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Chapter |.*RZ-Valued abstract measures

1.0%-algebras

Definition 1.1 (¢*-algebra). Let X be any set. We denote by 2X = P(X) = {A: Ac X}
the set of all subsets of X.A family & < 2Xis called a ¢*-algebra (on X) if:

()T e F;

(il) F is closed under complements, i.e. A € & implies X\A € F;

(iii) F is closed under hypercountable unions, i.e. if (An) iS @ hyper infinite
sequence in F then | J .+ An € F.

Proposition 1.1.If F is a s*-algebra on X then:

1. F is closed under hypercountable intersections, i.e. if (An) . iS @ hyper infinite
sequence in & then (] An € .

neN?

2. Xe &.

3. F is closed under hyperfinite unions and hyperfinite intersections.

4. F is closed under set differences.

5. F is closed under symmetric differences.

Proposition 1.2.Suppose & < 2X is a family of subsets satisfying the following:
1. e &F;

2. & is closed under complements;

3. F is closed under hyperinfinite intersections.

Then & is a ¢*-algebra.

Proposition 1.3.If (F ).« is a collection of s*-algebras on X, then [ F, is also a

o*-algebra on X.



Proposition 1.4.(c%-algebra generated by subsets). Let K be a collection of subsets
of X. There exists a ¢*-algebra, denoted ¢*(K) such that K < ¢*(K) and for every other
o* algebra & such that K = F we have that ¢#(K) c F

We call %(K) the o*-algebra generated by K.

Proof. Define ¢*(K) £ ({F|F is a o*-algebra on X,K < F}.

This is a o*-algebra with the required properties.

Proposition 1.5.1f K < £ then ¢#(K) < ¢#(X). Also, if K =« F and F is a
o*-algebra, then ¢*(K) < F.

Definition 1.2. (Borel s*-algebra). Given a topological space X, the Borel ¢*-algebra
is the o”-algebra generated by the open sets. It is denoted B#(X).

Specifically in the case X = *R# d e N*we have that

Bf 2 B*(*R¥) = ¢*(U|U is an #-open set ).

A Borel-#-measurable set, i.e. a set in B¥(X), is called a #-Borel set.

Measurable functions. Let f be a *R#-valued function defined on a set X. We
suppose that some ¢#-algebra Q < P(X) is fixed.

Definition 1.3. We say that f is #-measurable, if f ([a,b]) € Q for any hyperreals
a,b € *R# such that a < b.

The following three propositions are obvious.

Proposition 1.7. Let f : X - *R¥ be a function. Then the following conditions

are equivalent:

(a) fis #measurable;

(b) f-1([0,b)) € Q for any hyperreal b € *R¥;

(€) f1((b,)) e Q for any hyperreal b € *R¥;

(d) f-%(B) € Q for any B € B(R).

Proposition 1.8 Let f and g be #-measurable functions, then

(@) a x f+ B x gis #-measurable for any o, € *R¥;

(b) functions max{f,g} and f x g are #measurable.

In particular, functions f* := max{f,0y,f~ = (-f) *, and |f|= f* + f~ are
#measurable.

82. #-Measures and measure #-space

Definition 2.1. A pair (X,¥) where F is a ¢*-algebra on X is call a #measurable
space. Elements of F are called #-measurable sets.

Given a #-measurable space (X,¥), a function p* : F - [0,0"] is called a #measure
on (X,¥) if

1. u*(@) = 0;

2. (Hyper infinite additivity) For all hyper infinite sequences (An) o+ < F of pairwise

disjoint sets in F, we have that u’*(U An> = Ext—Z W (An).

neN# neN#
(X,F,u¥) is called a #-measure space.
Definition 2.2. A measure space (X, F,y*) is called: (a) hyperfinite if u#(X) < oo*.
(b)lt is called o*-hyperfinite if X = U An where A, € F and p#(An) < o for all n € N#,
neN#

Definition 2.3. Let X be a o*-algebra of subsets of a set X, and let E = (E, ||- ||,,) be
a non-Archimedean Banach space.A function p# : £ - EU {*w0} is called a



vector-valued #-measure (or E-valued measure) if
(a) u*(2) = 0;

(b) M(U An> = Ext—Z u#(An) for any pairwise disjoint sequence An,n € N#,

neN# neN#
AnC %
(c) for any S e X, u#(S) = =, there exists B € X such that B < Sand
0 < [W*(B)]|, < *oo.
Definition 2.4.(a) A function p# : & - *C% U {*o} is called a complex #measure
if
1.u*(®@) =0,

2.u#<U An> = Ext—Z u#(An) for any sequence An,n € N* of pairwise disjoint
neN* neN#

sets from &, and, for any A € F,u#(A) = *wo, there exists B € F such that

B < Aand 0 < |u*(B)], < *oo.

(b) A function p# : F - *R% U {*w} is called a signed #measure if

u(@) =0

u’*(U An> = Ext—Z u#(An) for any sequence An,n € N* of pairwise disjoint
neN# neN?#

sets from &, , and, for any A € &, u#(A) = *oo, there exists B € & such that

B < Aand 0 < |u#(B)|< *oo.

Definition 2.5. If a certain property involving the points of #measure space is true,
except a subset having #-measure zero, then we say that this property is true
#-almost everywhere (abbreviated as #-a.e.).

Proposition 2.5. Let u# be a #measure on a ¢*-algebra F,A, € F, and A, - A.
Then A € F and p#(A) = #lim .- W¥(An). In particular, if (Bn), is a decreasing
hyper infinite sequence of elements of & such that N,%, B, = @, then p#(Bn) -« 0.
Definition 2.6. If F is a o#-algebra of subsets of X and p* is a #-measure on &,
then the triple (X, &, p) is called a #-measure space. The sets belonging to F

are called #-measurable sets because the #-measure is defined for them.

§2.1.#Convergence of functions and the generalized
Egoroff theorem.

Definition 2.1.1. Let f,,n € N* be a hyper infinite sequence of *R¥-valued functions
defined on X. We say that:

1. f, -4 f pointwise, if fa(x) -4 f(x) for all x € X;

2. f, -4 f almost #-everywhere (#-a.e.), if f,(x) -4 f(x) for all x € X except

a set of #-measure 0;

3. fn =4 funiformly, if for any ¢ > 0, ~ 0 there is n(¢) such that

sup{ffn(X) — f(X)|: x € X} < ¢ for all n > n(e).

Theorem 2.1.1. (generalized Egoroff 's theorem) Suppose that p#(X) < *oo,
{fn}2 and f are #-measurable functions on X such that f, -4 f #a.e. Then, for
every ¢ ~ 0,e > 0,there exists E < X such that p#(E) < ¢ and f, —# f uniformly on
E°¢ = X\E.



Proof: Without loss of generality, we may assume that f, -4 f everywhere on
Xand (by replacing f, with f, — f) that f = 0. For k, n € *N, let

En(k) = U{x  fm(X) P k- 1}.Then, for a fixed k,En(k) decreases as n increases,

m=n

and ﬂ En(k) = @. Since p#(X) < *oo, we conclude that p#(En(k)) —# 0as n - *oo.
n=1

Given ¢ ~ 0,6 > 0 and *N, choose n such that p*(Eng(k)) < e x 27%, and set

E= U Enk(k). Then p*(E) < ¢, and we have [fo(X)|< k'1(Vn > ng,X ¢ E).
n=1

Thus f, -4 0 uniformly on X\E.

Generalized exhaustion argument.

Let (X,Z, u¥) be a o”-finite #-measure space. Given a hyper infinite sequence
(Un)y5 < %, aset A e Xis called (Uy)n-bounded if there exists n € *N such that
A c U, p#-almost everywhere.

Theorem 2.1.2. (Generalized Exhaustion theorem) Let (Y,), < X be a

hyper infinite sequence satisfying Y, 1 X and p#(Y,) < *o for all n € *N.

Let P be some property of (Yn)n-bounded

#-measurable sets, such that A € P iff B € P for all B, u/*(AAB) = 0. Suppose
that any (Yn)n-bounded set A, p#(A) > 0, has a subset B € X, u#*(B) > 0 with the
property P. Moreover, assume that either

(a) AU Az € Pforevery Ai;,A; € P, or

(b) Unexv Bn € P for every at most hyper infinite family (Bn)n of pairwise disjoint
sets possessing the property P.

Then there exists hyper infinite sequence (Xn),53 < Z such that X, 1 X, and

P> Xn< VYn

for all n € *N. Moreover, there exists a pairwise disjoint sequence (A,), 5 <
such that Uney An = Xand A, € P for all n € *N.

Proof: Let A be a (Yn)n-bounded set with p#(A) > 0. Denote

Pa:={BeP:Bc A AMA) = sup{u*(B) : B € Pa}.

I(a) Suppose P satisfies (a). Then there exists a sequence (F,),~ < Pa such
that m(A) = #lim.-, u*(Fn), We may assume, that F, 1. By Proposition 2.5

the set F = U;%, F,, satisfies u#(F) = m(A). We show that p#(A) = m(A). If not
then p#*(A\F) > 0. The set A\F has a subset of positive #-measure Fo € P.

Then F, U Fo € Pa and p#(F, U Fo) > m(A) for a sufficiently large n € *N, which
contradicts to the definition of m(A). Therefore, p#*(A) = m(A).

Now we apply this for A = Y,. Thus, there exists hyper infinite sequence (Xp)n < X
such that X, < Yy, X,,n € P, and p#(Y,\X},) < n~*for all n € *N. By (a), we may
assume that X}, 1. The set Xj = U5 X, satisfies Yo\Xy S Ya\X}, s0 p#(Ya\Xp) < nt
for all n € *N. Then p#(Ya\Xy) = 0, and p#((UyZ Yn)\Xp) = 0, or p#*(X\Xp) = 0.

Let Xn = (X, U (X\Xp) N Yn, then the hyper infinite sequence (Xn)n has the required
properties. The desired pairwise disjoint sequence (An) % is given recurrently by
A1 = Xiand Ak = Xia\ UK Al

I(b) Suppose P satisfies (b). Let Fa be the family of all pairwise disjoint

families of elements of P4 of nonzero measure. Then Fa is ordered by inclusion



and, obviously, satisfies the conditions of the Zorn lemma. Therefore, we have
a maximal element in Fa, say A. Then A is at most hyper infinite family, say

A = {Dn}n. By (b), its union D = Un Dy, is an element of P as well. If D is

a proper subset of A, then u#(A\D) > 0. The set A\D has a subset F € P

of the positive measure. Then A; := AU {F} is an element of Fa which is
strictly greater then A. The obtained contradiction, shows that A € P for every
(Yn)n-bounded set A. So, we may take X, = Y, for each n € *N.

Now we apply this for A = Znm, = Y\ Ul Yk be a pairwise

disjoint union, where D' € P for all n,m € *N. The family {D{"} nm IS an at most
hyper infinite disjoint decomposition of X, say {D%}nm = (An) 5. The sequence
(An) .=, satisfies the required properties.

Theorem 2.1.3.(The generalized Borel-Cantelli lemma) Let (X, X, u¥) be a
#measure space. Assume that {An}n < X and Ext—Z;fl H(An) < *oo then

lim suph-+ H#(An) = 0.

82.2.Vector-valued #measures

In this section, we extend the notion of a measure. Then we study the basic
operations with signed measures and present the Jordan decomposition theorem.

2.2.1. Vector-valued, signed and complex #measures.

Let £# be a s”-algebra of subsets of a set X, and let E* = (E*, ||| ,) be a
non-Archimedean Banach space.

Definition 2.2.1 A function p* : ¥ - E* U {*«} is called a vector-valued
#-measure (or E*-valued measure) if

(@) u*(®) = 0; *

(b) p*(U Ax) = Ext), " i#(Ax) for any pairwise disjoint sequence (Awx < =%
(c) for any A € ¥ u#(A) = *oo,there exists B € # such that B < A and

0 < W/ (B, < *oo.

Example 2.2.1 Take ¥ = P(*N), and c§ is the non-Archimedean Banach space
of all #-convergent C#-valuedhyper infinite sequences with a fixed element
(an)n € c§. Define now for any A < Ny(A) = (Bn)n,

where n = anifn e Aand g, = 0if n ¢ A. Then y is a c§-valued #measure on
P(*N).

