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Abstract

We calculate for the first time the exact and general solution of a well-known equation which is assumed to be a
truly nonlinear oscillator and to have only periodic solutions. We find complex-valued functions as solutions. As
a result the supposed qualities of this equation are open to criticism.
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Introduction

The truly nonlinear oscillator equations are subject of an intensive study in the literature since
they could not be solved exactly in general and by application of standard perturbation
methods in particular [1].In his book [1] Mickens said that the nonlinear differential equation

Far+br’ =0 1)

where @ and b are non-negative, with the initial conditions x(0)= A4 and x(0)=0, is a

truly nonlinear oscillator as well as several other nonlinear equations. To prove the existence
of periodic solutions, Mickens investigated for simplicity reason, the form

)'c'+x+x%=0 (2)

using phase plane method. Although the equation (2) has no known exact solutions, Mickens
and Wilkerson [2] and Mickens [1] showed exact and approximate values of the period. Such
an investigation leads Mickens to claim that all the solutions of (1) or (2) are periodic.
However, a nonlinear equation widely investigated as oscillator equation in the literature [3-5]
has been recently shown unable to exhibit smooth periodic solution [6,7]. In this respect it
becomes reasonable to ask whether the equation (1) or (2) has effectively only periodic
solutions as claimed by Mickens [1]. Therefore the objective in this paper is to show that the
Mickens proposition fails from mathematical point of view by exhibiting for the first time, the
exact and general solution to (2) as complex-valued function and secondly that a
modification of sign in (2) leads to physically acceptable real-valued periodic solution. To
perform this task, we first state the required theory of differential equations (section 2) and
secondly formulate a theorem for the exact integrability of (2) (section 3). Finally a modified
Mickens equation is shown to have the ability to exhibit real-valued periodic solutions
(section 4) and a conclusion of the work is drawn.

2. Proposed theory of differential equations
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According to [8] and [9] let us consider the first order differential equation
I=x"x" - Bx* 3)

where I, S, (,q and o are arbitrary constants. From (3) one may secure by differentiation
with respect to time the nonlinear equation

2-/1

X+ %(ﬂx“‘q +Ix )% - %xa_’ﬂ (ﬂx“‘q + ]x_q) t =0 4)

where ¢=0. This equation may also be established from the Lagrangian developed by
Monsia et al. [8]. Using (4), exact integrability theorem of (2) may be formulated.

3. Integrability theorem of the equation (2)

To formulate the theorem which assures the exact and general solution to (2), let us consider

g=-2,0=2,and a = —%. Thus (4) reduces to the generalized nonlinear equation
X—Ix—%ﬂx%zo (5)

2
For I =-a,and b= 3 [, one may recover the generalized Mickens equation (1). From (5)
one may state the following theorem for the exact integrability of (2).

Theorem 1

If p= —%,and 1 = —1, then the equation (5) turns into (2), and is exactly integrable and the

exact and general solutions are

x=ii¥sin3[§(t+l(l)} (6)
and
x= ii%{l + sin[§ (t+ Kz)]}2 (7)

where K,,and K, are arbitrary constants.

Proof

In the context of (2) the first order differential equation (3) becomes

2

[=x"x" —,Bx_g (8)

which leads to



dx

— =1 dt 9)
x\ 1+ ,Bxig
The change of variable
1
X =x3 (10)
reduces (9) to
—F(+K,) (a1

Setting I =y and S = —% (11) becomes [10]

—%arcsin hl:%} =+t +K,) (12)

so that, one may secure the exact and general solution to (5) as
3,6y .
x:—i4—fs1n{i@(1+[ﬂ)} (13)
4

where K, and y are arbitrary parameters.

Substituting / = —1, that is y =1, into (13), one may recover the exact and general complex-

valued solution (6) to the equation (2). To establish the second kind of solutions to (2), let us
consider the change of variable

2

X = x3 (14)
which leads to

=+(t+K,) (15)

Setting / =—y <0, and g = —%, (15) becomes

3 aresin| - X |2
2\/;arcsm[ 3 } +Ht+K,) (16)

from which one may get the following exact and general solution to (5)



87/\/_|:1+sm|: \/_(t+K )Hz (17)

where K, and y are arbitrary constants.

Applying y =1,that is 7 =-1, into (17), the complex-valued solutions (7) to (2) may be

obtained.

Thus the above theorem is proved. Now consider the problem of the modification of Mickens
equation (2). The Mickens equation (2) is nothing but the harmonic oscillator with a nonlinear
b2

additional term x”°.This suggests that one may consider also the harmonic oscillator equation

b
solutions to (1) in the context of negative b. This investigation is carried out in the following
section.

with the additional term —x’° in order to investigate the existence of real-valued periodic

4. Proposed modified Mickens equation

Consider in this part the modified Mickens equation

X+x— x/ 0 (18)
In this respect, the following theorem holds.

Theorem 2

If p :%,and 1 =—1,then (5) transforms into (18) and admits two kinds of exact real-valued

solutions
x:J_r#sirﬁB(zug)} (19)

and

1+sm[ (t+K, )} (20)

3\/_{

where K;,and K, are arbitrary constants.

Proof
From the first order differential equation (3), one may write

. S @1)

2
x\I+px 3



forg=-2,0=2, a:—g.
3
. 3 .
Putting g =7 into (21), J leads to

szLf_r(HK) (22)
X 1+5 3

where K is an arbitrary constant. The integral J may be computed using two methods. First
1

let X =x?,then (22) yields

X
J, =3 j d—3 (23)
Jrx?+=
2
Applying I = —y < 0,0ne may write
(24)

dX
Jl 3J‘ﬁ
Sy X

) /4

to obtain [10]

J, = %arcsin[)(\/?} (25)

From that one may read, using (22)

X =\/zsin[i£(t+lf3)} (26)
2y 3

which leads to the exact and general solutions

x=i34ﬂsin3{@(t+l<3)} (27)
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where K, = K, and y are arbitrary constants.

For y =1, thatis I =-1, the solution (19) is recovered. Consider secondly the change of
2

variable X = x3. Then (22) leads to

X
— (28)

3 d
JQ_EI
IX*+=X
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Setting / =—-y <0, J, turns into

P N
2 Sx—yx
) v
to yield [10]

J,=—

3 . { 4y X }
arcsin| ————+1
2y 3
Using the equation (22), one may write

1—#:&{1@(”1@}

so that

X = (4—?}{1 + sin[¥ (t+ Kuﬂ

and x(¢) becomes

l:l + sin|:¥ (t+ K4):H2

X =

33y
8y°

where K, = K,and y are arbitrary constants.

For y =1, thatis [/ =-1, the solution (20) is obtained. Thus the theorem 2 is proved.

Conclusion

This work is designed to show that the proposition following which some truly nonlinear
oscillator equations have only real-valued periodic solutions is open for criticism from
mathematical point of view. In this regard it has been shown that one of these equations may
exhibit complex-valued solutions. It has been also shown that a modification of sign in this
equation is required to obtain physically acceptable periodic solutions.
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