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Abstract

We review the fundamental rules for constructing the regular and the gauge-
invariant quantum field action both in the divergence-free approach and in the
cutoff approach. Loop computations in quantum electrodynamics of fermionic
spinor matter, and also in quantum gravity of fermionic spinor matter, are
presented in both approaches. We explain how the results of the divergence-
free method correspond to those of the cutoff method. We argue that in a
fundamental theory that contains quantum gravity, the cutoff framework might
be necessary, whereby the cutoff parameter and the gravitational coupling could
be related to each other quite consistently.

1 Introduction

The effective action framework!™”! for computing the loop contributions of quantum
field theory represents a very powerful and an extremely elegant scheme preserving
underlying fundamental symmetries. In compact notation, for a theory with a classical
action functional W (¢) describing a set of fields ¢;, the effective quantum action I'(¢)
is defined by the functional integral

i) _ / (dip) ek W ere)—al'} (1)

Here T'; denotes the functional derivative of I'(¢) with respect to the effective fields ¢;,
while ; represent the virtual (quantum) fields that are being integrated over. By first
replacing ¢ by v, the above functional integral computation of the effective action
can be done iteratively®: ¥ in 7, such as I' = I'y + Al'; + BTy + - --. Whereas T is
the classical action W (¢) itself, the first order (one-loop) contribution I'; comes from
evaluating the integral:

eAT10) — / (dip) eiWaeses 2)

Here W;; is the bilinear kernel, or the second functional derivative of the classical action
W with respect to its field arguments. Evaluating the above (Gaussian) integral, we
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obtain the one-loop contribution,

[y(¢) = str(n W) (3)
While the 2-loop contribution can be computed analytically®: (61 higher orders demand
the recourse to graphical methods and rules. The latter are simply the following.
Corresponding to any irreducible Feynman graph consisting of vertices and internal
lines only, we must associate an effective propagator VVZ-;I, being the inverse of the
bilinear kernel, with every internal line, and an effective vertex term Wjj..., being the
nth derivative of the classical action, with each n-leg vertex. Each internal line and
each vertex must have a factor of the imaginary unit . The whole contribution must
be multiplied by an overall factor of —i, and a combinatoric factor. The latter can
be deduced from the symmetries of the graph'”). Notice that the effective propagator
ng and the effective vertices Wjjp... are all functions of the effective field ¢.
The 2-loop contributions can be described by the following graphs,

— OO

and the following analytic expression gives the corresponding terms:

1 1

The following shows all possible 3-loop graphs:

= & (D
(oo

Having shown how the basic formalism of the effective quantum action, for a generic
field theory, can produce the successive loop contributions, the following subsections
will introduce our two approaches of regularizing and computing these contributions,
and how to control the divergences of quantum field theory, all in a manner preserving
the fundamental gauge invariances of the theory.
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1.1 The Divergence-Free Approach

In our divergence-free approachl®-® for treating the divergences of the loop contribu-
tions, we begin by defining the logarithmic one-loop contribution as follows:
Lr(In W) = — oot [ L (5)
—tr(ln W;; ——o. tr | -W_
2 g 0\
Here the symbol g, stands for applying the operator (%e), and the subsequent process
of taking the limit € — 0. The necessary rule is that we should apply the latter operator
and take the e limit after the integration over loop momentum is done. Notice that the

above procedure corresponds to the well-known definition of the logarithm as the limit
of a power, such as In A = — lim,_,q %A_f.

Now correspondingly, higher-loop contributions will be regularized (actually becoming
divergence-free) by replacing each effective propagator WZ-;l by a regular counterpart

Wi;(He), and associating with it a limiting operator o. to be applied after all loop
momenta are integrated over. It should be emphasized that each effective propaga-
tion entering a higher-loop expression should be associated with a different limiting
parameter and associated operator, and all these operator prescriptions would have to
be executed after all loop momenta are integrated over. This would preserve gauge

invariance, ensure freedom from divergences, and guarantee consistency.[

In order to compute the various loop contributions as perturbative expansions with
respect to the effective fields, we must split the effective bilinear kernel W;;(¢) into a
bare part A;; and a field-dependent part Y;;(¢). In matrix form, we write W = A+Y.
The one-loop contribution then takes the form:

-g&tr(gzzqﬁ?;) ©®

This can be expanded with respect to Y, to give
e — \e Y

i 17
— Zoctr —/ AN x (7)
2 I'(1+e¢) / +/\72 fol dg e~ (1—DAAY g—2XAY | .

