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Abstract

We introduce a new class of higgs type complex-valued scalar fields U with
Feynman propagator ~ 1/p* and consider the matching to the traditional fields
with propagator ~ 1/p? in the viewpoint of effective potentials at tree level. With
some particular postulations on the convergence and the causality, there are a wealth
of potential forms generated by the fields U, such as the linear, logarithmic, and
Coulomb potentials, which might serve as sources of effects such as the confinemen-
t, dark energy, dark matter, electromagnetism and gravitation. Moreover, in some
limit cases, we get some deductions, such as: a nonlinear Klein-Gordon equation, a
linear QED, a mass spectrum with generation structure and a seesaw mechanism on
gauge symmetry and flavor symmetry; and, the propagator ~ 1/p* would provide
a possible way to construct a renormalizable gravitation theory and to solve the
non-perturbative problems.
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1 Introduction

As a very successful theory, the gauge field theory with the gauge invariance principle
could be used to solve a huge part of questions for people. Certainly, there are some
challenges to the gauge theory: the extension for methods of application such as the ones
for non-perturbative problems, the extension for new phenomenons such as the ones for
new particles and new interactions, with an inevitable old topic about the unification and
renormalization.

It’s just the linear potential from the non-perturbative results in lattice gauge theory [
that motivated us to consider a fourth order differential equations. The motivation chain
is: on the level of effective theories, we want to know what would be new in a theory
which can generate a linear potential; mathematically, a straightforward way to construct
linear potential would be an introduction to Feynman propagator form of 1/p*, related to
the higher order differential equations; and, in the viewpoint of the superficial degree of
divergence, the new Feynman propagator ~ 1/p* associated the higher order differential
equations might provide us a construction to a renormalizable gravitation. So, it would
be significant to investigate models in the higher order differential equations formalism, in
combining with the treatment on puzzles on the redundant unphysical degrees of freedom
(d.o.f). For simplicity, we will concentrate our studies on the pro forma feasibility of the
model in a view of effective potentials at tree level.

The remainder of this paper is organized as follows: Sect. 2 is for the Lagrangian con-
struction for a linear potential; Sect. 3 is for the kinetics and the propagators from the
Lagrangian; Sect. 4 is for the effective potentials generated from the Lagrangian, espe-
cially for the linear, Coulomb and gravitational potentials; Sect. 5 is for some interesting
deductions uniquely occurring in our theory for some limit cases; Sect. 6 is for interpreting
the causality in our theory; and Sect. 7, the final section, is for our conclusions.

2 Lagrangian for linear potential

2.1 Framework: effective potentials at tree-level

We can get the classic non-relativistic (NR) potential forms from the amplitudes of the
tree-level 2— 2 scattering process for a perturbative theory, within the Born-approximation
formalism, for instance, we can take [?]

(vertex), ® (inner-line propagator) ® (vertex), < V (1)

where the Lh.s is a part of the amplitude for a tree-level Feynman diagram, and the r.h.s
is the classic potential. So, conversely, we can build theories for potentials with a definite
form through the tree-level-correspondence, provided that the theories are perturbative-
ly computable. For example, if there were neither momentums nor coordinates in the
Feynman rules of vertices, we would extract different potentials with different inner-line
propagators, such as:

linear potential <«
Coulomb potential <«

short-distance potential <> , with co < a < 2. (2)
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2.2 Lagrangian

Firstly, we take a complex-valued scalar field U, a Dirac field 1 (and 1) as the physical
field degree of freedom(d.o.f) ¥, which have the transformation law under a global U(1)
group element V' 2 as

U—=VUVi=U, =V, o=Vt (3)

Secondly, in the method mentioned in Section P71, for a theory with a propagator form
~ # for U, we write the Lagrangian of {U, 1,1} as

L=Ly+Ly+ Ly, (4)
where the term
Ly = Tr{-0'0"U'9,0,U — AL[(U + U +i(U — U]
+mUU — A\ ALUTUUTU (5)
is purely of the complex-valued scalar field U, the term

Ly =i — my )t (6)
is purely of the matter field v, and the term
Lr = —aAQu{[(U+UN +i(U - U]}y
~B8Qs v {0 0" [(U + UY) +i(U = UM} 79
~E2:Qet {00 + U +i(U ~ U]} (9™9) g
is the invariant interaction term of ¢ coupled to U under the transformations in (8) and the

Lorentz transformation. The application of ¢*” in the § term is to ensure a real-valued ef-
fective coupling in the Feynman rule language, by recalling the reduction of —io,,¢" — q,.

Thirdly, we give some postulations as the illustrations of the variables in the La-
grangian of (@) as below.

1. Ay is a constant of the dimension of mass, my is the mass of field U, and Ay is a
dimensionless constant; m,, is the mass of field .

2. For the real-valued coefficients, there is «,3,& > 0. Particularly, if there is
a = [ =&, there is a kind of symmetry between the intrinsic charges and the momentums
of the matter fields 1), which seems like a kind of realization of the supersymmetry.

3. For the parameters A and M, referring to Wilson’s scheme for renormalization, for
the interaction Lagrangian terms we can propose the postulations as:
(i) each U (not OU) is tied with one infrared (I.R.) energy scale A;

Discussions for the vector field U*, the tensor field U*”, and the massive {U, U*} have also been
finished by the author, see Ref. [3].

2If we define U = U + iUy, then the global U(1) symmetry, or a global SO(2) symmetry, is defined
between U; and Us.



(ii) all the terms with higher-dimensional (D > 4) are suppressed by a ultraviolet (U.V.)
energy scale M.

For example, if we plan to construct a QED, a QCD or a gravitation theory with the
U field, then the variable A and M might be respectively set as

A= prr ~{0,Agcp, 0}, M = pov >~ {ew, eur, piank | (8)

where 7 is the LR. boundary energy scales, i.e., { value ~ 0, the QCD scale Agcp =~
200 MeV, value ~ 0}, and M is the U.V. boundary for the theory, i.e., {the electroweak
(EW) scale pupw ~ 246 GeV, the grand unification theory (GUT) scale pgyr, the Plank
scale ppjank }, for a QED,a QCD and a gravitation theory, respectively.

