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Abstract

An SU; wunification theory with the electron, the positron, and the neutrino
is reviewed. A 10-spacetime gravidynamic unification of the internal charges
and the spin is formulated, with a 16-component Majorana- Weyl fermion that
consolidates the foregoing three Weyl particles with the antineutrino, and their
Dirac conjugates. Vector bosons and scalar (Higgs) particles are consolidated
in an antisymmetric tensor of 3rd rank, being the only tensor, apart from the
graviton of 10-spacetime, that can couple to the unifying fermion. We write the
Lorentz algebra of 10-spacetime in terms of the 4-spacetime Lorentz algebra and
the internal Og factor, the latter expressed via its Us subalgebra, and construct
the pertinent operator representations. We exhibit the complete structure of the
unified gauge-Higgs couplings, indicating the source terms of particle masses.
On the basis of this simple unification model, we propose the radical idea that
all observed bosonic and fermionic particles, whether leptonic or hadronic, may
be composed of just the underlying four fundamental fermions.

1 Introduction

This article describes the simplest and the most elegant gravidynamic unification model
in a spacetime with extra dimensions. Whereas we have constructed an enormous 18-
spacetime modell'l: 2 B that can unify the spin and the internal charges of some four
generations of leptons and quarks all within a 256-component fermionic Majorana-Weyl
spinor of Oy 17, and whereas we have also constructed a 14-spacetime modell®: ) that
is able to consolidate two generations of quarks and leptons and their antiparticles,
or in an alternative scenario, 8 charged leptons with their associated neutrinos, and
antiparticles, all within a 64-component fermionic Weyl spinor of O ;3, here we shall
economize, and shall work with a 16-component fermionic Majorana-Weyl spinor of 10-
spacetime, with an underlying O g symmetry. The latter spinor can accommodate only
four Weyl fermions in 4-spacetime that we can identify as the electron, the neutrino,
and their antiparticles. Our focus in this article will be the spectrum of bosonic particles
(vectors and scalars) that would couple to the forgoing four fundamental fermions. In
a 10-spacetime gravidynamic theory, these bosons would be represented by a 3rd rank
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antisymmetric Lorentzian tensor Vipe and would get their dynamics in the effective
quantum action from a coupling of the form

1
3!
Here, W is the fermionic Majorana-Weyl spinor of Oy, with Dirac conjugate ¥, and
the 7’s are elements of the associated Dirac algebra. The main drive of the present
work is to display the detailed structure of the above coupling. We shall show how this

describes vector boson couplings as well as Higgs couplings for scalars that can give
appropriate masses to the fermions via some non-vanishing vacuum components.

VapcUyapc¥ (1)

The 10-spacetime theory that will be assembled in this work can describe both the
gravidynamic and the electroweak interactions of the electron and the neutrino, and
their antiparticles. We shall construct the O; g algebra and its pertinent tensorial and
spinorial representations in a form exhibiting an internal SU3 symmetry. Whereas, the
latter SU; can consolidatel® [7: B the electroweak interactions®: 19 1] of the electron
and the neutrino by including the positron in the fundamental fermionic multiplet, the
10-spacetime extension will require the inclusion of the antineutrino.

Before proceeding to build our model, let us first consider and learn from the following
Lagrangian density of quantum electrodynamics that describes the coupling of a Dirac
field ¥ to the photon A,

Uiy - 0)0 — A, Uy, ¥ — mIW¥ (2)

Splitting ¥ into its two Weyl (chiral) parts, ¥ = ¢ + £, where 1) is left-handed and & is
right-handed, we obtain for the above,

iy - O + E(iry - D)€
_Au @%AU + EVM&) (3)

—m(¥§ + &)
To the left-handed Weyl component v we may assign the electron e, while the right-
handed component &, may be related to the positron e* by writing
¢ Cer £ —eC! (4)

Here, the tilde symbol denotes transposition, C' is the antisymmetric Majorana (charge
conjugation or transposition) matrix, with the property C~'v,C' = —4,. Hence, using
these properties and replacements, the foregoing Lagrangian density takes the form

.

e(iy - 0)e + e*(iy - )e* )

+A, (—eye +erye”) (5)

—-m <€C§ - 5*0_16>

\ /
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It should be remarked that, in obtaining the kinetic terms and the coupling terms of the
above expression, we used integration by parts and the property that fermionic fields
anticommute. Notice how the system describes two fermionic particles, the electron e
and the positron e* that couple with opposite charge eigenvalues to the photon. Notice
as well how the Dirac mass term corresponds to a mixing between the electron and the
positron.

Notice that the electrodynamic system as described above, in terms of two Weyl
fermions (e, e*) would admit an extension to an SU, gauge system. However, this
can be seen as part of a larger SUj3 system that includes a third Weyl fermion, the
neutrino. Such a system can describe electroweak interactions, and will be reviewed in
the following section.