The integration over A may be done once the operators are expressed in terms of matrix
elements in momentum space. The resulting series takes the form:

i 11 1 IT(2+¢) (11
R EZ?_N%Y+§PQ+Q(ZYZ)Y_”' ®)

(2+¢)

In the above series terms, it should be understood that two or several propagators
that are separated by field insertions (the underbraced factor) are actually combined
using Feynman parameters, with a power equal to the argument of the associated
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upper gamma function. For instance, the second-degree term may be represented in
momentum space such as:

1 d’p Y(r)Y (=r)
0/ dx/ (2m)* {(1 - 2)A(p) + 2A(p+ 1)} )

where p is the loop momentum, and r is an external momentum carried by Y.

For the computation of higher-loop contributions, we must expand effective propagators

of the form .

1 1
— d)\ A€ —A(A+Y) 1
(A+Y)1+e F(1+€)/ € ( O)
0

In momentum space, and after integrating over A, the corresponding series in Y takes
the form 1 2 1.1 1I°(3 1.1 1
ERACED ( % ) I +e) (_y_y_> . (11)

A T+ \a A) T eTaro\ 3" A" A
N——— N———
(2+¢) (3+¢)

The underbraced momentum-space propagators are understood to be combined using
Feynman parameters with a total power equal to their number plus € (argument of the
associated upper gamma function).

1.2 The Cutoff Approach

In our cutoff approachl® for regularizing the divergences of the loop contributions, we
replace the logarithmic one-loop contribution as follows:

[e.9]

i i Ood)\ i d\
Ztr(InW) = ——t ke U G 22 e MA+Y) 12
5 r(lnW) = S tr 3¢ S tr / 3¢ (12)

2 2

a a

Here a is a cutoff length scale (since W is usually like squared momentum). Again,
in order to compute the various loop contributions as perturbative expansions with
respect to the effective fields, we split the effective bilinear kernel W into a bare part
A and a field-dependent part Y. The above can be expanded with respect to Y,

oo 1
[ dA A2
- % / Ttr e M X MY + ?/ dz e~ (12 Ay ey 4oL (13)
a? 0

For the computation of higher-loop contributions, we must expand effective propagators

of the form .

1
— d\ —AA+Y) 14
AtY / c (14)

a2
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We shall write for e MA&+Y)

1 1 T
efAA 7 )\/ dx ef(lf:v))\Ayefa:)\A + )\2/ dx/ dy efA(lfa:)AYef)\(wfy)Ayef)\A N (15)
0 0 0

1.3 A Simple Comparison

Consider the Euclidean momentum-space integral

1 dp
Y e N 2 16
5 [ Torme G+ ) (16)
In the divergence-free approach, we write
11 d*p 1 1 T'(e—2) , 42—
== = 0. 17
%o / er) Gy~ % s ) (17)

The effect of o, is to pick the terms that are independent of e. Hence, expanding with
respect to €, and picking the pertinent terms, we obtain

Ly (3 2
In the cutoff approach, we write
1 AN [ d ey L [ AN
_ _ =Ap*+m?) _ N =Am 1
2 / A / (2m)t € 3272 | W © (19)
a? a?

Expanding with respect to a?, dropping the terms that vanish as a — 0, we obtain

1 1 2m? 3
612 {; — +m? (5 i ln(a2m2)) } (20)

Comparing this result with the earlier one, we see that the divergence-free approach
gives the same result obtained in the cutoff approach, provided that we drop the singular
terms (like 1/a® and 1/a*) and scale the logarithmic terms appropriately.

One-loop examples from quantum electrodynamics and from quantum gravity will be
given in the following sections. Computations pertaining to higher loops will be the
subject of other articles.

2  Quantum Electrodynamics

Let us take the action density
D(iry - V) —mapip (21)
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with 4y -V = (i - 9 4+~ - A). The above describes the coupling of the photon A, to a
Dirac field v, having Dirac conjugate v, and mass parameter m. From the above, we
define the gauge-covariant bilinear kernel W, and its conjugate W,

W=(vy-V-—m) W=—(iv-V+m) (22)
These give the quadratic operator
) A = 9? + m?
WW=( -V)?+m*=A-Y (23)

Y =i(y-0y-A+~-Ay-0)+ A?
The gauge-covariant inverse of the kernel may be given by
1 - 1
Wl=—W=— 7y -V 24
W = (i T m) 24
The fermionic one-loop contribution is given by —itr(In W), or equivalently —itr(In W).
Taking the average of the two expressions, we can write for the one-loop contribution

- %trln(WW) - —%trln {(v- V)2 +m?} = —%trln(A ~Y) (25)

In the following subsections we shall compute the above fermionic loop up to second
order in the photon field, first using the divergence-free approach, then using the cutoff
approach, and shall compare the results.