4. The variables Q(q.5,) can be seemed as a kind of reconstructed charges (RC), and
they are defined as

Qaper =Y Qapey ¥ =1, (9)

where Y is the generator of the global U(1) group with eigenvalues £1, and Q,, is a gen-
erator of some other global group (such as the electromagnetic U(1) group) corresponding
to the current J,, with the definitions

Q.=1Y; Jo=y; (10)

Qs=To; Tz =y, (11)
_ <=

Q=Y Te=4idv, (12)

where Q, = 1 for neutral U (e.g. U for mediating a QED theory), Q, = Y for charged
U (e.g. U for mediating a QCD theory); To = Tqrp, Técp, -, is either the generator of
the QED U(1) group for constructing a QED theory with U, or one of the the generator
of QCD SU(3) group for constructing a QCD theory with U, etc.

Furthermore, if we define a kind of effective media field as

(A)a = —alAQ,-[(U+ U +i(U - U, (13)
[(ADsl, = —BQa- 00" [(U+U") +i(U—U"), (14)

then the interaction Lagrangian terms in ([@) can be expressed as
E]ELRC: (A[) jY (15)

5. How to determine the value of Y and 9,7 Here we define: if the momentum of
U flows “in” to the U1 vertex, then the charge at this vertex is Y = +1, motivated by
an imagination that the effective mass of ¢ would become bigger by “eating” a nonzero
vacuum expectation value (U); on the contrary, if the momentum of U flows “out” of the
YU vertex, then the charge at this vertex is Y = —1. Similarly for the Q,, Q4 and Qe,
e.g.

(i) for Q,: in the case of a charged U for a QCD theory, in every physically allowed
process, if the Q, charge of U flows “in” to the U1 vertex, then the Q, charge varia-
tion for the “current” J, = ')’ (with i, j the color indices) at this vertex is Q, = +1,
the same as the value of Y; on the contrary, if the Q, charge of U flows “out” of the
YU vertex, then the Q, charge variation for the “current” J, = "1/ at this vertex is
Q. = —1, the same as the value of Y; in the case of a neutral U for a QED theory, the
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Q,, charge variation for the “current” J, = 11 at both vertices are defined to be always
L;
(ii) for Qg: even in the case of a neutral U for a QED theory, the Qg charge varia-
tion for the “electromagnetic current” J3 = 17*¢ is not 1, but to be the QED “charge”
Torp = Q9FP;
(iii) for Qg: even in the case of a neutral U for a gravitation theory, the Q¢ charge

.
variation for the “momentum current” J; = i @ ¢ is not 1, but to be Y’; etc.

6. To ensure the renormalizability, we need an extra postulation: all divergences
can be removed by introducing cutoff for the amplitudes or the phase-space parameters.
More detail have been discussed in Ref. [3].

2.3 On the (00U)? term for kinetics term

The traditional kinetic term
(0U)?* and UT90U

will not appear in our model, which is like the case that a term UTOU will not appear in
the kinetic term of a Klein-Gordon field. Maybe this can be related to a kind of general-
ized “charge” symmetry.

For convenience, we would call the model for U defined with the (90U)? term for
kinetics term as a “P4 type”, and the traditional model for U defined with the (9U)?
term for kinetics term as a “P2 type”. Besides, our P4 type theory in the high-order
differential equations formalism is different from the ones actually being a P2 type one [d].

It might be helpful for us to more easily understand the double partial term (90U )?
for the kinetics term, if we understand our U field as a classic continuum medium field.
For the detail, for the continuum medium field ¢ we have the continuity equation

8,0, T = 0, (16)

with the energy-momentum tensor defined as

™ = (p+p)uu’ +pg"”
oL
_ Mo — g™ L
5000 0

= (0,0'0,0 + 0,0'0,0) — " (0a0' 0" — m*¢T9)
= ¢T |:<5/.Lal/¢ + %Vau - guu(%aaa - m2)] (b
= ¢ [(i0,i0,¢ +i0,i0,) — g" (100" — m?)] ¢. (17)

Formally, to fully describe a field ¢, one might need the 90 - 90 operator acting on the
field.

Moreover, we can write the E.O.M in another form,
p'U(z) = [p*P(2)]* = [p*®(x)] - [*®(2)], (18)

with the correspondence for ® to @ here is just like a generalized version of the case that
the anti-particles 1 associated with the particles 1, which also arised from the treatment
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that the Dirac equation was formally from the square root of the Klein-Gordon equation.
Besides, we can see, if the E.O.M is not the form ptU = m*U, then that might break a
generalized “charge” symmetry between ® and ®. We can denote that as

O(x) ~ (YY) =  K-Geq. =] Diraceq. |*, (19)
Uz) ~ (dP) =  U-eq. =[K-Geq. *. (20)

Then we can have the new E.O.M
PO =mi® = & = e 4 cpe P (21)

for the ordinary physical d.o.f, and

P*® = —m?®, (tachyon/higgs) (22)
—p*® =m2®, (phantom) (23)

—p-x omit divergent terms

= d = dieP® + dye

for the so-called unphysical d.o.f (with the 6 function being the step function): the
tachyons in (P2), with an imaginary number valued mass [6]; and the phantoms in (23),
with a negative kinetic energy [6], respetively. The sign of the action corresponding to
the E.O.Ms in (22) and (23) are different, which is not negligible [[].

Although there exist unphysical and acausal solutions in addition to the two physical
d.o.f for differential equations with orders higher than 2 in the classic mechanics case, ®
we can avoid this trouble by treating these solutions as effects of hidden unphysical new
d.o.f (which are existent but can’t be directly measured for some reasons) beyond the
standard model (SM) in particle physics; this is to discussed in the following Section P4.
We will revisit this topic in Section B, and we want to propose that unphysical d.o.f does
not necessarily mean acausality.