Example 2.2.2 Let X be a set and let Q be a ¢*-algebra in P(X). Then for any
family {p i, 0f finite #measures on Q and for any family {w}; of vectors of
R#" the R#"-valued #-measure ¥ on Q is defined by the formula

Y(E) = Ext) " M(E) x Wy, (E € Q).

Example2.2.3 Let X be a set and let Q be a ¢#-algebra in P(X). Then for

any family {u},of finite #measures on Q, for any family {Ac}*; of pairwise
disjoint sets in Q, and for any family {w}; of R#¥",n € *N, the R#"-valued
#measure ® on Q is defined by the formula ®(E) = Ext—ZEll Hk(E N Ak) x W,
(Ee Q).

83. The Lebesgue #-Integral

In the following consideration, we fix a o*-finite #-measure space (X, F, u¥).
Definition 3.1.Let Aj € F,i = 1,...,n € *N, be such that p*(A) < *oo for all i, and



AiNA; =0 foralli # j. The external function
00 = Ext- )" diza (), (3.)

Ai € *R¥, is called a simple external function. The Lebesgue external integral
(Lebesgue #-integral) of a simple external function f(x) is defined as

Ext jx foodu? = Ext D" Ai(A). (3.2)

The Lebesgue external integral of a simple function is well defined.
Notation 3.1.Let Aj € F,i = 1,...,n € *N, be such that p#*(A) < *« for all i, and
ANA; =0foralli = j. Let f1(X),f2(x) be a simple external function such that

() 0 < F1(0) < F200 and (i) 100 = Ext " Jaiza(0,f2(0) = EXEY " Zojza ().
Ext " Ja SExt Y Ja, (3.3)

then we will write f1(X) <s f2(X).
Definition 3.2. Suppose that u# is hyperfinite. Let f : X - *R¥ be an arbitrary
nonnegative bounded in *R¥ #measurable external function and let (f,) ..., be a

hyper infinite sequence of simple external functions which #-converges uniformly
to f. Then the Lebesgue #-integral of f is

Ext IX f)d* P = #-lim.- o (Ext— IX fn(x)d#p#) . (3.9

Remark 3.1.It can be easily shown that the #-limit in Definition 3.2 exists and does
not depend on the choice of a hyper infinite sequence (fn),..,, and moreover, the
hyper infinite sequence (f,) .., can be chosen such that 0 < f, < ffor all n € *N.
Notation 3.2.Letf; : X » *R% and f, : X - *R¥ be an arbitrary nonnegative
bounded in *Rf #-measurable external functions and let (f1,) .., and (f2n) . be

a hyper infinite sequences of simple external functions which #-converges uniformly
to f; and to f, correspondingly. We assume that for all n € *N the inequality (3.3)

is satisfied, then we will write f1(X) <s f2(X).

Definition 3.3. Let f : X » *R¥ be a #-measurable function. Then the Lebesgue
#-integral of f is defined by
Ext j f(x)d*u* = Ext j f+(x)d*p* — Ext j f-(x)d*p. (3.5)
X X X

If both of these terms are finite or hyperfinite then the function f is called #-integrable.
In this case we write f € L} = L¥(X,F,u").
Notation 3.3.We will use the following notation. For any A € & :

Ext IA f(x)d*p* = Ext- IX f(X) y A(X)d#p?. (3.6)

Lemma 3.1.(1) Let f : X » *R#% be an arbitrary nonnegative #-measurable function
then

Ext—f f(x)d#p# =
g (3.7)
sup{Ext— IX (D(X)d#p#‘(o is a simple function such that 0 < ¢(x) <s f(x)}.

(2) If f,g : X » *R% are #-measurable, g is #integrable, and [f(x)|<s g(x), then f



is #-integrable and
‘Ext— [ f(x)d#p#‘ < Ext- [ goodip. (3.8)
X X

(3) Ext—J.X|f(x) |d#u# = 0if and only if f(x) = 0 #a.e.

(4) If f,f2,...f, : X > *R%,n € *N are integrable then, for A1,42,...,An € *RE,
the linear combination Ext)_" fi is #-integrable and

Ext J-X<Ext-2i"=1/1ifi>d#u# = Ext-zi”:l(Ext- Ixiifid#u#)_ (3.9
(5) Let f € L{(X, &, p#), then the formula
VA(A) = Ext jA f(x)d*u* = Ext jx f(X) y ()P (3.10)

defines a signed #-measure on the s*-algebra &.
Remark 3.2. Assume that f,g : X » *R¥ are #integrable functions and such that
0<f<sg#a.e.,then

Ext—J‘ f(x)d#p* < Ext—J- g(x)d#p*.
X X

#-Convergence theorem

Definition 3.4. We say that a hyper infinite sequence {fn};fl of #-integrable functions
L#-#-converges to f (or #converges in L{(X,F, ")) if

Ext jx|fn —fld*p* —4 0asn - “o. (3.11)

Theorem 3.1 (The monotone #-convergence theorem) If {fn};fl is a hyper infinite
sequence in L (X, F,u¥) such that f; <s fj;1 for all j and f(X) = supesn fa(X) then
Ext j A = #lim .- EXE j () du, (3.12)
X X
Proof: The #-limit of the increasing sequence
(Ext— I fn(x)d#u#)
X
(x-finite or x-infinite) exists. Moreover by (3.2),
Ext—f fa(X)d*u* < Ext J. f(x)d*u#
X X

*o0

n=1

forall n € *N, so
#—Iimnq*w(Ext- [ fn(x)d#p#) < Ext[_food*u.
X X

To establish the reverse inequality, fix o € (0, 1), let ¢ be a simple function with
0<¢<f andlet E, = {x: fa(X) > ap(X)}. Then (En),= is an increasing hyper
infinite sequence of #measurable sets whose union is X, and we have

Ext [ fa(d* = Ext [ fu(od' > a(Ext— [ (p(x)d#u#) (3.13)
X En En
By (3.10) and by Proposition 2.5,
# iMoo (Ext—j <p(x)d#u#> = Ext—j e (X)d*u*, (3.149
En X

and hence



T (Ext— | fn(x)d#u#) > a(Ext- J. (p(x)d#u#). (3.15)

Since this is true for all ¢,0 < a < 1, it remains true fora = 1 :
- limpen (Ext— [ fn(x)d#u#) > Ext | pOodu. (3.16)

En X

Using Lemma 3.1.(1), we may take the supremum over all simple functions ¢,
0<¢ <sf. Thus

- limpe (Ext— | fn(x)d#u#) > Ext [ {09 (3.17)

Proofs of the following two corollaries of Theorem 3.1 are straightforward.
Corollary 3.1 If (1), is a hyper infinite sequence in L1(X) and f = Ext—Z;flfn
pointwise then

Ext [ fO0d* = Ext 2%, (Ext- [ ) fn(x)d#p#) . (3.18)

Corollary 3.2 If (fn),7 is a hyper infinite sequence in L}(X), f € L}(X), and
fn -« f p#-a.e., then

Ext [ fn000u* 4 Ext [ f00d"y", (3.19

Theorem 3.2 (Generalized Fatou’s lemma) If (f,)%is any hyper infinite sequence
in L1(X) then
Ext [ #1im info..(F200)d** < #lim inf ... (Ext- [ fn(x)d#p#). (3.20)
X X
Theorem 3.3 (The dominated #-convergence theorem) Let f and g be #measurable,

let f, be #-measurable for any n € *N such that [fo(X)|<s g(x) #-a.e., and f, -4 f
#-a.e. If g is #integrable then f and f, are also #-integrable and

Ext | 100" = #-limi.. Ext |  fa00d". (3.21)

Proof: f is #measurable and, since |f | <s g p*-a.e., we have
f e LY(X). We have that g+ f, > 0 p*-a.e. and g—f, > 0 so, by Fatou’s lemma,

Ext IX gd*p* + Ext IX fd#p#* < #-lim inf .« (Ext— Ix[g - fn]d#p#) =

Ext I gdu® + #-lim inf p_«o (Ext— J- fnd#u#) ,
i " (3.22)
Ext- jx gop? - Ext [ e < #lim inf . (Ext_ | Io- fn]d#u#) _

= Ext—f g — #lim supn-+w (Ext—f fnd#u#)
X X
Therefore
#1im info.-.. (Ext- [ fnd#p#) > Ext- [ fd*p* > #lim sup,... (Ext- [ fnd#p#) (3.23)
X X X
and the required result follows from (3.23).

8 4. #-Convergence in #-measure.

Definition 4.1. We say that a hyper infinite sequence (fn);f’1 of #measurable
functions on (X, M, u#) is Cauchy in #-measure if, for every ¢ ~ 0,¢ > 0,



PAEX : fa() — fn(X) > &) -4 0@as mn > *oo, 4.1
and that (f,).%, #-converges in #measure to f if, for every ¢ ~ 0,¢ > 0,
WX 1 fa() —f(Q €}) —»# 0asn - *oo. (4.2
Proposition 4.1. If f, -4 fin L! then f, »4 f in #measure.
Proof. Let En. = {X : [fn(X) — f(X)[> ¢}. Then
Ext—jx| fn—f|dp# > Ext—J-EM | fo = f|du? > ep*(Ene),

SO U(En,) < g‘lEXt-J.X| fn— f|dp# -4 0.

Theorem 3.1. Suppose that (fn);fl is Cauchy in #-measure. Then there is a
#measurable function f such that f, -4 f in #measure, and there is a

hyper infinite subsequence (f,)je-n that #converges to f #-a.e. Moreover, if

fn -4 gin #measure then g = f #-a.e.

Proof. We can choose a hyper infinite subsequence (g;); = (fn,);j of (fn),% such

that if E; = {x : |g;(X) — g.1(X) > 27} then p#*(Ej) < 27. If Fx = | JEj then
i=k

W (Fy) < Ext)_ 27 = 2%k and if x ¢ Fx we have fori >j > k
X

i1 i1
l9i () — gi (9 Ext2_[gia(¥) — ([ Ext 3 < 21, (4.3)
I=j I=j

Thus (g)); is pointwise Cauchy on F{. Let F = (| Fx = lim sup Ej. Then p*(F) = 0,
k=1

and if we set f(x) = limj.-, gj(x) for x ¢ F, and f(x) = Ofor x € F, then fis
#-measurable and g; —»« f a.e. By (4.3), we have that |gj(x) - f(x)|< 2%7for x & Fy
and j > k. Since p#(Fx) »# 0as k » *w, it follows that g; -« f in #measure,
because

) = fOOR & < Xt [fn(¥) = g0 (1/2)e} U {x : |gi(X) — () (1/2)e},
and the sets on the right both have infinte small #measure when n and j are infinte
large. Likewise, if f, - g In #measure

K0 g &f = {x 1 f() - fa(QB (1/2)e} U {X : [fa(X) — 90 (1/2)e}
for all n € *N, hence p*({x : [f(x) —g(X)[> ¢}) = Oforalle > 0, and f = g #a.e.
Theorem 3.2 Let f, -4 fin L} then there is a hyper infinite subsequence (fn, )«

such that f'« -4 f #-a.e.
Proof. Let E,, . = {X : [fa(X) = f(X)[> ¢}.Then

Ext [ Ifo—fidu > Ext [ ffa—fld"}t > el(En),

ne

so W#(En.:) —# 0. Then, by Theorem 3.1, there is a hyper infinite subsequence
(fn )k such that f,, —» f #-a.e.

8 5.The Extension of #-Measure

8 5.1.0uter #measures.
Definition 5.1.1. Let X be a nonempty set. An outer #measure



(or #-submeasure) on X is a function & : 5()() - [0,*oo],'5(X) c P(X) that
satisfies:
(a) &) = 0;
(b) &*(A) < &(B) if A < B;
(c) é**(U AJ) < Ext)_&*(Ay) for all hyper infinite sequences (A;))4 in Bx).

=1 j=1
The common way to obtain an outer #-measure is to start with a family G of
“elementary sets” on which a notion of measure is defined (such as rectangles
or cubes in *Rf"and then approximate arbitrary sets from the outside by hyper
infinite unions of members of G.