Subsequently, several sections will present the algebraic work allowing the construction
of the 10-spacetime gravidynamic theory that can embed the SUj3 electroweak model,
with the inclusion of the antineutrino. Important observations and remarks will be left
to the concluding discussion.

2 The SU; Model & Boson-Fermion Couplings

The kinetic term of a system of three Weyl fermions ¢, (a = 1,2, 3), Dirac conjugates
Ea, in 4-spacetime is invariant with respect to a global SU3 symmetry. Promoting
the latter to a local counterpart!® would introduce an octet of gauge bosons V,?, the
latter being traceless and corresponding to the generators of the SUjs algebra. The
resulting gauge-invariant fermionic Lagrangian takes the following form (suppressing
the vectorial spacetime indices)

iy - O)ha + Vol iy (6)

In order to spell out the content of the above system, in terms of actual fermionic and
bosonic particles, we make the following assignments. For the fermions, we write

4 —1
Yy — v Y =T

o —e U —E (7)

—3 _
[ Y3 — et Y —ef

Notice that we have embedded the electric charge operator within SU3 with diagonal
eigenvalues (0, —1,+1). In the above, we have introduced the neutrino v, the electron
e, and the positron e*. The fermionic kinetic terms would translate like:

D" (i - )y = D(iy - D) + €(iry - O)e + e*(ivy - D)e* (8)
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For the vector bosons, we have

Vit—= 2z V2o wr Vid =Y
oW Vs -—A-1Z WX (9)
Vit = Y Vet = x Vit s A-1Z

Here we have introduced the photon A, the neutral boson Z, the charge +1 bosons
(W, W*), the charge +2 bosons (X, X*), and the charge £1 bosons (), V*). Notice
that a bosonic bilinear invariant takes the form,

3
AL A = 247 + 522 + 2WW* 42X X% 4 2D )" (10)
A canonical form of the bosonic bilinears could be obtained by dividing the above by 4,

and rescaling fields other than A. However, we do not need to do that for our present
purposes.

Corresponding to the foregoing assignments of the fermions and the vector bosons, the
coupling term would translate as follows:

(A X (—eve + e*ye") )
+3Z x (—evye + 20y — e¥ye¥)
Vb v, = { 4+W X ey + W* X e (11)

+X x eye* + X* X e*vye

[ +Y X Dye* + V* X e*yv )

Notice that whereas the (W, W) is the charged massive particle of the electroweak
theory!®) 10 'l that would exchange the electron with the neutrino, the predicted!®
particle (Y, Y*) of the SU3 theory would exchange the positron with the neutrino, and
the predicted!® doubly-charged particle (X, X*) would exchange the electron with the
positron.

3 The O;9 Algebra in Terms of O, 3 & SUj3;

The generators of the O, ¢ algebra would consist of the following set:

{J/L,l/uJabaQaf)?Qab’HMCL?HMa} (12)

Here, the antisymmetric J,, are the generators of O;3, with the indices (p,v,---)
corresponding to 4-spacetime vectors. The generators J,° are those of Us, the traceless
part corresponding to SUjs, and the trace to a U; factor, with the indices (a,b,c,...)
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being those of the fundamental 3-plet. The generators Q,; and their conjugates Q,
being antisymmetric, would correspond to the coset of Og over SUs and U;. The
remaining generators H,, and their conjugates H,* correspond to the coset of O; g over
013 and Og. We shall write the commutators that constitute the O, g algebra.

First, we have the 4-spacetime Lorentz algebra!,
(s Ino) = oadup = Mundvp + Nupdun — Nupun) (13)

Whereas the Lorentz generators .J,, would commute with the generators of the internal
Og, namely J,°, Qup, and Q. we have

[Jw/a H)\a] - (nu)\Hua - nuAHua) (14)
[J,uua H)\a] = (nVAH/La - nu)\HVa) (15)

The generators J,”, Qu, and Q®, constituting the internal Og algebra, would satisfy
the followings:

(1.0, 1.7 = (6.°0,% — 6,%7.0) (16)
(1., Qea] = (0" Qud — 04" Quac) (17)
[Jab, ch} _ (5a0de _ 5adec) (18)
[Qab, Qed] =0 (19)
[Qab’ ch} 0 (20)
[Qab, QCd] = (5bCJad R S I 5deac) (21)

The commutators of the J,* generators with the H’s are
(1" Hye] = 6. "Hya (22)
(7.0 H,] = —6,°H,° (23)

The commutators of the ()’s generators with the H’s are
[Qaps Hyue] = 0 (24)
[Qav, Hy,] = (0" Hya — 00" Hyp) (25)
Q™ H,] = (6."H," — 6.“H,") (26)
(@, H, ] =0 (27)