2.1 Fermionic Loop in the Divergence-Free Approach

Here we regularize the gauge-invariant one-loop contributions® as follows:

— %tr In(A-Y) = %QE tr (%ﬁ) (26)

We shall expand the above to 2nd order with respect to Y,

11 1 1IT(24¢€) 1,1

7
—o.tr{ —— Y +- —Y—Y+... 27
20U A T A TaTireoa AT T (27)
—
2+€
We must recall that
A:(E)2+m2) Y:i(7-07~A+7-A7-3)+A2 (28)

2.1.1 The Vacuum Contribution

The vacuum contribution resulting from the foregoing series is

%@“ (% G +1 m2)€) (29)
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In momentum space, this gives

v [ ot (e ey )

where a factor of 4 has resulted from the trace over spinor matrices. Transforming the
above to Euclidean momentum space,! then integrating over momentum, and executing

the operator g., we obtain
1 3
167r2m4 <—§ + ln(m2)> (31)

2.1.2 The Photon Bilinear

Substituting for Y, the bilinear contribution in the photon field is

1 2
e A

Str (32)

1 .
+%FE2+) Si(y -8y Aty Ay-9) i(y-0y-A+~vy-Ay-0)

)52 02 4+ m?2

24€

where the meaning of the underbrace notation is as explained in the introduction.
Translating to momentum space, we obtain the bilinear $A,(r)A,(—r)X,,(r), where r
is the external photon momentum, and the kernel X, (r ) is given by

ﬁn
d* (=p?+m?2) Lty
o / A (33)
(2m)4 I'(2+¢) f 1 ()

P(1+e) JO 7 {(1—a) (—p2+m?2)+a(—(p+r)2+m?)}***

C)={v-pwtny-e+r)iHy- +r)nw+ny-p} (34)
Now the numerator involving the gamma matrices gives

()= Cputry-7) 2o +7-10) (35)

Taking the trace over gamma matrices, this gives

4 (4pupy + 20ur0 + 207 + 7P 10) (36)

Also simplifying the denominator which involves the Feynman parameter, we obtain

W"uﬁ

. dp )
47/@6 / (27r)4 fO dl’ p+xr) x(l*m)r2+m2}2+5 X (37)

(4pupu + 2p,uru + 2py7ﬁ + 7“277;w)

l\)l»—t

1The Euclidean continuation of loop momentum is equivalent to Feynman’s ie prescription for propa-
gators and is equivalent to d*p — id*p and p2 — —p2.
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Now, we have to make a shift in the loop momentum of the second term with p — p—axr.
The numerator becomes under this shift and a subsequent symmetrization:

p2n,w —4x(1 —z)r,r, + 7“277,“, (38)

Hence, we obtain

. d*p
410, / (27r)4

Converting the above to Euclidean loop momentum, then integrating over the latter, ex-
panding with respect to external momentum to order r#, integrating over the Feynman
parameter x, and executing the operator g., we obtain the gauge-invariant result:

1 9 9 172
52 (r N — ru’r,,) In(m®) — v 4+ (40)

(—p2+1n2)1+5 Nyw+

(240 [1 )
(1+¢) fo dz {—p2—z(1—z)r24m2}*te X (39)

r
r

N

(P*n — 42(1 — 2)r,r, + 120)

2.2 Fermionic Loop in the Cutoff Approach

The gauge-invariant one-loop contribution, in the cutoff approach, is expressed like

[e.9]

4 dA “AMA-Y

a2

and this gives to 2nd order in Y,
00 —AA —AA
; 4\ e + e Y+
4 %2 fol dr e~ (1m2)AAy —2zAAy 4.
We must recall that
A:(32—|—m2) Y:i(7-37~A+7-A7-3)+A2 (43)

2.2.1 The Vacuum Contribution
Here we have -

%’ / dTAtr (e em) (44)

a2

Going to momentum space, and taking the trace over spinor indices, we get
[dx [ dip -
2i [ <2 ( A=pP+m >> 45
Z/ X / @m) \° )
a2
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Converting to Euclidean momentum, and integrating over p, we have

1 7 d)\ _)\mQ

a2

Expanding with respect to a?, dropping the terms that vanish as a — 0, we obtain
1 1 2m? 43 2 9
_16W2{;—?+m <§—y—ln(am) (47)

2.2.2 The Photon Bilinear

Substituting for Y, we obtain the following bilinear contribution
67)\(82+m2)A2
l 1 —(1—z m
5/ ditr ¢ —2 [ dze IMO*+m2) (. Gy - A4y - Ay - D) X (48)

a2

e M) (4 Gy Ay - Ay - O)
Converting to momentum space, we obtain the bilinear 3 A, (r)A,(—7) X, (r), with the
kernel X, (r) given by

@7)‘(71)24’7”2)7’]#”4»

2/ d)\/#tr %fol dx67)\{(1fx)(fp2+m2)+x[*(P+T)2+m2]}X (49)
a2

ety ety (e+7)n + %y ph

Taking the spinorial trace, and simplifying the argument that involves the Feynman
parameter x, we obtain

= 4
4z’/d/\/ dp
(2m)*
(12

With a momentum shift p — (p — xr), in the loop momentum of the second term, and
a subsequent momentum symmetrization, then converting to Euclidean momentum
integration, we obtain

e NPyt

%fol dr e—/\{f(p+xr)27x(1—x)r2+m2}X (50)

(4pupy + 2pury + 2Dy, + 700

o 2 2
e~ AP*+m?)