Proposition 5.1.1 Let G < 5()() be a set suchthat ¥ € G,X € G and let
p . G - [0,*w] be a function such that p(@#) = 0. For any A < X, define

FHA) = p*(A) = inf{Ext—ip(Gj) G eGandAc GGJ}. (5.1.1)
j=1 =1

if p*(A) exists. Then & is an outer #measure.
Definition 5.1.2.We will say that A < X is admissible if p*(A) exists.
Proof. For any admissible A < X, &#(A) is well defined. Obviously &#(@) = 0.

To prove x-countable subadditivity, suppose {Aj}(4 < 5()() and ¢ =,& > 0.

For each j € *N, there exists {Gl}% < G such that Aj < HG{( and

ExtYp(Gl) < #(A) + 2273, Then if A = [ JA;, we have A < | J G} and
< =1 =

Ext-Y p(Gl) < ST&A) +&,whence F#(A) < ExtY & (A) +¢. Since ¢ > 0is
jk=1 =1 =1
arbitrary, we have done.
Definition 5.1.3. A set A < X s called &*-measurable if p*(A) exists and
VB < Xsuch that p*(B) exists the equality (5.1.2) holds
F(B) = F(BNA) + (BN (X\A)). (5.1.2
Of course, the inequality &#(B) < &#(BN A) + &#(B N (X\A)) holds for any
(admissible) set A and B.
So, to prove that A is &*-measurable, it suffices to prove the reverse inequality,
which is trivial if £#(B) = *oo. Thus, we see that A is &#-measurable iff for
any admissible B < X,&#(B) < *oo
& (B) = &(BNA) + (BN (X\WA)). (5.1.3
Theorem 5.1.1 (Generalized Caratheodory’s theorem) Let & be an outer
#measure on X. Then the family £ of all &#*-measurable sets is a ¢*-algebra, and
the restriction of & to T is a complete #-measure.
Proof: First, we observe that X is closed under complements, since the definition
of &#-measurability of A is symmetric in A and A 2 X\A. Next, if A,B € X and
EcX
FE) =FHENA+EFHENAY) = FHENANB)+FHENANB®) + (ENACNB) +
+F(ENA°N BS).
But (AUB) = (AN B) U (AN B® U (A°N B) so, by subadditivity,



FENANB)+E(ENANBY) +(ENA°NB) > &(EN(AUB)),

and hence &(E) > F#(EN (AU B)) +&(EN (AU B)®).

It follows that AUB € X, so X is an algebra. Moreover, if A,B € £ and
ANB =0, (AUB) = F((AUB)NA) + F((AUB) NA®) = &#(A) + &#(B),

so ¢* is hyperfinitely additive on X.

To show that X is a o*-algebra, it suffices to show that X is closed under
*-countable disjoint unions. If (A;);7 is a sequence of disjoint sets in X, set

n *00
Bn = UAj A B = | JA.Then, for any admissible E < X,
=1 =1

f#(E N Bn) = 5#(E NBnN An) + f#(E NBnNAR) = CZ#(E N An) + CZ#(E N Bp-1),

so a hyperfinite induction shows that &#(E N Bn) = ExtY_&*(EN A)). Therefore
j=1

FHE) = Y ENBn) + F(ENBY) > Ext—if#(E NA) +<S(ENB°)
and, letting n - *oo, we obtain "
F(E) > EXt—if#(Eﬂ A) +EHENB®) > f#(_(leﬂ Aj> +HENBS) = (ENB) +
+H(ENBY) JZﬁlﬁ..”’:'}(E)- J_

Thus the inequalities in this last calculation become equalities. It follows B € .

Taking E = B we have &#(B) = ExtY_ &#(A;), so & is o*-additive on X. Finally, if
-1

&*(A) = 0then we have for any admissible set E = X

FE) <SFENA)+EFHENAS) = F(ENAS) < #(E), sOA € X

Therefore F#(EN A) = 0 and &5 is a complete #measure.

Combination of Proposition 5.1.1 and Theorem 5.1.1 gives the following corollary

which is also called generalized Caratheodory’s theorem.

Corollary 5.1.1 Let G < P(X) be aset such that @ € G,X € G, and let

p . G - [0,*0] satisfy p(@) = 0. Then the family X of all p* #measurable sets

(where p*is given by (5.1.1)) is a ¢*-algebra, and the restriction p*|s of p* to T is a

complete #-measure.

Definition 5.1.4 Let A be an algebra of subsets of X, i.e. A contains @ and X, and

Ais closed under hyperfinite intersections and complements. A function

¢ A - [0,*0] is called a #premeasure if {(#) = 0 and C(Lj AJ) = Ext->_{(A) for
=1 =1

any disjoint sequence (A))jc«n of elements of A such that | JA; € A.
=1

Theorem 5.1.2 If {is a #premeasure on an algebra A < P(X) and
¢ P(X) - [0,*0] is given by (5.1.1) then {*|a = (and every A € Ais
* #measurable.

8 5.2.The Lebesgue and Lebesgue — Stieltjes #-measure
on *R%,
The most important application of generalized Caratheodory’s theorem is the

construction of the Lebesgue #-measure on *R%. Take G as the set of all intervals
[a,b], where a,b € *R¥ U {~—*w,+*0} and [a,b] = @ if a > b. Define the



function p : G » *R% U {*o} by
vavb(a < b) [p([a,b]) = b-a] and Vavb(a > b)[p([a,b]) = 0]. (5.2.1)

The function p has the obvious extension (which we denote also by p) to the
algebra A generated by all intervals, and this extension is a #-premeasure on A.
The o*-algebra X given by Corollary 2.1.1 is called the the Lebesgue o*-algebra
in R, and the restriction of p* to = X(*R¥) is called the Lebesgue #measure
on *R¥ and is denoted by pu”. By Theorem 5.1.2, u* is the unique extension of p.
By the construction, B*(*R%) < Z(*R%). Hence the Lebesgue #measure is a Borel
#-measure. It can be shown that B*(*R¥) = Z(*R¥) and that the Lebesgue
#measure can be obtained also as the completion of any Borel #measure

w?* such that w*([a,b]) = b-a(va < b).

The notion of the Lebesgue measure on *R¥ has the following generalization.
Suppose that p# is a o*-finite Borel measure on *R¥, and let vx €* R¥%

F(X) = u*((~*0,x]) (5.2.2
Then F is increasing and right #-continuous . Moreover, if b > a, (—*w,b] =
(—*o0,a] U (a,b], so p*((a,b]) = F(b) - F(a).
Our procedure used above can be to turn this process around and construct a
measure Y starting from an increasing, right-continuous function F. The special
case F(x) = x will yield the usual Lebesgue #measure. As building blocks we can
use the left-#open, right-#-closed intervals in *R¥ i.e. sets of the form (a,b] or
(a, *0) or @, where —*« < a < b < *oo. We call such sets h-intervals. The
family A of all finite disjoint unions of h-intervals is an algebra, moreover, the
o*-algebra generated by A is the #Borel algebra B*(*R¥).
Lemma 5.2.1 Given an increasing and right #-continuous function F :* R% - *R%,
if (a;,b;]( = 1,...,n),n € *N are disjoint h-intervals, let

n n
Hg(_Ul(aj,bjO = Ext- Z;,[F(bj) - F(&)l, (5.2.3
1= I=
and let p§(@) = 0. Then p§ is a #-premeasure.
Theorem 5.2.1 If F :* R% » *R% is any increasing, right #-continuous function,
there is a unique Borel #measure pt on *R¥ such that Vavb(a,b € *R¥)
HE((a b)) = F(b) - F(a).
If G is another such function then p¢ = p% iff F — G is constant.
Conversely, if u# is a Borel #-measure on *R% that is gyperfinite on all #-bounded
#-Borel sets, and we define F(x) = p#((0,x]) if x > 0,F(x) = 0if x = 0,
F(X) = —pu#((x,Q)) if x < 0,
then F is increasing and right #-continuous function, and p# = p.
Proof: Each F induces a #-premeasure on B*(*R¥) by Lemma 5.1.1. It is clear
that F and G induce the same #-premeasure iff F — G is constant, and that these

o0

#-premeasures are ¢o”-finite (since *R¢ = | J(j,j + 1]). The first two assertions

follow now from Exercise 2.1.11. As for the last one, the monotonicity of p*
implies the monotonicity of F, and the #-continuity of u# from above and from
below implies the right #-continuity of F for x > 0 and x < 0. It is evident that

u# = ut on algebra A, and hence p# = pf on B*(*R¥) (accordingly to Lemma 5.2.3).



Lebesgue — Stieltjes #-measures possess some important and useful regularity
properties.

Let us fix a complete Lebesgue — Stieltjes #measure p* on *R# associated to an
increasing, right #-continuous function F. We denote by X - the Lebesgue algebra

correspondent to p*. Thus, for any E € X+

*o0

H#(E) = inf{Ext—Z;[F(bj) - F(aj)]‘E c Q(aj,bj]} =
= 1=

- 5 (5.2.9
- inf{Ext—_z;,uﬁ«aj,bﬂ)‘E c _Ul(a,-,bj]}
= =

if infinum in RHS of (5.2.4) exists. Since B*(*R¥) < X+, we may replace in the
second formula for p#*(E) h-intervals by #-open intervals, namely
Lemma5.2.2 Forany E € X,

W#(E) = inf{Ext-z;pﬁ((aj,bj))‘E c _q(a,-,bj)}. (5.2.5
j= i=
Theorem 5.2.2 IfE € e then

EeX;=inf{u*(U) : U2 EandUis #-open} =

_ (5.2.6
= sup{u*(K) : K < Eand K is # - compact}.

Proof By Lemma 5.2.2, for any € =,¢ > 0, there exist intervals (&, bj) such that

Ec U(aj,bj) and p*(E) < Ethu#((a,,bJ ) +e.lf U = U(a,,b,) then U is #-open,
i1

Ec U, and p#(U) < p#(E) + . On the other hand, p#(U) > pu*(E) whenever E c U

so the first equality is valid.

For the second one, suppose first that E is bounded in *R%. If E is #-closed then E

is #-compact and the equality is obvious. Otherwise, given ¢ ~,& > 0, we can

choose an #-open U, (#E)\E < U, such that p#*(U) < p#*((#E) \E) +e.

Let K = (#E) \U. Then K is #-compact, K < E, and

W*(K) = W*(E) - W"(EN V) = p*(E) - [W¥(U) - p*(U\B)] >

> WH(E) - u*(U) + W ((#E)\E) > p*(E) —e.

If E is unbounded in *R%, let E; = EN (j,j + 1]. By the preceding argument, for

any ¢ ~,¢ > 0, there exist a #-compact K; < E; with p*(K;) > p#(EJ) —¢27. Let

Hp = U Kj. Then H, is #-compact, H, < E, and p*(Hn) > p* U(EJ —e.

Since P#(E) = #lim .« u#(U E,-), the result follows.
j=—n

Theorem 5.2.3. If E < *R%, the following are equivalent:

(@ Ee€ Zu#;

(b) E = VAN, where Vis a Gz—set and u#(Ny) = 0

(c) E = HU Nz, where H is an F_«—set and p#(N;) =

Theorem 5.2.4. If E € X ;» and p*(E) < *oo then, for every ¢ ~,e > 0, there is



a set A that is a hyperfinite union of #-open intervals such that p#*(EAA) < .
Lemma 5.2.3 Let A < P(X) be an algebra, let pf be a ¢*-finite #-premeasure on
A, and let Q be the ¢*-algebra generated by A. Then there exists a unique
extension of uj to a #-measure pu* on Q.

8 5.3. Product #-measures.

Definition 5.3.1.Let {(X,,F «, 1)} 4ca be a nonempty family of #measure spaces. We
define the family Q of blocks:

A(AalyA(xz, s !Aan) =
= Au, XA e xAg xBxt [ X (5.3.1)

aeA,aak,1<k<n
where A, € ¥, and define a function

g Q- *REU {*0} =

5.3.
1 (Aq) x u#(Aaz)x---xu#(Aan)x[Ext- I1 u#(Xa)J- 52

aeA,aak,1<k<n

This function possesses an extension (by #-additivity) on the #-algebra A generated
by Q. It is easily to show that % is a #-premeasure on A.