2.4 U is a kind of higgs-type field!
The self-interaction potential of field U is

V(U) = —m{UTU + M\ ALUTUUTU, (25)

so, according to the minus sign in the mass term, U is a kind of higgs-type field. And,
for convenience, in all this article for allowed cases we set

(U) =1. (26)

But we should remind ourselves that (U) could be very large even when the energy scale
is very low.

For a higgs field U with a potential form in (23) plotted as the line-“b” in Fig.-0-(1),
besides of the angular component Uy as the conventional field (the Goldstone boson),
there is also a radial-direction component 0 < U, < +00. Here, the most important point
is, how to understand the U,.?

3The acausality discussed in Ref. [8] only occurs in the classic mechanics case and can be removed
in the formalism of quantum mechanics through the uncertainty principle by treating all the observable
variables as operators.



UA)

B WAWAY
T

Figure 1: Self-interaction potentials for the field U and A.

For a potential V' (U) of the form as the line-“a” in Fig.-I-(1), which is defined only for
0 < |U] < 1 rather than for all the |U| < oo field configurations, we can not only treat the
radial-direction component U, as a stable (physical) fluctuation around the stable vacuum
|U| = 1 (minimum of the potential V(U)), but also treat U, as a 0 < U, < 1 oscillating
around the point |U| = 0 maintained by the rebound from the potential barrier. Similarly,
for a potential V(U) of the form as the line-“b” in Fig.-I-(1), we can also understand the
radial-direction component 0 < U, < 400 in two viewpoints: U, is a stable (physical)
field d.o.f U995 oscillating around the stable vacuum |U| = 1 (minimum of the potential
V(U)), which could be seemed as the “traditional” P2 type excitation of “higgs particle”;
or, U* is an unstable (unphysical) field d.o.f oscillating around the unstable vacuum
|U| = 0 (local maximum of the potential V' (U)), which would “decay/collapse” as what
would happen in the more extreme two cases plotted as the line-“c” or line-“d” in Fig.-I-
(1).

However, we will just take the unstable (unphysical) UP* d.o.f as the real component
in our “untraditional” P4 type U field, with the purpose to design the U field to differ
from the “traditional” P2 type field. Thus, from now on, we need not give too many
query to the sign of the mass term in (B) any more. As discussed in Section P23, we can
say: U is a kind of higgs-type field, and U does have a nonzero VEV, however, the U field
with E.O.M. p*U = m?U is really designed to be neither a traditional higgs field with
E.O.M. p?U = —m?U nor a phantom with E.O.M. —p*U = m?U, see (22).

In a word, it should be emphasized that the choice for the sign of the mass term is
very important and crucial for our following work.

3 The kinetics

3.1 The equation of motion of the U field
By the Euler-Lagrange equation [d]

oLy , OLy Ly

au O 00 55,0,

5007 =0, (27)

from (B) we can get the equation of motion(E.O.M) of free field U,

—01989,0,U = —myU + Ay, (28)
& pU =-mpU+ Ay, pr=idt, (29)
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and the dynamical E.O.M for U, as

—0'U = —mpU + A + aQA Yy + ... (30)

3.2 The canonic commutator and propagator

Firstly, if we crudely copy the tradition of the quantization procedure for P2 type field
theory, then, according to the custom on the choice of “+” sign in classic Poisson bracket

i, xj] = —id;j (31)

and its quantized version for scalar field

we just need assign the canonic commutators below to quantize our model:
others = 0. (34)

Then we can define the Legendre transform to construct the Hamiltonian as

Hy = / &z [an(:c)U(x)—LU]. (35)

We want to emphasize that, although there are high-order derivative terms in our P4 type
field theory, it is not necessary for more than 2 initial conditions to fix extra extended
conjugate momenta such as U and U, since only U; and 93U; are enough to construct our
theory.

Secondly, by inserting the “correlation function”, i.e., one version of the definitions of
propagator of U,

Dp(z—y) = (QTU()U(y)|2)
= 0" =" QU @)U (y)IQ) +0(y° — 2")/QU (y)U(2)|Q)  (36)

into the E.O.M, where T is the time-ordering operator, |{2) is the vacuum state, we can
verify

_(84 - m4 ):EDF(J: - y)
= (0" —m")QATU()U(y)|Q) = +idW (z ). (37)
That means, Dr(z — y) is really the “Green function”, i.e., the other version of the defi-

nitions of propagator of U.

By setting Ay = 0, from (B7) or its corresponding form in the momentum space

—(p" = my)Dr(p) = i, (38)
we can get the Feynman propagator for my # 0 case in the momentum space, as
—1 —1

Drp(p) = _ = : :
#(p) pt—mf +ie  (p?+mi —ie)(p? — m¥ + ie)

, (Ay =0, my #0), (39)

7



or, for my = 0 case .
—1
- opt e
So, the minus sign before the p* operator in the E.O.M (29,80,82,88) is very crucial,
which represents the sign of the mass term in Lagrangian, and, without this “—1” factor,
everything will be different! After all, the U here isn’t the traditional scalar field, as
we said in Section 2. Besides, the position and residue of a pole in the propagator is
crucial for the calculation results of the amplitudes. In this work, we will only consider
the my = 0 case, and the my # 0 case has been discussed in Ref. [3].

4 Effective potentials

D1 P2 P P2
(a) (»)
Figure 2: The Feynman diagrams for the leading order tree level processes, with (a)

mediated by a U and (b) mediated by a photon A*.