Finally, the commutators of the H’s among themselves are:

(H o, Hip) = =1 Qap (28)
[Hua’ Hvb] = _anJab - 5abJ;w (29)

IThe alert reader should notice that in writing our Lie algebras, in this and other cited articles, we do not include
the imaginary unit ¢ on the right side of the commutator equations. We employ this tactic for the purpose of simplifying
the algebraic work, and should not have adverse effects on the final results, if used properly.
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[H, H,] = —1,Q" (30)

We can verify that the Jacobi identities involving any three of the O, g generators J, ,,
T Qup, QW H,,, or H,", are all satisfied. Besides, any of these generators would
commute with the following quadratic (Casimir) operator:

1

1 1
§J,LWJ;W - Jabea + §Qaanb + iQaanb + H,uaH,ua + H/,LaHMa (31)

4 The Representation of an O;9 Vector

Let us introduce the operators (K, Ko, K*). The commutators of these with the
Lorentz generators .J,,, are

[J,m K/\] = (nv)\K/L - HMAKV) (32)
[T K] = 0 (33)
(S, K% =0 (34)
The commutators with the Us generators J,°,

(1. K] =0 (35)
(1.0 K] = 0."K, (36)
[J.0 K] = —6.K° (37)

The commutators with Qup,
[Qab, K] = 0 (38)
[Qav, K] =0 (39)
[Qap, K = 60Ky — 6,°K, (40)

The commutators with Q%,
Q" K,] =0 (41)
Q" K, =0."K*— 6. "K" (42)
(@, K] =0 (43)

The commutators with H,,,
[Huaa K,,] = —WVKa (44)
[Hpuas Kp) =0 (45)
[H,., K'] = 6,"K, (46)

The commutators with H,“,
(H,", K,] = —n,K* (47)
[H,*, K] = 6" K, (48)
Fundamental Unification Theory with the Electron, 6
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(7, K" =0 (49)
We can verify that all the Jacobi identities involving any two of the O, g generators J,,,
T Qup, Q0. H,, or H,", with either of the operators K,, K,, or K, are satisfied.
Moreover any of the O; g9 generators can be shown to commute with the following

quadratic operator:
K,K,+K,K"+ KK, (50)

We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O, g trans-
formations that act on it. The desired multiplet with components {B,,, B,, B*} can be
introduced by the vector module

B=B,K,+ B,K+ B“K, (51)
Introducing the O, g parameter module,
1 1 1
W = Qs + QI + §Qaanb + §Qaanb + Qe H," + Q, H,, (52)

we can compute the commutator [W,B]|. The latter gives a vector module whose
components would define the needed infinitesimal transformations. We obtain

0B, = QuB, +Q,,B*+Q,"B, (53)
6B, = —Q"By + QuB" — Q,,B, (54)
6B = 0"B" + Q**B, — Q,"B, (55)

We can verify that, for any two vector modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

A-B=A,B,+ A,B"+ A°B, (56)

5 The Antisymmetric Tensor Representation of Rank 3

An O, antisymmetric tensor representation of rank 3 would have the following O 3
and Ujg covariant components:

{K,u,uka K;waa Kp,uaa Kp,aby Kuaba K;Laba Kabw Kabca Kabcy Kabc} (57)

The symmetries of the above components with respect to their spacetime and SUsj
indices should be clear. Notice that the tensor K, could be traded for a single-index
counterpart using the 4-dimensional epsilon symbol €,,,. However, it is convenient to
leave it in this form, at this stage. Likewise, the 2-index SUj tensors can be traded
for single-index counterparts, and the 3-index SUj3 tensors can be traded for scalars, all
using the pertinent epsilon symbol. Again, it is more convenient to leave them as such.
The replacements can be made later after the couplings are constructed.
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In order to be able to write out the infinitesimal transformations of an associated
multiplet, we proceed to the elaborate task of writing down the commutators of the
above component operators with the generators of the O, ¢ algebra.

