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Abstract. In this paper, we propose a novel nonconvex penalty function for compressed sensing using
integral convolution approximation. It is well known that an unconstrained optimization criterion based on
£1-norm easily underestimates the large component in signal recovery. Moreover, most methods either perform
well only under the measurement matrix satisfied restricted isometry property (RIP) or the highly coherent
measurement matrix, which both can not be established at the same time. We introduce a new solver to
address both of these concerns by adopting a frame of the difference between two convex functions with integral
convolution approximation. What’s more, to better boost the recovery performance, a weighted version of it
is also provided. Experimental results suggest the effectiveness and robustness of our methods through several

signal reconstruction examples in term of success rate and signal-to-noise ratio (SNR).
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1 Introduction

The following lasso problem

. 1
min {P(2;A) = 5[y — Aall3 + ]} (1.1)

with £o-norm data fidelity and #1-norm penalty, where ) is a positive parameter controlling the trade-off between
the two terms, has been the subject of extensive research in various fields of science and engineering, including
compressed sensing (CS) [7], regression analysis [23], signal processing [15], etc. In term of regression analysis,
our goal is to approximate the response variables y = (y1,-- ,¥m) by exploiting the properties of lasso, i.e.,
the shrinkage and selection of variables. For compressed sensing, based on the hypothesis that signals can be

of sparse representation, we try to reconstruct the n-dimensional original signal x from m-dimensional noisy
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observation y = Az + e with noise level | e|l2 < €, where A is an m X n measurement matrix with m < n and

satisfies the following Restricted Isometry Property (RIP) [3]:

Definition 1.1. For an m X n measurement matriz A, the k-restricted isometry constant 0 < 0 < 1 of A is
the smallest quantity such that
(1= dw)llzll3 < | A=l3 < (1+80) 2]

holds for all k-sparse signals x.

Given a deterministic matrix A, it is generally NP-hard, however, to verify whether A is a RIP matrix.
Fortunately, some random matrices have been proved to satisfy RIP with overwhelmingly high probability, such
as Gaussian random matrices, Bernoulli random matrices and partial Fourier random matrices, etc.

{1-norm penalty is widely used as a regularizer, since among convex relaxation for ¢yp-norm (counting the
number of nonzero elements) it has a more concise form. However, the obtained solution by this method is not
necessarily the most sparse solution and minimizing #; problem can easily lead to underestimate high-amplitude

components compared with ¢y regularised optimisation, which is illustrated by threshold functions of ¢y problem

hard thresholding soft thresholding

and ¢; problem in Fig.1.1.

Fig. 1.1: Thresholding function

For the limit of ¢;-norm, many known nonconvex surrogates of £;-norm have been proposed, such as £,-norm
(0 < p < 1) [25,27], Exponential-Type Penalty (ETP) [9], Fraction Function Penalty [14], Smoothly Clipped
Absolute Deviation (SCAD) [8] and ¢1-¢3 [26,30]. Studies have shown that the nonconvex penalty usually
induces sparsity more effective than convex penalty in signal recovery. It is noteworthy that ¢1-f5 outperforms
many state-of-the-art methods when A has high coherence. To be formal, one defines the coherence of a matrix
A as

(As, Ay)]
p(A) = max ——"—o—
) = e AL A s

where A; and A; denote the i-th and j-th columns of A. We say that a matrix is high coherence if x is big.
Specifically, a RIP matrix has small coherence in general. Yet regrettably, from numerical experiments of [30],
£1-£5 method suffers from a poor performance when A is a RIP matrix. Inspired by the above conclusion, we
propose the following novel criterion which addresses this concern

1
min {J(z:\) = 5 [ly — A3 + A& (x:0,q)}, (1.2)



where the parameterized function ®(x; 6, q) is defined as the difference between two convex functions denoted
by ®(x;0,q) = fi(x) — f2(x;0,q). Concretely, in this paper, ¢1-norm is adopted as f; and fo is defined as the
convolution of generalized Gauss function [16] with the absolute value function. There is a notably different
point from ¢; penalty. ®(z;0,q) does not penalize large values of signals, thus which will not cause that
underestimating high-amplitude components. Although our penalty function is concave, the parameterized
®(x; 0,q) allows us to more flexibly analyze the convexity of the objective function J(x;A). The question
remains of how to solve (1.2) effectively. The difference of convex functions algorithm (DCA) is a descent
method without line search introduced by Tao and An [20,21]. Owing to the objective function J(x; \) can be
considered as a difference between two parts of 3|y — Ax||3 + f1(x) and f2(;60,q), thus we use the DCA to find
the optimal value of (1.2) iteratively in the alternating direction method of multipliers (ADMM) framework [2].
Numerical experiments in Section 5 show that our method can reduce the requirements for sampling number
and possess a good performance whether a RIP matrix or a high coherence matrix.

