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Abstract :

In an infinite set, probabilities are defined on the structure of the set rather
than on individual elements. We should take into account the property of a O
-algebra where probabilities are defined. A 0O-algebra is closed under ‘only
countable’ unions, and the axioms of probability assume O-additivity. If this is
overlooked, something bizarre could be happened as the proposed three solutions
of Bertrand's problem.

Bertrand's problem is not a paradox, but well defined(posed).

The suggested three solutions have the common problem of dividing the
sample space into an uncountably infinite number of sets and treating them
equally. If a set is divided into equal(treated) and uncountable infinity, all the
divided sets have probability 0, so calculating conditional probabilities with these
sets or comparing them with each other becomes meaningless.

In a sample space composed of an uncountably infinite number of elements
such as [0,1], after calculating the number of cases using the sets(J-sequence
m-collection cover) generated by equally dividing the sample space into finite
numbers, the probability of an event can be calculated with its limit value(as m

becomes infinite). The answer of Bertrand's problem is 1/3.



1. Defining Probability of an Infinite Set

Infinite sets have characteristics that allow one-to-one correspondence with
their proper subset. For example, the set of natural numbers can correspond 1-1
to the set of even numbers in such a way that x corresponds to 2z. In the set
of natural numbers, probabilities can not be defined if each natural number has
the same probability.

If the probability of one natural number is P, for every natural number, the
probability should be defined as P. In this case, if P=0, the probability of the
set of natural numbers as sample space becomes 0, and if it is greater than O,
the probability of the sample space becomes infinite, which goes against the

axiom of probability that the probability of the sample space should be 1.

Then, how is the probability defined in an infinite set? In an infinite set,
probabilities are defined on the structure(e.g. topology) of the set rather than on
individual elements.

When there is a structure in a set and O-algebra is defined from the structure,
a basis for defining probabilities is established.

The definition of O-algebra is as follows.

1.1. Definition of O-algebra ([4]Rudin 1987)

Let X be some set, and let P(X) represent its power set.

Then a subset > < P(X) is called a O-algebra if it satisfies the following
three properties:
1.11. X is in 2, and X is considered to be the universal set in the following
context.
1.12. 2 is closed under complementation: If A is in 2, then so is its
complement, X \ A.
1.13. 2 is closed under countable unions: If Al, A2, A3, ... are in 2, then so
is A=Al U 42 U 43 U -

1.2. It should be noted here that O-algebra is closed under ‘only countable’

unions and the axiom of probability assume O-additivity.



Strange things will be happened, if 0-algebra is closed under uncountable unions

of sets in which the probability is defined. For exemple, if we could define a

probability of | J A, (where S is an uncountable set, and A, are pairwise
aES

disjoint) and the probability of each A, is greater than 0, then, the probability
of (_J 4, should be infinite.

ass
2. The Problem of Sampling of Infinite Sets

As discussed above, the structure of O-algebra and the property of O
-additivity are necessary to define a probability of an infinite set. If this is
overlooked when sampling to calculate the probability, something bizarre could
be happened. The problem called Bertrand's paradox is an example of this

phenomenon.
2.1. Bertrand's paradox

It was proposed by Bertrand, Joseph in his book ‘Calcul des probabilités
(1889)

Bertrand’s Problem: Consider a circle with an equilateral triangle inscribed in
it. What is the probability that a chord selected at random will be longer than
the side of the triangle? ([2]Drory 2015)

2.11. The suggested three solutions ([6]Clark 2012)

(solution 1) The chords from a vertex of the triangle to the circumference are
longer if they lie within the angle at the vertex. Since that is true of one-third
of the chords, the probability is one-third.

(solution 2) The chords parallel to one side of such a triangle are longer if
they intersect the inner half of the radius perpendicular to them, so that their

midpoint falls within the triangle. So the probability is one-half.



(solution 3) A chord is also longer if its midpoint falls within a circle inscribed
within the triangle. The inner circle will have a radius one-half and therefore
an area one-quarter that of the outer one. So the probability is one-quarter.
([6]Clark 2012:22)

NV T S NS

([6]Clark 2012:23)
2.2. Problems of the three proposed solutions
2.21. Solution 1

A chord is a line segment connecting two points on the circumference.
Therefore, {a}x{b} ESxS represents one chord, where a& S, bES, S is a

circle.

The logic of Solution 1 is as follows.
Solution 1 divides the sample space equally into the uncountably infinite
number of the sets.