At the beginning, we set the variables for the particles in the scattering processes
shown in Fig. B, as below:

P1= (m,p1>, b2 = (m7p2)7 (41)
py=(m,py),  ph=(m,ph). (42)

In the non-relativistic approximation, ¢° = 0 (which is also called on-shell approximation),
we have the relations for kinetics variables as

(NR limit)
(=p =P = = (- p) ==l = —lp - i, (43)
and
/ ’ / NR limi /
@’ (pHu®(p) = 2md**, @ (p)y"u’(p) ((NRlimit) vH2maoss . (44)

Besides, In the non-relativistic limit, we need not consider the identical particle effects,
that is, we need not consider the u channel of the Feynman diagrams in a scattering process
Now.

4.1 Interaction I: coupled to intrinsic charges, Coulomb force?

Now, for the interaction term

Log = —alAQu¢{{(U+UN+i(U—-UN}y
—BQp 1 {0 0" [(U +U") +i(U — U]} 44, (45)



which was extracted from the total interaction Lagrangian (@), by defining the couplings

Q2 = a(Qa)1,27 51,2 = 5(@6)1,2, (46)

and by using i0,,¢" = —q,, 7" — v* from (B4), we can write the corresponding amplitude
for Fig. B-(a), as™

M, = ﬂsli[—alA — B1o, (ig" )y |u® - -

e
'aT/i[—agA — Bgaag(—iqﬁ) Oy u”
/. s —1 —y! . al,.r
= ui[—a A+ St e’ - ? " i =0\ — Baga - 00y U
= @ [—iay AJu® - _—42 " [—iapAJu"
q

—t —s' s—r' 1
+aaAB1(q - v1) — a1 APa(q - va)] - A w’utu"u
_iguoe

e
where the indices in d,, are not controlled by the Einstein summation convention, and
we have taken the replacement

a1y - - [—iByy (47)

Qualua — 9" (48)

The use of the §,, in (E0) could be understood by this reason: as there is only the single
U field exchanged in a 2 — 2 scattering process, once the pu-component of the momentum
g" of U is absorbed into one vertex in the Feynman diagram, there must be the same
pu-component of the momentum ¢ is emitted out from the other vertex in the Feynman
diagram! Thus, by treating 0*U ~ A" as an P2 type effective media field as in (I4), for
which there is a propagator with the form of _Z%W, we can see, the last term in (B7) is
just of the form of an amplitude for a scattering process corresponding to the Coulomb
potential in QED, as shown in Fig.B-(b).
In the NR limit of ¢° = 0, with the definitions

C_I'U1E/\1|CI|=CI'U2E/\2|(1|; (49)

and the approximation 7*7*g,. — 7°7°go0 = 1, we can continue to get

iM, = —i {_a1a24/\2 I (04251)\1 - ?152)\2)/\ . 51522
q| q| q]

} R T (50)

The amplitude M should be compared with the Born approximation to the scatter-
ing amplitude in non-relativistic quantum mechanics, written in terms of the potential
function V(x): [7]

iM ~ Nr(P[iT|p) vk = —iV(q)2m)0(Ey — Ep), g =p — P, (51)
with
P =1sp1 — P2, P = 1P, — Pl i = —— i = 1,2 (52)
2M1 172, 2M1 1272m1+m27 y L

4For simplicity, here we can only consider the contributions from Uy, and, for the contributions from
Us, the result just need a double.



By dealing with the kinetics factors as 2mé** — 6*' and (27)6(Ey — Ep) — 1, we can
have

~ _ CY1Oé2A2 4 (%51)\1 - 06152)\2)A . B1B2

Vig) = — , 53
(@) q|* qf? q|? 53)
and the inverse Fourier transformation
V(z)=F'[V(g)]. (54)
Then, we can get the potential
ajagh? (04251/\1 - 04152/\2)/\ r — 5152
Vir) = — log — —1 5
(T) + {7 r 9272 ( 0g To + e ) + Arr (5 )

with 79 = 1 GeV ™! put by hand to balance the dimension, and vg the Euler constant.
Moreover, by applying (9,00,IT, A8) to get®

(for QED:)
oy = 0*(Qa)1(Qa)2 = (Y - 1)1(Y - 1)y = —a?, (56)
—MiBs = —BQp)1(Qp)2 = =LY Q)1 (Y Qp)s
_ (v, Q%ED) (v, Q9EP) — 320D QUED (57)
afy = af(Qa)i(@p)2 = aB(Y - 11(YQVP)y = —apQs"”, (58)
@B = aB(Qa)2(Qs)r = aB(Y - 1)a(YQI"P) = —aBQF*?, (59)
with Q@FP just the electric charge in QED, and
(for QCD:)
s = a*(Qa)1(Qa)2 = (Y -Y) (Y -Y)y = a?, (60)
~Biby = —pQ7OFY, (61)
afy = af(Y - Y (YQIP), = aB(V2QF") = aBQF", (62)
afi = af(Y - Y)YQIP) = aB(iQ7") = —apQ?”, (63)

with Q9P just the color charge in QCD, by combining with (88,66,67,68,69), the potential
in (63) will become

QED QED(Y] 1 5 2
- _ . .log —
V(r)oep - r—+ 52 og o
B2QEPP QiFP
64
+ 47y ’ (64)
a2 \2 aBAoep(Q9°P N + Q9P \,) r
QCD QCD 1 1 2 2
. A log —
V(r)ocp o T+ 93 og o
2 AQCD ~QCD
BTy T3 , (65)
Arr

By recalling that we have performed the derivations in the formalism of a collision pro-
cess in the center-of-mass frame, that is to say, py = —p2, by combining the on-shell

5Tt is very important to set Y; = —1 and Y5 = 41 to match the Feynman rules used in Eq. (7))
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approximation |p;| = |p}|, we can indeed determine the relations

q - (p1+p2) = (M +maXo)|g| =0,
q - (p1 — p2) = (MiA1 —mads)lg| > 0,
(q-P1)(g - p2) = mimadido|ql” < 0. (66)

So, for the case of m; = mgy, we will have Ay — Ay > 0 and A\; + Ay = 0. As in (1), we
can see again, the last term in (64) or (B3) is coincidentally for the Coulomb interaction
in QED or QCD, respectively!