0o d4p \ ol 7)\{ 2 _g(l—z)r+ 2}
—4 [ dA §f0 dg e WP THETETEI L (51)
o2

77;u/+

(2m)*
(_anwf - 4$(1 - JL’)TNTV + 7“277;w)
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Now integrating over loop momentum p, expanding to 4th order in the external mo-
mentum r, integrating over the the Feynman parameter x, and expanding with respect
to a® (dropping the terms that vanish as a — 0), we obtain the gauge-invariant result:

1 1 72

1972 (r* = 1) (7 + In(a*m?) — = + .. ) (52)

2.3 Comparing Results

For the vacuum contribution of the fermionic loop in the divergence-free approach, we

obtain .
m
— | 2
62 (2 n(m )) (53)
The corresponding contribution in the cutoff approach is

1 1 2m? 3
- 167‘(‘2 {E - 7 + m4 <§ i ln(a2m2)> } (54)

For the fermionic loop contribution to the photon kernel, in the divergence-free ap-
proach, we obtain

1 9 9 1 r?
52 (7’1 — 1ury) | In(m?) — £ + - (55)
The corresponding contribution in the cutoff approach is
1 172
s (P =) () = L ) (50
3 Quantum Gravity
We consider the following action density,
1. -
évw (VY —m) + h.c. (57)
1 ab
vu¢ - @/L + Z’Yabwu ¢ (58)

Here we have the coupling of the vierbein field V,,* (inverse V**, V = det V") to the
Dirac field v, having Dirac conjugate ¥, and mass parameter m. The field w,® is the
Lorentz gauge field. In fact, we shall not need the coupling of w,® in the following
computations. We shall scale the spinor field like ¢p — V~1/2¢, and shall expand the
vierbein field about flat spacetime,

Vua = Nua + %¢,ua
(59)
VHa — ppa _ %gb“a + %(¢2)Ma + ...
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Here ¢,, represents the (symmetric) graviton field. Notice that the metric tensor is
related to the vierbein by g,, = V,,"V,,, and /g =V, and with the above expansion,

1
Guv = Nuw + (b/u/ + Z((bz),uu (60)

We obtain for the foregoing action density, to 2nd order in ¢,

’QE('L")/ -0 — m)@b - h;w {1/}7/1(81/77&) - (%@WW} (61)

1 1
h,uu = (§¢uu - §<¢2)uu> (62)
Notice that (¢?),, would represent ¢, dy,, and is symmetric.

From the above, we can define the bilinear spinorial kernel W, and its conjugate W,

W= (iv-0—m) =iy, (hwO, + Ohyuw)
~ (03
W= —(iv-0+m)+ Y (A0, + avhw)

Hence we have WW = A — Y, with A = (9% + m?), and
v - 0Vu(hyw Oy + Ouhyw) + 74 (P Oy + Oyhy)y - O
Y = (64)
V(P Oy + Ouhy )10 (hp0, + Do)
The fermionic one-loop contribution is given by

— %trln(WW) = —%trln(A -Y) (65)

In the following subsections we shall compute the above fermionic loop up to second
order in the graviton field, first using the divergence-free approach, then using the cutoff
approach, and shall compare the results.

3.1 Fermionic Loop in the Divergence-Free Approach

Here we regularize the gauge-invariant one-loop contributions as follows:

= %tr In(A-Y)= %ge tr (%ﬁ) (66)

We shall expand the above to 2nd order with respect to Y,

i 11 1 1IT(2+¢€) 1,1

Lot 1 Y 4= S VL VI 67

20 A TAa TaTarg A AT T (67)
2+e
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We must recall that A = (9% + m?), and
v - 0Vu(hyw Oy + Ouhy) + (P Oy + Ouhy)y - O

Y pr—
V(P Oy + Ouhyw )10 (hp0, + Do)

1 1
h;w = (§¢m/ - §<¢2)uu)

3.1.1 Vacuum Contribution

The vacuum contribution from the fermionic one-loop is

1 ¢ 11 1 ¢ 1 1
—o.tr P = —po.tr -
2¢ € A 2¢ € (02 4+ m?)¢

Translating to momentum space, and taking the spinorial trace, we obtain

2 <§wz>9 (1 7 ; m2>6)

Converting to Euclidean momentum and integrating, we obtain

1 F(—2+€) 2\ 2—€
2% T(1+o (")

Executing the p. operator, we get

m* (3 )
1672 (5 ~In(m )>

3.1.2 Linear Contribution

(68)

