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This paper does two things: (1) it recaps the method of stabilized amplitudes that resolves
divergence issues in QFT without infinite charge and mass renormalizations, and (2) it presents a
detailed case study which verifies that stabilized amplitudes agree with renormalization for radiative
corrections in Abelian and non-Abelian gauge theories.

I. INTRODUCTION

In a companion paper [4], we argue that action of elementary charges on the vacuum leads to finite amplitudes
for radiative corrections without infinite mass, charge, and wave-field renormalizations: It was determined that
renormalization is only required in the standard (unstabilized) theory because it violates the law of conservation
of energy; in this connection, it does not account for all intermediate mass states dressed with vacuum energy.
Renormalization attempts to fix the problem by redefining mass and charge, but this solution misses the underlying
physics and renders the theory more complex than necessary.

The main purpose of this paper is to show that the stability method agrees with renormalization theory and
therefore with experiment for specific radiative corrections in quantum field theory (QFT). After a brief summary of
the rationale and rules for constructing stabilized amplitudes, we verify in detail that net S-matrix corrections in QED
are finite and agree with renormalization theory to all orders in perturbation theory; finally, we verify the method for
one-loop diagrams in QCD and electroweak theories. Standard Model nomenclature is defined in Appendix A.

II. STABILITY THEORY
A. Physical model

Conservation of energy requires that an electrical or color charge redistribute vacuum energy into positive and
negative energy parts such that its net energy

EX+E =0 (1)
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Figure 1. Intrinsically stable electrical and color charges {e, gs} effectively draw {negative, positive} energy from the vacuum
¢ leaving an energy {surplus, deficit} in surrounding (far-field) regions {A, B}.
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remains zero. Actions of elementary charges on vacuum ¢ are depicted in Fig. 1. For complex irreducible scattering
processes, the model in Fig. 1 suggests there exists point-like, near-field contributions to scattering amplitudes in
addition to those associated with unrenormalized (core) amplitudes in surrounding regions.

For an electron of mass m, vacuum polarization effectively spreads the charge out [51] over a subregion of the
far-field having spacial extent approximated by the Compton wavelength A. = 1/m. From (1), the self-energy [10]

mt = am (1n A + 1) (2)

emn 27 m 4
is paired with a deficit m_,, to give a stability condition
m:m +me,, =0, (3)

where « is the fine structure constant, and A, is a cutoff. We can model the deficit as an interaction between the
observed charge —e and a vacuum potential ¢,,. > 0 which acts on the charge akin to a spherical capacitor depicted
in Fig. 2, where the radius of the near-field (vacuum depletion) region is comparable to the Compton wavelength
of the electromagnetic mass: A\ = 1/mJ, . Considering (3), the net mass-energy of a charged fermion is just the
observed core mechanical mass m generated by the Higgs field interaction in electroweak theory. Using mass formula
(A12), the vacuum potential can be related to a displacement of the vacuum from the ground state

buac = 9. (0] ®[0) . (4)

where n = A./AS™ > 1 is a scale parameter, and g, is the coupling of the electron field ¢ to the Higgs field .
In contrast to Poincaré’s theory [34], wherein internal non-electromagnetic stresses hold a charge together, here an
elementary charge is presumed stable, and the external vacuum potential well stabilizes the system.

An electron in the potential well of Fig. 2 is dressed with negative electromagnetic energy in the near-field and
positive energy in the far-field. In the renormalization approach, one starts with a bare electron

Mo = M — €Prgc (5)
self-interaction dresses it with positive electromagnetic energy m7, . and the renormalization condition
Mo +m, =m (6)

is subsequently applied to redefine the mass and thereby conserve energy. However, from the energy conservation
model in Fig. 1, m{,, and m_,, are always present, the total mass reduces to the observed mass, and there should be
no need to introduce unobservable bare quantities for either mass or charge.

If we insist on using physically measured values for mass and charge from the start, then we only need to determine
near-field scattering amplitude corrections that manifestly conserve energy and result in an energy deficit or surplus
for electroweak or strong interactions, respectively: This involves accounting for the additional mass states implied
by (3). Considering all changes in vacuum energy, a complete set of mass states can be defined, and we can formulate
a finite theory of radiative corrections that includes all possible intermediate states, and no asymmetry such as (5),
necessitating a redefinition of mass or charge, is introduced.

B. Dressed mass states

This section generalizes the model in Fig. 1 to fermion (FSE) and boson (BSE) self-energy processes involving
electroweak interactions. General rules for dressing a particle with vacuum energy are given.

External lines for processes in Fig. 3 involve (a) gauge bosons b € {v, W, Z,H}, and (b,c) fermions f € {jo}
corresponding to family j with component index ¢ = +. Blobs in Fig. 3 contain irreducible insertions, which in
general, may involve other particles in the Standard Model mass set

M:{mf7 mw, mz, mH} .

On the mass shell, scattering amplitudes X/ (p) and X° (k2), given in Appendix E, define fermion and boson
self-energy functions [19, 44]

My = 27 (p)| pay and (7)
M} = Re [£°(k?)] K - (8)
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Figure 2. Effective vacuum potential due to vacuum depletion acts on an electron charge similarly to spherical capacitor. Since
stability requires mg,,, — epuac = 0, the total energy of the electron in the well and dressed in its electromagnetic field is just
its observed mass-energy. For a positron ¢yq. < 0.
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Figure 3. Generic self-energy and vertex diagrams: (a) BSE, (b) FSE, and (c) vertex.

Physically, M; and M), each represent energy borrowed from the vacuum in a near-field region of radius
To X~ )\c (Mf‘Mb)

to create a configuration of high-energy virtual particles in a far-field region: r > r,. In order to have well defined
amplitudes for FSE and BSE processes, there must exist corresponding negative probability (depletion) amplitudes
that oppose (7) and (8), thereby ensuring conservation of energy. Loosely, one may think of (8) as a squared energy
borrowed from the vacuum and —M7 as the deficit. Depletion amplitudes involve two additional mass levels indexed
by A = £1, where core masses, ms or my, are dressed with positive and negative vacuum energy.

Allowed dressed core mass (DCM) levels for fermions in FSE processes and bosons in BSE processes are defined
by requiring that averages of free field Lagrangian densities, Yukawa (A11l) and Higgs (A6), over dressed mass levels



A = +1 are stationary: By inspection, Lp (my — my + AMy) and Ly (mi — m? + AM?) meet this requirement.
To ensure consistency when fermions and bosons mix in FSE and BSE processes, dressed mass levels for all m € M
in the blobs of Fig. 3 are defined by the replacement

m" —m" (1+ "), (9)

where 7 is a common scaling factor: My = nmy and M, = nmy, and

- 1 FSE/vertex
]2 BSE

for irreducible FSE, vertex, and BSE diagrams in electroweak theory.
Taking into account the fermion mass formula (A12), the DCM rule

myf — My (1+ An) (11)
for fermions in FSE processes corresponds to a vacuum fluctuation (h # 0)
Av = o, (12)

where the ground state energy v is determined from (A10). For selected A and 7 , the displacement (12) is the same
for all charged fermions.
For bosons in BSE processes,

mi = mg (14 An°) . (13)
Since my, o v from (A7)-(A9), the boson vacuum is shifted v? — v? + Av? with
Av? = n?v? . (14)
For external particles in Fig. 3, dressed momenta in the blobs are:
pa=my (14 Xn) + pos , (15)
ki =mi (L+ M%) + k3, ,

where 0p,s and 6k2, are off-shell terms.

Vertex factors (A13)-(A15), including the weak mixing angle (A5), charge (A16), and neutral current coupling
constants (A17) are all stationary under (9). However, propagators (A18)-(A20) involving massive particles are not
stationary under DCM transforms, and dressed amplitudes (18) constructed from them are either driven to zero or a
stabilizing correction for finite tree or divergent loop processes, respectively.

C. Scattering amplitude

Generally, if an irreducible radiative process represented by {2 borrows energy from the vacuum creating a deficit,
then an opposing amplitude is required to ensure conservation of probability and energy. For the moment, assume
dimensional regularization is used to tame improper integrals. To account for the deficit and include all possible
intermediate mass states, the total scattering amplitude for electroweak interactions is defined by

Q=0 -0 M), (17)
where (2 accounts for self-interaction effects involving physical masses in M, and
_ 1 ..
M) == lim 2 My = M) (18)

2 n—
K C>o/\::I:l

is a subtrahend for vacuum depletion; from (9), we have

M= ixnZ  BSE (19)

_ { 1+ An FSE/vertex



For any m € M, the dressed mass is
Mmq = 7\m . (20)

If an energy cutoff A, is assumed in lieu of dimensional regularization, then we must include A, in the argument set
of £2. The cutoff scales in the same way as (20); that is,

Ad = ’l7>\AO . (2].)