Candeés and Wakin [4] have pointed out that: larger coefficients are penalized more heavily in the ¢;-norm
than smaller coefficients, unlike the more democratic penalization of the ¢p-norm. To address this imbalance,
they propose a weighted formulation of ¢; minimization designed to more democratically penalize nonzero
coefficients. Just like its “unweighted” counterpart (1.1), the “weighted” ¢; minimization problem can be

expressed as

. 1
min { Py (3 3) = 3 ly — Az + A[Wal, ), (1.3)
where W is the diagonal matrix with positive weights w1, - - - , w, on the diagonal and zeros elsewhere. There is a

range of valid weights for will help us to find the more sparse and accurate solution. An example of 2 dimensions
is illustrated in Fig.1.2. In order to further improve the performance of our model for signal recovery, we present

a weighted version of (1.2) as follows
1
min { (@ X) = 5y~ Azl + Mo (2:0,0)}. (1.4)

In Algorithm 5.2, a valid set of weights can be obtained.

y=Ax

X1

(@) (b)

Fig. 1.2: (a) “unweighted” ¢; ball. There exists :tg # a:g such that ||:1:ﬁ2||1 < H:l:ti”l (b) “weighted” ¢; ball. There exists no :cg # :l:ti
such that |[Wab|1 < ||[Wah |



The paper is organized as follows. In Section 2, we introduce some notations and definitions in term of
convolution. In Section 3, we construct a concave penalty function and analyze the convexity of the objective
function. In Section 4, we extend the results of the Section 3 to the multivariate case. In Section 5, this
optimization problem is done by DCA based on ADMM and we carry out some numerical simulation experiments
on signal reconstruction and recovery performance of several CS solvers is present. Finally, the conclusion is

addressed in Section 6.

2 Preliminaries

We commence with a recall of the relevant background material.

2.1 Notations

We use lower case letters for the entries, e.g. x;, bold lower case letters for vectors, e.g. « and upper case
letters for matrices, e.g. X. For any vector € R™, its £,-norm (0 < p < oo) is defined |||, = (31, |z:[?)1/P.
{-,+), ()T and exp(-) stand for the inner product, transpose and exponential function, respectively. df(-) and
Vf(-) stand for the differential and gradient of the function f. I, is the identity matrix of dimension n.
A — B = 0, that is A = B, means that A — B is positive semidefinite. () represents the value of the I-th

iteration of x. The diagonal matrix Diag{x;,j =1,--- ,n} has z; as its j-th diagonal entry.

2.2 Two existing convolution techniques

Definition 2.1. The infimal convolution (or epi-sum) [1] of two functions n and £ is defined as

(n##8)(x) := inf {n(c) +&(z— o)}

ceR”

In the notation of infimal convolution, the Moreau envelope [1] with a scale parameter § > 0 of function n

is defined as
1 . 1
en(z;0) = {n#@ll 3} (=) = ggﬁ{n{ﬂ(@ + gl cl3}.

Another approach is integral convolution [19]. Before introducing its definition, we first present the concept of

(non-negative) mollifier [6] as follows:

Definition 2.2. If n is a smooth function on R™, satisfying the following four requirements
(a) it has a bounded support;

(b) Jenn(e)de=1;

(c) gin%) n(c; 0) = girr(l) 0~"n(c/0) = d(c), where 6(c¢) is the Dirac delta function and the limit must be understood
— —

in the space of Schwartz distributions, then n is a mollifier;

(d) n(e) > 0, then it is called a non-negative mollifier.



The integral convolution of two functions is defined as:

Definition 2.3. Let n(-;60) is a mollifier on R™ and &(-) is a locally integrable function written as &(-) € Li,.(Q),

where Q@ C R™. We extend £(-) to all R™ by setting it to be equal to zero outside 2. The convolution of n(-;0)
and &(+) is written n(+;0) x £(-), which is defined by

{M¢®*£N@ﬁ=/ Mm—aeﬁchzj’Maomm—cMc

n n

converges uniformly to £(-) on Q, as 6 — 0.

3 Penalty Function in Scalar Case

In this section, we present a novel penalty for the case of a scalar scope via the integral convolution technique,
which promotes the sparsity of solution to a great extent. It is formed in the way of contrasting with the infimal
convolution, the process of which consists of function approximate and doing subtraction of two convex functions.

Further, a convex condition is proposed to ensure that the scalar objective function is convex.

3.1 Improving sparsity

The objective function of (1.3) can be re-expressed as

1 m
Py(z;A) = 3 Z(yi
=1

Let’s first consider a single element setting, then the above formula takes the form

n n

> aiz)? + A wig).
1 =1

Jj=

1
Py(zj;\) = i(yz - az‘jl'j)Q + Aw;z;|. (3.5)

Notice that there is a non-smooth part in (3.5), namely the absolute value function. This is not a good property
for algorithmic design. It is natural to ask: How can one approximate the absolute value function with a smooth
function? The most famous and very useful answer to this question is provided by the Moreau envelope. For
the absolute value function, the Huber function [12] is a fairly normative instance of the Moreau envelope. The

details are as follows:

Definition 3.1. The Huber approzimation (HA) of absolute value function on R is defined as

2
- || < 0;
) 71 =Y
Wa0) =12
il =5, |zl = 0.

2 b)
In the framework of infimal convolution, the Huber function can be written equivalently as
ha:0) = {|- 1455 ()7 (ay) = minfle] + o5z, — ¢)%) (36)
ne 20 17 cer 20" ' ’
Meanwhile, (3.6) also means that infimal convolution is exact, i.e., the infimum is acquired for certain c. If we

consider the weighted technique mentioned in the introduction, then its definition is given by:



Definition 3.2. The weighted-based Huber approzimation (WHA) of absolute value function on R is defined as

N2
Wt gy <
hesi0) =1
wizsl = 55 Twjagl 26,
and
1 . 1
ho (75;0) = {] - |#@(')2}(wﬂj) = Iggﬂgﬂwjd + %(wﬂfj —wjc)’}.