Definition 5.3.2 The #measure i¥ on the o*-algebra X generated by A accordingly
to Theorem 2.1.3 is called the product #measure of {u#} ., and the triple

(]_[ Xa,z,ﬁ#> is called the product of #-measure spaces (X,,Z., u%).

aeA

We denote the ¢*-algebra = by @ X, and the #-measure i by @ p?.

acA acA

Definition 5.3.3.If E € X3 x Xz and X3 € X1,X2 € X2, we define

Ex, = {xe Xz : (X1,X) € E} and E®2 = {x € X1 : (X,X2) € E}.
If f : X3 x Xz > *REis a function, we define f, : X - *R% and 2 : X; > *R¥
by fx, () = f(x1,x) and f*2(x) = f(x, x2).
Theorem 5.3.1 (The generalized Fubini’s theorem) Let u%, u% be o*-hyperfinite
#-measures on (X1,F 1) and (Xz,F ),

(X1 x X2, F 1@ Fo, i @ ) = (X1, F 1, 1Y) x (KXo, F 2, Ub), (5.3.3
andletf e L’f(Xl X Xz,chl R chz, pf X ug)Then fxl S L#lé(X2,3‘-2, }J.g) u’f-#—a.e.,

and 2 e L¥(Xq,F 1, y¥) us-#a.e., and

Ext—j fd*(uf @ uj) = Ext—j Ext—j fed?uf (dfuf =
X2 X2 X1

- Ext [ . [ Ext sz fxld#ug]

Lemma 5.3.1. Let (X1,Z1, %) and (X2,XZ2, 45) be #-measure spaces, E € 1 ® X,
and let f be a £1 ® Xz-measurable function on X; x Xz, then:

(a) Ex, € Zoforall x; € X1 and Ey, € X1 for all X2 € Xy;

(b) fx,is Z2-measurable and fy,is X1-measurable for all x; € X; and xz € Xa.
Proof. Denote by A the collection of all A € X; x X2 such that A, € X,and

A*2 € El(Vxl € X1,X2 € X2).

X1x

dtp# (5.3.4)



The family A contains all rectangles. Thus, since

|:UAn:| = [J[An]x:, [Bn]*? = [Bn]* (5.3.9
n=1 X1 n=1
and

[X1x X\AJX1 = Xo\Ay,, [X1 x Xo\AJ2 = Xq\A%2, (5.3.6)

Ais a ¢*-algebra. So 21 ® X, < A, and (a) is proved.Now the part (b) follows from
(a) due to fx, (A) = [f 21(A)]x, and [F2]L(A) = [FLA)]2(VA C *R¥).

Definition 5.3.4 A family M < P(X) is called a monotone class if M is

closed under x-countable increasing unions and x-countable decreasing
intersections.

Lemma 5.3.2. If A < P(X) is an algebra then the monotone class generated

by A coincides with the ¢*-algebra generated by A.

Lemma 5.3.3. Let (X1,Z1, 4¥) and (X2,X2, Y5) be #-measure spaces, E € 1 ® .
Then the functions x; - P4(Ex,) and x; — W%(E*) are #-measurable on (X1,Z1)
and (X2,X»), and

ui ® pEE) = Ext [ pi(E)ds = Ext [ pi(E)du, (5.3.7)

Proof. First we consider the case when p¥ and p4 are finite. Let A be the family
of all E € £1 ® X5 for which (5.3.7) is true. If E = A x B, then
HI(E®) = pi(A)rs(x2) and P3(Ex) = H5(B)xa(x1), SO E € A. By additivity,
it follows that gyperfinite disjoint unions of rectangles are in A so, by Lemma
5.3.2,bit will suffice to show that A is a monotone class. If (En),% is an increasing
hyper infinite sequence in Aand E = | J Ey, then the function f;(x2) = pi((En)*?)

n=1
are #-measurable and increase pointwise to f(y) = u%(E*). Hence f is #measurable
and, by the monotone convergence theorem,

Ext [ pi(E2)duf = #limy... Ext [ pf((En)2)duf =
X X (5.3.8)

#limp.o P x pE(En) = pf x p5(E).

Likewise pf x u5(E) = Ext—j UE(Ex)duf, so E € A. Similarly, if (En),2, is a decreasing

X1

hyper infinite sequence in Aand E = [ En, the function x, - pf((E1)*) isin
n=1

L#(u%) because Pi((E1)x2) < p¥(X1) < *oo and pj(Xz2) < *o, so the dominated
convergence theorem can be applied to show that E € A. Thus, A is a monotone
class, and the proof is complete for the case of finite #-measure spaces.
Finally, if p¥ and p are o"-finite, we can write X; x X, as the union of an
increasing hyper infinite sequence (le X ij)j";’?L of rectangles of finite or hyperfinite
#measure. If E € £; ® Z,, the preceding argument applies to EN (X, x X.) for each
j gives us

wix WEEN O x Xb) = Ext [ uiE= nXPps = Ext [ WiEq nXul.  (5.3.9

X2 X1



The application of the monotone convergence theorem then yields the desired result.

Chapter II.*R#-valued distributions.
§1.*R#-valued test functions and distributions

Definitions and theorems appropriate to analysis on non-Archemedean field *R#% and
on complex field *C% = *R¥ + i*R¥are given in [1]-[2].

Definition 1.1.[3].(i) Let U be a free ultrafilters on N and introduce an equivalence
relation on sequences in RN as f1 ~y 2 iff {i € N|fi(i) = f2(i)} € U.

(i) RN divided out by the equivalence relation ~y gives us the nonstandard extension
*R, the hyperreals; in symbols, *R = RN/ ~y and similarly NN divided out by the
equivalence relation ~y gives us the nonstandard extension *N, the hyperintegers; in
symbols,*N = NV ~y .

Abbreviation 1.1.If f € RY, we denote its image in *R by [f],i.e.,[f] = {g € RN|g ~u f}.
Remark 1.1.For any real number r € R let r denote the constant functionr :N - R
with value r,i.e.,r(n) = r,for all n € N.We then have a natural embedding

x(¢) :R - *R

by setting *r = [r(n)] for all r € R.We denote it image *(R) in *R by *Rg.

Definition 1.2.[3]. An element x € *R is called finite if [x| < r for somer € Q,r > 0.
Abbreviation 1.2.For x € *R we abbreviate x € *Ry, if X is finite.

Remark 1.2.[3]. Let x € *R¢i, be finite. Let D1, be the set of r € Q such thatr < x
and D, the set of r' € Q such that x < r'. The pair (D;,D,) forms a Dedekind cut in R,
hence determines a unique ro € R. A simple argument shows that [x —ro| is
infinitesimal,i.e., [x—ro| = O.

Definition 1.3.[1].This unique ry is called the standard part of x and is denoted by °x
or st(x).

The following notation will be used throughout this paper.

n € N* is a fixed positive integer and U — *R¥" is a fixed non-empty #-open subset of
Inear space *R#" over non Archemedan field*R%.

N = {0,1,2,..} denotes the standard natural numbers.

k will denote a non-negative integer or oo® .

If fis a function then Dom(f) will denote its domain and the support of f, denoted by
supff),is defined to be the closure of the set {x € Dom(f) : f(x) # O} in Dom(f).

For two functions f,g : U — *C%, the following notation defines external canonical
pairing:

(f.g) = Ext j ) g(x)d"x. (1.1)
U

A multi-index of size n e N* is an element in N*", if the size of multi-indices is
omitted then the size should be assumed to be n. The length of a multi-index

a = (a1,...,an) € N1 is defined as Ext) ", ai and denoted by |o|.Multi-indices are
particularly useful when

dealing with functions of several variables, in particular we introduce the following
canonical notations for a given multi-index a = (a1, ...,an) € N,



X = XX,
gt _ O™ (1.2
B a#le - OXYn

We also introduce a partial order of all multi-indices by g > « if and only if gi > a; for

all1 <i <n. When g > a we define their multi-index binomial coefficient as:

()= (%)-(%)

o a1 on

1.Let ke N* U oo,

2.Let C*(U) denote the vector space of all k-times #continuously #-differentiable

*R¥-valued or *C#-valued functions on U.

For any #compact subset K < U, let C*(K) and C*(K;U) both denote the vector

space of all those functions f e C*(U) such that supp(f) < K.

Note that C*(K) depends on both K and U but we will only indicate K, where in

particular, if f € C*(K) then the domain of f is U rather than K. We will use the
notation

C*(K;U) only when the notation C*(K) risks being ambiguous.

Every C*(K) contains the constant 0 map, even if K = &.

Let C#(U) denote the set of all f € C*(U) such that f € C*(K) for some #-compact

subset K of U.

Equivalently, C#(U) is the set of all f € C*(U) such that f has #-compact support.

C#(U) is equal to the union of all C*(K) as K < U ranges over all #-compact subsets

of U.If fis a *R¥-valued function on U, then f is an element of C#(U) if and only if f

is a C* bump function. Every *R¥-valued test function on U is always also a

*C#-valued test function on U.

For all j,k € N and any #-compact subsets K and L of U, we have:

C*(K) < C¥(U) = C*U);

C*(K) < C*(L) if K < LC*(K) < CH(K) ifj < k;

CkU) c CE) ifj < k;

C* ) c CA) ifj < k.

Definition1.1. Elements of C#*"(U) are called *R#-valued test functions on U and

CH(U) is

called the space of *R¥-valued test functions on U. We will use both D(U) and C#**(U)

to denote this space.

Definition1.2. Distributions on U are #continuous *R%-valued linear functionals on

C#"(U) when this vector space is endowed with a particular topology called the
canonical

LF-topology.

The following proposition states two necessary and sufficient conditions for the

#-continuity of a linear functional on C#**(U) that are often straightforward to verify.

Proposition1.1. A linear functional T on C#**(U) is #-continuous, and therefore a

distribution, if and only if either of the following equivalent conditions are satisfied:

1.For every #-compact subset K < U there exist constants C > 0 and N € N dependent

on K such that for all f € C#*"(U) with support contained in K

[T(f)lc Csup{|o™f(X)|: x € U, jal< N}.

2.For every #-compact subset K = U and every sequence {f;}*; in C#"(U) whose



supports are contained in K, if {6%f;}*, #converges uniformly to zero on U for every
multi-index a, then #lim,__«T(fi) = 0.

§ 2.The non-Archimedian external*R#-Valued Schwartz

distributions.

Defined below are the tempered distributions, which form a subspace of D¥ (*R#"),
the space of distributions on *R#" . This is a proper subspace: while every tempered
distribution is a distribution and an element of D¥ (*R#") the converse is not true.
Tempered distributions are useful if one studies the Fourier transform since all
tempered distributions have a Fourier transform, which is not true for an arbitrary
distribution in D¥ (*R¥") .

§ 2.1.Schwartz space S*(*R#).

Definition 2.1. A function f : X - *R# defined on some set X is called
finitely bounded (or bounded) if the set of its values is finitely bounded, i.e.,
f(X) c [a,b] where a,b € *R%;,.In other words, there exists a finite hyperreal
number M € *R%;, such that

[FOX)] < M. (2.1
Definition 2.2.A function f : X - *R# defined on some set X is called
hyper finitely bounded (or hyper bounded) if the set of its values is hyper finitely
bounded, i.e., f(X) < [a,b] where a,b € *R¥\*R%;.In other words, there exists a
hyperfinite hyperreal number M € *R¥\*R%;, such that [f(X)| < M.
Definition 2.3.For n € N*, an #-integrable function ¢ : *R# - *R%is called #-rapidly
decreasing if for all & € N* the product function x = x*¢(x) is a finitely bounded or

hyper finitely bounded function.
Remark 2.1.1f ¢ is a #-rapidly decreasing function, then its integral exists

Ext j H(X)d"x < oo 2.2)

*Rgn

In fact for all & € N the integral of x » x“¢(Xx) exists

Ext j X4 p(x)d"x < oo, (2.3)
R

Definition 2.4.The Schwartz space, S*(*R#"), is the space of all #smooth functions
in C*"(*R#") that are rapidly decreasing at #infinity along with all partial #-derivatives.
Thus
¢ *RE¥ > *R¥ is in the Schwartz space provided that any #-derivative of ¢, multiplied
with any power of |x|, #converges to 0 as |[x|» «*. These functions form a #-complete
TVS with a suitably defined family of seminorms. More precisely, for any multi-indices
o and g define:



Pas(4) = SUPc-rin X*O7P(X)]. 2.1
Then ¢ is in the Schwartz space S*(*RE") if all the values satisfy: p,s(¢) < *.
Thus
SHCRE,RE) 2 {p € C(RE,"RY)IVa, B € N™(pyp(g) < o*)}.
Similarly

SHCRE,*CE) £ {¢ € CT(RE,CHIVa, B € N™(p,p(g) < %)}
The family of seminorms p,;(+) defines a locally convex topology on the Schwartz
space S*(*RiM).
For n = 1, the seminorms are norms on the Schwartz space S*(*R#). One can
also use the following family of seminorms to define the topology:

flnk = SURptem (SUBe-n {(1 + KDM@ DI} ) k,m € N, (2.2)
Otherwise, one can define a norm on S*(*R#") by
11k = MaXa ik SUPe-win X S(X)|,k > 1. (2.3

The Schwartz space S*(*R#") is a Fréchet space (that is, a #complete metrizable
locally convex space). Because the Fourier transform changes 6% into multiplication
by x* and vice versa, this symmetry implies that the Fourier transform of a Schwartz
function is also a Schwartz function.