In addition to my or my, {2 depends on external momenta {k, p} for Feynman diagrams in Fig. 3 which may be
on- or off-shell. For notational simplicity, any dependence on external momentum parameters has been suppressed
during construction of §2 because {k, p, ¢} are implicitly dependent on associated core masses.

Since the positive and negative energy regions in Fig. 1 for color charges are interchanged relative to electrical
charges, the stabilized amplitude in QCD is given by

Qocp = Asf2 (22)

where ) from (17) employs the usual Feynman rules, and

A = —1 (23)

is a switching factor.

III. VERIFICATION

This section justifies rules (17) and (22) for computing stabilized amplitudes.

In Appendix B, we evaluate divergent integrals in (2 for dressed mass states in Feynman diagrams, and show how
they reduce to mass shell renormalization conditions.

For Abelian QED in Appendix C, stabilized amplitudes agree with renormalization theory for vacuum polarization,
fermion self-energy, and vertex processes to all orders in perturbation theory. Accounting for vacuum depletion
eliminates all divergences: In particular, opposing currents associated with dressed fermion states stabilize the photon
self-energy without charge renormalization, and neither mass nor wave field renormalization is required for the fermion
self-energy.

For non-Abelian QCD in Appendix D, we apply the stability method to a collection of one-loop diagrams using
a modified renormalization formula to derive an effective color charge (D12) and running coupling constant (D23)
with an energy scale signature consistent with QCD’s prediction of asymptotic freedom [15, 36] and its agreement
with experimental results [7]. However, the crucial difference is that finite stabilization parameters replace infinite
renormalization constants. The results show that the switching factor Ay = —1 in (D12) is essential; physically, this
means that dressed particles in {2 are associated with positive energy in the near-field, and physical masses in the
depletion part — are cloaked in negative energy. Also, an analytical expression for the reference mass M, in QCD
is derived which gives M, = 70.65 GeV/c?; see (D27).

Generally, fundamental couplings are well defined only on the mass shell, where bosons mediating the interaction
are free, and stabilized boson self-energy functions vanish; therefore, the elementary charge used in the Feynman
rules is a rock-solid constant. An effective running coupling includes energy dependent vacuum polarization effects for
screening or anti-screening, which can otherwise can be associated with modifications to field propagation functions.

For one-loop electroweak corrections in Appendix E, we verify that stabilized boson self-energy corrections including
Ar, fermion self-energies, and vertex processes are finite and agree with renormalization [6, 19]. Electroweak depletion
amplitudes for boson and fermion self-energy processes are reduced by expanding core amplitudes in a Taylor series
and applying (18): The resulting stabilized amplitudes (E12) and (E37) are unique and yield stability conditions
that agree with only one renormalization scheme. While the electrical charge (A16) is invariable according to (E27),
couplings {g,, 9%} and Oy can vary due to finite on-shell mass shifts {dm¥,, ém% } derived from stabilized W- and
Z-boson self-energy corrections; see (E48) and (E49). Therefore, resulting Ar corrections (E28) to BSE amplitudes
for W— and Z-bosons are a simple consequence of the constancy of the electrical charge, a stability result. Finally,
we verify that muon decay with Ar corrections yields expected results without renormalization.

For non-Abelian electroweak and QCD theories, the stability method is expected to yield finite results to all orders
in perturbation theory since it is applied to each irreducible radiative correction in any complex Feynman diagram.

Numerical results are presented in Appendix F for electroweak boson and fermion self-energy profiles. Stabilized
results for v — Z mixing, Z-boson, and W—-boson polarization profiles differ from and update those given in [2, 19].



Appendix A: Standard Model nomenclature

This appendix summarizes required machinery of the Standard Model utilizing references [19, 33]. Natural units
are assumed; that is, A =c = 1.

1. Electroweak theory

The electroweak Lagrangian
Lew =Lc+ Lu+ Lr (A1)

for the physical particles includes gauge, Higgs, and fermion parts. Gauge fixing and ghost terms are omitted in (A1)
since it is only necessary to consider physical particles for this development. The gauge part, based on a Yang-Mills
prototype (A22), is given by

1 a a v 1 1%
L:G - _ZWH’/W B ZB'LWB# 5
where the field strength tensors
Wi, =0,W; —0,W; + gweabCW}i’W;: and (A2)

B;w = a,uBu - 8I/Bu

are expressed in terms of derivatives of the gauge fields: a triplet W, a = 1,2,3 of vector bosons and a singlet B,

which transform according to SU (2) and U (1) symmetry groups |14], respectively. In (A2), gw is the non-Abelian

SU(2) gauge coupling constant, and €4 is the Levi-Civita tensor representing the structure constants of SU (2).
The Higgs part is given by

Ly = (D,®) (D"0) -V (D),

where

®(z) = % ( v —l—(;L(x) ) (A3)

2
is an isospin doublet in a unitary gauge, h (x) is the real Higgs field which fluctuates about a vacuum v = \/—%

P )
V(®) = 3010 + \g (BTD)
is the Higgs potential, that with e > 0 and p3 < 0 for symmetry breaking, leads to the stable ground state (A3).
The Higgs doublet ® is coupled to the gauge fields via the covariant derivative
. « .Y
Dp, = a/l, - ZgWTaWH - ZQBEBM )

where T = & /2 are weak isospin generators, o are Pauli matrices satisfying the SU(2) algebra [o;, 0;] = 2ig;j,0k,
and gp is the Abelian coupling constant. @ carries hypercharge ¥ = Yg = 1 and a third component of isospin
T30 = —%<I>. In terms of the gauge fields, the physical fields for charged W-bosons, neutral Z, and photon A,, are

_ L

+ 1 2
Wi = ()
Z,\ _ ([ cosOy sinfy w3
<A#> o <Sin0w COSHW> <B}N ’ (Ad)
where the weak mixing angle 0y is defined by
cos Oy = Iw (A5)
9z
mw

mz
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where g7 = \/g%, + g%. Omitting higher-order non-mass terms, the Higgs part expressed in terms of the physical
fields is given by

1 1 1
Ly = 50,h0"h + miy W, WH 4 5mQZZ#ZM - 5m‘i,h2 , (A6)
where
1
mw = 9w and (AT)
1
mz =59z (A8)

are vector boson masses generated via the Higgs mechanism [17, 41, 50]. The scalar boson mass (Higgs) is
m3 = 2\pv? (A9)
where the quartic self-interaction parameter Ag may be determined using the identity

2 52
9 miy sin® Oy
=_W-_ 7 A10
v — (A10)

and experimental values [47] for myy, sin® Oy, and my.
Suppressing the color attribute for quarks, the fermion part of the Lagrangian is given by

—J . j —Jjo . jo ukawa
Lp =) 0piy" Dy} + > Og iy Dy} + LE™
j jo

for each lepton or quark family (), where v* are Dirac matrices,

. i+
i— (YL
= ()

is a left-handed fermion doublet with component index o = 4, and wlj{’ is a right-handed singlet for a fermion f
indexed by jo. The Yukawa interaction part of L is given by a sum of terms

X (ms) = gy [ (910) 0f7 + 07 (0101)] (A11)

—Mjo W{ % +E§U¢i‘f} ;

where g;, are coupling constants, and masses generated from the interaction between the fermion and Higgs fields are

(A12)

1
Mjoc = —F=Fjo (’U + h)

V2

We will also need vertex factors and propagators below for later reference; these, along with propagators for the
Higgs, ghost fields, and vertex factors for SU(N) theories may be found in the literature and [33]. For fermions
coupling to the W, Z, and ~; vertex factors are

w* 1
N N Al
fkf/ Z\/ﬁswv 2( 75) ’ ( 3)

Z

h=0

= iey" (vy —apys) (A14)

= ieQy", (A15)



where (f = jo, 0=+, f' = jo’', o/ =F), charge operator Q is defined by the Gell-Mann-Nishijima relation

Y

Q=T+ 5

with third component of isospin T3 and hypercharge Y specific to the fermion, electrical charge e satisfies
e = gw sinby = g cos by

and the vector and axial vector coefficients

vf = 7T3f — 25,0 and
! 28w Cw
T,
af = —>—
f 28w Cw

are neutral current (NC) coupling constants with {s,, = sinfy , ¢, = cos by }.
The fermion propagator [11] is

)

f p—my+ ie’
where y = v¥p,,, and anti-fermions are denoted by f. The vector boson propagator is
k —ig®P
=D (k) = T
a3 r () k% —m? +ic

in the Feynman-"t Hooft gauge [21], where the metric tensor g,5 = g*° has non-zero components
goo = —g11 = —g22 = —g33 = 1,
and b € {W, Z, ~}. For the Higgs, we have

k 7
202 4 is
k? —my, +ie

(A16)

(A17)

(A18)

(A19)

(A20)

Finally, unphysical particles including gauge fixing Higgs {¢*, x} and unitarity preserving Faddeev-Popov ghosts

{ui, u?, uV} occur in loop corrections discussed in Appendix E.