When it comes to this, we have to ask whether there is a better smooth approximation to the absolute value
function. It is no doubt that the answer is affirmative. Other approaches to smoothing are Ghomi’s integral
convolution method [10], Seeger’s ball rolling technique [17], and Teboulle’s entropic proximal mappings [22].
What we are interested in is such a smooth function computed via integral convolution with a generalized

Gaussian function represented in the form:

Definition 3.3. The generalized Gaussian function (GGF') is a parametric family of continuous function on R

defined by

ol 0.0) = gyt exp(=(2 e,

where u,0 > 0,q > 0 are mean, scale parameter and shape parameter, respectively. I' denotes the gamma

wnction by T'(z) = (272 te~tdt.
[ Y 0

Remark 3.4. The GGF includes all normal and Laplace distributions. To speak in detail, the GGF reduces to
the Laplace distribution when q = 1; the GGF degenerates into the normal distribution when ¢ = 2; moreover,
if ¢ — 0, then the limit distribution of GGF is the Dirac delta function; and if ¢ — oo, then the uniform
distribution will be as the limit of GGF. These statements are illustrated in Fig.3.3.

Since our goal is to approximate absolute value function (Y-axis symmetry) by jointly Mollifiers and the
operation of convolution, we then analyze whether g(x;; 6, q) satisfies four conditions in the definition 2.2 in the
case i = 0. First of all, g(x;;0,¢q) is first order derivable at # = 0 provided that ¢ > 1. In addition, though
bounded support is not available for g(x;; 0, ¢), the function is coercive so that this condition is approximately

met. Moreover, we have

| stasoain; = [ gt en(=(Ghndn = gt [ ew(=(G)s,

- N T | B
= wgg ), = gt =1

Furthermore, for fix ¢, it’s easy to check that when x; = 0, éiH(l) 9(0;0,q) — oo and when z; # 0, we have
—

i o(ai0.0) = Jim o exp{—( (1) 0 pep( (B} 2(La) % exp{(la 107}

60 200(1/q)

if g >1,
T Jim t O 1 —0:
2I'(1/q) t=o0 exp{(|z;]t)7}  20(1/q) t=oo |z;|(|xs]t) = exp{(|z;[t)9}




and if L <g <1 (r#1),

V. t 0 (1-91d-2¢)--A-rg+q) . 1 _ o

2I°(1/q) t=o0 exp{(|z;|t)?} 2¢"~'T'(1/q) t=00 [z (lz;]t)" 9~  exp{(a;[t)e}
further if r_%l <g< %,

(. t ) 1-¢)(1 —2q)---(L—rq) . ! —0

21°(1/q) t=se exp{(|a;[t)7} 2¢"T'(1/q) t=o0 || (Ja [t)rorat exp{(Jz;[t)2}

@» @

where =, =, and (1)

mean that utilizing one, r, and r + 1 times L’Ho6pital’s rule, respectively. So, these just
verifies the (c) of definition 2.2. Last, it is obvious that g(z;;6,¢) > 0 for 6 > 0,¢ > 0. In conclusion, g(z;;0, q)

is an approximate non-negative mollifier.

Generalized Gaussian function
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Fig. 3.3: The generalized Gaussian function (GGF) with =0, # = 1 and different values of g.

Based on the above analysis and inspired by definition 2.3, we have the following results

Uw530,0) = {930:0) # |+ 1}e3) = grrs |- tewt-Ghna

which is an approximate to the absolute value function |z;| and called the integral convolution approximate

(ICA). Similarly, the weighted-based convolution approximate (WICA) is defined as

Vuleji0.0) = {o:0.0) = - Yy = gts | " gy — texpf~(yoyar

By some simple calculations, one can verify the following results:

Proposition 3.5. For any 6 > 0, ¢ € EL (positive even numbers) and x; € R, ¥, (x;;0,q) can be expressed as

AL T ) o (wjz;)*
)+ T(1/q) {1 —erfg ()b, (3.7)

where

erfy(z) = F(lq/q) /OE exp(—t?)dt Vx € R,

which is referred to as the generalized error function (GEF) [29].



Remark 3.6. when q = 2, the GGF and GEF degenerate to Gaussian function and error function, respectively.
Our efforts contain not only the existing results that are described in Lemma 2.4 of [24] but also have preferable
modeling ability of data and generalization performance due to the adjustable shape parameter q. By analyzing
the Fig.3.4 about the generalized error function, one can obtain several important qualities: (1) erfy(x) is odd
and strictly increasing on R; (2) erfy(z) is conver on (—o00,0] and concave on (0,00); (8) erf,(0) = 0 and

mLuerloo erf,(z) = £1.

Generalized error function
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Fig. 3.4: The generalized Gaussian function (GEF) with different values of g.

Proof. Given 0,q,T > 0 and let

T
NI . _ (1t
Lw(‘r]veaQ) - 29F(1/q) [T ‘wjx] t|exp{ ( 9 ) }dtv

then when x; > 0, we have

2001 /q), T 114
L0 = [ g —tlexn{=(5) ")t

W;Tj T

0
= [ = nes{=(—pnar+ [ (1 — wyry) exp{—(0)")dr

Al A2 A3

(wja; = ) exp{~ ()7}t + [

Wj ;5

Further calculation, we obtain

>
I

0 £, 0 £,
w;T; /7Texp{f(f§) }dtf/Ttexp{f(fg) }dt

i, 0 0

= —'wja;je/ exp(—sq)ds—92/ sexp(—s?)ds
T
7

T

o
. 2 2
Merf{](%) + Merfg(%)7
q 2



and

A2

W5 Ty t W5 Ty t
way [ (= [ ool ()

itj

wjxﬂ/ exp( s7) 5—92/0 ' sexp(—s?)ds

LSS
|
w

w;x;6T'(1/q) w;T; 0°1'(2/q) (w;z;)?
g f — fq
. erfy( 7 ) . er 5( 02 ),
moreover
T T
A3 = / texp{—(%)q}dt—wjxj/ exp{—(g)q}dt
t=s