For the commutators of J,,,, we have

s
[ Knpol = (muaKyupo + MpKyox + e Kpunp) — (14 v) (58)
[Juws Kpal = (aKupa — Mopyra) — (1 > V) (59)
[y K"l = (ua K" — nupKn®) — (0 4> v) (60)
[y Kxab) = Mur K pab — MpnKvab (61)
[Juvs Kna”] = 1aKpua” — nunKva (62)
[T Kx] = na K™ — nn K, (63)
The commutators of J,, with K., Ka°, K, and K are vanishing.
Whereas J,* commutes with K s 1ts commutators with the other K's are
(1.0 Kpwe] = 6K e (64)
[T K] = ~0,°K (65)
[Ja", Kpea] = 0" Kpag — 04" Kac (66)
[Jabv K/wd] = 5chuad - 5adKucb (67)
[Jab’ Mcd]:_écK bd+5dK be (68)
[Jab, che} = 0" Kade + 64" Kaee + 0" Koea (69)
[Jo", Kea®] = (0" Kad® — 04" Kae®) — (0aKea”) (70)
[Jab’ che} ( SIK de) _ ( dKCbe _ 5aechd) (71)
[Jab7 che} _ (5achde + 8,4 Kbec 6aeKbcd) (72)
The nonvanishing commutators of (), with the K’s are:
[Qaps K] = 0 Ko — 0" Ky (73)
[Qabs K] = 00" Kbe — 6" K jae (74)
[Qabs K.Y = — (0 K" — 06 Ko + 6 Ko — 6. K1) (75)
[Qap, Ked] = (06" Kaca — 60" Kpea) (76)
[Qubs K%)= — (65" Kae® — 8" Kpe" + 00" K" — 6°Ko”) (77)
[Qab, che} _ (5chade + 6,0, + 6beKacd) ~(a s b) (78)
The nonvanishing commutators of Q® with the K’s are:

[Qab WC] =9, bK/wa - 5caK/wb (79)
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[Qab’ K,ucd:| = (5ca udb - 5chuda + 5deuca - 5daKucb)

[Qab’K}wd} — 5CbK#ad . 6caKubd

[Q%, Keae] = (0" Kae" + 08" Koo + 0. Kog®) — (a 4> b)

[Qab’ che] _ (_5chdae i 5decae) ~(a s b)
[Qab, che} — g bode _ 5 afgbde
The nonvanishing commutators of H,, with the K’s are:
(Hpuas Koxp) = — M EKopa + Mup Ko + 10K pva)
(H oy Koxol = (0 Knap — 0un Kvap)
(Huas K] = (K" = murKa”) + (86" Ky
[H Kubc] = _nul/Kabc

nas

[H/Ml7 Kubc] = _nuuKabc + 5aCKm/b

[H,ua; Kybc} — _ (nijabC) . (5abKuuc . 6aCK,uz/b)
[Huaa Kbcd] = 5adK,ubc
|:H,ua7 Kbcd} = _5(16 ,ubd =+ 5adKubC

|:H Kbcd] — (5abKqu + 5adKubc + 5acKMdb)

pasy

Finally, the nonvanishing commutators of H," with the K’s are:
[H, Koap] = — (0w K" + Mup Kon" + nunKp”)

H," Kux) = — (0 K w® — 0 EK®) + (06" K )
[H,ua7 Ku,\b] = (nul/K)\ab - nuAKuab)
[Hua, Kubc] = - (myKbca) - (5baKWc — 6" Wb)
[H,.%, K] = 1 K™ — 6 K,
[Huaa Kybc} _ _nWKabc
[H,.", Kbea] = (0" Kpuea + 04" Kpube + 0. Kpuap)
[Hﬂav Kbcd} - (5baKucd — 0" ubd)
[H,%, K, = 6,°K,

We can verify that all the Jacobi identities involving any two of the O, g generators J,,,

T Qup, Q0 H,, or H,", with either of the operators K., Kq, - -

, are satisfied.?

2For extensive manipulations and verifications of the kind presented in this, and other

articles, it would be useful to use efficient symbolic computational software.

Readers

who have access to a Mathematica program can inspect the illustrative notebooks that
are embedded in our article: “Symbolic Manipulations in High-Energy Theory”, N.S.B.

Computing, NSBC-NB-007, http://www.vixra.org/abs/1402.0033
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Moreover any of the O; g9 generators can be shown to commute with the following
quadratic operator:

(1

gKMV/\KMV/\

1 a 1 a
+§K,LLI/CLK,LLI/ + §K,u,1/ K,LLI/CL

(103)
+%KuabKuab + %KuabK/wb - KuabKuba

+%Kachabc + %Kuchabc + %Kachcab + %Kachbca

\

We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O, g trans-
formations that act on it. The desired multiplet with components { B, Buva, - - - } can
be introduced by the tensor module

%BIU,I/AKMVA + %B,uuaKuua + %BMVGKMVG
B=1{ +iB,wK,"” + Bu."Ku" + 1B, K,u (104)
_’_%Bachabc + %Bachcab + %Bachbca + %Bachabc
Introducing the O; 9 parameter module,
1 bta 1 ab 1 ab a a
W = §QWJW + QL+ 5QabQ + 5Q Qab + QuaH,* + Q. Hyp (105)

we can compute the commutator [W,B]. The latter gives a tensor module whose
components would define the needed infinitesimal transformations.

