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Abstract

Lattice is a partially ordered set with two operations defined on it that satisfy certain
conditions. Lattice theory itself is a branch of abstract algebra. In this paper we present
solutions to three classical problems in lattice theory. The solutions are by no means
novel.

Theorem 1
Let L be a lattice. For x,y,z in L,

(1) xN(yUz)2xNy)U(xnNz)
(2) xUy)NnxUz)yzxU((ynz)

Theorem 2
Let L be a modular lattice such that a 2 b, aUx =bUx, aNx =bNx. Thena = b.

Theorem 3
Let L be a modular lattice. Suppose

(3) xU@pnNz)=xUy)N(xUz)

for some x,y,zin L. Then zN(xUy)=(zNx)U(zNy).
Proof.
The outline of this proof can be found in [1]. Since

() ZNEUY 2 (ENx)UENY)

by (1), it follows that

() ZNExUylUx z2[znx)U(zny]Ux
and

(6) NxUy)lnxZ[zNnx)UEny]nx.
Moreover,

[(CNx)U(ENy)]Ux=2(EzNy) Ux
=(Ny)U(xUx)
=[zNy)Ux]Ux
=xU(ENnylUx
=xU(ynNnz)]uUx
=[xUy)N(xUz)]Ux since (3)
z[(xuy)nzjux
=[zN(xUy)]Ux.

Therefore

(7) [(CNx)U(ENy)]UxZ[zN(xUy)]Ux.



On the other hand,

[(CNnx)U(ENny)]NxZ(zNx)Nx
=zN(xNx)
=zNx

zN[xN(xUy)

zN[(xUy)Nx]
=[zNxUy)]nNx.

Therefore
(8) [(zNx)U(ENy)lNx=[zN(xUy)lnx
From (5) and (7),
9) [ZN(xUMUx=[zNx)U@ENy)]Ux.
Similarly, from (6) and (8),
(10) ZNxUINx=[zNx)UENy)]Nx
To conclude, from (4), (9), (10),

zN(xUy)=(zNx)U(zNy).
by Theorem 2.

Theorem 4

For x,y,zin L, [xNy)UxNz)]N[xNy)U(yNz)]=xNy.
Proof.

Since (xNy)U(xNz)ZzxNyand (xNy)U(yNz)=xnNy,

[(xNy)yUxnz)NxNy)Uynz]zxny)n(xny).

=xNy.
Thus
(11) [(xNy)UEN)IN[(xNy)U(yNz)]2xny.
Moreover,
xZxN[(xNy)uz]
=kU@xnylnixny)uz]
=[(xNny)ux]Nni(xny)uz]
Z(xNy)u(xnz) by (2)
and hence
(12) xZ(xNy)U(xnz).
Furthermore,
yZzynixnyyuz]
=hunynixny)uz]
=[Nx)uylnfxny)uz]
=[xny)Uylnixny)uz]
Z(xNy)u(ynz) by (2)



and hence
(13) yZ(xnyu@yno).
From (12) and (13),
(14) xNyZ[xNy)un)Inixny) uynaz)
From (11) and (14),
(xNy)yUxn)IN[(xNny)U(yNz)]=xny.

Theorem 5
Let L be a lattice. If

(15) xUy)NzUENy)]=xNy)U(yNz)U(zNx)

for all x, y,z in L, then L is distributive.
Proof.
Suppose x 2 y. Then

xNzUy)=xUy)N[zUxNy)]
=@xNy)u(ynz)U((znNx) by (15)
=yU((yNz)U(zNx)
=pUynNz]uU(znx)
=yU(zNx).

Therefore
(16) xN((zUy)=yU(zNx) whenever x = y.
To conclude

xUy)N(xUz)y=(xUy)N(zUx)
=@xUy)n{zUxUxnyl}
=@xUy)n{zU[xNy)Ux]}
=@xUy)N{lzU(xnNy)]uUx}

=xU{lzuxnylN(xUy)} by (16)
=xU{(xUy)nzuxnyl}
=xU[xNy)U(yNz)U(znNx)] since (15)

=xU{(xNy)UllyNnz)Uznx)}
=xU{(xNy)Ulznx)U(y Nz}
=xU{[xny)uznx)]U(ynz);i
={xUlxnNy)uzNnx)pu(ynz)
={xuGxny]uzNnx)}u(ynz)
=xU(ENx))U(ynNz)
=kxUxNz)]U(ynNz)
=xU(yNz).
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