5 T
7 2

92 /“J"”j SeXp(_Sq)dS — W5T; /“fjﬂ:j exp(_sq)ds
g Ziti

2 W) . Wi
LI oy () — enty (WP y — 0O o T (282,

Using the fact that lim erf,(z) =1, we get

Tr—00

(A1 + A2 + A3)g

Yulesi6,0) = Jlim Lu(2;:0.q) = lim “—prmrs
;002 ;)
_ wjxj-erfq(w];])"‘ P((l//qfl)){l_e fé((w];zj) )}

When z; < 0, similar computations yield

W;T; wers)?
Yu(2450,q) = —wjz; - erfy(— jej) 61—‘((2//(])){1_ 5(( j92j) ).

It follows from the definition of generalized error function that, erf,(z) is odd on R, i.e., erfy(—z) = —erf,(z) if

g € E4. Therefore, for z; € R we get

To sum up, the proof of proposition is completed. O

Notice that the value of the absolute value function at the origin is equal to zero. Although our approximation

function ,,(0;6,q) = F((f/qq)) > 0, which does tend to zero as § — 0. In order to deal with this , one omit the

second term of (3.7), analogous to the method in [24]. Hence, our WICA is rewritten as

wjx;

wfv(ffj?a»Q) = 1/)w(xj§97Q) -

)} = wja; - erfy(

o1 (2/q) (- erfg((wjxj)2 )

I'(1/q) 02
and ¥},(0;6,¢q) = 0. On account of “Lerf,(z) = % > 0 that means erf,(z) is a monotone increasing
function, then the subtracted term is a monotone decreasing function and only has much effect for w;z; close
to zero. Thus this treatment is reasonable and feasible.

The following proposition depicts the properties of WHA and WICA.

Proposition 3.7. For any z; € R and ¢ € E;, we have



(@)l by, (25;0) = Jwja;| and lim @7 (25;0, ) = [wjz);

(b) Qli_glo hw(z;;60) =0 and eli_{lolo v (z;:60,q) =0;

(c) 0 < hy(z;0) <|wjz;| and 0 <P (z4;0,q) < |lw;x;| for fized 0;

(d) ¥ (x5;0,q9)“ > " hy(x;;60) for fized 6, where “ > means to approzimate the absolute value function better.

Proof. It is obvious that (a), (b) and (c) hold for any z; € R and ¢ € E4. In order to prove (d) we introduce

the distance of two real-valued function f and g as

If = gllee = max{f(z) — g(2)}.

Notice that for fixed 6,
0
lm |hy(z;;6) — |wiz;|| = 3 and hqy(0;6) = 0.

Zj—>00
Moreover, when z; > 0 and ¢ € E, combining the fact that 0 < erf,(x) < 1 and the inequality by Alzer [2] as
follows
erfy(xz) > {1 — exp(—29)}/4,
we have

W; T 5

[ (2530, 9) — lwjz;|| = |wjz; - erfy( ) — wjxs]

w;x
= e ferf,(52) — 1}]
w;iTy

wyy {1 erfy (P20}

< wizi{1 — (1 — exp(—(w;z;)")) "/}
i ex _(wiwy)t
< W;Tj p{ q }7

where the last inequality is established by exploiting that (a — b)'/¢ > a'/9 — /9 for a > b > 0 and ¢ > 1.

Hence, we obtain

lim |F (2550,q9) — Jwijz;]| < lim w»xwexp{—w}zo
ot 1P 2530, il S I Wi p )
and then
[0 (2530, 0) — [wizsll =0 and 4,,(0;6,9) = 0.
So
0
ma [y (253 0) = |wjag|| = 5, max 9 (2530, ) = |wjs]] = 0.

Therefore, we get
190 (2550, ) — [w;zllloo < [1huw(z;;0) = [wiz;llloo,
which shows that ¢ (z;;6,q) best approximates the function |w;z;|. This conclusion is amply illustrated in

Fig.3.5. O

We now consider the scalar penalty. In 2017, Selesnick proposed the minimax-concave penalty (MCP)

function [18] based on the Huber approximation (HA). Its weighted version is shown below:

10
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Fig. 3.5: The weighted-based integral convolution approximate (WICA) vs the weighted-based Huber approximation (WHA) in

the cases with varying parameters.

Definition 3.8. The weighted-based minimaz-concave penalty (WMCP) function is defined as

(wjz;)?
lwja;| — 7329] o wjzg] <65
Qo (25;0) = lwiz;| — hu(z;:0) = 0
3 lwjz;| > 0.

By the same token, we can share the idea and provide an innovative penalty on the strength of the weighted-

based convolution approximate (WICA).

Definition 3.9. The weighted-based integral convolution penalty (WICP) function is defined as

. Wi,
u(@j50,q) == |lwiz;| — ¥ (25;0,q) = lwjz;| — wjz; - erfe(—22).

0
Remark 3.10. In Fig.3.6, we offer the relationship among the absolute value function, WMCP and WICP. It is
obvious that of the three penalties the WICP as a function of x; increases the slowest for the fized value of 8 and
q, which means the WICP becomes more concave at x; = 07 and induces sparsity more strongly. Meanwhile,
we find that the absolute value function excessively penalize the big x; and the WMCP mildly penalize the large
value, but it can’t avoid to underestimate high-amplitude components in signal recovery. It’s surprising that our

method can hardly punish the large component such that the shortcomings of the former two are eliminated.