2. QCD theory

Quantum Chromodynamics is a Yang-Mills theory involving ny = 6 quarks interacting with n, = 8 massless gluons.
Quarks carry color charge and belong to the fundamental representation of the color group G = SU(3), and the gluons
are in the adjoint representation r = G. Omitting gauge fixing and Faddeev-Popov ghost terms, the QCD Lagrangian

18
nf B
Laop =303 (Dl = msdin) f + Ly,
f=1

D, = 50" — ig, (? : Zﬂ)jk ,

1
L:YM = —zFﬁyFl;LV,

OuAL = 0,45 + g, [ ALA,

a
Fu

(A21)

(A22)

where ’(/}']; is a Dirac spinor for the quark field with flavor f and color state k € {R, G, B}, g, is the color charge,
t*=X*/2, a=1,...,ng are generators represented by 3 x 3 Gell-Mann matrices A\, Aj, are color-charged gluon fields,

and f ¢ are structure constants of G. The t-matrices, which occur in a quark/gluon vertex

g
= igs')/#ta y

(A23)



and gluon propagator

k B 7Z‘g‘u’ytatb

= A24
an by k2+ie (A24)

rotate the quark in color space and generate the Lie algebra for G
[ta7 tb} — ,L-fabctc .
The structure constants occur in three- and four-gauge-boson vertices and satisfy
facdf bed _ 02 (G) 6ab

where C3 (G) = N is an eigenvalue of the quadratic Casimir operator.

Appendix B: Divergent integrals

Here we develop integration formulae required for evaluation of stability corrections using cutoff and dimensional
regularization. In the p-representation, loop diagrams involve four-dimensional integrals over momentum space, and
the real parts of scattering amplitudes contain integrals of the form [24]

_1 d'p (=" d*p.
D)= [ = o | (B1)

where A depends on the core mass m, momentum parameters external to the loop, and integration variables. On the
right side of (B1), a Wick rotation has been performed via a change of variables p = (ip2, p.), so that the integration
can be performed in Euclidean space where p? = p2p° + p. - p.. Integrals for the divergent case (n = 2) must be
regulated such that they are consistently defined for core and dressed core masses. For m, D is regularized using a
cutoff A, on s = |p.|. In four-dimensional polar coordinates, we have

53

Ao
D(A,Ao):%/dQ/O vt (B2)

For dressed masses, A depends on mg, and the domain of integration in (B2) must be scaled according to (21);
consequently, we need to evaluate

Dd = D[A (md), Ad] .

With a change of variables s = 1)t and taking the limit 7 — oo, we obtain

Dd =D (onAO) ) (B3)
where
Ao = lim ny 2A(nam) - (B4)

For example, the standard divergent integral [24]

Do =D (A =m?A,) (B5)
A2 m?
= ln m2 -1 —|— O (/\g)

is manifestly invariant under scaling rules (20) and (21); that is,

Do =D (m3,Aq) . (B6)
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Note that the average of (2) over dressed masses is stationary due to (B6); this ensures that the FSE in QED is finite
as shown in detail in Appendix C 2.

In contrast to the cutoff method, dimensional regularization evaluates a Feynman diagram as an analytic function
of spacetime dimension d. For n = 2 and d*p — d%p in (B1), D may be evaluated using [22, 29|

D(Ajo)=7""T (o) A™° (B7)
1
=——InA—-~v+0(0),
g
where 0 = 2 — d/2, and v = 0.577... is the Euler-Mascheroni constant. For o # 0, the limit A, — oo may be taken
since o regulates the integral. For dressed particles, Dy must yield consistent results for both cutoff and dimensional

regularization methods. Considering the requirements used to derive (B3) and employing appendix formulae in [22],
we conclude

D;=D(As,0) . (B8)

For the processes in Fig. 3, the argument A in (B7) has the form
A (m, ) = am? + bl% + cp? (B9)
where m = my|my, €2 = k?| p?| ¢%, {a, b, ¢} depend on Feynman parameters, and ¢ = 0 for BSE processes. Applying

(B4) to (B9) taking into account (15) and (16), the momenta go on-shell upon computing lim 7y 2¢2; that is,
n—00

k* - m? BSE
p? — m?p FSE |, (B10)
¢> -0 Vertex

which we recognize as on-shell renormalization conditions. For the vertex, the dressed momentum transfer is

qa = q+ X (Py; — Pu) (B11)
=q,

where Py = M is the momentum of the self-mass; therefore, lim n;2q§ = 0. The case where particle masses internal
7]4)00

and external to the blob in Fig. 3 (a) are both zero occurs for BSE processes in the pure-gauge sector of QCD. For
this case, where A = bk?, choose a = 1 and introduce a small gluon mass m — i , then using (D7), evaluate

1 -2 _ 2
Ao = lim 1y "A (mapto) = Ho (B12)

with 7y = v/An. Thus for all m > 0, the net S-matrix amplitude computed from (17) is well defined since it involves
a factor
I'(o) I'(o)

AT AC

A

=—In A

(B13)

The second term on the left side of (B13) is associated with an opposing vacuum energy required for overall energy
conservation and system stability. In addition to a divergent part, {2 in (18) may include a finite part, a constant,
that cancels a like term in f2.

Appendix C: QED verification

Let us apply the foregoing theory with integration formulae given above to verify that net amplitudes for second
order radiative corrections in Abelian QED are convergent and agree with results obtained via renormalization. Cutoff
and dimensional regularization approaches are used to illustrate the method.
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Figure 4. Baseline radiative corrections in QED: (a) photon self-energy, (b) fermion self-energy, and (c) vertex involve the core
mass only in internal fermion lines. Two additional diagrams, obtained by replacing the core mass with electromagnetically
dressed mass levels, are required for each radiative process to account for vacuum depletion and ensure stability.

1. Vacuum polarization

The photon self-energy associated with Fig. 4 (a) results in a propagator modification [9]
D" = Dy + Dy (ifl, ) DY
where
II o =1, — ﬁuv

is a polarization tensor generalized to include the stability correction, and

ie?
I, (k, m) = —W /d4ptr Y. SF (P, M)y Sk(p — k,m)]

follows from the Feynman-Dyson rules [8, 10]. In consequence of Lorentz and gauge invariance [42] or by direct
calculation, it factors into

I, (k, m) =L (k*, m®) (g,uk® — kuky)

As is well known, the contribution from terms k,k, vanishes due to current conservation upon connection to an
external fermion line. For a massless photon, k? is invariant under a DCM transform, and we need only focus on the
scalar function II (k2, mz).

Since the scattering amplitude is in general a complex analytic function, it follows from Cauchy’s formula that the
real and imaginary parts are related by a dispersion relation [13]. The imaginary part is divergence free and may be
obtained by replacing Feynman propagators with cut propagators on the mass shell according to Cutkosky’s cutting
rule [5] or, alternatively, via calculation in the Heisenberg representation as shown in Kéllén [25]. In particular for
vacuum polarization, the real part is given by

2

I (k*, m*) = ! A4A§ ds @ (C1)

s — k2

m2
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with imaginary part

(67

g(w) = 3\/l—w(l—i—w/2).

Applying (18) using (20) and (21) and performing a change of variables s = (1 + Ap?) ¢ in (C1), we have

=_ 1. 2 2 22
Hfinlggo/\zzﬂﬂ(k,m + An*m?) (C2)
we o)
:gnlingo A2dtt(1+A2_1 2"
A=+174m %)k

Letting n — oo, we see that (C2) is equivalent to a core amplitude evaluated on the light cone
T =1M(k* =0, m?).