Besides, there is a linear potential and a logarithmic potential in both (64) and (B3).
In (B4), since the infrared energy scale boundary Aggp for the QED is about zero, the
linear potential and the logarithmic potential could be negligible; however, in some cos-
mological experiments, the linear and the logarithmic term might give corrections to the
electromagnetic observables, such as: a spatial variation of the electromagnetic fine struc-
ture constant [I0], or a kind of electromagnetic red-shift coupled with the gravitational
red-shift. In(63), since the infrared energy scale boundary Agep for the QCD is about
200 M eV, the linear potential could be significant to serve as the major part of the con-
finement in QCD, while the logarithmic potential could serve as a minor part of the
confinement.

4.2 Interaction II: coupled to momentum, gravitation?
Now we consider the interaction terms,
Loe = —alhQuv {[(U+U")+i(U—-UN}y
£ Qel {0 (U + U iU~ U]} (D), (67
which was extracted from the total interaction Lagrangian (). By defining the couplings
as in (£@)
a12 = a(Qa)12, §12 = §(Qe)12 (68)

and by using i0,,¢4" = —qu, ¢4s0,5 — ¢*gup as in (EAAR), we can write the corresponding
amplitude for Fig. B-(a), as
/ —1

iM = u’i {—an - %UW (ig") - [i-i(py —l—p’l)l’]} u’ - pr

i {—OQA . %%6 (—ig®) - byp - [z ~i(po +p’2)5] } u”

i A
- TZ : {—041042/\2 + =—q - [@a€i(p1 +p)) — aa(pa + py)]

q M
6162 5 /\v \8 ~s' s —r r
o wsdus - (1) (02 + )7 @ d
- . {_a1a2A2 A [(20425111 “Pp1— 204152‘1'1?2)]
[ {7 q|*
+£ ) [(04152 + 04251)] _&& Ap-pe
M lq|? M2 |qf?
5152 2((1 *P1—q- p2) é-lg? ss’ rr!
2 PE BEYE -2mo** 2md"™ , |q| > 0. (69)
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In the non-relativistic limit, with p; o = m 2v1 2, and the definitions
q-vi = Mlql, g-v2 = Aoq], (70)
we can get
q-pr=miAilql, gq-p2=m2oql. (71)

Thus the non-relativistic effective potential in the momentum space will be

V(g) = -M
_ _alongQ A {(Zazflml)\l — 2a169ma)s)
- [/ S— af®
_{_A ) {(04152 + 04251)} ~&& Api-pe
M q|? M? o qf?
314622 ' Q(mwm ) i\}% lq| > 0. (72)

The last term in (I72), &M%, is effective to a Feynman rule of a vertex for a four-fermion
contact term, so we will drop it in the non-relativistic limit due to the probability con-
servation law in the non-relativistic quantum mechanics formalism. B

Then, by performing the inverse Fourier transformation V(x) = F~'[V(q)], we can
get the potential in the coordinate space (with |g| > 0 equivalent to a step function 6(|q|),

~vg the Euler constant) as

Oé1042/\2r B A(2a2€1ma A — 2016ama2)

V() = M - |-5mpti08 = e - )
+A(041§2 td) 1 46&6p-p2 1
M A7y M? 4y
26162(77’11/\1 — m2>\2) 1
+ e 12,00, (r>0), (73)

with 79 = 1GeV ™! put by hand to balance the dimension. The last term of the 6(r)
function in (I23) is from the |¢1;| term in ([4), and it could also be dropped due to r # 0.
At last, with the values Y7 = —1, Y5 = 41, we have

&y = af(Qa)i(Q¢)2 =af(Y - 1)1(Y -Y): = —ag, (74)

gt = af(Qa)2(Qe)r = af(Y - 1)2(Y - V)1 = ag, (75)

& = E(Q(Qe)a =Y -Y)1(Y - Y)y =&, (76)

by combining with ajas = —a? in (BB) and mi\; + maXe = 0 in (BB), we can get the
potential form

V)= 2N, e L (77)

T M? 4y

As expected, the linear potential also arises in (IZ2) is the same as in (64), which could be
corresponding to the dark energy effect (or the gravitational red-shift) and the inflation
effect in a Big-bang universe. And the second term in (IZ2) is happily to be the Newton’s
gravity form! Besides, a potential term with form of —’;ﬂ—2 included in the factor

Pp1-p2 = p(l)pg —Pp1pP2= + m1\v1\2 (78)

\/1m—1 ¢1—
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with py = —p; in the center-of-mass frame, can be treated as the one of the source of the
dark matter effects [[I1], which is just of a relativistic effects! Moreover, there will be an
extra relativistic corrections from the spinor basis u*(p), by instead m to p® in (£4), as

@ (p)u' (p) = 2p°6°, @ () )y"u’ (p)

The logarithmic term in (IZ3) would be too weak to serve as the source of dark mat-
ter effects, even though it has a nonzero value in some C parity asymmetry case, i.e.,
as&imi\y # a1&amade. The dark matter effects should be at least of the same order of
the Newton’s gravity.

In the sense of the superficial degree of divergence, the gravitational interaction term
in (B7) is renormalizable, so, a construction of a renormalizable gravitation theory might
be practicable in our P4 type formalism. And, this P4 formalism might also be useful to
renormalize the scalar QED or the chiral perturbative theory, etc.

Besides, we want to point out that, for a N-body system, potential terms in (IZ2)
will be additive and they will be enlarged only by the factor (NQ1) - (NQ2), rather than
(N&)(Nmy) - (N&)(Nmy).

!