3.2 Convexity analysis

In this section, we replace the absolute value function of (3.5) by the WICP as a regularization term and

briefly discuss the convexity of the new objective function and present a convexity condition.

Proposition 3.11. Let A\, w; > 0 and g € Ey. The convexity of objective with weighted-based integral convolu-
tion penalty (WICP) function as follows

1
Juw(z53\) = 5(% — ai;;)? + Mow(w536,q) (3.8)

11
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Fig. 3.6: The weighted-based integral convolution penalty (WICP) function vs the weighted-based minimax-concave penalty

(WMCP) function in the cases with varying parameters.

is guaranteed provided

or(1/q)
2 2
UiS Toag i

Remark 3.12. Given a;; and wj, the convexity condition is easily achieved by tuning the value of the scale
parameter 0 and the shape parameter q. In other words, the objective function (3.8) has more freedom of

conversion between convexr and nonconvez. If (3.8) is convex, the solution will not fall into the local minima.

Proof.

Wjx;

1 1
Juw (i3 A) = i(yi — ai;z;) + Mow (w530, q) = 5(% — agz;)? — Awjz; - erfy( ) + Awjz;l.

Obviously, A|lw;z;| is convex for A > 0. Thus it suffices to prove that

WjTj

7

1
S = i(yl —a;w;)? — Mwjzj - erfy(

is convex. That is to say, we need to prove that the second derivative of S is nonnegative. Hence, we have

d 9 WiT; qu;x; w;iT;
—S =ai.r; —y;a;; — Sorf I I3 _(ZitiNg
de']S al]x] Yyia J ij{er q( 6 ) er(l/q) eXp( ( 9 ) )})
o)
d? 5 2>\qu2 WiT; . WG, w;T; .,

2 2 qw? 1- %(%)q
YT (1/q)  exp{(Z5)1}
2)\qu2 1-— %(—wjemj )9

> g2 = . 0
2 Gy GF(l/q) 14+ (%)q
2 quw?
> g2 - 9% (3.9)

“i " 9r(1/q)’

12



2.4
-3z

where the first inequality is founded by e” > 1+x and the second inequality follows from the fact that 427 <1
. o d? 2 2)\qw2-
for ¢ € E;. Therefore, S is convex if ES > aj; — m > 0. O

4 Penalty Function in Vector Case

In this section, We extend the univariate WICP to the multivariate penalty function which is used as a

regularization term.

4.1 Multivariate penalty

In term of compressed sensing, the null space property [5] is an important sufficient and necessary condition
for the exact recovery of any sparse signal. This condition can be utilized if and only if the corresponding
function satisfies the separability, for instance, ||2]l; = 3°7_, [z;|. Because the generalized weighted-based Huber
approximation has no a simple explicit expression and the separability, so obviously its analysis is unnecessary

and more difficulty. Here we only present our penalty function according to the previous method.

Definition 4.1. The generalized weighted-based integral convolution approzimate (g-WICA) of ¢1-norm is de-
fined as

n

¢w($; g, Q) = Z{wjxj . erfq(

Jj=1

WjiT;

)}

There are some evident properties of the g-WICA as follows:
Proposition 4.2. For any x € R” and g € E1, we have
(a) lim (236, q) = [ W
0—0
(b) lim ¢y (20, q) = 0;
60— o0
(¢) 0 <tu(x;0,q) < [Wel|1 for fived 0;

We put forward a satisfactory penalty function to replace ¢;-norm penalty by exploiting the difference

between two convex functions based on the g-WICA.

Definition 4.3. The generalized weighted-based integral convolution penalty (g-WICP) function is defined as
Do (20, q) = [Wally — uw(2;0,q).

4.2 Convexity analysis

Proposition 4.4. Let A > 0 and ¢ € E;. The convezity of objective with generalized weighted-based integral
convolution penalty (g-WICP) function as follows

1
Jw(x; N) = §||y— Axl|3 + Ay (%0, q)

13



is guaranteed provided

or'(1/q)
WTw < ==L AT 4. 4.1
2)\q (4.10)

Remark 4.5. Notice that the convezity condition (4.10) is equivalent to saying that z¥ { AT A— 01“2)1\(}(1) WTWle >

0 holds for the real symmetric matrices AT A, WTW and any nonzero vector . Also because x' {AT A —

91“2()1\%) WIwlz = ||Az|j3 — 01“2()1\%) |Wz||3, where ||Az||3 > 0 with equality holds if and only if x € ker A and

[W||2 > 0, so it could hardly reach to the convexity condition. But we can control the scale parameter 6 and the

shape parameter q such that ' {AT A — 2)1‘(/1(1) WTW}a > —u (1 is rather small). Specially, from the property

(b) of proposition 4.2, the g-WICP reduces to ||Wal|1 as 8§ — oo, then Jy,(x; \) will become a convex function.

In summary, the convexity condition could be almost satisfied.

Proof.

1
Tul ) = Sy = Asl + A 0,0) = 5y Aa A Y (wya -ort, (4
j=1

)} 4 AW
Obviously, A||[W||; is convex when A > 0. Thus it suffices to prove that
1 9 - W; T
= 5lly— Al =AYy -erfy(“22))
j=1
is convex. That is to say, we need to prove that the Hessian matrix of S is nonnegative definite. Hence, we have

2.
wjT; qu;T;

V.5 = AT(Azx— y) — A{wjerfq( )T T exp(— (4 )q)} :

SO

2)\q
or(1/q)

It follows from the proof of (3.9) that

V28 =ATA -

wriw . Diag{exp(—(%)q) - g(%)q exp(—(%)q)}.