Combining (C1) and (C2), we obtain a once-subtracted dispersion relation
IT (k?) =11 (k*, m®) — 11 (0, m?) (C3)

:k2/0<> ds 9(4?2)
4

T Jamz  $(s—k?)

in agreement with renormalized QED. For massless photons, II (0) = 0 represents a stability condition for vacuum
polarization. For an infinite sum of 1PI insertions, the generalized photon propagator is

’\ﬁ\@’\/\./:"\f\/—l—’\/\O\/\/—l—’\/\O\/\O\/\J—i—... (C4)

= W0

L2

where the finite stabilization parameter

- 1

Z5 (k*) = ———— C5
modifies the free photon propagator. Alternatively, one can define a running coupling constant

o (k) = Zs (k) oo (C6)
in this interpretation, the measured (ao = %) and effective couplings are equivalent on the light cone

Z5(0)=1. (C7)

Since a stationary state for a photon only exists on the light cone, the fundamental coupling is well defined there, and

the stabilized photon self-energy vanishes.

In terms of an external current jfj” (z), the observable current is given by

G (@) = Gt (2) + 6ju ()

where

1 .
Sjp (z) = — /d4k e jert (k) [TL(k%) — T1(0)]
(2m)
is the induced current. In standard renormalization theory (SRT), the last term in brackets is associated with a
correction to a divergent bare charge (e, ), but here, we assert that the correction is a stability requirement associated

with opposing vacuum currents involving dressed fermions in the loop. Physical and bare charges in SRT are related
by

1
2: To — 2
‘ ( STIoI(0, m2) ) %

where \/Z3 is the charge renormalization constant. Charge renormalization in SRT is a consequence of neglecting
vacuum depletion in violation of the law of conservation of energy.
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2. Fermion self-energy

The fermion self-energy operator corresponding to the Feynman diagram in Fig. 4 (b) is

Egg\/\ql = —i%n(

i - pam) )

where

2

e
) =——— [ d*% —k H .
o) =~z [ A5 e (o ko) (c8)
After standard reduction and dimensional regularization, ¥ simplifies to
o 1
E(p,m):{Sl—i—/ dx [Qm—}éa:—l—o(;m—m)]D(A,a)} , (C9)
27T 0

where D (A, o) is given by (B7) with
A=(1-z)(m®—zp?) +ap.
The integral expression in (C9) is equivalent to a form given in [33], while the term

l1—0
S =— 1 4

follows from appendix formulae in [24] and represents a surface contribution arising from a term linear in k during
reduction of (C8).
Evaluation of ¥ using (18) reduces to negating (C9) and replacing A — A, according to (B8); we obtain

o 1
Y (p,m) = o {SlJr/O dz [2m — pr + o (pr —m)] D(Ao,a)} , (C10)

where
Ay =m? (1 —xz)° +au®

follows from (B10). Terms involving [(APa, AM) ; M = nm] have canceled in the average over DCM levels yielding
a function of the observable mass and momentum only. The net correction, including all three mass levels in Fig. 4
(b), is given by (cf. [10])

S(p)=2-3% (C11)

o o |t 2)
7271'/0 du (2 pr)l [(mg—xpg)(l—x)—l-x/ﬂ

where the limit ¢ — 0 has been taken to recover four-dimensional spacetime. With a change of variables x = 1 — z,
(C11) is seen to be identical to the renormalized result given in Bjorken & Drell [1].
The processes in Fig. 4 (b), including iterations in the series

~—D)— = + SJ\MIA + gj\NLZ’ gj\M’Z’ + ... (C12)

= >

)

yields a modified propagator [8, 9]

Sl = Sp + Sk (ﬂ-i (p)) A (C13)

i

}Z—m—i(p)—kis7
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which has the desired pole at y = m since (C11) vanishes on the mass shell

X (p)

=0. (C14)

p2=m?2
Using the general expression for the stabilized fermion self-energy (E37)

. ox

2@=2@—mm—®¢@—m (c15)

derived in Appendix E 2, we see that

dx (p)

dp

}/:m

and the residue of the propagator pole is i. For later use, we write (C13) in the form

i

g @ :p_,n’i_’_ié_ZA? (%) ’ (016)

where

~ —1
Jy = (1 - Jﬂ) (C17)

}Z—m—i-ia

is a finite stabilization parameter modifying the free field fermion propagator, and is analogous to the renormalization
constant Z, in SRT relating the bare and renormalized fields via 1, = v/ Z2%.
Upon identifying

mt, =X (p=m, p=0) and (C18)
Mem = _f(? =m, = O) ) (Clg)

we see that (C14) is equivalent to the FSE stability condition (3). Reverting to cutoff A, using (B1), it follows that
(C18) reduces to Feynman’s result (2).
In the language of renormalization theory, the bare mass in the propagator [29]

)
_;zi—mbare—2+i5

St

must be renormalized using (6) with (C18); moreover, wave-field renormalization is required.

3. Vertex

A second-order correction to a corner (A15) involves a replacement
ieyt — iel'" |
where
It =k 4 A" (C20)

o
=F (%) + 2R, (),

2m

and oM = % [v*,~"] are spin matrices. Complete expressions for the form factors F; and Fs can be found in [33].
For small ¢2, the vertex function A* for A = 0 in Fig. 4 (c) is given by the approximation [10]
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;v 2
AM — A1 @ v a 21
(g,m) =1L +a¥——=+0{ 5], (C21)
where
11
L=2(p,+—=—am™ (C22)
47 2 W

e

is a divergent constant. Note that L = 5-7, where r is given by Eq. (23) in [10]. The coefficient a® = 5- is the second-
order contribution to the anomalous magnetic moment first derived by Schwinger [43] and verified experimentally by
Foley & Kusch [12].

Inserting (C21) into (18), using

p—p(1+An) , (C23)
and accounting for the invariance of D, (B6) under scaling rules (20) and (21), the depletion correction is
A =A"L,
where finite terms in (C21) of order O (%) involving replacements
m — m (1+ An)
vanish in the limit 7 — oo as we argued in Appendix B. Therefore, the total vertex function
A (q) = A* — A" (C24)

is convergent, and A* satisfies the usual renormalization condition for a vertex

An s ~0. (C25)
q2: P= '—m

This completes verification that lowest-order S-matrix corrections are finite without renormalization.

4. Generalization to higher orders

Our next task is to show that stabilized higher-order radiative corrections in QED are finite and agree with renor-
malization. The proof closely follows arguments in references cited below and [24]; therefore, we keep our remarks
brief highlighting required modifications and differences of interpretation.

Irreducible (skeleton) diagrams include second-order self-energy (SE) and vertex (V) parts discussed above plus
infinitely many higher-order primitively divergent V-parts. Using Dyson’s expansion method [9], second-order SE-
and V-part operators for the core mass are

Y=mA-(p—m)B+3, (C26)
oH=C+1I, (C27)
AP =N[4 AR (C28)

where {A, B,C, L} are logarithmically divergent coefficients depending on D,. Higher-order primitively divergent
V-parts are also of the form (C28) since the degree of divergence [9, 49]

3
K=4-2f.—b,
5/
is zero (logarithmic), where f, (b.) are the number of external fermion (boson) lines; in this case, L (D,) is a power

series in .
Applying (18) with (B6),

Y=mA—(p—m)B, (C29)
I=c, (C30)
A" =1L, (C31)
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where stabilized second-order amplitudes (C3), (C11), and (C24)

b)) (p* =m?) =0, (C32)
II(k*=0)=0, and (C33)

vanish on the mass shell. In renormalization theory, the term involving B in (C26) is eliminated by wave field
renormalization. Higher-order primitively divergent V-parts also satisfy (C34) since dressed stabilized amplitudes
vanish for on-shell conditions. In this way, (17) yields unique finite results

ry=x-%, (C35)
I =11 11, and (C36)
A= A — A" (C37)

for all irreducible diagrams; therefore, SE-part insertions
Sp — Sp + Sp <712) Sp and (C38)
D = D + D (igu k1) DY (C39)

into lines, and V-part insertions

AP AP AR (C40)

into corners of a skeleton diagram yield no additional divergences.