(NR limit)

vH2me* . (79)

5 Induced theories in some limit cases

5.1 Effects of the nonzero (U)

Now that U is a kind of higgs field, it should show its higgs-like property. According to
the higgs mechanism, with the interaction term aA U1 in (@), the fermion (or similarly,
the boson) matter fields will get a mass correction

Am ~ aA(U). (80)

For a very small Am value, it might serve for the mass of very light particles as dark
matter candidates, or, instead of the axion [I2], it might present a solution to the strong
CP (naturalness) problem.

If we set (U)g = % ~ 10741 GeV as the gauge symmetry breaking energy scale of
gravitation, with L ~ 10'[.y. corresponding to the size of the universe, and (U)gwy =~
102GeV as the gauge symmetry breaking energy scale of electroweak interaction, we will
get a lucky coincidence for the ratio of the magnitudes of Newton’s gravity force Fz and
the Coulomb force Fg,

Fa me\ 2 €2 e? 143 (U)g
F_c = [G <?> ﬁ} / lkﬁ} ~ 10 — <U>EW (81)
where m, is the mass of electron, k ~ 9 x 10°(N - m? - C~2) is the Coulomb constant(in
ST unit). If this is true, we might say, the smallness of gravitation constant G comes from
its small VEV (U)¢ (or the huge size of the universe).

Furthermore, if we set (U)rc as the gauge symmetry breaking energy scale of the
technicolor (TC) interaction [[], and the ratio

{U)re g2 _ 017
<U>EW o e2 N 0.012

=100 (82)

will give us a value of (U)pc ~ 101 GeV = 10 TeV for the typical energy scale of techni-
color dynamics.
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5.2 Field U out a nutshell: generation of nonlinear Klein-Gordan
equation

Here we need the self-interaction term of U, which could be written as
Lr=—guA;UOUIU + mpU?. (83)

For a pure U-field system, if its kinetic energy is very small, down to p* < AyA (or, in
the sense of de Broglie wavelength, we can say, the system is “out of a nutshell”), then
the kinetic energy term could be dropped, then we can get a E.O.M for U according to
the Euler-Lagrangian equation, as

4
GuAZL(OU)? — 2gu AZUPU = miU = (9U)? — 208U = QTX?] U. (84)

Apparently, that is a nonlinear 2nd-order differential equations, so, we just call it “non-
linear Klein-Gordon equation”. Particularly, for a special case, (U) > U — (U) (i.e., the
VEV large and the fluctuation small) and (U) > 90U (i.e., the VEV large and the kinetic
energy small), we can get the “linear” Klein-Gordon equation

L (85)
2gU<U>A%] ’
and there should be the relation 2g;(U)A? = m¥. As said for (28), we should remind

ourselves that (U) could be very large even when the energy scale is very low!

In a Lagrangian, there should be both the kinetic energy terms and the potential
energy terms. However, there exists the freedom to choose which ones are the kinetic
energy terms and which ones are the potential energy terms, that depends the choice of
the d.o.f of the system. This is a kind of “kinetic-potential duality”.

5.3 The constraint U+ U3 = (U)? to a spontaneous breaking U (1)
symmetry

5.3.1 U as a group element: the generation of gauge field A"

To a spontaneous breaking U(1) symmetry, if we take the constraint U7 + U3 = (U)?,
there will be

U="U, + iU, = o(x)e” @ — (U)e 9°®) =y, (86)
that is, if we choose the unitary gauge condition ¢ = 0, U will become a group element.

In (BB), U; and U, are both P4 type field, and o and ¢ are also both P4 type field,;
o is purely unphysical field (i.e.,tachyon/instanton/phantom), while ¢ is physical field,
as said in Sect. Z4. Is the ¢(x) really a detectable field? Mathematically to say, ¢ is a
phase, and we can write

U — u=(U)e 9@ _ ([)e WlPo@tenuA (@) tenu A @)+ (87)
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that means, the P4 type ¢ field can be generated by many different fields rather than only
one field ¢o(z). ® If only the A*(x) field is nonzero in (87), then, with

D(UPUY ) = P(udu ) — e 4o, (88)

as a 4-particle-coupling term becoming to a 3-particle-coupling term, we get the gauge
interaction term, with

B-(U)* =e. (89)

Now, instead of the d.o.f. of ¢(x), there exists a connection field (gauge filed) A*(x), in-
duced by the Maurer-Cartan 1-form of u(x) field. Thus, the superficial gauge symmetry
of the Lagrangian arises! We name the constraint

UZ +UZ = (U)? A*(xz) #0,¢0(x) = A" (z) = ... =0 (90)

as “Light Constraint”, in the reason that it survive only the field A* with the light
speed after freezing the unphysical tachyon d.o.f. o(z) in (B8) with speed over the light.

However, when both U; and U, are excited, the contribution of the massless U field
includes an effect of a massless gauge field A*(x), see Fig. -(a). Now, as both the U1
term and the ¢ A*1) term can generate the Coulomb potential, we would like to ask, is
the gauge symmetry necessary? We will return this question in Sect. B.

5.3.2 Multi-vacuum structure for sine-Gordon type vector field A*

1. Multi-vacuum structure for A*

If we write ©
U(x) = exp[—igen” A, (x)] = cos[gen” Ay (z)] — isin[gen” A, (2)], (91)
then the potential term
V(A) ~ U(A) + U'(A) = cos|(ge) - A], (92)

would mean that the dynamics for the field A* is of a sine-Gordon type (or, a kind of
generalized higgs type vector), see Fig. M-(2). Thus, there might be many excitations for
A at different vacuums (or, VEVs), with heavy masses in the large g cases( ge ~ 1) and
small masses in the small g cases.

2. Mass spectrum with generation structure

Like the mass correction in (80) from U, with the term Az, the fermion (or similarly,
the boson) fields can get a mass correction from A*,

2n+ 1)m

Am ~ aA(A) ~ aA
ge

. n=0,1,2 ... (93)

where the number n might lead the fermion mass spectrum to a generation structure.
Even for the same value of n, we can get the deductions below:

6Tt is reasonable, by reminding that a Dirac spinor field could even be formally constructed as the
square root of a scalar field ¢.