Let £ =Sx{a} be the divided set by one point a of the sample space

X=SxS, where S is a circle, then X=| J £, and E, are pairwise disjoint.

acs

Now for the event B C SxS§ that satisfies the condition, then

B = XNB =(|J E)NB = | J(£,NB).

aES aES

Since the conditional probability P(B | £) = 1/3 according to the solution,



and P(E,NB) = P(B | E)*P(E,), thus,
PB)=P(|J (E,NB))=Y P(E,NB)= Y ,P(B | E)*P(E)= 1/3Y,P(E,) =1/3.
aES aEs aES aEs

This is the logic of Solution 1.

However, since (_J(#,NB) is an uncountable unions of sets,
aEs

P(|J(£,NB)) cannot be equal to »,P(E,NB). Actually, Y P(£,NB) is not

aES aES aES

well defined.

This is because, as discussed earlier, the probability is not well defined in the
uncountable unions of sets, where the probability of each set is not zero.
Therefore, it should be P(Z NB)=0, and the above logic has no foundation. (. If

each P(E,NB) > 0, then P(| J (% ,NB)) becomes infinite)

aES
2.22. Solution 2

The entire sample space is partitioned based on the distance between the
center of the circle and the midpoint of the chord connecting two points, and

the probability is calculated based on the length.

: : . 1 . ..
The sample space X = SxS, where S is a circle of radius o i partitioned

according to distance ‘@’ between the center of the circle and the midpoint of

the chord connecting {a} and {b}, where {a}x{b}<X. If £, is a partition of
distance ‘a’, then X = | £

0<a<l1/2r

In this case, it is divided into two sets based on a. That is, if X;= |J £

(0%
0<a<1/4m

X= U E, , then X= U £, =XUX, .

1/47 < a < 1/27 0<a<l1/2r

In this case, the event B C SxS satisfying the condition becomes B=X.

Since P(B) is the ratio of the radius length assigned to the set B to the total
radius length, thus P(B) = 1/2. More precisely, where B=X,= |J £, and,

0<a<l1/4n



PB) =P( U E,), applying the indifference principle here, P(Z) is constant

0<a<l/4r
regardless of «, so it is proportional to the assigned length. This is the logic of

Solution 2.

However, as discussed earlier, 0<q<1/47t is an uncountable infinity, so it

cannot be P( |J E)= E P(E,).

0<a<l/ir 0§O¢§1/47T
It should be P(£,)=0, therefore, the logic that the probability is proportional

to the assigned length has no foundation.

If you draw a picture, this solution does not really conform to the principle
of indifference. If the same logic is applied by dividing the radius of a circle
based on a small line segment instead of a point, the corresponding
circumference length is small when it is close to the center of the circle for a
line segment of the same size, but when it is far from the center of the circle,

the corresponding circumference length is get bigger.

A1 A2

B1
Ezu

Looking at the length of the circumference corresponding to the same radius
length in the figure, it can be seen that A1A2 (farther from the center of the
circle) is much longer than B1B2 (close to the center of the circle). However,
Solution 2 treats the probability of selecting a point from B1B2 as equal to the
probability of selecting one from AIlA2. The second solution overlooked this

problem by thinking in terms of points.



2.23. Solution 3

The entire sample space is divided based on the midpoint of the chord, and

the probability is calculated with the area of the set of midpoints.

1
The sample space X = SxS, where S is a circle of radius or is partitioned

according to ‘a’, the midpoint of the chord connecting {a} and {b}, where

{a}x{b} €EX. If E, is a partition of ‘a’, then X=|_J E,, where A is the interior

aEA
of S.

Now, if the interior of the inner circle (radius 1/21t) is C, and the remainder

is D, where X;= (JE, X=|JE,, then X = X, U X,.

acel aED

In this case, the event B C SxS that satisfies the condition becomes B=X,

P(B) is the ratio of the area of C to the area of the whole circle, and since the

radius of C is 1/2 of the whole circle, the area is 1/4 of the whole circle, thus

P(B) = 1/4. More precisely, where B=X,=|J E,, and

aEC

P(B) = P(|J E,), applying the indifference principle here, P(Z%,) is constant

acelC
regardless of a, so P(B) is proportional to the area of C. That is the logic of

the solution.

However, as discussed earlier, since C consists of an uncountably infinite

number of points, it cannot be P(|J £) ZZP(EQ).

acEC acEC

It should be P(Z)=0, therefore, the logic that the probability is proportional to

the area of C has no foundation.