Definition 2.5. A sequence {f;}] #-converges to 0 in S*(*R#") if and only if the
functions (1 + [x))%(6"°f;)(x) #-converge to 0 uniformly in the whole of *R#", which
implies that such a sequence must converge to zero in C**(*R#").

The subset of all #-analytic Schwartz functions is #dense in S*(*R#")

The Schwartz space is nuclear and the tensor product of two maps induces a
canonical surjective TVS-isomorphisms S*(*R#M) ® S*CRIM) > SHCRE™),

where ® represents the #-completion of the injective tensor product

§ 2.2.Schwartz space S, (*R#

c.fin
Definition 2.6.For n € N, an *R#}, -valued and #-integrable function
¢ : *REM - *REyis called #-rapidly decreasing if for all & € N" the product function
X ~ X*¢(X) is a finitely bounded function.

Remark 2.2.If ¢ is a #-rapidly decreasing *R%},-valued function, then its integral exists
and finite,i.e.,

Ext | gO)dx € “Rig,. (2.2)
*Rgn

In fact for all @ € N" the integral of x » x*¢(x) exists and finite,i.e.,

Ext j x“p(x)dx e *R¥ . (2.3)

*Rgn

It follows from () that for all « € N" and for any R € *REV'R%



Ext j x4 (x)d*x ~ 0 (2.3)
*REMB(R)

where B(R) = {x € *R¥|x| < R}
Definition 2.7.The Schwartz space, S§, ("R, ), is the space of all *R#}, - valued
#-smooth functions that are rapidly decreasing at #-infinity along with all partial
#-derivatives any finite order 1 < m< oo.
Thus
é : *R¥ > R%is in the Schwartz space provided that any #-derivative of ¢, multiplied
with any power of |x|, #converges to 0 as |[x|» «*. These functions form a #-complete
TVS with a suitably defined family of seminorms. More precisely, for any multi-indices
o and g define:

Pas($) = SUP-gmm X“O7G(X)]. 2.1

§ 2.3.Non-Archimedian tempered distributions S¥ (*R#").

A non-Archimedian tempered distribution is a distribution u € D'(*R#") that does not
“grow too fast” — at most polynomial (or tempered) growth — at #-infinity in all
directions; in particular it is only defined on *R#", not on any #-open subset.
Formally, a tempered distribution is a #-continuous linear functional on the Schwartz
space S*(*R") of smooth functions with #-rapidly decreasing #-derivatives. The
space of tempered distributions (with its natural topology) is denoted S* (*R#").

Every #-compactly supported distribution is a tempered distribution , yielding an
inclusion £ (*R#) — S#*(*R#M).

§ 3. The Fourier transform on S*(*R#"), St (*RE)

We begin by defining the Fourier transform, and the inverse transform, on S*(*R#"),

n e N*, the Schwartz space of C** functions of rapid decrease.

Definition 3.1. Suppose f € S*(*R#"). The Fourier transform of f(x) is the function
)

given by

f) = (27;)”’2 (Ext— j f(x)[Ext—exp(ix-/l)]d#”x>, (3.1)

*Rgn
where x - A = ExtY_" xii. The inverse Fourier transform of f, denoted by f, is the
function

f(ﬂ,) = 1 . (Ext— I f(X)[Ext exp(ix - l)]d#”x>. (3.2
(2ms)™ S

We will usualy write f = F[f] and f = FL[f].

Since every function in Schwartz space is in L¥(*R#"), the above integrals (1.1) and

(1.2) make sense.

We will use the standard multi-index notation. A multi-index a = (ay,...,an),n € N*is



an n-tuple of nonnegative integers. The collection of all multi-indices will be denoted
by 17. The symbols |a|,x*, D**,and x? are defined as follows:

n
la] = Ext-D_ a
=

n
X% = EXt [ [ X" or Ext-(x{'x3? « « -x4") or simbolically x{*x5? « « -x&"
i1

n ota a#|a|f(x) (33)
D#af(x) = Ext-g e f(x) or simbolically D*f(x) = i s D
n
X% = Ext- Y X2.
i1
Lemma 1.1.The maps f — f and f — f are #-continuous linear transformations of
S*(*RiM into  S*(*R#").Furthermore, if & and B are multi-indices, then
(((2)“D#) (2) = D ((-ix) (%)) (A). (3.4)
Proof The map f — fis clearly linear. Since
((1)*D#H) (1) =
1| Ext j (%) (=ix) PR [Ext exp(—ix-1) Jf()d*x | =
(2m)" RN
1 1 #a i iy ) B #n _
—=+ | Ext =~ (D [Ext exp(—ix-1)]) (—ix)Pf(x)d*x | = (3.5
G ( I oy (D [Ext expt-ix-1) ) (-0 1) >

. #p
(=) (Ext— j [Ext—exp(ix-)L)]D?f“((ix)ﬁf(x)>d#”x>.

n/2
(27'[#) "Ry

We conclude that

f

aYﬁ

2 (D) < 1 (Ext— j |D§a(xﬁf(x))|d#nx> < o (3.6)

= sup
n/2
A *Rgn (271.#) *[Rgn

so f — f takes S*(*R#) into S*(*R#"), and we have also proven (1.4).Furthermore,
if k is large enough, j(l +x2)*d"x < o so that

A

1 B O RTNIPN "
Has = Grym (EXt J @yt O (CRT0)I ) <

*Rgn

3.7
7 1)n,2 (Ext— j(1+x2)"d#nx> sup {(L+x2)™|Df ((-x)Pf)) | }.
TC#

Xe*REN
*Rgn c

Using generalized Leibnitz’s rule we easily conclude that there exist multi-indices
a;j, f; and constants c; so that



¥

M
e jiljcj Il (1.8)

Thus the map f — f is bounded and therefore #-continuous. The proof for f — fis
the same.

Theorem 1.1. (Generalized Fourier inversion theorem) The Fourier transform (3.1)
is a linear bicontinuous bijection from S*(*R#") onto S*(*R¥"). Its inverse map is the
inverse Fourier transform, i.e.,FX(F[f]) = f and F(F1[f]) = f.

Proof. We will prove that F-X(F[f]) = f. The proof that F(F1[f]) = fis similar.
F(FLf]) = fimplies that F[f] is surjective and F1(F[f]) = f implies that F[f] is
injective. Since F[f] and F1[f] are #-continuous maps of S*(*R#") onto S*(*R&"), it
is sufficient to prove that F1(F[f]) = f for f contained in the dense set C3" (*R#").
Let C.,¢ ~ 0 be the cube of volume (2/¢)" centered at the origin in *R#".Choose ¢ ~ 0
infinite small enough so that the support of f is contained in C.. Let

K. = {k € *R¥| each ki/er» € k is an integer }

f(x) = Ext kZK:((%g) " Extexp(ik - x)],f) (%8) " Extexp(ik - X)] (3.9)

is just the hyper infinite Fourier series of f which #-converges uniformly in C, to f since
f is #-continuously #-differentiable. Thus

f(x) = Ext 3. f(k)[E(th;rexf,(z'k X empyn. (3.10)
keK, #)
Since *R¥" is the disjoint union of the cubes of volume (¢r4)" centered about the
points in K., the right-hand side of (1.10) is just a hyper finite Riemann sum for the
integral of the function ?(k)[Ext— exp(ik « x)]. By the lemma 3.1,
?(k)[Ext— exp(ik - x)] € S*(*R#M), so the hyperfinite Riemann sums (1.10)
#-converge to the integral. Thus F1(F[f]) = f.
Corollary 3.1.Suppose f € S*(*R#"). Then

Ext | fofPdx = Ext [ [f(k)[Pd™k (3.11)
*Rgn *Rgn
Proof. This is really a corollary of the proof rather than the statement of Theorem 1.1.
If f has #-compact support, then for ¢ = 0 small enough,

f(x) = Ext Y ((%g) " Extexp(ik - x)],f) (%8) " Extexp(ik - X)] (3.12)

keK ¢

Since {(%3) V22 Ext exp(ik - x)]}k . _is an orthonormal basis for L£5(Cy),

Ext | [fo)[Pd™x = Ext [[fo)f2d™x = Y [ ()™ ([Ext explik -x)],f(x))|2 _
*RAN C. keK ¢

(3.13)
MHCIRCDS -0 Ext [t Pdk

kEKg *[Rgn

This proves the corollary for f € C3*(*R#"). Since f ~ f and |-, are #-continuous
on S*(*R#) and CZ"(*R#") is #-dense, the result holds for all of S*(*R#).



Definition 3.2. Let T € S*(*R#")the Fourier transform of T,denoted by T or F[T],
is the tempered distribution defined by T(p) = T(%).

Suppose that h,¢ € S*(*R%"),then by the polarization identity and the corollary to
Theorem 1.1 we have (h,¢) = (ﬁfﬁ) Substituting F[g] = F ~[g] for h, we obtain

To(p) = Ext [ 909000d™x = Ext [ g00p09dx = Ty(%) = Tale).

*[Rg” *[Rg”
where Ty and Tq are the distributions corresponding to the functions g and g
respectively. This shows that the Fourier transform on S (*R#") extends the
transform we previously defined on S*(*R#").
Theorem 3.2. The Fourier transform is a one-to-one linear bijection from S# (*R#")
to S*(*R#") which is the unique weakly #-continuous extension of the Fourier
transform on S*(*R#").
Proof. If hyper infinite sequence {¢n},.+ #convergence to ¢ € S*, then by
Theorem 1.1, hyper infinite sequence {fﬁn} ot #-convergence to ¢ € S*,so
T(?ﬁn> - T(EB) foreach T € S*. Thus #—Iimn%#TGBn) = T(fﬁ) which shows that
T is a #-continuous linear functional on S*. Furthermore, if T, > T, then T, Sy T
because T(9,) —~+ T(9) implies T(pn) »# T(p). Thus T — T is weakly #-continuous.
Definition 3.3. Suppose that f,g € S*(*R#"). Then the convolution of f and g,
denoted by f x g, is the function

(Fxg)(y) = Ext | fly—x)g0)d™x. 3.14
“gn

Convolutions frequently occur when one uses the Fourier transform because the
Fourier transform takes products into convolutions.
Theorem 3.3.(a) For each f € S#*(*R#"), g » f x g is a #-continuous map of S*(*R#")
into S¥(*R&M).
(b) fg= (274)™2F x g and F* g = (274)"279.
(c) For f,g,h e S*(*R#") ,fxg=gx*xfandf* (gxh) = (fxg) x h.
Definition 3.4. Suppose that f € S*(*R#), T € S*(*R#) and let f(x) denote the
function, f(—x). Then, the convolution of T and f denoted T x f is the distribution in ,
S*(*RE) given by (T« f)(@) = T(T * o) for all ¢ e S*CREM).
The fact that g— T * g is a #continuous transformation guarantees that
Txf e S¥(*RIM).
Abbreviation 3.1.Let f, denote the function fy(x) = f(x-y) and ?y the function
f(y—x).When f is given by a longe expression (- - -), we will sometimes write («« )~
rather than (-5 .).
Theorem 3.4. For each f € S*(*R¥") the map T - T * f is a weakly #-continuous
map of S¥(*R¥") into S¥(*R¥") which extends the convolution on S*(*R#").
Furthermore,
(@) T« fis a polynomially bounded C** function. In fact, (T = f)(y) = T(T,) and
D#(T x f) = (D*T) x f = T x D*/f;
(b) (Txf)xg=Tx (fxQ);
© T+f= (2rs)"2FT.