. WL, q,W;T; WL
Diag{exp(—(—7-)7) — S (=) exp(—(—=7*)")} < In,
0 2° 0 0
then
2)\q
VS = ATA- T
0T (1/q)

Hence, if ATA = 91“2(?? )WTW that means V25 is nonnegative definite, then S is convex. O

5 Numerical simulations

In this section, we provide an efficient algorithm and a series of numerical simulations to evaluate the

performance of our model (1.2) and (1.4) for signal recovery.
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5.1 Optimization Algorithm

Here, we first consider the optimization algorithm for solving the unweighted version problem (1.2) and then

extend it to the weighted case. It is worth to notice that we can rewrite the objective function in (1.2) as follows
1 2 1 2 - Zj
J(@0) = 5|y — Alf + A0(x:0,9) = ( 5lly— Al + Azl | = AD_{a; - exfy(5)} = Ci(x) - Ca(a), (5.11)
j=1

where Cj(z) and Cy(x) are proper lower semicontinuous convex function. The form (5.11) is known as a
DC decomposition of the function J(x; A), i.e. difference of convex functions. Corresponsively, there exists a
difference of convex functions algorithm (DCA) for solving this kind of problem. The core idea of the DCA is

to search for the optimal solution of J(x; \) iteratively via the following two steps

2V € 9C,y (),

2T = arg min € (x) — (Co(aV)) + (2, 2 — V).

zeR™

First, the subgradient sequences {2(*)} of the convex function Cy(z) at the (") is calculated and then we obtain
the sequences {2(")} that reduces monotonically the objective function J(z; \) by utilizing the definition of the
x

subgradient. From the previous analysis we can see that Ca(z) = A7, {x; - erfy (%)} is differentiable with
gradient z = A erf, (%) + % exp(—(%)q)}?zl, thus we have

1
2+ = arg min §||y, Az|? + (@) x) + N =], + p,

;@)

[(v))2
where p = —\ Z;’L:I % exp(—(~4—)?) and a®) = —2(V) can be treated as a constant and a constant vector

at (v + 1)-th iteration, respectively. Therefore, we turn to solve the following modified optimization problem

1
2" = arg min _[ly — Azf} + (@), @) + A< (512)

|zt — ()|,

The form (5.12) is used as outer iteration with a termination criterion *=———+—12
max([|lz(*)[2,1)

< e for a preset moderately
small threshold e. Because of its separable structure, problem (5.12) can be efficiently solved by the alternating
direction method with multipliers (ADMM), which decomposes the original joint minimization problem into
two easily solved subproblems. More specifically, we introduce an auxiliary variable 8 € R™, the problem (5.12)

can be equivalently reformulated as

1 y
min -y — Azl3 + (@), z) + \|B]l: st. z—B=0.
TER™ 2 |
f2(B)

f1(z)

The corresponding augmented Lagrangian function is given by

L(@.B.7) = f1(®) + f2(8) + 4" (@ = B) + Sllz— B3,

where 7 is a positive scalar for controlling the speed of the algorithm and - is the Lagrangian multiplier vector.

It is obviously difficult to solve the above function directly. We can first minimize a variable for fixed the other
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variables as follows

x) = arg min {f1(2) + 3o~ 8 + 4V}, (5.13)
. T
B = arg min {£2(8) + 5V = B+~D3}, (5.14)

A = O | (D) _ Uy,

Computing z(+1):
Since the corresponding objective function of sub-problem (5.13) is quadratic, and then letting its first-order

derivative equal to zero directly yields
2D = (ATA+ 7)Y ATy — o) + 720 — g0),

Computing B¢+1):

As suggested by Hale et al. [11], the solution to the sub-problem (5.14) can be gained as
§3(2) = arg uin, 5116 — 213 + 216
AN gBER" 2 2t b

where 8 (z;) = sign(z;) max(|z;| — 2,0) is the soft-thresholding operator.
The above alternative updating steps as inner iteration are repeated until the convergence condition is
satisfied or the number of iteration exceeds a preset threshold. Following the suggestions in [30], when ||:c(l) -

ﬁ(l)Hg < ne®s 4 erel max(||a:(l)|\2, ||ﬂ(l)H2) and ||T(,3(l) — ,8(1_1))||2 < /net®s + erel||'y(l)||2 with an absolute

abs l

tolerance €*** and a relative tolerance €™, an approximate solution of problem (5.12) can be fully guaranteed.
All solving processes can be summed up as Algorithm 5.1.

Now we consider the algorithm for solving the weighted version problem (1.4). We add a weighted step
on the basis of the solution obtained by Algorithm 5.1, which is similar to the idea of iterative reweighted /¢;-
minimization algorithm (IRL1) [4]. The proposed simple iterative algorithm that alternates between estimating
x and redefining the weights as described in Algorithm 5.2.

In Algorithm 5.2, for the sake of providing at ability and ensuring that a zero-valued component in ") does
not rigidly forbid a nonzero estimate at the next step, the nonnegative parameter g is introduced. Moreover,

the w;-update and p-update are in accordance with suggestions of [13] and r(-)x+1 denotes (k + 1)-th value of

the rearrangement of | - | where k is the sparsity of vector .