For reducible vertex diagrams, the V-part resolves into a skeleton along with stabilized SE- and V-part insertions.
With replacements (C38), (C39), and (C40) in the skeleton, the vertex operator again reduces to the form (C28),
where I — L, is the skeleton divergence. In general, L depends on multiple functions D, corresponding to all possible
charged fermion masses arising from photon self-energy insertions which may in turn contain SE- and V-parts. Since
each D, is invariant under (B6), (C34) holds, and (18) yields

Zﬁ =ML

similarly to (C31); therefore, the complete reducible V-part given by (C37) is convergent.

For reducible self-energy diagrams, a skeleton with SE insertions is handled in the same way as reducible vertex
diagrams. However, vertex insertions into fermion and photon SE skeletons involve overlapping divergences that
require further analysis [40, 48]. Integration of Ward’s identities yields expressions of the same form as (C26) and
(C27); in this case, the coefficients {A, B,C} are all power series in « depending on D,, and vertex insertions in
SE-parts are convergent upon including stability corrections (C29) and (C30). We conclude that infinite field actions
excite dressed mass levels uniformly in all connected fermion lines internal to overlapping loops; for a specific example,
apply (17) to calculate the real part of the fourth-order vacuum polarization kernel [27] using the dispersion method
given in Appendix C1. Therefore, a diagram with overlapping divergences is not a special case for implementation of
stability corrections.

The complete propagators, replacing fermion and photon lines in a skeleton diagram, follow from Egs. (63) and
(64) of Dyson [9]; one obtains

1

S’ =—— and
r () p—m—E*-i—ie
_iqaB
D) = ——

2 [171?*} tie

where {ﬁ’*, I *} are given by sums over all proper SE-parts. Similarly, the most general vertex replacing a corner in

a skeleton diagram is given by a sum over all proper V-parts. Since both core and stability corrections are included
in each sub-diagram, the complete propagators and vertices are well defined (convergent).



17

Figure 5. Gluon/quark self-energies and vertex diagrams

Appendix D: QCD verification

In the examples below, we focus on a key subset of one-loop diagrams [15, 36] that occur in the SU(3) Yang-Mills
theory; see Appendix A 2 for nomenclature.

For diagrams in Fig. 5, core amplitudes differ from QED only by group factors and switching factor As from (23);
therefore, finite S-matrix amplitudes (22), including stability corrections, are

119 = Atr (¢t ) T [QED] (D1)
2 = N\t 3 [QED] , and (D2)
AP* = N\t "t " A* [QED] . (D3)

Group factors are given by

tr (tt") = C (r) 6",
4 =Cq(r),

th 9t = | Oy (r) — %Cg G|t

where C(N) = 1 and C5 (N) = N; ~+ = 3 are normalization and quark color charge factors, respectively.
In addition to the fermion (quark) loop diagram in Fig. 5 (a), gluon self-energy corrections in Fig. 6 yield [33]

[Fig. 6] = iT},, (k?) 6°1I> (K?) , (D4)
Ty (k;Q) = gwjk‘2 —kuky ,
 wG(G) [1 T
I (k) = =2 e [(a 1)(1-22)2+2| (D5)
where o, = g2 /4 is the strong coupling constant, A = —k?z (1 — x), and x is a Feynman parameter. While individual

gluons are massless to ensure gauge invariance of Ly s, systems of gluons depicted in Fig. 6 are expected to have a
non-zero mass defined by (7) with self-energy function

X9~ KA, . (D6)
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The generation of such systems redistributes vacuum energy as indicated in Fig. 1. Consequently, we need to include
a stability correction involving DCM states, but for this we need a mass term in A. If we appeal to massive Yang-
Mills theories [20], we get unwanted particles and ghosts, and it might seem that we have an impasse. While gauge
invariance demands that mass be acquired via a Higgs mechanism, introduction of dressed masses in (A22) yielding

1 2
Lyn = Lyn = 3 gi:l [ +AMJ], o (A7)

does not break gauge invariance of Ly s since its sum is zero. Therefore, let us temporarily assign a small mass pg4
to the gluon, then propagators in the loops are modified

1 1 B /1 dx
PPy (p+ k) =2 Jo [PP—A(pg)?
where the usual change of variables P = p 4+ zk has been made for loop integration parameter p, and

A(pg) = pg = K (1 - ).

To evaluate the stability contribution, let M, = nu., where . is an arbitrary unit of mass measure. Substituting
po = g +MPpe], g (D7)

in A (u,y) and using (B12), we have A, = p2. Negating (D5), replacing

.t
A AT
and using (22), the net amplitude
. X 1 _ 1.2 1—
Iy (k) = —)\S%(G)/ dz In [W] [2 (- 21;)2} (D8)
a 0 o

is finite. If we define a reference mass Mg by

gln(fﬁ) E/Oldx Infe(1-2)] 2= (1-22)°] ,

then
- k2 asC2 (G) 5
1 =—— | =-A——=1 D
2 (,05 Msz) As e 3 1 Ps ( 9)
vanishes at spacelike k? = —M?2. For physically meaningful interpretation of the amplitudes, unobservable quark and

gluon states must have negative norm and spacelike momenta.

In the stabilized theory, it is invalid to neglect quark masses my in the calculations since they are required for defining
dressed amplitudes, but QCD calculations in the usual theory often omit m in processes where the momentum transfer
q is presumed much larger than physical masses involved in the problem. Therefore, following Peskin & Schroeder
[33], but assuming m = my # 0, the stabilized integral for the quark/three-gluon vertex shown in Fig. 7 is

920, (G)t°
(2m)*

where (z,y, z) are Feynman parameters; keeping only leading logarithmic terms,

/i‘;’“ = i)s /d:z:dydz5(:l:+y+2’*1) AVIgS (D10)

AP~ 0 T"
A

=3 2 Plp —

ety nA ,

o

) I' (o)
TH = —3ip2Ar
iy —
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Figure 6. Gluon self-energy corrections in pure-gauge sector: (a) gluon loop, (b) four-gluon vertex, and (c) ghost loop.

2
A=m’z+ (px+py) —plz—py+p*(1-2),

I'(o)

1" = “3in2yn 7
iy vk

and
Ay =m?22 + % (1 - 2)

using (B4). Assuming p is on mass shell and —¢? > m? > %, A ~ —¢?y (1 — y) and A, ~ m?22; therefore,

2

-+ HOT. .

AT* ~ 3ir’y* In -4
m

Higher order terms in AI* integrate to O (1) in (D10), and we have

2

as 3 o —q

Apr = N, =22
2 “4r 2
It remains to show that the stabilized theory agrees with standard renormalization theory and experimental data
[7] ; in particular, an effective weakening of the strong coupling for high energies consistent with asymptotic freedom
predictions [16, 35]. Well known formulae from SRT are used, where renormalization constants are replaced with
stabilized amplitude parameters

Zi—Z;,i=1,2,3.

Leading terms of stabilized amplitudes for the asymptotic case of high energy yield an effective color charge

(p:) = gu s
9s\Ps) = gs— =
ZoN Z3
Qg 2
~ gy {1 + /\sg <11 — 3nf> lnps} , (D12)
where
ZAl_1 = 1+/il (,03)4'/12 (ps) , (D13)
Zyl=1- 4 , and (D14)
dp

25t =1=[M (p) + T2 (p,)] (D15)
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are finite running stabilization parameters that modify the vertex (A23), fermion field propagator (A18), and gluon
field propagator (A24), respectively. For loops including quarks, asymptotic amplitudes involve spacelike momenta ¢
in quadratic energy ratios

62
p:772 >>17 626 {kza p2’ q2} ) (D16)
My

where we have reinstated m; = m. Setting p? = ¢ = k? across diagrams and neglecting O (1) terms in
f g

Inp=Inp, +0(1) (D17)
~Inps,
where p, = —k? /M2, the sum over fermions in Fig. 5(a) becomes trivial, and we have

nyg k f . ) b [ o,

Z {[Fig. 5(a)] :am } ~ i1}, (k*) 6 [Hl (ps) = )\SgnfC’(r)lnps} , (D18)
=1 "
. . [e Qg
[Fig. 5(b)] ~ —i [z (. ps) = A Ca () (p = 4my) 1nps] , (D19)
) . 1
[Fig. 5(c)] ~ igst*y* {/11 (ps) = _)\Sé%r [C’g (r) — 56’2 (G)} In ps} , (D20)
[Fig. 6] =T}, (kQ) yab [ﬁg (ps) = —)\S%@g In ps} , and (D21)
7I9
. Cau | g . ag 3

[Fig. 7] ~ igst®~y" |Ag (ps) = —)\55502 (G)Inps| . (D22)

With the approximation —k? >> m?, IT; in (D18) follows from (D1) using (C3). Similarly, 3 in (D19) is obtained
from (D2) using (C11), and A; in (D20) is derived using (D3) with (C20). The stabilization parameters Z1, Z,, and

73 are defined similarly to their SRT counterparts. Z; Lis the coefficient of ig,y*t® for the sum of proper vertex
diagrams in (A23), Fig. 5(c), and Fig. 7:

g
K' (1 —+ /11 —+ /12) = igs’y‘utaZAl_l .
)

Using (C17) or (D14) and assuming —p? > m?c, we have

Zy' =1= AT (M) [lnp=Inp, +0(1)] .