Theorem 3.5. Let T € S¥(*R#") and f € S*(*R#"). Then fTe Opm and

fT (K) = (2rr4)V2T(f[Extexp(—ik + X)]). In particular, if T has #-compact support and
v € S*(*R&M) is identically one on a #neighborhood of the support of T, then

T(K) = 2me)"2T(y[Ext-exp(-ik - X)]). (3.15
Proof By Theorem 3.4.c and the Fourier inversion formula we have
T = (274)"2F * T.Thus fT € O}, and T (k) = (2n#)n/2?(?k) _

(27 4) V2 T(f[Ext exp(—ik « X)]).

Remark 3.1.We remark that one can also define the convolution of a distribution

T e D¥(*REM) with an f € D¥CRE) by (T« f)(y) = T(T,).

Definition 3.5. Let j(x) be a positive C** function whose support lies in the sphere of
radius one about the origin in *R#" and which satisfies Ext—j*wj(x)d#”x = 1. The

function j.(X) = e "j(Xe),e = Ois called an approximate identity.

Proposition 3.1. Suppose T € S*(*R#") and let j.(x) be an approximate identity. Then
Tx*j.(X) >4 Tweakly as & -4 0.

Proof. If p € S*(*RE), then (T x j.)(p) = T<j~‘g * (p), so it is sufficient to show that

T, %@ »# ¢ in S*(*R¥).To do this it is sufficient to show that (274)"2] ¢ —» @ in
S*(*REM).Since ],(A) = j(eA) and j(0) = (2r4)"?, it follows that (274)"?] ,(X)
#-converges to 1 uniformly on #-compact sets and is uniformly bounded. Similarly,
D#HTS #-converges uniformly to zero. We conclude that (Zn#)”’ZjASEB >4 Q.

Theorem 3.6 (The generalized Plancherel theorem) The Fourier transform extends
uniquely to a unitary map of LE(*R#") onto £L4(*R%"). The inverse transform extends
uniquely to its adjoint.

Proof The corollary to Theorem 3.1 states that if f € S*(*RE"), then ||f||, = ||? || )
Since F[S*] = S* is a surjective isometry on LE(*REM).

Theorem 3.7 (The generalized Riemann-Lebesgue lemma) The Fourier transform
extends uniquely to a bounded map from £4(*R") into C**(*R#"), the #-continuous
functions vanishing at oo,

Proof For f € S¥(*R™), we know that f € S#(*R#") and thus f € C*"(*R#). The
estimate is trivial. The Fourier transform is thus a bounded linear map from a
#-dense set of L¥(*R#") into C**(*R#"). By the generalized B.L.T. theorem, extends
uniquely to a bounded linear transformation of C**(*R#") into C**(*R#").

Remark 3.2.We remark that the Fourier transform takes £§(*R#") into, but not onto
C"(*R#M).

A simple argument with test functions shows that the extended transform on £4(*R&")
and LE(*R#) is the restriction of the transform on S# (*R#"), but it is useful to have an
explicit integral representation. For f e L%(*R#), this is easy since we can find

fm € S*"(*RE") so that #lim ., .«[|f — fmll; = 0.Then, for each 1,



f(2) = #1lim . (F (1)) =

#-lim {(271—]1;)”’2 (Ext— *D!#n[Ext- exp(—ik - x)]fm(x)d#x>} = (3.16

#

*Rgn

So, the Fourier transform of a function in £¥(*R#") is given by the usual formula.
Next, suppose f € LE(*R#") and let

SR a1
AR 0 if >R '

Then yrf € LYC*RE) and #limg_.« xrf = fin £%, so by the generalized Plancherel

theorem #—IimRﬁw#ﬁ = fin £%.Thus

f(1) = #-limg, .+ %n/ Ext J. [Extexp(—ik - X)]f(x)d#x (3.18
(2ry)"? MR
where by #limg_ .+ we mean the #limit in the £5-norm. Sometimes we will dispense
with [x] < Rand just write

f(A) = #-lim g (27r—1-)”’2 (Ext- [[Ext exp-ik - x)]f(x)d#x> (3.19)

for functions f € LEC*RI).

We have proven above that F : L5(*RE") > L5(*RE) and F : LYC*RE) - L£7,(*RE)
and in both cases is a bounded operator.

Theorem 3.8 (Generalized Hausdorff-Young inequality) Suppose 1 < q < 2,

and p™ + g = 1. Then the Fourier transform is a bounded map of L}(*R&") to
LEC*RE) and its norm is less than or equal to (274)"¥/2-1/0).

Chapter Ill.Hilbert Spaces over field *CZ.
§ 1. Hilbert Spaces over field *C# Basics.

Definition 1. Let H be external hyper infinite dimensional vector space over field
*C# = *R¢ + i*R¢.Aninner product on H is a *C#-valued function,

(+s*)y - HxH > *C¢, such that

(1) (ax+ by, 2),, = ax,2) + Xy, 2),, i.e. X = (X,2), is linear.

(2) BGYDs = (92X

(3) IIX|IZ = (x,x),, > 0 with equality ||x||Z = 0iff x = 0.

Notice that combining properties (1) and (2) that x - (z x) is anti-linear for

fixed z € H, i.e. (zax+ by), = &z x), + b(z,y),..

The following formula useful:

X+ YIZ = X+ Y, X+ YDy = IXIE+ YIE+ XY+ X0y = XI5+ Y15+ 2Rexy), (1.1)
Theorem 1. (Generalized Schwarz Inequality). Let (H,(-,-),) be an inner product



space, then for all x,y € H

KX, Y)ul< IXI 411yl (1.2
and equality holds iff x and y are linearly dependent.
Proof. If y = 0, the result holds trivially. So assume that y + 0. First off notice that if
x = ay for some o € *C%, then (x,y) = ally||; and hence Kx,y), &= lalllyllZ = IxI,lyl,
Note that in this case a = (x,y)||ly[|?>.Now suppose that x € H is arbitrary, let
Z=X- ||y||;2(x, y).y. So zis the orthogonal projection of x onto y. Then

X, X, Y)ul?
0< |22 = |[x— XXy —||x||§&+wnyn;—m{x< y>2#y>
ME Iyl Iyl 1.3
VT

from (1.3) it follows that 0 < [yl Z[Ix[|Z — [(x,y),.[? with equality iff z= 0 or
equivalently iff x = [|y[I;5(X, V),
Corollary 1. Let (H,(-,+)) be an inner product space and ||x||,, := /{X,X),. Then

[+l is a *Rc-valued #norm on H. Moreover (., +),, is #continuous on H x H, where
H is viewed as the #-normed space (H, ||-|[,).

Proof. The only non-trivial thing to verify that | -||,, is a #-norm is the triangle
inequality:

X+ Y[ = 1112+ Iy llZ + 2ReX, Yy, < I1X[1+ Y11+ 2x[1 1Yl = Xl + 1112
where we have made use of Schwarz’s inequality. Taking the square root of this
inequality shows |[x+y| < ||x] + |lyll. For the #-continuity assertion:

KXYy = XY Dl X=X Yy, + (XY = YD YL I =X + Xy =Y,

< Yl =X + X+ X=X DY =Y = Y X=X+ Iy = Y,

+ X=Xl ,lly=y'll, from which it follows that (-,+) is #continuous.

Definition 2. Let (H,(-,+),,) be an inner product space, we say x,y € H are
orthogonal and write x L y iff (x,y), = 0. More generally if A  H is a set,

x € His orthogonal to A and write x L Aiff (x,y) = Oforally € A. Let

A, = {xe H: x 1 A} be the set of vectors orthogonal to A. We also say that a
set Sc His orthogonal if x L y for all X,y € Ssuch that x = y. If Sfurther
satisfies, | x||, = 1forall x € S then Sis said to be orthonormal.

Proposition 1. Let (H,(-,-),) be an inner product space then

(1) (Parallelogram Law)

Ix+yll%+ Ix=ylZ = 2Ix]5+2lyl; (1.4
for all x,y € H.
(2) (Pythagorean Theorem) If S ¢ H is a finite orthonormal set, then

2
x| =S (1.5)

xeS # xeS

(3) If A < His a set, then A, is a #-closed linear subspace of H.

Proof. | will assume that H is a complex Hilbert space with *C, -valued inner
product, the real case being easier. Statements (1) and (2) are proved by the
following elementary computations:



Ix+ Y15 = XI5+ Iyl§ + 2Rex ), + XI5 + Iyl 5 - 2Rexy), = 2|5 + 2]yl and

8 3.#-Analytic vectors.Generalized Nelson’s #-analytic

vector theorem.
Let H* be a #-complex Hilbert space over field *C% The most natural way to construct

a #-continuous one-parameter unitary group U(t) : H¥ - H* is to try to make sense
of the power series Ext—Z:jo(itA)“ on a #-dense set of vectors. Notice that this can
certainly be done if A is self-adjoint. For let Eq be the family of spectral projections for
A.Then on each of the spaces E_wwmj, Ais a bounded operator and Ext—Z:jo(itA)“/n!

#-converges to Extexp(itA) in norm. In particular, for any ¢ € UM>O Er-mmis
. N (itA)" .
#—Ilme#(Ext-ZnoT) = Extexp(itA). (3.1

Since UM>O Ermwm is #-dense in H*, we see that the group generated by a self-adjoint
operator A is completely determined by the well-defined action of the hyper infinite

oot
series Ext—Zn_o(itA)”/n! on a #-dense set. We will prove the #-converse: namely,

oo#
if A is symmetric and has a #-dense set of vectors to which Ext—Zn_O(itA) "/n! can be

applied, then A is essentially self-#-adjoint. We need several definitions.
Definition1.1. Let A be an operator on a non-Archimedean Hilbert space H*. The set
Cw#(A) = n:jo D(A") is called the c”"-vectors for A. A vector Q€ C“’#(A) is called an
#-analytic vector for A if

Ext w < *w 3.2)
for some t > 0.If Ais self-adjoint, then C*"(A) will be #-dense in D(A). However, in
general, a symmetric operator may have no C*"-vectors at all even if A is essentially

self-#-adjoint. We caution the reader to remember that #-analytic vectors and vectors
of

uniqueness (defined below) must be C”’- vectors for A. A vector @ € D(A) can be an
#-analytic vector for an extension of A but fail to be an #-analytic vector for A because
it is not in C**(A).
Definition1.2.Suppose that A is symmetric. For each ¢ € C*"(A), define

D, = {EXt—ZrT:OanA”<p|N € *N,ap € *(Cﬁ}. (3.3)

Let HY = #D, and define A, : D, - D, by A, (Ext- 31 anA"p) = Ext3." anA™p.

¢ is called a vector of #-uniqueness if and only if A, is essentially self-#-adjoint on D,,
as an operator on H.

Finally, a subset S — H* is called #-total if the set of hyperfinite linear combinations of



elements of Sis #dense in H*,

Lemma (Generalized Nussbaum’s lemma) Let A be a symmetric operator and
suppose that D(A) contains a #-total set of vectors of #-uniqueness. Then A is
essentially self-#-adjoint.

Proof We will show that Ran(A + i) are #-dense in H*. By the fundamental criterion
this will show that A is essentially self-#-adjoint. Suppose v € H* and ¢ > 0 are given
and let Sdenote the set of vectors of #-uniqueness. Since Sis #-total we can find
(an)N, and (wn)N , with v, € Sso that

lv —Ext X anva |, < &f2. (3.9)
Since v, is a vector of #uniqueness, there is a ¢, € D, So that
. -1
lvn— A+ Donll, < £ (Ext 1 lonl) (3.5)

Setting ¢ = EXt—ZLanq)n we have ¢ € D(A) and |y — (A+i)p]l, < e.

Thus Ran(A +1) is #-dense. The proof for (A—1i) is the same.

Theorem 3.1. (Generalized Nelson’s #-analytic vector theorem) Let A be a symmetric
operator on a non-Archimedean Hilbert space H¥. If D(A) contains a #total set of
#-analytic vectors, then A is essentially self-#-adjoint.

