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ABSTRACT

The integral
∫∞
0 r2−λ j0(k1r) j0(k2r) jλ(k3r) dr is evaluated for any real positive k1,

k2, k3 and λ ≥ 0

1. Introduction

Integrals of the type
∫∞
0 r2−λ jλ1

(k1r) jλ2
(k2r) jλ3+λ(k3r) dr have been evaluated

recently [1] when λ1, λ2 and λ3 satisfied the triangular condition

|λ2 − λ1| ≤ λ3 ≤ λ1 + λ2 (1.1)

and k1, k2 and k3 formed the side of a triangle, i.e.

|k2 − k1| ≤ k3 ≤ k1 + k2. (1.2)

In this paper, the closure relation

∞∫
0

k2 jL(kr) jL(kr′) dk =
π

2r2
δ(r − r′), (1.3)

will be used to derive an integral over 3 spherical Bessel functions when k1, k2 and k3

can be any positive real numbers.
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2. Evaluating the Integral

Using eq. (1.3), it is easy to show that

∞∫
0

r2−λ j0(k1r) j0(k2r) jλ(k3r) dr =
2

π

∞∫
0

q2 dq

×

 ∞∫
0

r2 j0(k1r) j0(k2r) j0(qr) dr

  ∞∫
0

r′
2−λ

j0(qr
′) jλ(k3r

′) dr′

 .

(2.1)

Now [2]
∞∫
0

r2 j0(k1r) j0(k2r) j0(qr) dr =
π β(∆)

4k1k2q
, (2.2)

where

β(∆) = 0, q < |k2 − k1|

=
1

2
, q = |k2 − k1| or q = k1 + k2

= 1, |k2 − k1| < q < k1 + k2,

(2.3)

and [3]
∞∫
0

r′
2−λ

j0(qr
′) jλ(k3r

′) dr′ =
π

2λ
(k23 − q2)λ−1

kλ+1
3 (λ− 1)!

θ(k3 − q), (2.4)

for λ > 0 [λ = 0 case results in a delta function]. Hence, the final result is

∞∫
0

r2−λ j0(k1r) j0(k2r) jλ(k3r) dr =
π

2λ+2 λ! k1k2k
λ+1
3

× {θ(k3 − (k1 + k2)) [ (k23 − (k2 − k1)2)λ − (k23 − (k1 + k2)
2)λ ]

+ β(∆) [k23 − (k2 − k1)2]λ },

(2.5)

for λ ≥ 0.

3



3. Conclusions

The closure relation for spherical Bessel functions is used to evaluate the integral∫∞
0 r2−λ j0(k1r) j0(k2r) jλ(k3r) dr for any real positive values of k1, k2, k3 and λ ≥ 0

4



4. References

[1] R. Mehrem and A. Hohenegger, J. Phys. A 43, 455204 (2010),

arXiv: math-ph/1006.2108, 2010.

[2] R. Mehrem, Appl. Math. Comp. 217, 5360 (2011), arXiv: math-ph/0909.0494,

2010.

[3] I.S. Gradshteyn and I.M. Ryzhik: Table of Integrals, Series and Products

(Academic Press, New York, 1965).

5