For By, we obtain
Q/\pBqu - QupBAVp + QVpBAup
0By = +QaB" — Qua B + B (106)
+ 0" Buva — ,°Byve + Q,Byjia

For B,.,, we obtain

_Q)\aBAp,l/ - Q)\;J,B)\l/a + Q)\VB)\/.LG
0Bua = +QuuBua’ + QB — QB (107)

_Qabe,l/b + Q;LbBllab - Qube,ab
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For B,,“, we obtain

Q%B,p — U B" + QB ™

+ Ba" — QB + QbaBWb (108)

~ 0By + QLB — Q0B

For B, we obtain

QuBrab — Qa By + iy Blva

+eBap® — Qe B 4 QaeB© (109)
+Q0.°Bpe — 0 Blae + 0, Bape

For B,,’, we obtain

ua s

+ 0By’ + Qu By — QB (110)
b c c b b
+Qc B,ua + Qu Bac - QI/ Buua
For B,ﬁb, we obtain
_QGCB#Cb o QcaB#bc + QCbB#aC (111)
Quchab . QVaB/J,l/b + QVbBuVa
For B,,., we obtain

_QuaBp,bc + Qubeac - Q;L(:Bp,ab

+chBabd - deBacd + Qadecd (112)

{ _QbCBuac o QuCBabc + QacBMbc
[ _Qadecd + deBacd - chBabd
For B¢, we obtain

Q4 Bapa — QaBa™ + Qag Bp™

5Babc = _Q,u,bB;Lac + Q,uaBp,bC + QadedC (113)

QB + QB + QB ]

_deBadc + QdCBabd - QMCBMab
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For B,%, we obtain
Qadecd _ QuaBubC o chBgd
6B = { +Q"B,,f — Q. B — QB (114)
+Qchabd o QubBuac + QucBuab

Finally, for B¢, we obtain

QCdBdab o deBdac + QadBdbc
(5Babc _ —I—QdaBde _ deBacd + QdCBabd (115)

_Q,uaB,ubC + Q#bBuac o Q#CBﬂab

We can verify that, for any two tensor modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

%A,u,u)\B;w)\ + %A,u,uaBpua + %A,uuaB;wa
A-B= +%Auab3uab . AuabBuba + %AuabBuab (116)

—|—%AachabC + %AachCab + %Aachbca + %AabCBabc

6 The Dirac-Weyl Spinorial Representation of O,

A Dirac spinor in 10-spacetime has 2° = 32 components. A Weyl (chiral) constraint
would reduce this to 16 components. A Majorana constraint, relating the components
to their Dirac conjugates, for fermions in 10-spacetime, would reduce the number of
components further to 8. In order to construct a corresponding multiplet of Weyl
spinors in 4-spacetime, with components that are described by SUj tensors, we must
introduce the following set of operators:

{L,R,,L*,R} (117)

The above objects are alternately left-handed and right-handed Weyl spinors of the
4-spacetime. As before, the symbols (a, b, ¢, ...) do pertain to SU3. We now write the
commutators of the above operators with the generators of the O, ¢ algebra.

For the commutators with .J,,, the generators of the 4-spacetime Lorentz algebra, all

the foregoing operator elements would satisfy commutators like this:

1
[J,Lwa L] = _57;11/11 (118)
Fundamental Unification Theory with the Electron, 12
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In the above, v, is a member of the Dirac algebra, being equal to % [Yus 7] in terms of
the Dirac matrix operators v, that satisfy {v,,7.} = 2n,...

For the commutators with J,°, the generators of Us, we have

(7.0, L] = —%&sz (119)
(1.0 R.] = 6. R, — %5;’36 (120)

b c] _ _secrb 1 bre
[J.° L] = —=6,°L +50.'L (121)
[J.", R] = %5(}1% (122)

For the commutators with ()4, we have

[Qab; L] - 6abch (123)
[Qaby Rc] = EabcR (124)
[Qap, L] =0 (125)
[Qap, ] =0 (126)

For the commutators with Q®, we have
(@, L] =0 (127)
(@, R.] =0 (128)
[Q®, L°] = "L (129)
[Q, R] = —"R, (130)

For the commutators with H,,, we have

1
[Huaa L] = _E’V/LRQ (131)
1
[Huaa Rb] - Eeabc'YuLc (132)
1

[Hpa, L] = —ﬁéab%ﬂ’ (133)
(Hya R] = 0 (134)

For the commutators with H,*, we have
[H, L] =0 (135)

1

[Hua> Rb] = Eéba%t[/ (136)
Fundamental Unification Theory with the Electron, 13
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[H, L] = %e““%f{c (137)

[H," R] = %%LLG (138)

We can verify that all the Jacobi identities involving any two of the O, g generators J,,,
T Qup, Q. H,,, or H,", with any of the operators L, R,, L%, or R, are satisfied.