(69)

(71)

The one-loop fermionic contribution that is linear in the graviton field comes from

1 1 . 1
5@5 tr (AH—E Y> = itr <F’}/u (h/_ujay + 811}1“1,) - 8)
Taking the spinorial trace, substituting for A, and h,, — }lgzﬁu,,,

) 1
arte (G s O + 01000

Manipulating objects under the trace, this gives
. 1
21(;5#,,@5 tr maﬂay

Divergence-Free Versus Cutoff Quantum Field Theory by N.S. Baaklini
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Translating to momentum space, then symmetrizing with respect to loop momentum,

. d*p Dby i d*p p?
~ 2o [ 5 <<—p2fm2>l+€> =500 [ o ((—p2+m2>1+f> )

Here ¢ denote ¢,,. Converting to Euclidean loop momentum, and integrating,

1 I'(—2+¢)
— . 78
67 % T +0 (78)
Executing the p. operator, we get
m* (3
— | 2

3.1.3 The Graviton Bilinear

The one-loop fermionic contribution that is bilinear in the graviton field comes from:

i | 1IT2+e¢) 1,1

Lot Yoo oy Yy e 80

20 YA TaTargA AT T (80)
2+¢€

Substituting for Y, and subsequently for A, in terms of ¢,,,, we obtain to second order
in the latter,

—atw Y ()00 + 00(¢%) ) 7 - 0
_iﬁ’m (¢uuau + 8V¢;W) 2N ((b/\pap + 8p¢/\p) +

)
—0.t 1
8Q r A ('7 : 87u(¢;wal/ + 8V¢uu) + 7u(¢u1/81/ + au¢uﬂ)7 : 8)

A
1T(2+¢)
8 T(1+e) 2+e

(’Y ' 87A(¢)\pap + ap(b/\p) + ’VA(QS/\pap + ap(b)\p)'y : 8)

The above three terms will be computed successively.

L, (81)

3.1.4 Computing the First Bilinear Term

We shall compute the first bilinear term

) 1
- %QG tr {F%ﬁ ((¢2)W8V + au(¢2)w) v 6} (82)

Manipulating operators under the trace, translating to momentum space, doing the
spinorial trace, and symmetrizing loop momenta, we obtain

2

b d'p p
1O | G (53)
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Converting to Euclidean loop momentum, integrating, and applying g., we obtain

4

iz (5~ ) @) (51)

3.1.5 Computing the Second Bilinear Term

We shall compute the second bilinear term

1 1
- 3_206 tr {FVM (¢uvau + @Vﬁbw) 2) (925,\,;3,; + ap?b/\p)} (85)

Doing the spinorial trace, and going to momentum space, we obtain

i / (d4p { (2py +10)(2pp +7)

g@e 27)4 (—p? + m2)1+e

} ¢MV<—T)¢MIJ(T) (86)

Here r is the momentum carried by the external graviton. Symmetrizing with respect
to the loop momentum p, converting to Euclidean loop momentum, integrating, and
applying o., we obtain

12;2 (m4 {; — ln(m2)> Mp +m(1 — ln(mZ))r,,rp} b (=) brup () (87)

3.1.6 Computing the Third Bilinear Term

We shall compute the third bilinear term

1 1
7 2+¢ S -— \
6_4& T+ E)tr 2te (88)

(v- 87,\(@\,)3[; + ap‘ﬁ)\p) + ’Y/\<¢>\pap + ap‘b/\p)’y - 0)

Translating to momentum space, combining the underbraced propagators with a Feyn-
man parameter x, and taking the spinorial trace, we obtain for the coefficient of

G (=7)D2p(7),

1 X
(—(ptar)2—z(1—z)r2+m2)>+e

i T(2+e¢) d*p
16%T1+e / dx/ @)t | (4Pupa 20urn + 2oar £ 20 X (89)
0
(2py +12,)(2pp + 1))

Making the shift p — (p—xr) in the loop momentum, symmetrizing with respect to the
latter, converting to Euclidean loop momentum, and integrating, then expanding to 4th
order with respect to the external graviton momentum r, and subsequently integrating
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with respect to the Feynman parameter, finally applying the operator g., we obtain our
result for the third bilinear term. The latter consists of three parts. For the part that
is independent of graviton momentum, we have

m? 3
- 12872 (5 - ln(m2)) (qu\ﬁup + NupTlvx + 77uu77>\p) (90)

For the part that is quadratic in the graviton momentum, we have

2 NuxTvTp + ToXTu”p + T uTy + Nuw AT p + NupT ATy
(1 —1Inm?) (91)
—27’]1,’07”“7“)\ + T2<277u)\771/p — NupThox — nuunx\p)

m
38472

For the part that is quartic in the graviton momentum, we have

2
In m2 r (4npATyTp = NATuTp — MpTuTv — N TXTp — NupTv T + 477uprpTA>

384072 (92)