If you draw a picture, this solution does not really conform to the principle
of indifference. If the same logic is applied by dividing the inside of the circle
S based on a small ball' rather than a 'point', for a ball of the same size, when
this ball is at the center of the circle S, the length of the corresponding

circumference is the same in any direction but, we see that as the ball moves



away from the center of the circle S, the length of the corresponding
circumference varies with the direction, and the corresponding circumference is
always the same or longer than when the ball is at the center of the circle.

It treats different probabilities as equal. Since this solution is point-based, it

overlooks this difference.

2.3. The suggested three solutions have the common problem of dividing the

sample space into uncountably infinite number of sets and treating them equally.
If a set is divided into equal and uncountable infinity, all the divided sets

have probability 0, so calculating conditional probabilities with these sets or

comparing them with each other becomes meaningless.

That is, without considering O-algebra and O-additivity, the error of calculating

the probability in a set with zero probability and adding probabilities of the sets

by an uncountably infinite number of times.

In order to solve this problem, we will introduce a new concept called
'J-sequence' for correct sampling considering the structure of O-algebra and O

-additivity, where the probability is defined.

3. J-sequence : the number of cases using J-sequence m-collection cover

3.1. The Axioms of Probability

The followings are generally accepted as the axioms of probability :

3.11. The probability of an event(E) is non negative, that is, P(E)=0

3.12. Probability of the entire sample space(U) is 1, that is P(U)=1

3.13. The assumption of O-additivity:

E; are disjoint events, then P(|J E) = Y ,P(E)
i=1 i=1

If we consider [0,1]CR (real number) as sample space, Lebesgue measurable

set as an event and the Lebesgue measure as probability, it is consistent with

the probability axioms.



3.2. Definition: J-sequence
J-sequence {a,} is defined as follows :
a;=0 , ay,=1/2

ay .= a; +1/2""71 (1<i<2", n=1)

If you list J-sequence, that is
0, 1/2, 1/4, 3/4, 1/8, 3/8, 5/8, 7/8, 1/16,
7/16, 9/16, 11/16, 13/16, 15/16,....

3.3. Definition: J-sequence m-collection

J-Sequence m-collection S, is defined by

Sp={ay, g, g oo 5 4y} ={0/2", 1/27, 2/27,... (2"-1)/2™},

where {a,} is J-sequence.

3.4. Definition: J-sequence m-collection cover

J-sequence m-collection cover .J,. is defined by

, %)C[O,l], 1<i<om™

3.5. Definition: J-sequence m-collection cover counting about set A

J-sequence m-collection cover counting about set A
n((y.(A)) (the number of elements of @,.(A)), where J,.

m-collection cover and Q,.(A)= {I; | LE J,., u(L-A)=0}

(u(Z-A) is the Lebesgue measure of (Z-A)=(INA"))

% From now on, p(X) denotes the Lebesgue measure of X.

3.6. Proposition 1
For every open interval A= (a,b)<[0,1],

lim n(@yn(A)/2™ = b-a = p(A)

MM 500

(proof)

3/16,  5/16,

defined by

is J-sequence



For every open interval A= (a,b) & [0,1],
ds, t €N (natural number) such that
s/2" < a < (st1)/2™ , t/2"'< b < (t+1)/2™,
then, (t-s-1)/2™ < (b-a) < (t-s+1)/2™
Since ,C(ab)=A for (s+2)< i <(t-1), then [=(Z;—1 ;—m)e Qyn(A).

(where Q.(AY= {7 | L€ J,., u(-A)=0})
If i« = s or 1=(t+2),
then LNA=9, thus pu(-A)=p(L)=1/2", so L[Z Q,.
S (t52)S n(@Qp(A)S (tst)
S (t5-2)/2"S n(Qu(A)/2 S (t-s+1)2"

= lim (+5-2)/2"< lim n(&(A))2"< lim (t-s+1)/2"

2" 00 2" 00 2" 00
— (ba) = limn(@(A)/2" = (b-a) (" lim (t-5)/2"=(b-2))
2M—00 2"—00
lim n(@,.(A))/2™ = b-a = u(A)
2" —>c0

3.7. Lemma 1

For every B= (a,b) & [0,1] and for any m& /V (natural number),
n(@(B))/2" = pu(B).