7 The Dirac Conjugate Spinorial Representation of O,

In order to be able to write Lagrangian terms for fermionic fields we must introduce
the conjugate spinorial representation. This can be done with the operator set

{L.R", L., R} (139)
All these are Dirac conjugate spinors. We now write the commutators of all the O
generators with the elements of the above set.

First, all the above set of operators, being all Dirac conjugate spinors, would have
commutators with J,,,, the 4-spacetime Lorentz generators, that are like this:

— 1—
[ T) = 5T (140)

For the commutators with .J,°, the U; generators, we have

_ 1 _
(7.0, L] = 5csabL (141)
—C = 1 —C
12 F] = —0. ] + 50'R (142)
_ _ 1 _
(1., L] = 6."L, — §5ach (143)
1 _
J' R] = —=8."R 144
1,4 F) = - (144
For the commutators with (),,, we have
[Qar, L] =0 (145)
[Qas, R] =0 (146)
[Qaba zc] = 6a,bcZ (147)
[Qalhm = ‘EabcﬁC (148)
For the commutators with Q®, we have
|:62ab7 rJ — _eabczC (149)
Fundamental Unification Theory with the Electron, 14
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Q" R] = —e"R 150
[
Q. L] =0 (151)
Q" ] =0 (152)
For the commutators with H,,, we have
[HW, L] 0 (153)
1 _
[Hua, R ] E(sabL% (154)
_ 1
[Hpa, L) = _EGabcR Y (155)
1 —
[H,0, R] = E[m% (156)
For the commutators with H,*, we have
a l —a
(1,4, T) = = 75R"%, (157)
a PP 1 abcT
[HM ,R] =5 T, (158)
— 1 —
[HM“,L,,] = —E(Sb“fi’yﬂ (159)
[H,",R] =0 (160)

We can verify that all the Jacobi identities involving any two of the O, g generators J,,,
Al Qup, Q, H,,, or H,”, with anyone of the operators L, I . L,, or R, are satisfied.

Having constructed the manifestly 4-spacetime Lorentz covariant, as well as the SU;
covariant, algebraic representations for a fundamental O g Spinor, and for its Dirac
conjugate, we can verify that all generators J,,,, T Qup, Q. or H,", of O do
commute with the following quadratic operator:

uaa

LL+R'R,— L,L* — RR (161)

We now proceed to construct the spinorial multiplet modules, giving the infinitesimal
transformations of the components, and the invariant bilinear. Notice, that if the L’s
and the R’s are truly left-handed and right-handed Weyl spinors, the above quandratic
form would be zero. However, the above is written for the purpose of normalizing
the algebraic operators corresponding to unconstrained spinors, before the chirality
constraints are applied.
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8 Fundamental Spinorial Multiplet

We introduce an SUj covariant multiplet of Weyl spinors in 4-spacetime, represented
by the following module:

U = Ryp + Lo&% + Ry + LE (162)
Notice that the 1’s are left-handed Weyl spinors, while the £’s are right-handed. We
also introduce the Dirac conjugate module:

U=9¢R+EL +U'R, +EL (163)

Now, with the O, 9 parameter module,
1 1 1
W = §QWJW + Q0T + §QabQ“b + iﬂaanb + QuaH, "+ Q. H o (164)

we can compute the commutators [W, W] and [W,W] These give the corresponding
spinorial modules whose components define the O ¢ infinitesimal transformations.

For the infinitesimal transformations of the W components, we obtain

1
577Z} - uu%u¢ ¢ abCQabqvbc -

EQW%@““ (165)

1Y€+ B — 3,7
e = (166)
IQach 65 1 achub,y‘ul/Jc + Q fyul/}

%;QuV7uu¢a - Qa Yy + %Qb Ya
0ha = (167)
"‘%Eabcﬂbcw - \/Lgﬂua'}/ug - \/Lieach,ub’Y/igc

1 1 1
0§ = VYt + 5%"E + ieabﬁ“”&c + —Q, Y0 (168)

1
V2
For the infinitesimal transformations of the U components, we obtain

_ 1 — 1 — 1 —c 1 -
= -0 Q@ - Qab (0 1
01 4 ww OV + o a Y+ 2€abc (0 V2 €V (169)

_ — 1%l — Q' + 3BE,
s, - co 3 (170)
+%€abc9bcf + %Quad]’)ﬁ + \/%Gabcﬁub?ﬂ Tu

—a a_b —a
—u 10 Y + 0" — %be¢ (171)
5T = 171
_%Eachbcw + Leachubfch,u - %Qﬂagfyﬂ
_ 1 _ 1 cabe 1 —a
55 = _ZQMV§7MV - Q g_ ’ Qabg +—= \/5 ua¢ T (172)
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9 The Composition of a Vector Mutiplet from Fermionic
Bilinears, and the Fermionic Kinetic Terms

Here we give the composition of an O 9 vector multiplet with components {V,,, V,, V*}
from the ¢ and & components of a fundamental spinorial multiplet:

Vu = % (E%ﬂp - Ea7u€a - Ea%ﬂpa + E’Yﬂg) (173)
Vo= E¢a - Ea¢ - eabc%bgc (174)
=€ —YE" — e E (175)

Using the O; ¢ infinitesimal transformations of the components on both sides, we can
verify that the above expressions are identities, in the sense that they are constructed
properly to be covariant with respect to the full O, ¢ algebra.