=21 TyraTy — r (407 Mp = Nupon — M Trp)

3.1.7 Collected Cosmological Term
The cosmological term corresponds to \/g = V' in the effective action. Expanding to
2nd order in the graviton field we have

1
8

In our foregoing fermionic loop computations, we obtained the vacuum term:

1
etrln(ﬂJr%(i?) — e(%¢*%¢'¢) ~1+ §¢ + (¢2 _ ¢MV¢#V) 4. (93)

We obtained the linear term:

And obtained the (momentum-independent) bilinear:

o (3 - 10)) (6~ S (96)

12872 \ 2

Hence combining, we obtain the contribution to the cosmological term /g, with coef-

ficient:
s (5 - mon) (97)
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3.1.8 Collected Einstein Term

The bilinear terms of the graviton that come from the Einstein action density ,/gg"" R
with R, the Ricci tensor, take the usual form for a massless spin-2 field:

uv s

1 1 1 1
Z(a,\Qbuu)Q — Z(a,u(byu)z + §a,u¢,uuau¢)\/\ - §a,u¢,u/\au¢u)\ (98)
In momentum space this gives
1, 1, 1 1
¢uu(r>¢kp(_r) ZLT NuxMvp — Zr NuvTxp + §Turu77Ap - §TurAnup (99)

The collected bilinears with quadratic momentum that we obtained in the preceding
sections correspond to the above, with the coefficient:

m2

= 962 (1 —Inm?) (100)

3.1.9 Collected Curvature Squared Terms

For the graviton bilinear terms with quartic momentum, we obtained

2
In m2 r (477;1)\701/77) = TATuTo — TpTuTv — N TATp — NupTvTA + 4771/p70u7"/\)

384072

(101)
=2, ATy — T (A1uATp — MupTox — M ap)

multiplied by ¢, (—7)¢a,(r). In fact we can show that this corresponds to the bilinears
of the following Einstein invariant action density /g (3RW2 — RQ), with coefficient

Inm?

— 102
96072 (102)

3.2 Fermionic Loop in the Cutoff Approach

Like the preceding section that was concerned with the divergence-free approach, we
shall use the following fermionic kernel operator W and its conjugate W,

W = (iv-0—m) — iy, (hu0, + 0,h,)
) (103)
W = —(iy-0+m)+iv, (huwo, + 0huw)

with | |
= (300 = 5 (104
We shall write WW = (A —Y), with A = (9% + m?) and

v - 0V (hyw Oy + Ouhyw) + vy (R Oy + Ouhyy) v - O
Y = (105)
~Yp ("0 + O hy) Y (B0 + Ophiny)
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The cutoff-regularized fermionic one-loop contribution will be given by
. ~ . o0 dA
- %trln(WW) = % / St {e A (106)

And we have the following expansion to 2nd order in Y,
. % S

Z A
3 / dA tr (107)

5 % fol dx e (1m2)AAy e—2AAYy 4 ..

a

3.2.1 Vacuum Contribution
The fermionic one-loop contribution to the vacuum term is

% / dAtr (Xe-M@”mQ)) (108)

a2

Translating to momentum space, and taking the spinorial trace, we obtain

r Ep (1 o
2 / dA / (2;;4 (Xe—M—p +m >) (109)

Converting to Euclidean loop momentum, and integrating over the latter,

1 [ AN
o [ (110)

a2

Expanding the above with respect to a?, dropping the terms that vanish as a — 0, we
obtain ) L o 5
m 2 2,2
—1677_2{;—?—1-771 (5—’)/—111(0,771))} (111)

3.2.2 Linear Contribution

The fermionic one-loop contribution that is linear in the graviton field is given by
(o.)

% / drtr (e *2Y) (112)

a2

Substituting for A and Y, manipulating the operators under the trace, and taking the
spinorial trace, we obtain

o0

8i / dAtr <e—*<82+m2)hwa“ay) (113)

a2
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Translating to momentum space, and with h,, — iqf)W, then symmetrizing with respect
to loop momentum, we obtain

7 7 d4p M —p2am?2
a2

Converting to Euclidean loop momentum, and integrating over the latter, we obtain

R Oodxe
1672 A3

a2

—Am?