5.2 Experimental Results on Noiseless Data

In this section we provide simulations to compare our methods with four state-of-the-art algorithms for sparse
recovery: lasso-ADMM [2], which solves the lasso problem (1.1) by ADMM; ¢;_o-DCA [30] that addresses the
unconstrained ¢;-¢2 minimization problem based on the DCA; Half thresholding [28] for ¢, /, regularization; and
the iteratively reweighted ¢; minimization algorithm (IRL1). All the above-mentioned solvers are coded on a
PC with 4 GB of RAM and Intel core i5-4200M (2.5GHz). In order to avoid the randomness, we perform 100

times against each test and report the average result.
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Algorithm 5.1 An algorithm for the minimization problem with g-ICP (gICP-DCA)

1: Input: y € R™, A€ R™*™"(m < n), A, q, 0 and .
2: Output: ! € R".

3: Initialize ') = 0 and v = 0.

4: // Outer loop

5: while no convergence do

6: Initialize 30 = 0, 7(0) =Q0andl=0.

7 // Inner loop (ADMM)

8:  while no convergence do

9: Y = (ATA+ 7)1 ATy — o) + 72 — g0).
10: B+l = SA(Q;(Z“) + ,7(1)/7.).

11: D = ,.Y<Tl) + 7(2D — gD,

12: l=1+1

13:  end while
14: 20D = 2O,
15:  Update o).
16: v=uv+1.
17: end while

18: return o = (V).

5.2.1 Experimental Setup

R64%256 with entries drawn independently

In the absence of noise, we generate a measurement matrix A €
from the standard Gaussian distribution, Such measurement matrix A is known to satisfy (with high probability)
the RIP . The locations of nonzero components of the signals & € R?% are uniformly randomly generated, and
the nonzero values are chosen from a Gaussian distribution with mean 0 and standard deviation 1. Given
A and x, the measurements y are produced by y = Az. We deem that the signal =f can be as a successful
reconstruction for the original signal « from the measurements y if the relative error (abbreviation: RelError)
meets ||2f — x||o/|x]2 < 1073,

In our experiments, the parameters of lasso-ADMM, Half thresholding, IRL1 and ¢;_5-DCA are tuned to
achieve the best performance. For gICP-DCA and gWICP-DCA, we set tolerances both e = 1072, €** = 1077,
and €' = 107°. Specially, we set the number of outer and inter loop in Algorithm 5.1 to be 10 and 5000,
respectively. For gWICP-DCA, we set the maximum number of iterations to be 20 and see that much of the
benefit comes from few reweighting iterations, and so the added computational cost for improved signal recovery
is quite moderate. In addition, for glCP-DCA and gWICP-DCA, the shape parameter ¢ of GGF is empirically
set to be 2 (maybe it’s because the elements of the signal x are subject to the Gauss distribution). Fixed ¢,
we employ a “trial and error” strategy to choose the scale parameter 6 and the regularization parameter A (set
the penalty parameter 7 = 10\). As illustrated in Fig.5.7, gICP-DCA reaches the minimum relative error when

6 =0.7,\=10"% and 7 = 10~ (in the noiseless case where ) should be always set to a small number such that
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Algorithm 5.2 An algorithm for the minimization problem with g-WICP (gWICP-DCA)

1: Input: y € R™, A€ R™*™"(m < n), A, q, 0 and .
2: Output: ! € R".

3: Initialize A® = A, W©® =7, £ = g and v =0.
4: while no convergence do

A+ A(v)(W(w)fl.

2"+t = gICP-DCA(A™), y, A, ¢,0,7).

V) = (W)~ gD,

Update weights w§v+1) = {(:rj(”))2 + (Q(D))Q}_%-

o) = min{o™, ¢ r(z*V);,1} where ¢ € (0,1) is a constant.
10: wv=v+1.
11: end while

12: return o = 2V,

ly-norm data fidelity possesses a slight effect). Here gWICP-DCA shares same parameters with gICP-DCA.

-1 T T T T T T T T T 25 T T T T T T
—o—gICP-DCA —o—gICP-DCA
3k

-35

3r 1 -4

-4.5

-5

IoglOReIError
IN
T
L
IogloReIError

st . 55
6

-6.5

0 0.5 1 15 2 25 3 3.5 4 4.5 5

Fig. 5.7: Parameters selection for gICP-DCA with sparsity k = 20. (a) for 6 versus RelError with A = 1078 and 7 = 10~7. (b) for
A versus RelError with 6 = 0.7.

5.2.2 Results for RIP Matrix

In this section, we implement two sets of experiments for the Gaussian measurement matrix satisfied RIP.
Fig.5.8 (a) depicts the relationship between sparsity k and success rate (the success ratio of 100 experiments).
It is easy to see that an increasing k leads to a poor reconstruction, however gWICP-DCA owns the highest
success rate at various sparsity levels and followed by glCP-DCA. The performance of IRL1 is slightly lower
than that of gICP-DCA. The gap between remaining three algorithms and our solvers is pretty big.

Fig.5.8 (b) shows the relative error performance versus the number of measurements m for a signal with

length n = 256 and sparsity £ = 5. We notice that when m < 25, there are no obvious differences. Comparing
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the gap between these algorithms for m > 25, we remark that gWICP-DCA has the lowest relative error and
is about three orders of magnitude different from other methods. In a word, the sampling number required for

gWICP-DCA is the least in the same case.