The importance of being able to compose an O; g vector from the fermionic spinorial
components is connected with the need to translate the 10-spacetime kinetic term to
its 4-spacetime counterpart. From the foregoing composition of the vector V,,, we can
deduce for the kinetic terms:

= - “a- =
W(iy - )W = 5 {d(iy - ) = v (i7 - )b + £(i7 - D)E = Lalin - D)€} (176)
Now we proceed to the application of the Majorana constraint that takes the form

E= 0y E— g0
) (177)
ga — C@[_}a Ea — _Jjac_l
where again, the tilde symbol and the matrix C' are as described in the introduction.
Hence, the fermionic kinetic terms become

{o(iy - 0)p — V(i - O)u} (178)

We can replace ¢ by the antineutrino v*, and 1, by the SUj triplet (v,e,e*), as we
shall do later in connection with the writing out of the coupling terms.

10 The Composition of a 3rd Rank Tensor Multiplet
from Fermionic Bilinears

Here we give the composition of an Oy 9 tensor multiplet of 3rd rank with components
Viwxs Viway Vi, etc., from the ¢ and the § components of a fundamental spinorial
multiplet:

V,uu)\ (57;”/)\5 ¢ ’Y,ul/)ﬂpa - Ea,}/ﬂl})\ga + E’Vul/)\"b) (179)

\/_
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V;wa = % (E%u% - ga ;ww - €ab6$b7ﬁwgc) (180)
V" = % @awuﬁ — PYut® — é“bcfmﬂ/k) (181)
1 (Ea%tfb - Eb%ﬂba)
Via' = 7 (182)
—304" (E%é — P e + €76 — JW/})
v, = %b o — Trple) (183)
V:zbc - Eabcg¢ (184)

Var = {3 €0+ E0) 0~ @00 b+ e (P4 T6) ()

Vb — {% @”5 + Egb) 5 — (b > c)} + %ebcd (Eqtba + Eutha) (186)

Vabc — Eabcgg (187)

Using the infinitesimal O; ¢ transformations of the components on both sides, we can
verify that the above expressions are identities, in the sense that they are constructed
properly to be covariant with respect to the full O, 9 algebra.

11 The O,y Couplings of a 3rd Rank Tensor
to the Majorana-Weyl Fermion

Using the foregoing composition of a 3rd rank O, 9 tensor in terms of the components
of a Weyl fermion, we can now construct the couplings. Starting with the bilinear
invariant V- W, for two tensor modules V and W, we would replace the components
of WW by their compositions in terms of the ¢ and £ fermionic components. We then
trade the & components for the ¢ counterparts according to the Majorana constraint
described earlier. We obtain the manifestly 4-spacetime Lorentz invariant, and SUj
invariant, coupling terms. These will be given according to the respective bosonic field
component.

11.1 Couplings to the Tensor V),

The couplings of the fermions to the tensor V., are given by

1 _ —
EVA;W (Ib%\mﬂﬁ - ¢ 7Apu¢a) (188)
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Here we have an SUj singlet Weyl fermion 1, and a triplet 1),. Trading the tensor V),
to an axial vector using V,,,n» = €u1,4,, and reducing the Dirac element v, likewise
to 7,75, noting that we deal with Weyl fermions, we obtain the couplings in the form:

A (T~ Tt (159)

Assigning the singlet ¢ to the antineutrino v*, and as in the SUj3 theory, the triplet of
fermions to (v, e, e*), we can expand the above couplings to

1 — —
- §Au (Uyuv + eye + ey e’ — vy, ) (190)

11.2 Couplings to the Conjugate Field Triplets V,,, and V,,“

Here we give the couplings to V... The couplings to V,,* can be obtained by simple
conjugation. We have

1 —a A 1 abe, . —
ﬁVMV’l (’QD ’Yuucw + 56 ¢bc 1%%%) (191)
Making the fermionic assignments together with the following bosonic one:

V,ul/l — N,uu V,uzz2 — Sw/ V;W3 — Ful/ (192)

we obtain \

( _~ ~
N;w (25%1,CV* + éC”l'yWe* — 6*071%;&)