For Zs, (C5) is used with IT = II; 4 II5, (D18), and (D21).
Finally, using (D12), the effective coupling constant is reduces to

g

o = . D23
s (ps) 1= (11— %nf) 1np5—|—0(1n2p5) ( )
Neglecting terms of O (ln2 ps) for ps near one and requiring A\; = —1, (D23) reduces to the expected result for
asymptotic freedom. The corresponding Callan-Symanzik [3, 46] beta function is
oa a? 2
—9 s =A== (11-2 . D24
Paco Olnps|, _, 2m ( 3nf> (D24)

The foregoing results are consistent with Fig. 1 and in complete agreement with standard QFT. The effective color
charge in (D12) is defined relative to a stable value g5 defined at the near-field boundary, where the gluon polarization
function (D9) vanishes at —k? = M2, and 9 in (D6) goes positive for —k? > M?2. In contrast to this, low energy
electron scattering processes probe the far-field (positive energy) region, and a stable value for the electric charge is

defined in the free particle limit: k2 = 0, where the polarization function II (k2) vanishes; refer to Eqs. (C3)-(C7).
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———e m—>m(l+An)

A=04£1L;:n>1

Figure 7. Quark/three-gluon vertex.

An estimate of M may be obtained by synchronizing p in (D16) across diagrams in Fig. 5 (a) with that for p, in
(D9) for Fig. 6: Let k — ¢ in Fig. 5 (a), and require

2 k?
T (D25)
f s
Noting that IT[QED] is a function of p only from (C3) and using (D25), the sum over fermions is given by
nf ¢t 1 < m?2 v 1
Il =
== i — = 1 . D2
2 OV = (| o ny NOVY, (D26)
f=1 f=1
The condition in brackets is obtained by factoring
2
m
f
T (%) = 375 T ()
and comparing with (D18), then we have
1 &
M = o fz m} (D27)
=1

for the reference mass. Evaluating (D27) for quarks gives M, = 70.65 GeV/c?; compare with Z-boson mass given in
Appendix F: Table II.

Appendix E: Electroweak verification

We compute finite electroweak amplitudes using dimensionally regularized radiative corrections for unrenormalized
(core) functions [2, 19, 32]. One-loop self-energy functions include ¥ for bosons, where

ab € {yy,vZ, ZZ, WW}

defines particles external to the loop, ¥/ for fermions (f = jo for family j and doublet index o = +), and vertex
Azf. For repeated indices a = b, we abbreviate ¥* = %% with b € {7, Z, W}; in general formulae applicable to v — Z

mixing, we admit b = vZ as well for brevity. A subscript “sa” is appended to a stabilized amplitude £° = £°  when
it is necessary to distinguish it from a corresponding renormalized amplitude X?,.
In Hollik’s notation [19], the basic singular function
1 m?2

Ag=——~v—In—2 +1ndr (E1)

o 5
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differs from (B7) by finite terms. For consistency, the input momentum to a loop is k with s = k2 for both bosons
and fermions. Abbreviations for squared boson masses

z=m%, w=md ,and h=m3

are used. In addition to (E1), core amplitudes involve finite functions

— 1 22s —x (s +m? —m2) +m? —ie
Bo (S,ml,m2) = _/ dl‘ In [ ( : 2) L ) (EQ)
0 mimsa
m% + m% my =
F(57m17m2):—1+m1nm72 +Bo (S,ml,mQ) 5 (ES)
— 1 m?2 my  m2—m2—s
B =4+ -1 p—=42 1 °p E4
1(8,7711,77’12) 4 + m%_m% nm2 + 25 (57m1am2) ) ( )
and singular expressions
1 _
B (s,mq, ma) = 3 (A, + Any) + Bo (s, m1,ma) and (E5)
1 1 —
Bl (s,ml,mg):—§ Am2+§ +B1 (s,mhmg) . (EG)

Scalar one-loop integrals, including (E2), are defined in [23].

1. Boson self-energy corrections

For these corrections, it is useful to expand the boson self-energy

=, gnxb

3 (g) = 5 (m2 —mA\" . E7
(s) (mi) + ; Dam s (s —mj) (E7)
From core amplitudes, it can be seen by inspection and dimensional analysis that averages of X° (m%) and 882; )
s:mb
over DCM levels in (18) are stationary. For mass set
{m.} S {mys, mw, mz, mu}
the DCM transform (13) is
{mi} = {mi} - (L 2%) (ES)
On the mass shell, the self-energy function has the general form
b (mg) = Z aﬁmi ,
where a® are dimensionless coefficients which may depend on invariant mass ratios. Therefore, under (E8)
20 (mg) = (14 M%) £° (m3)
and the average
—=b 1
S (my) =5 D (L+X?) Z° (m3) (E9)

A==1
= 2" (m})
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. . . . b
over dressed states is stationary. Since the derivative 88%

, is dimensionless, it is invariant under (E8). Finally,
s:mb

higher order derivatives are either zero outright, or

o xb
88”

~(mf) =0 (772(1’”)) (E10)

—an2
s=my

vanishes under (E8) as 77 — oo for n > 2. Therefore, (18) yields

b
= (s) = £ (m2) + 9x7

s (s—mj) . (E11)

c—1m 2
s=my

Since the off-shell factor s — m? = §k2, is invariant under (E8), the entire expression (E11) is stationary under an
average over DCM levels similarly to (E9). The net stabilized amplitude

S0 (s) =X (s) =27 (s) (E12)
from (17) satisfies stability conditions
P (mg) =0 and (E13)
b
92" (s) ~0. (E14)
0Os )
s:mb

Taking the real part of (E13) and (E14) yields renormalization conditions [6], which differ from those given in [19]. For
stabilized amplitude (E12), (E13) and (E14) yield a propagator residue of unity so there is no need for external wave
function corrections as in the on-shell renormalization scheme proposed by Ross and Taylor [39]; however, inclusion of
Ar corrections [44] discussed in Appendix E4 leads to finite wave field corrections. Splitting off singular terms (E1),
the boson self-energy can be expressed in the form

£ (s) = D [ahsDu+ BEmEAL] + Shinise () (E15)

K

. . . . .0 .
where {a?, 82} are constant coefficients. Singular terms involving {sA,, m2A,} in ¥ cancel those in X°, and (E12)
reduces to

~ azbznz e
52 (8) = Zinise (8) = Spine (mf) — =57 (s —m) . (E16)
s:mﬁ
For a free boson, the squared mass shift
5m§ = Re [Ejlmite (mi)] (E17)

. . b .
represents the residual boson self-energy of the core after divergent parts of X (mg) have canceled those in (E15).
For later reference, the polarization function is

ﬁb (S) _ ib (5) _ b (S) -0 (mi) _ aEb . (E18)

—m?2 )
s —mj s —mj ds s=m2

Neglecting Ar corrections, mixing angle functions ¢,, = cosfy, (A5) and s,, = sin 0y, and neutral current constants
(A17) are invariant under (E8). See (E28) and (E29) for inclusion of Ar.
Application of (E12) to photon self-energy corrections shown in Fig. 8 yields

27 (s) =%V (s) =% (s) (E19)

4

2
— (3s+4w) F (s,mw,mw) + 350
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1 Four gauge boson vertex with internal W, ¢

Figure 8. Photon self-energy and photon-Z mixing diagrams.

a )4 9 9 s
o (S)ZE 3;Qf {sAer(s+2mf)F(s,mf,mf)f§} (E20)
—3sAw — (3s + 4w) F (s,mw,mw) p ,
Y
T (s) =27 (0) + 0~ s, (E21)
0s |,_,
where
¥7(0)=0,
ox"

