Weyl spinor in a 14-spacetime gravidynamic unification.
We displayed the structure of the bosonic multiplets. These are spin-1 and spin-0
particles that could arise from the quantum contributions to the effective action. We
have decomposed the pertinent fundamental couplings in the unified scheme.

At this point, the scheme could be decomposed further to display either the color SU3

or the family SU3 structure of the particles and the couplings. The subsequent steps
can easily be done if we follow the work done[3] in this regard, in connection with O10

and U5. The features and phenomenolgy discussed there, pertaining to quark color, or
lepton family, with particular emphasis on the family structure of the W -like particles
in the leptonic model, would all be applicable here. And we should remember that the
14-spacetime extension has duplicated the number of fermions with respect to O10.

Again, we promise to return, in other articles, to the important problem of symmetry
breaking in the effective action framework. We should give particular concern to the
role that would be played by the scalar particle components in selecting the track of
symmetry breaking via their mass-generating vacuum components.

As we have remarked in discussing the SU3 family symmetry that appears in an SU5

or O10 leptonic unification model[3], the important question is whether the observed
three generations of leptons would correspond to this triplet structure, and whether the
new (heavier) singlet leptons do exist. Now, in the 14-spacetime model treated in this
paper, where we have a duplication of O10 fermions, it is important to contemplate
the role played by the new triplet and the new singlet (electron-like and neutrino-like)
particles, especially in connection with their possible role in hadronic structure, recalling
that the spectrum of hadrons can very well be described by utilizing leptonic varieties
of particles[7], [8] with integral electric charges. Whether the gauge and geometrical
structure of the extra-dimensional theory could have a role in generating solitonic, or
magnetic-like, interactions that can help understand hadronic physics, all pertains to
interesting speculations, and should be the subject of further contemplation.
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