" As said for (28), we should remind ourselves that (U) could be very large even when the energy scale
is very low!
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a. if Am is the mass differences between the current quarks and the constituent
quarks, then, by setting
g~ (2n + 1)aA OW)~O(e), (2n+ 1)« “1, (94)
Am € Am
with Am ~ 1GeV and n =0, we have a ~ 1.
b. if g ~ 0.01 for the E.W. interaction, then, Am ~ 100GeV, corresponding to the
possible heavy fermions.

3. A seesaw mechanism for gauge symmetry and flavor symmetry

See Fig. I-(2), with (82), for a vacuum at A = (A);, the potential could be written as
V(Ax~ A) ~ —1+ (ge)*(A—A) +..., (95)

which means the mass of the excitation A’ = A — (A); is of order ~ m = ge. So, we can
get the conclusions below:
(1) when g — 0,

a. A, is nearly massless, so the gauge symmetry is restored;

b. the VEV (A),; are of very different magnitudes, so, through (83), the fermion masses
would be also of very different magnitudes, including very heavy fermions; this is a kind
of flavor symmetry breaking for fermions;

(2) when g — o0,

a. A, is massive, with the diagonal elements in its mass matrix being large, so the
gauge symmetry is broken;

b. since the unphysical d.o.f (i.e.,tachyon/instanton/phantom) o in (8B8) was excited
now, the vacuum tunnelling (oscillating) effect would become strong, so the off-diagonal
elements in the mass matrix of A, become large, too; or, in another viewpoint, now it’s
A, that was frozen, and the tachyon was the real d.o.f for mediating interactions; we can
treat the tachyon massless or nearly massless according to the absence of heavy bosons
in a hadron;

c. the VEV (A); in the neighbour minimum are nearly equal, so, there would be a
degenerate for the fermion mass, or, we can say, the flavor symmetry for fermions would
be restored; besides, it’s now allowed for very small fermion masses through (83), which
might be an underlying reason for the feasibility of the “large N.” or “large N;” hypothesis
for a real hadron, and for the possible neutrino oscillation.

So, maybe this is a new kind of dynamical symmetry breaking/restoring mechanism,
with a seesaw for gauge symmetry and flavor symmetry.

5.3.3 Duality between matter fields and media fields: from non-perturbative
to perturbative

1. Matter fields are P2 type, while media fields are underlying P4 type.

Instead of the gauge field A* ~ udu' (u is a group element), the employment of the
Wilson line U(y, z) and Wilson loop Up(z, ), which are defined as [?]

Up(x +en,z) = 1—igen”A,(x)+ O((ge)?), (96)
Up,(z,z) = 1—ie’gF;;+ O(e%), (97)
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ensured the availability of lattice gauge theory. It is just this subtle hint that inspired us
to consider a field U, with a hidden correspondence of the Wilson loop Up,

Up—)U, (98)

rather than the gauge field A as a possible effective d.o.f., with the Light Constraint in
(Em)

gA, = u(z)idu' (z) = U(x)io, U'(x),. (99)

Thus, as an inverse procedure, it is a useful try to solve the non-perturbative problem in
stong QED by defining a P4 type complex scalar field U = U; 41U, with U; and U, are
both excited, instead of the group element wu.

2. Media fields are P2 type, while matter fields are underlying P4 type.

Besides the media field A, we can also treat the fermion matter field ¢ as P4 type
field. For convenience, we choose a scalar matter field ¢ and take the scalar QED as an
example to illustrate our motivation.

If we treat the field ¢ as effective reduction of underlying P4 type field ®, then the P2
type current of ¢ will become a P2 type field, as

JHx) = pliorp(z) — DTiord(z) = AX(z),
(P2 type field ¢ — P4 type field &) — (Maurer-Cartan 1-from of @),
(P2 type current J#) — (P2 type field). (100)

It is reasonable for (M), since the only difference between a current and a vector field is
that: a field has a E.O.M, while a current hasn’t; for other things, they could be treated
as the same.

Thus, with the Light Constraint in (A1), the old P2 type (nonrenormalizable) 3-particle
interaction term will become a new 2-particle mixing term (which will be a perturbative
“Interaction term”), as

Lr = eAudi Db d — eA, @i 0 D = eA, A" = L. (101)

Besides, it seems like that the new d.o.f. A* in the limit of ¢ — ® could propagate
to a composite system of two collinear ¢, so, the generation of the new mixing term (or,
the new d.o.f. A*) is associate with collinear motion of the two ¢ particle, which is also
a kind of “kinetic-potential duality”.

3. On the generalization of a theory

On the generalization of a theory, one method might be to extend the d.o.f, such as, to
introduce greater symmetry, more particles and more interactions, more extra dimensions,
or more complicate rules, mathematically, by introducing more complicate groups, more
complicate variables (e.g., complex, quaternion or octonion valued), more coordinates,
higher-order and nonlinear equations, etc. If the results in our calculations are useful
for the real physical processes, then it would be said that the P4 type theory is a more
general theory than the P2 type ones.
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Another method might be to redefine the effective d.o.f for a system, such as: the
wave-particle duality, in which the redefinition of the canonic d.o.f from the momentum
(current) p to the wave (p — ¢) for the first quantization in quantum mechanics; or, from
the P4 type current to the P2 type field (J = ®i0® — A) in this paper. According to
these examples, maybe we could ask, is there a principle about this redefinition of d.o.f,
or maybe we can call it “materialization” (from variable to matter)? Besides, when the
revolution of a variable becomes complicate, maybe it is the time to redefine the effective
d.o.f (e.g., the Bogoliubov transformation) rather than the interactions for the systems,
such as the chaos or the turbulence systems, or non-perturbative or the nonrenormalizable
systems.