Os

a )4 9 2
S g Ap—3Aw — =3,
T 3%:Qf freswTs

and the sum over fermions includes color for the case of quarks. Both 37 (s) and IT7 (s) vanish in the Thomson limit
s — 0, and physically meaningful corrections in (E19) are due to incomplete cancellation for s = k? # 0. Singular
terms in X' exactly cancel those in 37 for all s, and there remains a term

T =~ (0imiee = ) 8 (F22)

in the vacuum response, where da finize is the finite part of renormalization constant §Z; in the usual theory.
For v — Z mixing corrections also represented in Fig. 8, we have

V2 (s) = 217 — 57 (E23)

o 4 5
Y e T—

1 1 4 s 4
3c2 + = 42 + - F — 42 4 =
T ewse [( G T 6) o < Gt 3) w] (5, mw, muw) 6C Sw ( w3 ’
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S

4
3 > Qsuy [SAf + (s +2m3) F(s,my,my) — 3 (E24)
R

_ vz
77 Z 7 0y + 2 s, (E25)
0s |,
where
o} 2w
$Z(0) = — Aw ¢,
©) 47 {cwsw W}
X% «o 4 1 1 1 4 1
=—1q—= Ap+— |32+~ A — (42 + = —
Os |,g Am 3;@”’" It s K C“’+6> LT < C“’+3>+9] ’
and $7Z (0) # 0 is due to non-Abelian boson loops in Fig. 8.
Renormalization starts with a bare charge e, and the correction [2]
3
e (I17, £77) = e, [52; — 2523} (E26)
vZ
= e [1117 (0)— S 2(0)}
2 Cw My
renormalizes the charge e = e, + de, where
w 27 (0
§Z) = —II7 (0) — 22 2( ) and
Cw My
873 = —1II"(0)

are the charge and photon field renormalization constants, respectively. In the usual theory, arguments on the left in
(E26) are core functions {II7, £7%}; however, in the stabilized theory, we utilize the complete amplitudes (E19) and
(E23) to obtain

Je (ﬂV, 272) =0. (E27)
Therefore, e = e,, and there is no charge renormalization.

Self-energy diagrams for the Z— and W —bosons are tabulated in Figs. 9 and 10, respectively. Due to their
complexity, analytic expressions for the unrenormalized amplitudes [19] are omitted here, but the stabilized amplitudes

are easily evaluated using (E11) and analytic expressions for partials 86—2;. Plots of these functions are given in
Appendix F.
Self-energies for diagrams with b € {yZ, Z, W} require adjustments

Sb(s) = XP(s)+ (s—mi) Ar® (b=W,Z) and (E28)

57 (5) = 7 (s) + sAr?? (E29)

for Ar corrections [44] which account for variations of {gw, gz} with respect to my and myz; we have

2 2 2 2 2
(A7, Ar7 AW = {_Cw Cyy — S5 cw} (6m2Z _ 5m2W> , (E30)

sw 82 82 m m
w w w Z w
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Figure 9. Z-boson self-energy.

wherein finite-on-shell-mass shifts from (E17) are

ém% = Re [Efzim-te (m%)] and (E31)
dmiy = Re [Zfe (miy)] - (E32)

2 2
In Appendix E4, we derive Ar® using stability arguments. Values for squared mass ratios {‘SZQZ , ‘SZ;W } and Ar are
zZ w

given in Table II in Appendix F.
Net amplitudes for boson self-energies are finite and satisfy required mass shell conditions (E13) and (E14) for
be{v,~vZ, Z, W}. Amplitude X7 agrees with the result given in Hollik [19]; however,

{272, f)Z, iw}

including Ar corrections, differ from Hollik’s results in two respects:
a) A small finite charge renormalization & = 3.87 x 10~* from (E22) is absent in {2Z, 2W}, and

b) they include polarization derivative shifts in (E18) — finite parts are given in Appendix F: Table II.
As regards item a), inclusion of any charge renormalization would be inconsistent with the stability approach and result

(E27) in particular. For item b), finite parts differ depending on the renormalization scheme, and {f)”’z , »Z , fJW}

are consistent with the scheme given in [6]; moreover, all four boson self-energies are unified under the same formula
(E12). Numerical results for boson polarization functions are given in Appendix F.

2. Fermion self-energy corrections

For fermion self-energy corrections, we again expand the core amplitude

ox/s

25 (k) = 27 (my) + o ‘o

(lé - mf) + H.O.T.. (E33)

From (11), the DCM transform is

{me} — {me}- 1+ ), (E34)
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Figure 10. W-boson self-energy.

where the mass set {m,} C {my, mw, mz, u} corresponds to terms in (E39). Upon applying (18) to (E33) and
noting that {Bi <mfc, mi, mg) 11 =0, 1} occurring in (E39) are invariant under (E34) applied to all mass arguments,

we obtain

=/ (k)‘ =37 (my) . (E35)

Y,

From arguments similar to those for boson self-energies above, f — m; and its dimensionless coefficient (first partial)
in (E33) are also invariant under (E34). The first partial involves derivatives of B, (E5) and By (E6). Finally,
higher-order terms in (E33) vanish under (E34), and we have

— oxf
Ty =2 mp+ S| (K=my) (E36)
o fmm,
compare with (E11). The net amplitude
S (k) = 27 (k) - =7 (k) (E37)
satisfies the expected mass shell condition
> (k:)‘ ~0. (E38)
f=ms
For the corrections shown in Fig. 11, we have [2]
> (k) = k2L (1K) + ks (K2) + my3h (K (E39)

where
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> = —% {Q} 2By (K?smy, p) +1] + (vF +a3) [2B1 (k*my,mz) +1]

1

w

1
Ei = —% {2vfaf (2B (k:z;mf,mz) +1] - 152 2B (k:Q;mf,,mW) + 1}} ’

and
£ =~ Q3 4B, (Kimy.p) — 2] + (v, — a2,) [4B. (Kimy.mz) — 2]} |

Substituting vector (V = %Zé), axial (A = }6752;’;), and scalar (S = mfZé) parts of (E39) into (E36), we obtain

S )=V k) +AK) +5 k) , (E40)
where
_ , ox?
V= ksh (n?) +2nd Y (K-my)
k2:m§
A= —’y5]€Z£ (mf) , and
ox!
§ =myf (m?) +2mf 3 . (K —my)

The identity

0%t
Rbad RSy
ok ¥

has been used to evaluate derivatives for J = {V, A, S}. For the derivative of A, we have replaced —Fvy5 = Y5k so f
stands to the right as required by (E36); one finds

o5t
k2

0A

87% = _’75251 )
where the symmetrized expression for the derivative
87% [’VSEA} = 537% ['YSEA + 2,4'75}
EI%A
= WQA (vsK + Kvs) =0
has also been employed. Collecting terms, the net amplitude (E37) reduces to
ST (k) = KSv (k) + KrsEa (K2) + mySs (K2) | (E41)
where
. 5}
S (k) = 5{ () - 5f (md) - 2m3 20|
kzzmi
Ba (k) = 4 () = 25 (m3) .
. )3
s (k) = 2§ (k) — 2§ (mF) +2mf =552 :

2,2
k_mf
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and 5,4 = ¥f, + 2L
Using formulae in [2, 19], the renormalization constants are
oz}
82y = -5, (m%) —2m?3 —=VS
v v (m§) —2mj k2 - ’

§Zs = Zh (m3)
dmy =mySk (m3)

and it can be seen that the result (E41) agrees precisely with that obtained from renormalization. Numerical results
for fermion self-energy functions for an electron are given in Appendix F: Fig. 17.