(115)

3.2.3 The Graviton Bilinear

The one-loop fermionic contribution that is bilinear in the graviton field comes from:

00 1
% / ditr [ e Ay + / dg e~ 12Xy —ardy (116)
a? 0

Substituting for Y, and subsequently for A, in terms of ¢,,,, we obtain to second order
in the latter,

( 67)\(82+m2),yu ((¢2)lway + 8u(¢2),uu) - a \
+i€_>\(82+m2)7u (¢uuau + au(b,uu) 8y (¢Apap + ap¢z\p)
_% / d\tr _% fol dg e~ (1=2)A@2+m?) o (117)

a2

(7 - 0D + Oup) + V(DO + Dby )y - 9) X

\ oA (0%+m?) (7 - OA(P2p0p + 0pPrp) + Y2(PAp0p + OpPrp)Y - O) )

The above three terms will be computed successively.

3.2.4 Computing the First Bilinear Term

We shall compute the first bilinear term

o0

— é / d\tr {ef’\(angmQ)% ((¢2)uvav + az'(¢2)#1/) a (9} (118)

a2

Taking the spinorial trace, translating to momentum space, and symmetrizing over loop
momentum,
i d'p “A(=p2+m?), 2 2
a2

Divergence-Free Versus Cutoff Quantum Field Theory by N.S. Baakling 18




N.S.B. Letters NSBL-QF-009

Converting to Euclidean loop momentum, and integrating over the latter, we obtain

1 7 dx
3272 A3

a2

e (¢2)uu (120)

3.2.5 Computing the Second Bilinear Term

We shall compute the second bilinear term
i [ .
- @ / dAtr {6 A+ 2)’7% (qbpw@y + ay¢uu) 2) (¢Ap8p + 8p¢>\p>} (121)

Taking the spinorial trace, translating to momentum space, and symmetrizing with
respect to loop momentum, we obtain

é / " / (;1;)94 {B—A(—p2+m2) (pznypwyrp)}¢W(T)¢W(_r) (122)

Converting to Euclidean loop momentum, and integrating over the latter, we obtain

1 r 2 1 2
- 12872 / d)\ e~ (ﬁru 377up) wa( )¢up(_T) (123)

a2

3.2.6 Computing the Third Bilinear Term

We compute the third bilinear term

( 67(17I)A(82+m2) % )
i = ! (’7 ’ 87M<¢uuau + 8V¢w/) + ’yu(qsuuau + al/gb,uu)’)/ : a) X
— / / dx tr (124)
4 €—x>\(82+m2) %
. (7 : (97,\(9%,,3,; + aqu/\p) + %\(925)\,;8,; + aqu/\p)7 ) a) )

Taking the spinorial trace, and translating to momentum space, we obtain for the

coefficient of ¢, (r)Pxr,(—7)

e—)\{—(p+zr)2—x(1—x)r2+m2} %
1 d4p )
dA\ X [ dz ) (4pup + 2pura + 207 + 1uar?) X (125)
0
2p+71)(2p+7),
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Making the shift p — (p—2r) in the loop momentum, symmetrizing with respect to the
latter, then converting to Euclidean loop momentum, and integrating over the latter,
then expanding to 4th order in the external graviton momentum r, and integrating over
the Feynman parameter z, we obtain the result for our third bilinear term. The latter
consists of three parts. The part that is independent of graviton momentum is

_ L
64n2 | A3

2

—Am?
A (77;0\771/;) + NupTlv + 77,u1ﬂ]Ap) (126)

a

The part that is quadratic in the graviton momentum is

1 7Q€_Am2 ATV o + AT LT p + MpTuTv + M TATp + NupTu T2 (127
3sdr a2 A =207 A + 2 (20000 — NupTlor — N hap)
The part that is quartic in the graviton momentum is
- 72 (40AT0T ) — AT UTp — T Ty
B 384107r2 /%emz ~ N TATp = NupT A + 4100pTuTx) (128)
o2

_QTHTVTAT;) - 7’4 (477u)\77up = NupTlox — nuun)\p)

3.2.7 Collected Cosmological Term

The cosmological term corresponds to \/g = V' in the effective action. Expanding to
2nd order in the graviton field we have

1,1
etrin(+30) — (Go—5¢9) o 1 4 §¢ +3 (8° = Guvdp) + -+ - (129)

In our foregoing fermionic loop computations, we obtained the vacuum term:

1 [ dh
— o5 | 55 A (130)
a2
We obtained the linear term:
1 fdh
Tz | wt A (131)

a2

And obtained the (momentum-independent) bilinear:

[e.e]

1 d\ _, »
~ o5 /Fe A (132)

a2
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Hence combining, we obtain the contribution to the cosmological term /g, with coef-
ficient -
1 d)\ _/\m2
“gm ) W (133)

a2

Expanding the above integral with respect to a?, dropping the terms that vanish as

a — 0, we obtain
1 1 2m? 3
- {— ~ 2 md (5 e ln(azmQ)) } (134)

3.2.8 Collected Einstein Term

The bilinear terms of the graviton that come from the Einstein action density |/gg"" R,..,,
with R, the Ricci tensor, take the usual form for a massless spin-2 field:

1 1 1 1
Z(8A¢MV)2 — Z(a,u(blw)z + 5(9#%1/31/%,\ - §a,u¢u)\au¢u)\ (135)
In momentum space this gives
1, 1, 1 1
(b,uu(T)(ﬁ)\p(_T) ZLT NuxMvp — Zr Nuv T + irurl/n/\p - §ruTAnup (136)

The collected bilinears with quadratic momentum that we obtained in the preceding
sections correspond to the above, with the coefficient:

1 fdh
552 | z° A (137)

a2

Expanding the above integral with respect to a?, dropping the terms that vanish as
a — 0, we obtain

9617r2 {i —m* (1 - - 1n(a2m2>)} (138)

a?

3.2.9 Collected Curvature Squared Terms
For the graviton bilinear terms with quartic momentum, we obtained

2
r (477,u)\rurp = AT uTp — TpTuTv
0o

1 A\ o
~ 381072 /Te A — M TATp = MupTwTx + A0 pT 1) (139)

a

2
=21y Ty rAT, — r (470M0p = NupMox — MwTrp)
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multiplied by ¢, (—7)¢,(r). In fact we can show that this corresponds to the bilinears
of the following Einstein invariant action density /g (3Ruv2 — Rz) with coefficient

(e 9]

1 d)\ A 2
- CA p-am 14
96072 / 2\ (140)

2

a

Expanding the above integral with respect to a?, dropping the terms that vanish as
a — 0, we obtain

9602 (v + In(a*m?)) (141)

3.3 Comparing Results

For the fermionic one-loop contribution to the cosmological term /g, we obtained in
the divergence-free approach the coefficient

4

(3w

while in the cutoff approach, we obtained

1 1 2m? 3
~ 163 {g ~ 2 +m! (5 —y = ln(a2m2)) } (143)

For the Einstein term /g R, in the divergence-free approach, we obtained the coefficient

2

m
~ 963 (1 —In(m?)) (144)
while in the cutoff approach,
1 1
962 {? —m® (1 -~ — ln(azmz))} (145)

For the curvature squared contribution /g (3RW2 — RQ), in the divergence-free ap-
proach, we obtained the coefficient
1
96072

In(m?) (146)

while in the cutoff approach,

1
96072

{7+ In(a®m?)} (147)

4 Discussion

We have presented detailed computations of the one-loop contributions of a Dirac field
in quantum electrodynamics and in quantum gravity both, in the divergence-free, and
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in the cutoff approaches for constructing regular, and gauge-invariant, effective action.
Comparing our results shows that the divergence-free approach eliminates the quadratic
and the quartic divergences (terms that diverge like 1/a? and like 1/a?, respectively,
where a is the cutoff length parameter). However, the omnipresent logarithmic terms
of the divergence-free approach, such as In(m?), always correspond to the combination
(v+In(a®*m?)), where v is the Euler constant. This means that these logarithmic terms
(characterized by arbitrary scale) of the divergence-free approach do in fact correspond
to the logarithmic divergences of the cutoff approach (having a definite scale deter-
mined by the cutoff). Hence, it seems quite acceptable to do regular computations
in either approach. If computations are done in the cutoff approach, then discarding
the power-like divergences would seem to give us the equivalent of the divergence-free
approach. Whereas this correspondence is perfect as far as one-loop computations can
show, we still need to show whether this correspondence is also perfect in higher-loop
computations.

On the other hand, we tend to believe that a cutoff parameter must exist in a truly
fundamental field theory. This cutoff is likely to be related to the gravitational coupling.
Notice, for instance, that the one-loop contributions to the Einstein term would generate
a coefficient like 1/a?, showing that perhaps the origin of the gravitational coupling
is the cutoff parameter itself. However, a better comprehension of the relationship
between the gravitational coupling and the cutoff parameter can be obtained from
the realization that while the effective quantum action is computed in flat spacetime,
consistency requires that any generated cosmological constant must be equated to zero.
We can easily see that computing the cosmological constant to several loop orders in
quantum gravity would give us a series of the form

2 4
N%{co—l—cl%—i—cQ%—i—...} (]_48)
Here, k is the gravitational coupling constant, and a is the cutoff parameter, while the
coefficients ¢; are numerical constants that depend on the bosonic and the fermionic
particle content of the fundamental theory. Whether the above series can be put equal
to zero, leading to an inverted series relating x and a, remains to be seen in a definite
fundamental unification theory. If this idea can be successful then the problem of
quantum gravity and the inherent problem of quantum field theory divergences can
both be solved simultaneously and consistently.

What is needed now is to settle on a definite fundamental unification theory contain-
ing the gravitational interaction, and proceed to compute the contributions to several
loop orders, all within a gauge-invariant effective action framework, and in the cutoff
approach.
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