— 1 +Euw (26%,,C'ﬁ —vC ty,ef + e~*C*17WV) (193)

+F (QEVWC'ﬁ —eC v v+ DC'_WW6>
\

11.3 Couplings to the Vector Bosons Vuab

The couplings to Vuab are

. 1 _ _
Vo B = 5Via" (B0 + 0 00 (194)

Splitting the Us tensor Vuab into a traceless part, that of the SUs octet called again
V#ab, and a trace V},, we obtain

_a 1 _ 1—
Vuabw 7,u¢b + §V,u (dﬂ;ﬂﬁ + gwa}/uwb) (195)

Fundamental Unification Theory with the Electron, 19
the Neutrino, and Their Antiparticles by N.S. Baaklini



N.S.B. Letters NSBL-EP-011

Making the fermionic assignments, and the SUj assignments for Vwb, with V,, — B,

we obtain o
(A, (—eyue + e*ye’) )

—l—%ZM (—eyue + 20y,v — e*ye’)

—%B“ (eyue + Uyv + e¥y,e* + vy, v¥)
(196)
+Wievy + Wivye

+XEyet + Xetye

Ve’ + Vet )

11.4 Couplings to the Vector Bosons V., and V,ﬂb

We give here the couplings to V)4, while those pertaining to Vuab can be obtained by
simple conjugation. We have

- 197
Now we make the replacement Vo5 — €4V, to obtain
~ V"t (198)
Making the fermionic assignments, together with
V' N VA Er VP F, (199)
we obtain
— Njviyw — Eviye — Furtye” (200)

11.5 Coupling to the Scalar Bosons V., and V¢

Here we give the couplings to the scalars V., while the couplings to V¢ can be
obtained by simple conjugation. We have

e o

Making the replacement V,p. — €40, we obtain
1
V2
Now with the fermionic replacement ¢ — v*, we have
1
V2
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Notice that this is the term which gives the antineutrino its Majorana mass, when the
Higgs scalar ¢ gets a real vacuum value.

11.6 Couplings to the Scalar Bosons V,;“ and v, be

Here we give the couplings to the scalars V,;°, while the couplings to V,% can be
obtained by simple conjugation. We have

Lyt — L by g 1y, (204)
\/5 ab 2\/5 ab c d

We make the replacement V, , — €apa®?, where ¢?° is 9-component scalar, to obtain
1 1

V2 V2

We can make the fermionic assignments in the above after splitting the SUj3 indices,

however, we shall give here the terms that contribute to fermionic masses. The term

that gives a Dirac mass to the electron comes from the symmetric part of ¢®, with
indices 2 and 3,

", C™ by + —=€ape ™ CY (205)

—V2¢*eCle* + hee. (206)

The term that gives a Dirac mass to the neutrino comes from the antisymmetric part
of ¢, again with indices 2 and 3,

V26350V + hc. (207)
A Majorana mass to the neutrino comes from

1

¢ vC v + hec. (208)
V2

12 Discussion

We have constructed the couplings of bosons to fermions in a 10-spacetime gravidynamic
model where the fundamental fermions (the electron, the neutrino, and antiparticles)
are described unitedly by a Majorana-Weyl fermionic spinor of O;g. Likewise, the
vector bosons which gauge the electroweak interactions of the four Weyl fermions, as
well as the Higgs bosons that provide them with masses, are all consolidated in an
antisymmetric 3rd rank tensor of O; 9. Whereas the dynamics and the self-interactions
of the bosonic particles are not described in this article, we intend to make provisions
in other articles.

The foregoing 10-spacetime theory is an economic analogue to the 18-spacetime theory.
Whereas the latter theory!® would be able to describe the grand unified electroweak
and strong interactions of four generations of leptons and quarks in the framework of
a 256-component Majorana-Weyl fermion via an underlying SU; internal symmetry,
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the present theory can describe the electroweak interactions of only four fundamental
fermions (the electron, the neutrino, and their antiparticles) in the framework of a 16-
component Majorana-Weyl fermion via an underlying SU3 internal symmetry. Whereas
we have proposed! in connection with the 14-spacetime unification theory for leptons
that the latter, and for the sake of theoretical economy, could be able to describe
hadronic structure rather than introducing quarks, the simplicity and the elegance of
the present 10-spacetime theory would implore us to think of the four fundamental
fermions (the electron, the neutrino, and antiparticles) as possible constituents of all
leptonic as well as hadronic matter. How this can be done is a matter yet to be
formulated. However, we must realize that the implications underlying the gauge and
the geometrical structure of the present 10-spacetime theory is a realm yet to be explored.
We must explore the solitonic and the magnetic-like interactions of the four fundamental
particles and their bosonic allies, and their possibilities for generating both the leptonic
and the hadronic worlds.
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