(proof)

1—1
o

Qu(B)= {1 | LE J,., p(I-B)=03,

Where J,.—{ I I~ J)CI0.1], 1i<2") and

since pu(Zf) = 1/2™, and L(1<i<2™) are pairwise disjoint,

n(Qu(A)2" = Y wl) =p( U L) < u®B)
[£Q,.(B) [£Q,.(B)

¢ U < B)

Q.. (B)



3.8. Lemma 2
If ANB=J, then n( QQ,H(AUB))/T” = n( QQW(A))/Zm +n( QQm(B))/Qm

(proof)
For any 1,

79

since ANB=J, there cannot be u(/-A)=0 and p(Z-B)=0 at the

same time. (where [ &.J,. ). That is, /, is never counted twice as n((@,.(A))

and n(@Q,.(B)).
On the other hand, 7, counted in n(@,.(A)) or in n(Q,.(B)) is necessarily

counted in @,.(AUB).
That is, n(Qu(AUB) = n(Qu(A)+ n(Qy(B))

" n(Qu(AUB)/2" 2 n(Qu(A)/2" +n(Qy (B))2"

3.9. Theorem 1
For every open set B <[0,1], lim n(&,.(B))/2" = u(B)

M 500

(proof)
Every open set B &[0,1] is a countable, disjoint union of open intervals. That

is B= |J 4 (4=(a, b)=[0,1], and if i#j, then A,NA= D)
k=1

By Lemma 1,
n(Qyu(B)2" = p(B)
lim n(@,.(B))/2" = u(B)

MM 500

On the other hand, since Eu(Ak) = pu(B) , for Ve >0, 3N such that
k

=1
q

for all ¢ = N, p(B)e < Y, u(4).
k=1

q q
Futhermore, by Lemma 2, En( Qp(A))2" < n(Q (U A4p)2",
k=1 k=1



by Proposition 1, p(4;) = lim n(&,.(Ay))/2"

MM 500

q q
Z,u(Ak)zz lim n(&,.(A4;))/2™ (by Proposition 1)
k=1 ke

=12"—c0

q
=lim Y n(Qy. (42"

2" k=1

q
< lim n(Q(U A49y2" (by Lemma 2)

2M—00

q
< limn(@.B)/2" (-~ UJA4, © B)

2500 k=1

" p(B)e < gu(Ak) < lim n(Q,.(B))2"

M 500

From the above, n(B)-€ <]im n(@,.(B))/2" < u(B),

MM _y00

£>0 is arbitrary, so [im n(@,.(B))/2" = n(B).

2M_500

3.10. Corollary
If C=(BUE)-F (where B is open, p(E)=u(F)=0, and C, B, F&[0,1]),

then, lim n(@,.(C)y2" =u(C).

MM 500

(proof) For every I, p(Z-C) =0 if and only if p(Z-B)=0.

3.11. Intuition

The method of J-sequence and other concepts, is essentially equivalent to
calculating the supremum of measures of all open sets included in the
probability set. However, for a measurable set, the Lebesgue measure is the
same as the infimum of measures of all open sets containing it. Therefore, there

could be some measurable sets to which the method cannot be applied.



4. J-sequence of 2 dimensional measure

4.1. Definition: J-sequence m-collection of 2 dimension
J-sequence m-collection cover of 2 dimension S5,.%x5,. is defined by
Sy % 9pn=1{(a;,a) E[0,11%[0,1]] @, € 5,n, a;E5,.} (where S,. 1is J-sequence

m-collection )

4.2. Definition: J-sequence m-collection cover of 2 dimension
J-sequence m-collection cover of 2 dimension J,.x.J,. is defined by
Iy = IXLC[0,1]x[0,1] | LEJ, [;EJu}, where J, is J-sequence

m-collection cover.

4.3. Definition:
J-sequence m-collection cover counting of 2 dimension about set A.
J-sequence m-collection cover counting of 2 dimension about set A, is

defined by n(@,..,(A)) (the number of elements of Q.. ,.(A)), where J,.x.J,.
is J-sequence m-collection cover of 2 dimension and Q. ,.(A) = {I[xI | IxI,

E c]ém X ¢]2m, H('[ZX .[‘]'A):O} .

4.4. Proposition 2
For every open rectangle A= (a,b)x(c,d) & [0,1]x[0,1],

[im n( @y .o (A2 = (b-a)(d-c) = 1(A).