I <% T T T 1 : : : : : :
—o— lasso-ADMM
09 «  Half thresholding|1 2
—o—/(;_»-DCA
08f R +—IRL1 T ST
—o—gICP-DCA 4t
0.7r —o—gWICP-DCA
5}
goor 1 2
[ I sk
g 05 1 g >
] 3 7F
> j=2
n 04 1 o
8|
03k i —o—lasso-ADMM
' 9| « Half thresholding
02F i —o—(;_»-DCA
0T s IRL1 |
01k . a1tk —o—gICP-DCA ]
—o—gWICP-DCA
0 12 1 1 L L L L
10 40 5 10 15 20 25 30 35 40
k m
(a) (b)

Fig. 5.8: Comparison of algorithms using RIP matrix. (a) for k versus Success rates with sampling number m = 64. (b) for m

versus RelError with sparsity k = 5.

5.2.3 Results for Highly Coherent Matrix

In addition, we also test a more ill-posed and significantly higher coherence sensing matrix which is generated
by creating a randomly oversampled partial DCT matrix A € R™*" with A; = cos(2(i — 1)nw/F)/+/m, where
the elements in w € R™ draw independently from the uniform distribution and F' is a positive integer that
is closely related to the coherence of A. In general, a bigger F' corresponds to a larger coherence. The test
signal is produced by creating an k-sparse signal & whose k entries are independently sampled from a standard
normal distribution and located at supports drawn uniformly in {1,2,--- ,n}. Similar to [30], we restricted the
elements ¢, j in supp(x) to satisfy min,-; [ — j| > 2F.

Fig.5.9 provides an example with A € R?0x1000 and F = 14. It’s remarkable that such an ill-posed and
inverse problem is an enormous challenge for the vast majority of the algorithms, however, our gWICP-DCA
and #1_5-DCA still maintain a high recovery success rate for different sparsity levels with glICP-DCA in hot
pursuit. In contrast, other algorithms encounter a general performance, especially Half thresholding is almost

incapable of signal recovery in the case of a highly coherent measurement matrix.

5.3 Experimental Results on Noise Data

In this section, we conduct some numerical experiments to support the robustness of our solvers in the
presence of noise. We compare the performance of our two methods with the other representative algorithms

including lasso-ADMM and ¢;_»-DCA and Half thresholding. Here we do not take IRL1 into consideration
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o
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Fig. 5.9: Comparison of algorithms using highly coherent matrix for k versus Success rates with m = 50, n = 1000 and F = 14.

in the comparison, because IRL1 is often used to solve constrained noiseless signal recovery problems, so it
is not appropriate in this example. Throughout the rest of experiments, all settings are consistent with the
corresponding experiments in 5.2 Section except the scale parameter 8, the regularization parameter A and the
penalty parameter 7 (to be chosen later). Using x and A, the measurements y are produced by y = Az + e,
where e is the Gaussian white noise with mean 0 and standard deviation 0.05. We uniformly evaluate the
recovery performance of all the methods by signal-to-noise ratio (SNR) defined as 20log(||z||2/|l — #||2) in
decibels (dB).

In order to find the better 8, A\, 7 that obtain the maximal SNR, two sets of trails have been conducted based
on the “trial and error” strategy. From Fig.5.10 and Fig.5.11, the parameters § = 0.3, A = 1072, 7 = 10! for
gICP-DCA and 0 = 2.4, A = 107%,7 = 1072 for gWICP-DCA are two good choices.

41 42

—o—gICP-DCA —*—gICP-DCA

26 1 1 1 1 1 1

(a) (b)

Fig. 5.10: Parameters selection for gICP-DCA with sparsity k = 10. (a) for  versus SNR with A = 1072 and 7 = 10\. (b) for A
versus SNR with 6 = 0.3.
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Fig. 5.11: Parameters selection for gWICP-DCA with sparsity k = 10. (a) for 6 versus SNR with A = 10~% and 7 = 10\. (b) for
A versus SNR with 6 = 2.4.

5.3.1 Results for RIP Matrix and Highly Coherent Matrix

In this section, under the condition that measurement matrix A satisfies RIP and high coherence, respectively,
we study the SNR performance of methods influenced by sparsity levels k. According to Fig.5.12 (a), when
k < 15, all the methods tend to perform better. However, our glICP-DCA and Half thresholding methods rand
first and second, respectively, followed by the gWICP-DCA, #;_>-DCA and lasso-ADMM in order. Besides,
when sparsity k£ increases and k > 15 or in order words, the difficulty of signal recovery increases, our gWICP-
DCA is obviously superior to the other solvers. One can easily see from Fig.5.12 (b) that our proposed two
methods behave better than the rest of the methods on the whole. In particular, our gWICP-DCA shows

stability for different k’s and the gap between other algorithms and our methods is quite clear.

6 Conclusion

This work introduced a robust formulation for signal recovery, which employs two key ideas that 1) the inte-
gral convolution approximation of the absolute value function; 2) the difference between two convex functions.
Moreover, we generalized the result of the univariate to the multivariate case. Two efficient algorithms, i.e.,
gICP-DCA and gWICP-DCA, have been provided to solve this criterion. To verify the effectiveness and robust-
ness of our methods, several sets of contrast tests include noise and noiseless case as well as RIP matrix and
highly coherent matrix case have been implemented. The obtained results show that our methods outperform
other state-of-the-art methods in recovering signals. Some extensions of our work are of interest. For example,
this formulation can be extended to structured sparse signal recovery and non-Gaussian noise modeling where

the data fidelity term is measured by ¢,-norm (p # 2).
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5.12: (a) Comparison of algorithms using RIP matrix for sparsity k versus SNR with m = 64,n = 256. (b) Comparison of

algorithms using highly coherent matrix for sparsity k& versus SNR with m = 50,n = 1000.
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