Proof By Generalized Nussbaum’s lemma, it is enough to show that each #-analytic
vector y is a vector of #uniqueness. First notice that 4,, always has self-#adjoint
extensions, since the operator

C:Ext YN anA'y (3.6)
extends to a conjugation on Hi, which commutes with 4,,. Suppose that B is a

self-#-adjoint extension of 4,, on H}, and let u* be the spectral #measure for B
associated to y. Since vy is an #-analytic vector for A,

Ext- >N A" || /n! < *oo (3.7)

forsomet > 0. Let0 < s< t. Then

Ext 5 S Bxt [ dfut | <

*[Rg

1/2 1/2
" (3.8)
< EXt‘Zn:o% Ext I x2nd* Ext J. d* =
*[Rg *[Ré‘
*o0 n «
IIWII#Ext-ZnZO%IIA”V/II# < oo,
Therefore by generalized Fibini’'s theorem
*o0 n
Ext j (Ext-zn:0%|x|”)d#u# — Ext j Ext-(sxX|)du* < *oo. (3.9)
*[Ré‘ *[Rg

As a result, the function

(v, [Extexp(itB)Jy), = Ext [ [Extexp(itq)]d"u* (3.10)

*Rg



has an #-analytic continuation

Ext j [Ext exp(izx)]d"*u* (3.11)
*Rg

to the region |Imz< t. Since

(;%Z)k Ext [ [Extexplizn)]d*u* _
* =0 (3.12)
= Ext- [ [Extexp(i) " = (y.(A)'y),,

*Rg

we obtain

H n
(v, [Ext-exp(isB) Iy, = Ext 2.7 5 = (y,(m)'y), (3.13
for |sl< t. Thus, for s t (and therefore for all s), the function (y 1, [Extexp(isB)]y2).,

is completely determined by the numbers (y1,A"2),,n € *N.

Similar proof shows that (y 1, [Ext-exp(isB) ]y 2), is determined by the numbers
(y1,AM2),,n € *Nfor any y1,y» € D,. Since D, is #dense in H and Extexp(isB)

is unitary, Ext-exp(isB) is completely determined by the numbers (y1,A">),,n € *N
for any v1,y2 € D,.Thus, all self-#-adjoint extensions of A, generate the same unitary
group, so by generalized Stone’s theorem A, has at most one self-#-adjoint extension.
As we have already remarked, A, has at least one self-#-adjoint extension. Thus A, is
essentially self-#-adjoint and y is a vector of unigueness.

Corollary 3.1 A #-closed symmetric operator A is self-#-adjoint if and only if D(A)
contains a #-dense set of #-analytic vectors.

The statement of Corollary 1 is not true if “self-#-adjoint” is replaced by “essentially
self-#-adjoint.” A self-#-adjoint operator A may be essentially self-#-adjoint on a
domain D < D(A) and D may not even contain any #-vectors.

Corollary 3.2 Suppose that A is a symmetric operator and let D be a #-dense linear
set contained in D(A). Then, if D contains a #-dense set of #-analytic vectors and if D
is invariant under A, then A is essentially self-#-adjoint on D.

Proof Since D is invariant under A, each #-analytic vector for Ain D is also an
#-analytic vector for 4 | D. Thus, by Theorem 3.1 4 | D is essentially self-#-aadjoint.
The reason that one needs the invariance condition in Corollary 2 is that for a vector

v € D to be #-analytic for 4 | D, it must first be C* for 4 | D. This requires that

A" e Dforalln e *N.

84.The generalized Spectral Theorem

8 4.1.The #-continuous functional calculus

In this section, we will discuss the generalized spectral theorem in its many guises.
This structure theorem is a concrete description of all self-#-adjoint operators. There
are several apparently distinct formulations of the spectral theorem. In some sense



they are all equivalent.

The form we prefer says that every bounded self-#-adjoint operator is a multiplication

operator. (We emphasize the word bounded since we will deal extensively with

unbounded self-#-adjoint operators in the next chapter; there is a spectral theorem for

unbounded operators which we discuss in Section § 4.3)

This means that given a bounded self-#-adjoint operator A on a non-Archimedean

Hilbert space H* over field *R% or *C#, we can always find a #measure p* on

a #measure space M and a unitary operator U : H* - L5(M,d*u*) so that

(UAU ) (x) = F(X)f(x) (4.1.1

for some bounded real-valued #measurable function F on M.

In practice, M will be a union of copies of *R¥ and F will be x so the core of the proof of

the theorem will be the construction of certain #measures. This will be done in
Section

8 4.2 by using the generalized Riesz-Markov theorem. Our goal in this section will be
to

make sense out of f(A), for f a #-continuous function.

In the next section, we will consider the #measures defined by the functionals

f (y f(Ay), (4.1.2
for fixed v € H.
Given a fixed operator A, for which f can we define f(A)? First, suppose that A is an
arbitrary bounded in*R# operator. If f(x) = Ext-Z::l cnX", N € *Nis a polynomial,
we let f(A) = EXt‘Z,L cnA". Suppose that f(x) = Ext—Z;fl cnX" is a hyper infinite
power series with radius of #-convergence R. If |A[|, < Rthen hyper infinite power
series Ext—Z;fl cnA" #-converges in £(H*) so it is natural to set

f(A) = Ext Y " CA" (4.1.3

In this last case, f was a function #-analytic in a domain including all of o(A).
The functional calculus we have talked about thus far works for any operator in any
Banach space. The special property of self-adjoint operators or more generally normal
operators is that ||P(A)|ls = SUP.esa)|P(A)| for any polynomial P, so that one can use the
B.L.T. theorem to extend the functional calculus to #-continuous functions. Our major
goal in this section is the proof of:
Theorem 4.1.1. (#-continuous functional calculus) Let A be a self-#-adjoint operator on
a Hilbert space H*. Then there is a unique map ¢ : C*(c(A)) - L(H¥) with the
following properties:
(a) ¢ is an algebraic x-homomorphism, that is,

¢(fg) = ¢(F)p(9), ¢(Af) = 2(), (1) = 1,4(F) = ¢(F)".
(b) ¢ is #-continuous, that is, ||@(f) ||I<H#> < C|f|...
(c) Let f be the function f(x) = x; then ¢(f) = A.
Moreover, ¢ has the additional properties:
(d) If Ay = Ay, then ¢(f)y = f(1)y.
(e) o[o(f)] = {f(V)|A € o(A)} [spectral mapping theorem].
(f) If f > O, then ¢(f) > 0.
@) I, = lIfll... [this strengthens (b)].



The proof which we give below is quite simple, (a) and (c) uniquely

determine ¢(P) for any hyperfinite polynomial P(x). By the generalized Weierstrass
theorem, the set of polynomials is #dense in C*(c(A)) so the main part of the proof is
showing that

”P(A)”#Op = ”P(X) ”c#(g(A)) = Supleo(A)lp(/l)l- (4. 1-4)

The existence and unigueness of ¢ then follow from the generalized B.L.T. theorem.
To prove the crucial equality, we first prove a special case of (e) (which holds for
arbitrary bounded operators):

Lemma 4.1.1.Let P(x) = EXt‘Z,L cnX”, N € *N. Let P(A) = EXt—Z,L chA". Then

o(P(A) = {P(V)IA € o(A)}. (4.1.9
Proof Let A € o(A). Since x = A is a root of P(x) — P(1), we have
P(X) - P(4) = (x—2)Q(X), so P(A) —P(1) = (A—-21)Q(A). Since (A— 1) has no
inverse neither does P(A) — P(1) that is, P(1) € o(P(A)).
Conversely, let u € o(P(A)) and let A4, ...,4n be the roots of P(x) — u, that is,
P(x) — = a(Ext[]",(x=4)).1f A1,...,An ¢ o(A), then
(PA) - = at(Ext[]" ,(A-2)™) (4.1.6)
so we conclude that some 4; € o(A) thatis, u = P(1) for some 1 € o(A).
Definition Let r(A) = supes(a) |A]- Then r(A) is called the spectral radius of A.
Theorem 4.1.2. Let X be a Banach space, A € £(X) Then limp.+ 4| A" exists
and is equal to r(A) . If Xiis a Hilbert space and A is self-#-adjoint, then r(A) = [|All ;.-
Lemma 4.1.2. Let A be a bounded self-#-adjoint operator. Then

[IP(A)]l = sUpreoa) IP(D)]- (4.1.7
Proof By Theorem 4.1.2 and by Lemma 4.1.1 we obtain

” #op

2
IPAIE = IPA)* Pl = IPPYA)l = sudd| = sup [PP(A)| = (Sup W(MI) :

2ec((PP)(A)) 2Aec(A) rec(A)
Proof of Theorem 4.1.1. Let ¢(P) = P(A). Then ||¢(P)||I<H#> = [IPll c#o(ay SO ¢ has a

unique linear extension to the #-closure of the polynomials in C#*(c(A)). Since the
polynomials are an algebra containing |, containing complex conjugates, and
separating points, this #-closure is all of C*(c(A)). Properties (a), (b), (c), (g) are
obvious and if ¢ obeys (a), (b), (c) it agrees with ¢ on polynomials and thus by
#-continuity on C*(c(A)) To prove (d), note that ¢(P)y = P(1)y and apply
#-continuity. To prove (f), notice that if f > 0, then f = g? with g *R%-valued

and g € C*(o(A)). Thus ¢(f) = ¢(g)? with ¢(g) self-#adjoint, so ¢(f) > 0.

Remark 4.1.1. In addition:

(1) ¢(f) > Oif and only if f > O.

(2) Since fg = gf for all f,g, {f(A)[f € C*(c(A))} forms an abelian algebra closed
under adjoints. Since [|¢(f) |, = |If]l.., and C*(c(A)) is #complete, {f(A)lf € C*(a(A))}
is #-norm-#-closed. It is thus an non-Archimedean abelian C* algebra of operators.
(3) Ran(¢) is actually the non-Archimedean C* algebra generated by A that is, the
smallest C*-algebra containing A.

(4) This result, that C*(c(A)) and the non-Archimedean C*-algebra generated by A



are #-isometrically isomorphic

(5) (b) actually follows from (a) and Proposition 4.1.1. Thus (a) and (c) alone
determine ¢ uniquely.

Proposition 4.1.1. Suppose that ¢: C#(X) - £(H*) is an algebraic *-homomorphism,
X a #-compact metric space. Then

(@) If f > 0, then ¢(f) > 0.

(b) g1l < Il

Theorem 4.1.2. (Generalized Weierstrass Approximation Theorem). Let

f € C*([a,b], *R%). Then there is a hyper infinite sequence of polynomials
pn(X),n € *N that #converges uniformly to f(x) on [a,b].

Definition 4.1.1 (Hyperfinite Bernstein Polynomials). For each n € *N, the n-th
Bernstein Polynomial Bi(x,f) of a function f € C#([a,b], *R¥) is defined as

BA(x.f) = Ext X f(£) ( ! )xk(l —x)k, (4.1.3

Theorem 4.1.3.(Generalized B.L.T.theorem) Suppose that Z is a normed space, Y
is a non-Archimedean Banach space, and S c Zis a #-dense linear subspace of Z. If
T : S- Yis abounded linear transformation (i.e. there exists C < *o such that
ITz||, < C|lz||, forall ze §), then T has a unique extension to an element of £(Z,Y).

8 4.2.The spectral #-measures

Theorem 4.2.1.(Generalized Riesz-Markov theorem) Let X be a locally #-compact
non-Archimedean metric space endowed with *R%-valued metric.Let CZ(X) be the
space of #-continuous #compactly supported *C%-valued functions on X.
For any positive linear functional ® on C%(X), there is a unique #measure x* on X
such that

v e C4(X) : o(f) = Ext-jx fO)d*u*(X).
Theorem 4.2.2.(Generalized Riesz lemma) Let Y be a #-closed proper vector
subspace of a normed space (X, ||+||#) and let « € *R% be any real number
satisfying O < a < 1.Then there exists a vector u € X of unit #norm |ju|# = 1
such that |[u-y||# > aforally €Y.
We are now introduce the #-measures corresponding to bounded in*R# self-#-adjoint
operators. Let A be an bounded in*R¥ self-#-adjoint operator. Let v € H*. Then

f— (v, f(Ay), 4.2.1)
is a positive linear functional on C#(c(A)). Thus, by the generalized Riesz-Markov
theorem, there is a unique #-measure pj,(+) on the #compact set o(A) with the
property

WL AW, = Ext [ fA)d*ui. (4.2.2
a(A)

Definition 4.2.1.The #-measure }(+) is called the spectral #-measure associated with
the vector y € H”.