2M_500

(proof)
For any open rectangle

A= (a,b)x(c,d) = [0,1]x[0,1],
ds,t,u,v € N (natural number) such that
s/2™ < a < (st1)/2™ , /2™ < b < (t+1)/2",

u/2" < ¢ < (utl)2™ , v/2" < d < (v+1)/2",

then,



(t-s-1)/2™ < (b-a) < (t-s+1)/2"
(v-u-1)/2" < (d-¢) < (v-utl)/2™

Since  [x1; C(ab)x(c,d) =A, for (s+2)= i =(t-1), (ut2)= j =(v-1), then
IXLE Quu (A (Where Qpupn(A) = {IXI | IXLE Jyx dy, (I3 I-A)=0})

Futhermore,

if © = sor ¢=2(t+2) or j = u or j=(vi+2),

then ([x[)NA=, thus p([xL-A)=p(LxI)=1/2"",
S0 IXLE Qyu  yu(A).

(t-5-2)(v-u-2) < n(Q . ,(A) < (t-s+1)(v-utl)
& (t52)(v-u-2)/2"" < n( Qo (A2 < (tsH1)(v-ut1)/27"
= lim (ts-2)(v-u-2)/2"" < [im (@ .5 (A)/2"" < lim (t-s+1)(v-ut1)/2”"

2" 500 2" 500 2" 500

= (b-a)(d-c) <lim n(Qy .,.(A)/2"" < (b-a)(d-c)

9500

(" lim (t-s)/2"=(b-a), lim (v-u)/2"=(d-c) )

9500 M 500

lim n( @y .. ,u(A))/2"" = (b-a)(d-c) = p(A)

MM _500

4.5. Theorem 2
For every open set B&[0,1]x[0,1],

lim n( @y .. u(B))2°"= p(B)

MM 500

(proof)
Every open set B&[0.1]x[0,1] is countable unions of almost disjoint closed

rectangles(where ‘almost disjoint’ means their interiors are disjoint)
That is, B = U B, . (B, = [r. mo]¥[rig. 7 S10.11%[0,1]), and
k=1

if R, =(ry, T9)*(rg, ), then R, =R, UQR, and (dR)=0



(where E)Ek =E,€-R,€), and £, are pairwise disjoint,

so uB) = u( UR, ) = n( URY) =] u(R).
k=1 k=1 k=1

By the same method of Lemma 1,

(@ (B2 < p(B)

On the other hand, since Y, u(R,) = u(B) , for Ve > 0, IN
k=1

q
for all @ 2 N, pB)e < Y, u(Ry).
k=1

Furthermore, by the same method of Lemma 2,

Qo (RY)/2™™ < 1( sz(kL?J1>Rk>/22m,

k=1

and by Proposition 2, ]im n( QQ,,,Xz,,,(Rk))/22m’ = u(Ry)

2500

g Zu(Rk) Z 1im n( @y e (B))27"=1im En( Qyo sy (R))27"

=12"—00 2" —oo k=1

< 1im n( Qe (URk))/fm lim @y (B2

M 500 M 500

q
 n@Bye < Diu(R) < lim Q. (BY2
=1

M 500

From the above, u(B)-¢ <]im n(&,.(B))/2" < u(B)

2" 500

€>0 is arbitrary, so lim QQ,,LXQW(B)/QQ"I’: 1(B)

2" 500

such that



5. Solving Bertrand's (Chord) Paradox
5.1. The rigorous definition Bertrand's Problem

A chord is a line segment connecting two points on the circumference.
Therefore, {a}x{b} ESXS represents one chord, where a& S, bES, S is a

circle. Of course, every chord represents twice in SxS, such as {a}x{b} and
{b}x{a}.

1
Let S be a circle of radius o and let’s define a function f representing

the length of a chord as follows :

f(xay) = d(:c,y)

(where (z,y) ESxSCR*< R?, d(z,y) is Euclid distance,
if £=(a,0), y=(c,d) then d(z,y)=v(a—c)*+{b—d)* )

If 0 and 1 are defined as the same point in [0,1], then
[0,1]%]0,1] becomes the same topological space as SxS.
In SxS, the Lebesgue measure can also be defined in the same way as in
[0,1]%[0,1].
The length of one side of an equilateral triangle inscribed in a circle of

1 V3

radius — is —.
2 21

Then, the set P that satisfies the assumption of Bertrand's Problem is

defined as follows :

P = ()5S | dlmy) > L2
21

Now, Bertrand's Problem becomes a problem to find p(P), where p(P) is
the Lebesgue measure of P.