6 The causality in theory with high-order differential
equations

Let’s go back to the causality topic mentioned in Section PZZ3. Here are the different ex-
pressions to causality in classic mechanics and quantum mechanics:

(a) in classic mechanics, the causality depends on the interval of the variables in the
coordinate space, i.e., whether the interval is time-like or not;

(b) in the Heisenberg picture for quantum mechanics, the causality depends on the
“Interval” (defined by the commutator) of the variables (operators) in the algebra space,
i.e., whether the “interval” is time-like or not;

(c) in the path integral formalism, the causality depends on the time-order operator
T inserted for the Feynman propagators due to the retard potential boundary condition;
etc.

We want to propose that unphysical d.o.f does not mean acausality. In our P4 type
field theory formalism, the causality is rigid, since the correlation function defined in (B8)
is also expressed with the time-order operator T! What we need to do is only to interpret
the effects of the unphysical d.o.f.

Here we rewrite the correlation function in (B8) as

Dr(x = y) = (Q[TU @)U (y)|), (102)

where ) and |€2s) are two vacuum states. If we write the “interval” between two vacuum
states [€2;) and |Qy) as their inner product (€;]Qs) = €, the value of § can be real or
complex. A real-valued 6 is associated with the vacuum tunnelling processes among the
so-called stable “O vacuum”, and the complex-valued 6 would be associated with the more
general vacuum evolution dynamics. Our postulation is that, effects from the unphysical
d.o.f of U(x) and the non-unitary vacuum transition processes are combined to a physical
propagator.

The unphysical things are indeed physical. Some examples are listed as below:

(1) In the “unphysical limit”, i.e., V(U) = —m{UTU = +\gAZUTUUTU = 0 in (29),
the fields U; and U, (or, o(x) and ¢(z)) in (BB) are both excited, and now, the hig-
gs/tachyon/instanton /phantom effects are excited completely, which will be reflected in
the detectable world. Now we might understand the global U(1) symmetry of U field as
a kind of symmetry between the inner region and the outer region of the light cone.

(2) In the “physical limit”, or the“Light constraint”, U? + U2 = (U)?, see (HO) in
Sect. B23, that is, in the vacuum symmetry breaking case, the gauge symmetry would
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arise automatically; the vacuum states are all stable, and, only the physical d.o.f e~
and speed value ¢ = 1 for the light survive as t — o0, so their effects can be physical and
detectable all the time.

(3) In the “meta-physical case”, if the “Light constraint” is not rigidly satisfied, then
the unphysical partner of light would exist and the speed of light would fluctuate; although
the so-called unphysical d.o.f e 7% in (22,23) are unstable, their residual effect should be
detectable until ¢ — oo (no matter the momentum p of field U is large or small). In
other words, nontrivial vacuum could be treated as potential barrier background, so an
attenuation (imaginary-valued momentum) is normal for a particle transit through the
potential barrier.

By combining the interpretation to causality above, maybe we can introduce a new
terminology called “propagator picture”, that is, we interpret the causality by intro-
ducing a generalized path integral formalism, including the unphysical particle d.o.f and
the unphysical vacuum but generating physically causal amplitudes. In a word, the inclu-
sion of the unphysical particle d.o.f and vacuum evolution dynamics is the origin of the
differences between our P4 type field theory and the P2 type theories.

7 Conclusion

We have introduced a new class of higgs type complex-valued scalar fields U (“P4 type”)
with a fourth-order differential equation as its equation of motion, motivated by the
linear potential in the lattice gauge theory, and we have seen something new in a theory
which can generate a linear potential on the level of effective theories. The field U can
generate a wealth of interaction forms with some postulations on the convergence being
taken. After getting a propagator of the form of —i/p* from a (99U)? term in the kinetics
term in the canonic quantization formalism, by computing the amplitudes of the tree-
level 2 — 2 scattering processes mediated by the U field, we can get a wealth of classic
non-relativistic effective potential form within the Born-approximation formalism, such
as: (1) by using U to construct a QED theory, we can get the Coulomb-type potential,
with a negligible linear potential and logarithmic potential as correction; (2) by using U to
construct a QCD theory, we can get the Coulomb-type potential, and a considerable linear
potential to serve for the confinement, with a logarithmic potential as the next-leading
order corrections; (3) by using U to construct a gravatition theory, we can get a linear
potential to serve for the dark energy effect, and the Newton’s gravity form accompanied
by a relativistic effect correction of the form —Gm?v?/r to serve the dark matter effect
and the inflation effect; in the sense of the superficial degree of divergence, this gravitation
theory is renormalizable, so, a construction of a renormalizable gravitation theory might
be practicable in our P4 type formalism.

Moreover, in some limit cases, we can get some interesting deductions, such as: (1)
in a low energy approximation of the dynamics of U, a nonlinear Klein-Gordon equation
could be generated; (2) with a constraint U + U3 = (U)? to a spontaneous breaking U (1)
symmetry, U could become a group element, thus the gauge symmetry could superficially
arise, with a linear QED to be generated by relating the field strength 0U to the corre-
sponding gauge field A*; (3) due to the multi-vacuum structure for a sine-Gordon type
vector field A* induced from U, a mass spectrum with generation structure and a seesaw
mechanism on gauge symmetry and flavor symmetry could be generated, including heavy
particles; (4) by treating the P2 type matter fields as the effective d.o.f of P4 type ones
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(with a kind of “kinetic-potential duality”), or, by treating the P2 type gauge field A* as
the effective d.o.f of P4 type U fields (with a correspondence to the Wilson line Up), it
provides a possible way to deal with the non-perturbative problems. So, a solution to the
non-perturbative problems might be practicable in our P4 type formalism.

For the causality, we interpret the causality by introducing a generalized path integral
formalism, including the unphysical particle d.o.f and the unphysical vacuum but gener-
ating physically causal amplitudes. In a word, the inclusion of the unphysical particle
d.o.f and vacuum evolution dynamics is the origin of the differences between our P4 type
field theory and the P2 type theories.
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