3. Vertex corrections

Consider the vertex corrections shown in Fig. 12; in the small fermion mass limit [32], only vector and axial vector
terms contribute, and the core amplitude is
AT (K2 myg) = 3 A (K2 myg) = 75 A% (K2 my) (E42)

where k2 = (p/ — p)®. The functions

k2
Ay (K2, my) = AW, (0,my) + FY, <m?> (E43)

involve singular parts at k> = 0 and finite form factors F‘Z ', which vanish at k* = 0. Detailed expressions for the
functions are given in [19]. Applying (18) and (19), dressed form factors in (E43) vanish as n — oo in

my(n) =my (1+ M) ;

therefore,

- f

AZ = 7,1/1;’/]c (0,my) —7M75A}f (0,my) , (E44)
and the net vertex amplitude from (17) reduces to the expected result from renormalization

- k2 k2

A =y R <m?> — s Fy’ <m%> : (E45)

4. Wave field renormalization and Ar corrections

In the stabilized theory, Ar factors for {W, Z} follow easily from the constancy of the electrical charge; squaring
(A16), taking variations

5e? = 6giy 82 + g% 052 =0 (E46)

= dgpcs, +9pdc, =0, (EA47)
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and using (A5), the quadratic coupling deltas are
89ty = —gwdr’ (E48)
897 = 893 + 9% (E49)

= _g2ZArZ )

where

Therefore, we expect free field propagator modifications of the form

1 . 1— Arb
k2—mg kQ—mi

(b=W, Z)

resulting in small departures of the propagator residue from unity.
For v — Z mixing, Sirlin’s variational method [44] yields a squared mass shift

1
5m?yz = fimZZArA’Z .
Using (A8) and defining §m? ; = 5692 ,0%, the effective coupling change is

8927 = —g3 A7 (E50)

Standard renormalization theory (SRT) introduces mass and wave field renormalization constants to construct finite
S-matrix elements and Green’s functions. Renormalized amplitudes are given by [19]

2 (K210 = 27 (k%) + k262, = K2 (117 (K?) + 02, ] , (E51)
07 (k7 207) = 277 (k?) + % (622K + 622, (K —m%)] (E52)
SZ (K, 27) = X7 (k) — 6MZ + 627 (k* —m%) , (E53)
WA, EY) = 2V (k) - M}, + 02w (K* —miy) | (E54)

where 077 and 6 Zy, are displacements of field renormalization constants

Zy=1+462, (b=2ZW)
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Table I. Stability and renormalization parameters

’ Parameter ‘ Stability ‘ Renormalization
b b b
Mg (b=2,W)| 0 Re [X" (m3)]
57, 0 -7 (0)
522+ 0 M
82z 20777 200 4 anrZ
577 ArZ I (0) + Ar% 4 Gt 2270
8 Zw AW I (0) + ArY 4 2w 2250

from unity, and {6Zz, §Z,z} define a correction to the v — Z mixing propagator [30]

1 /672 0. 1 1
Z . Zy 4 Z (1.2
D7 (k) = iguw {2 ( 2 + o m%) + ﬁE’Y (k ) T —y mQZ} ) (E55)

From field renormalization relations

: 1
W, = [ZVI//Z ~ 1+ 26ZW} W, ,

) 1
Bo, = [zB/z ~1+ 2523} By,

and (A4), the physical fields satisfy
[Zoﬂ] _ {1;L§522 %5?27 } [ZH} 7
AO:U' §5Z"/Z 1 + §6Z,y AN
where subscript ”,” denotes bare, as opposed to renormalized quantities, and renormalization constants satisfy [39]
6ZZ _ 672” 8721) (SZW
6Zy |~ |82 & 0Zp |’
6274 = —SwCw (0Zw — 6Z5) — Ar?’? | and
6247 = —swew (02w — 8Z5) + ArZ.
Ordinarily, the core amplitude ° is used in (E51)—(E54); however, with the stabilized amplitudes at our disposal, we
are free to replace X with ¢ = X% from (E16) to easily determine all renormalization constants. Applying mass
shell renormalization (stability) conditions
i, (0,112, )
27”YU,Z 07 2;75) —
. . =0,
52, (m3, £24,)
2 (mdy, 2%
only finite wave field stability corrections for Ar shown in Table I are non-zero; values for renormalization constants

from SRT are included for comparison.
Referring to (E55), the stability result §Zz, = 0 means that the photon propagator has no Z-component

5722,
k2

consequently, there is no direct coupling between the photon and a neutral current Jy¢ for v — Z mixing — not even
an infinite one! On the other hand, an electromagnetic current couples to Jy¢ via the Z with amplitude

%5272 = A7

as is well known and suggested by (E50) above.
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5. Muon decay and Ar corrections

In the Born approximation, the muon decay amplitude corresponds to a Feynman diagram

in the Standard Model. The resulting decay rate [19]

I3 4,4 )
384w s, My,

when reconciled with the Fermi contact model prediction

FF _ G%mlsl 1— 8mg
19273 ’

yields the Fermi constant in lowest order

yes
Go

= —. E56
F \/551207771%/1/ ( )

With higher-order QED corrections [28, 38],

1 Gim, | (m?
7, 19278 (mf> (1+ Agep)

defines G in terms of the precisely measured muon lifetime 7,, where
f(z)=1—-8z—122°Inx + 82> — 2* | and

25
AQED = % <4 —7T2> + 0 (az) .

In addition to the one-loop correction shown in Aggp, O (az) corrections for two-loops are also known [31, 37,
45]. These QED corrections involve several renormalization schemes; however, the corresponding stabilized QED
corrections are finite without renormalization as shown in Appendix C. Stability corrections for vacuum polarization
involve a subtraction of the form (C3) at k* = 0 and are therefore equivalent to the on-shell renormalization scheme.
For other renormalization schemes; for example, the modified minimal subtraction M S, Aggp involves a coupling
constant renormalization. Ritbergen [37] gives a prescription

(07

a(my,) = +0 (a?) (E57)

2
I
1 37rlnmg

relating the MS coupling constant a (m,,) to the on-shell (experimental) value o [47]. However, from (C7) and (E27),
the stabilized results are unique, and the prescription (E57) does not represent an intrinsic renormalization of electrical
charge in the stabilized theory.

Electroweak corrections to the muon lifetime involve Ar corrections to the Fermi constant [18, 19, 44]

Gr=G%[1+Ar] (E58)

where after renormalization

Sm3, n 2w (0)
myy  miy

Ar = —A’I“W _ + AT[vertex7 box] , (E59)

where

2
Ar[vertex, box] _ o 6 -+ 7= 4sw In 2 )
47s?, v
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Table II. Numerical results for Ar and derivative shifts.

’ Item ‘ 0 ‘ vz ‘ A ‘ w ‘
my (GeV/e®) | 0 [{0, mz}]91.1876] 80.379

i — |~ ]-0.1061]-0.0920

Ar 0 | 0.0258 [-0.0320[-0.0470

2 (13 i |55 [0-001165]-0.1142]-0.1252

From a stability perspective, the first two terms of (E59) are due to finite mass shifts (E31) and (E32); taking into
account (E27), variation of (E56) yields
om?
6G% = -GS {ATW + ZW} . (E60)
my
In standard renormalization theory, divergent bare parameters {a., s5,, mo, } replace those in (E56), and the expression
for Ar includes a charge renormalization term da, which is subsequently incorporated into a renormalized coupling.

Appendix F: Numerical results

Values for Ar are tabulated in Table IT using sin? (fy) = 0.23122(4) and other physical constants [47].

Real parts of boson polarization functions (E18) are plotted in Figs. 13-16. Stability profiles use amplitudes (E12)
or, equivalently, (E16) exclusive of Ar. Results in Fig. 13 agree with those in Fig. 8 of [2] notwithstanding updated
physical constants [47]; QED results are added for comparison using an analytic result for (C3) given in [26]. For
numerical evaluation of photon self-energy and v — Z mixing profiles shown in Figs. 13-14, the stability value at s = 0
is not represented; but analytically, II” (0) = II7Z (0) = 0 from (E18). Differences between ” Stability + Ar” profiles
shown in Figs. 14-16 and Figs. 9-11 of [2] are due to

1. Ar impacts arising from updates to {Z%, "'} in [19] relative to [2],
2. derivative shifts in Table II, and
3. updated physical constants including a Higgs mass measurement 125.18 4 0.16 GeV/c? [47].

Analytic expressions for F (s, my,mg) given in [2] and its partials were verified against numerical integration results
for all mass arguments my and my over the range 0 < +/|k2?| < 200 GeV.

Electron self-energy function profiles {ﬁ]v, Sa f]s} shown in Fig. 17 agree with those in Fig. 18a of [2].
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Figure 13. Stabilized electroweak photon polarization is compared with QED for electron, muon, and tau.
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Figure 14. Stabilized photon—Z mixing profiles with/without adjustments for Ar.



Z-boson Polarization
0.02 T T T T

Stability
001 ........... Stability+ Afz

-0.01

-0.02

HZ

003 1

-0.04 -

-0.05 -

»006 Il Il Il Il Il Il Il
-200 -150 -100 -50 0 50 100 150 200

Vls| x sgn(s) / GeV

Figure 15. Stabilized Z-boson polarization profiles with/without adjustments for Ar.
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Figure 16. Stabilized W—boson polarization profiles with/without adjustments for Ar.
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