5.2. The Applicability of J-Sequence m-collection cover counting of 2 dimension

Since f(z,y) = d(x,y) is continuous,



3 .
= > —
and set R={r| r o } 1s open,

then P = f '(R) is open.
Therefore, by Theorem 2, |im n(QQmXQ,,,(P))/QQ’"Z/L(P), thus P is a set

500

where J-Sequence m-collection cover counting of 2 dimension is applicable.

5.3. Probability calculation of set P

Calculation of ]im n( Q2,77X2m(P))/22m, where  n(Q,. . ,.(P)) is J-sequence

MM _500

m-collection cover counting of 2 dimension about set P.

2" "= 02"

m-2

-

174 172

[picture 1] 272"

Consider [0,1] as S like picture 1.
For given /; and m, if there is a certain /; such that for V2 &/ and Vy& 1,

(]

V3 .
d(z,y) > =~ then Ix[; C P, that is, p([x[-P)=0 and [x[;E Qyu gn(P) .

Let p; be the number of [x7[, where [X[;E (yu  ou(P),

2TH
then n(Q,.  ,.(P)) = Z D;
i=1

Assume 7 = 1,

If [2"3]+3 < j < 2"-[2"/3]-1,

3
then for Vr&/l and Vy&El, dlz,y) > %, thus 7ix1; € @y n(P).



([x#] is Gaussian function)

On the other hand,
if j < [2"/3]-1 or 5 = 2™-[2"/3]+3,

then for Vz &1 and Vy&ET, d(z,y) < 2—\/7::_, that is, (/,xI)NP=42,

thus 7,x7; & Q. pu(P).

Let A, = {j | [2"3]+3 < j < 2"-[2"/3]-1},

B,=1{517 =< [2"/3]-1 or j = 2"-[2"/3]+3},

Since p; = n(4,),
2"2[2"/3]-3 < p,
Since p; < n(BS ),
Py < 2M2[2"/3]+3
L2M[2M3]3 < p, < 2M-2[27/3]43

For other ¢, rotating the circle makes /; and /; coincide, so p; = p;

2”7
n(Qy .(P) = D, p; = px2"
i=1

(27-2[2"/3]-3)x2™ < n(Qyu . ,.(P)) =px2™ < (27-2[2"/3]+3)x2"
((27-2[27/3]-3)%2"™)/ 27" < Qo ., (P27 < ((27-2[27/3]43)x2™)/2°™
lim n(Qy .,.(P)2"" = 1/3

2" 500

l

SopP) = Hm n(@Qy (P2 = 173

2" 00

5.4. The answer is 1/3.



6. Conclusion

When calculating probabilities, we have examined that several strange things
may occur if not taking into account the structure of the infinite set in which O
-algebra is defined.

J-sequence shows a sampling method by considering the structure of the set
in which O-algebra is defined.

After the number of cases is calculated using the J-sequence m-collection
cover, and if there exist its limit value, it becomes the probability of the event

applying the number of cases.

For any sequence {a,}, where a,€[0,1], let .5, = {a;, ay, as,...,a;}.

.1
Is there a sequence in which hmg n(CNS )k = p(C) for every measurable
k—o0

set C ?
This is related to the reason for counting by using the J-sequence m-collection
cover, not the J-sequence itself. If such a sequence exists, any probability can be

calculated by counting the number of cases using S, as a sampling.

However, no such a sequence exists. Restricting C to be an open set also
does not exist. For any sequence, we can produce an open set of sufficiently

small measure which includes all of the sequence.

If we cover, for example, each element with an open interval of 8/2]‘7, then
the unions of that intervals is an open set which contains all elements of the
sequence and of which measure is less than €.

A sequence that satisfies the above condition for every open interval can be

found. That is an equidistributed sequence on [0,1]. ([8] Kuipers 2006:8)

|
It is that, for an equidistributed sequence {a,}, lim % n(ANS,)/k = b-a =p(A)
k—o0

for every open interval A=(a,b)C[0,1].

Unfortunately, in the world of real numbers where infinity and infinity
intersect, it can be seen that it is impossible to represent them equally with a
sequence, that is, impossible to generate a sequence that, for all measurable sets,

it is included in the set with a frequency proportional to the measure of the set.



Therefore, in a sample space composed of an uncountably infinite number of
elements such as [0,1], after calculating the number of cases using sets generated
by equally dividing the sample space into finite numbers, the probability of an

event can be calculated with its limit value.
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