The first and simplest application of the uf(-) is to allow us to extend the functional
calculus to B*(*R¥), the bounded in*R% #Borel functions on *R%. Let g € B*(*R¥%).



It is natural to define g(A) so that (y,g(A)y), = Ext I g(A)d*uf. The polarization
o(A)

identity lets us recover (y,g(A)g), from the proposed (y,g(A)y), and then

the Generalized Riesz lemma lets us construct g(A).

Theorem 4.2.1.(spectral theorem-functional calculus form) Let A be a

bounded in*R# self-#-adjoint operator on H*. There is a unique map

¢ : B*("R%) > £(H") so that

(a) 4 is an algebraic x-homomorphism.

(b) § is #norm #-continuous: || 4(f) | sy < Il

(c) Let f be the function f(x) = x; then ¢(f) = A.

(d) Suppose fn(x) —-# f(x) for each x as n - *e0and hyper infinite sequence

Ifa]l..,n € *N is bounded in*R% Then ¢(fn) —# ¢(f) as n - *costrongly.

Moreover ¢(-) has the properties:

(e) If Ay = Ay, then ¢(f) = f(1)y.

(f) 1f f > 0,then §(f) > 0.

(9) If BA = ABthen ¢(f)B = BJ(f).

Remark 4.2.1. Note that: (i) Theorem 4.2.1 can be proven directly by extending
Theorem 4.1.1, part (d) requires the dominated #-convergence theorem. Or,
Theorem 4.2.1 can be proven by an easy corollary of Theorem 4.2.3 below.

The proof of Theorem 4.2.3 uses only the #-continuous functional calculus, ¢
extends ¢ and as before we write ¢(f) = f(A). As in the #continuous functional
calculus, one has f(A)g(A) = g(A(A).

(i) Since B*(*R¥) is the smallest family closed under #-limits of form (d) containing
all of C*(*R#), we know that any ¢(f) is in the Smallest non Archimedean C*-algebra
containing A which is also strongly #-closed; such an algebra is called a von
Neumann #-algebra or non Archimedean W*-algebra. When we study von Neumann
#-algebras we will see that this follows from (g).

(iii) The #norm equality of Theorem 4.2.1 carries over if we define ||f||’, to be the
L#  #norm with respect to a suitable notion of “#-almost everywhere.” Namely, pick
an orthonormal basis {l//n}:,fl and say that a property is true #-a.e. if it is true #-a.e.

with respect to each uf;, Then ||$(f) || 0y I£]l"..

Definition 4.2.2. A vector v € H* is called a cyclic vector for A if gyperfinite linear
combinations of the elements {A”y/};fo are #dense in H*.

Not all operators have cyclic vectors, but if they do.

Lemma 4.2.1. Let A be a bounded in*R¥ self-#-adjoint operator with cyclic vector .
Then, there is a unitary operator U : H* - L5(c(A),d?ui), with (UAU-)(1) = Af(1)
where equality holds is in the sense of elements of L3(c(A),d*ui).

Proof Define U by U¢(f) = f where f is #-continuous. U is essentially the inverse

of the map ¢ of Theorem 4.1.1. To show that U is well defined operator we compute

I 113 = " oW, = (wao(F xF)w), = Exe[1) Pduf.

Therefore, if f = g a.e. with respect to yj,, then ¢(f)y = ¢(g)y. Thus U is well
defined on {¢(f)y|f € C*(c(A))} and is #-norm preserving. Since v is cyclic it
#-closure #{¢(f)y|f € C*(c(A))} = H* so by the generalized B.L.T. theorem U




extends to an #isometric map of H” into L5(c(A),d?ui). Since C#(c(A)) is #-dense
in L5, Ran U = L3(c(A),d*ui).Finally, if f € C#*(c(A)) one obtains

(VAU () = [UAG(H)](A) = [Up(xD](L) = Af(R).

By #-continuity, this extends from C#(c(A)) to L.

To extend this lemma to arbitrary Ay we need to know that A has a family of
invariant subspaces spanning H* so that A is cyclic on each subspace:

Lemma 4.2.2. Let A be a self-adjoint operator on a x-separable Hilbert space H*.

Then there is a direct sum decomposition H* = @H# with N € *N or H# = @H#

so that:

(a) A leaves each H} invariant, that is, y € H implies Ay € H}

(b) For each n € *N, there is a ¢, € Hf which is cyclic for A} H% i.e.

HY = #{f(A)gnlf € C*(a(A)}

Theorem 4.2.3 (spectral theorem-multiplication operator form) Let A

be a bounded in*R% self-#-adjoint operator on H* a x- separable Hilbert space.
Then, there exist #-measures {u}, }n , With N € *N or {u}; }n L,ono(A) and a

unitary operator U : H* - @L#( R d*uf) orU : H* » @L#( RE d*uf)

so that (UAUy)n(1) = /h//n(/l)

where we write an element y € @1 LE(*RE, d*uf) as an N-tuple (w1(A),...,wn(1))
s

or x-tuple

This realization of A is called a spectral representation.

Proof. Use Lemma 4.2.2 to find the decomposition and then use Lemma 4.2.1

on each component.

This theorem tells us that every bounded self-#-adjoint operator is a multiplication

operator on a suitable #measure space; what changes as the operator changes

are the underlying #-measures. Explicitly:

Corolarly 4.2.1. Let A be a bounded in*R¥ self-adjoint operator on a x-separable

Hilbert space H*. Then there exists a finite in*R# measure space (M, u*), a

bounded in*R# function F on M, and a unitary map, U : H* - Lj(M, d”u*) so that

(UAU)(m) = F(m)f(m).

Proof Choose the cyclic vectors ¢, so that |[¢nll, = 2. Let M = U R%

i.e. the union of N € *N copies of *R¥. Define u by requiring that its restriction

to the n-th copy of *R% be un. Since u(M) = Extz L HACRE) < *oo, pp is finite

in*R%. We also notice that this last theorem is essentially a rigorous form of the

formaal Dirac notation. If we write ¢, = ¢(x; n), we see that in the “new

representation defined by U” one has

(v, 9), = ExtY_ Ext[d*ufy(2;n)$(4;n) and

(v, Ap), = Exty, Ext|d*ufy (A n)A¢(A;n).

These are the Dirac type formulas familiar to physicists except that the formal

sums of Dirac are replaced with integrals over spectral measures, where we define:

Definition 4.2.3. The #-measures d*u, are called spectral measures; they are just

d*w, for suitable v.

Notice these #-measures are not uniquely determined.



8 4.3. Spectral projections

In the last section, we constructed a functional calculus, f » f(A) for any #-Borel
function and any bounded in*R# self-#-adjoint operator A. The most important
functions gained in passing from the continuous functional calculus to the #-Borel
functional calculus are the characteristic functions of sets.

Definition 4.3.1. Let A be a bounded self-#-adjoint operator and Q2 a #-Borel set
of *R%. Pq = ya(A) is called a spectral projection of A.

As the definition suggests, Pq is an orthogonal projection since yo = y3 = 1
pointwise. The properties of the family of projections{PQ|Q an arbitrary #-Borel set}
is given by the following elementary translation of the functional calculus.
Proposition 4.3.1. The family {Pq} of spectral projections of a bounded
self-#-adjoint operator A, has the following properties:

(a) Each Pq is an orthogonal projection.

(b) Pz = 0; P(aa = | for some a € *RE.

() If @ = ExtJ.”, Qn With Qn N Qm = for all n = mthen

Po = s#-limy. (Ext 30 ). (4.3.9)

(d) Pleﬂz = PQlﬂﬂz'

Definition 4.3.2. A family of projections obeying (a)-(c) is called a projection-valued
#measure (p.v.#m.).

We remark that (d) follows from (a) and (c) by abstract considerations.

As one might guess, one can integrate with respect to a p.v.m. If Pq is a p.v.m.,
then (¢, Pa¢), is an ordinary #-measure for any ¢. We will use the symbol
d*(¢,P.¢), to mean integration with respect to this #-measure. By generalized Riesz
lemma methods, there is a unique operator B with (¢,B¢),, = Ext—jf(/l)d#<¢, Pi¢).,.

Theorem 4.3.1. If Pg is a p.v.#m. and f a bounded in *R¥ #-Borel function on
supp(Pq), then there is a unique operator B which we denote Ext-.[f(/’L)d#P,l so that

(§,Bo), = Ext [f(1)d*$,Pag),.. (4.3.2

Theorem 4.3.2.(spectral theorem-p.v.#m. form) There is a one-one correspondence
between (bounded) self-#-adjoint operators A and (bounded) projection valued
#measures {Pq} given by

A {Pao} = {xa(A)} 4.3.3
and

{Pa} = A = Ext [2d*P;. (4.3.4

Spectral projections can be used to investigate the spectrum of A.

Proposition 4.3.1. 1 € o(A) if and only if P14 (A) for any € > 0.

The essential element of the proof is that ||(A— 1) I, = [dist(A,0(A))] 2.

This suggests that we distinguish between two types of spectrum.

Definition 4.3.3. We say that (i) 2 € ces{A), the essential spectrum of A if and only
if Po-ea16)(A) is hyper infinite dimensional for all ¢ > 0.

(i) If A € o(A) but P46 (A) is hyperfinite dimensional for some ¢ > 0, we say



A € odisc(A), the discrete spectrum of A.P is hyper infinite dimensional means
Ran(P) is hyper infinite dimensional.

Thus, we have a second decomposition of a(A). Unlike the first, it is a
decomposition into two necessarily disjoint subsets. We note that o gisc IS not
necessarily #-closed, but notice that.

Theorem 4.3.3 gesdA) is always #-closed.

Proof Let A, —# A with each 4, € oesdA). Since any #-open interval | about A
contains an interval about some A, P;(A) is hyper infinite dimensional.

The following three theorems give alternative descriptions of ogisc and cess
Theorem 4.3.4 1 € o4isc if and only if both the following hold:

(a) A is an #-isolated point of o(A) that is, for some ¢ ~ 0,

A—e,A+e)No(A) = {1}

(b) A is an eigenvalue of hyperfinite multiplicity, i.e., {y|Ay = Ay} is hyperfinite
dimensional.

Theorem 4.3.5 1 € oessif and only if one or more of the following holds:

(@) A € acon(A) < Tac(A) U Tsing(A).

(b) A is a #Ilimit point of opp(A).

(c) A is an eigenvalue of hyper infinite multiplicity.

Theorem 4.3.6 (Generalized Weyl's criterion) Let A be a bounded in *R#
self-#-adjoint operator. Then (i) 1 € o(A) if and only if there exists {l//n};fl with
lwnll, = 1and #lim .- (A= 2)yall, = 0.

(i1 € oesdA) If and only if the above {w,} can be chosen to be orthogonal.
As one might guess, the essential spectrum cannot be removed by essentially
hyperfinite dimensional perturbations. In Section 4.4, we will prove a general
theorem which implies that ces{A) = oesdB) if A\B is #-compact.

Finally, we discuss one useful formula relating the resolvent and spectral projections.
It is a matter of computation to see that

0 if xe[ab]
fo(X) - 1/2 if x=avx=Dhb
1 if xe(ab)

if ¢ »» 0, where
b
fo(X) = (2n#i)—1<Ext-j[(x— A—ig)t—(x— A+ ig)‘1:|d#/1>. (4.3.5

Moreover, [f:(x)|is bounded in x €* R¥ uniformly in ¢ =~ 0, so by the functional
calculus, one obtains that.

Theorem 4.3.7 (Generalized Stone’s formula) Let A be a bounded in *R#
self-#-adjoint operator. Then

b
s-lim,.., 0(2n#i)-1(Ext-j[(A— A—ie)t—(A-1+ ig)‘1:|d#2,> -
a (4.3.6)

= %[P[a,b] +Pap].

8 4.4.The #-continuous functional calculus related to



unbounded in*R% self-#-adjoint operators

In this section we will show how the spectral theorem for bounded in*R#%
self-#-adjoint operators which we developed in § 4.3 can be extended to unbounded
in*R% self-#-adjoint operators. To indicate what we are aiming for, we first prove the
following:

Proposition 4.4.1. Let (M, u*) be a #measure space with u* a hyperfinite
#-measure. Suppose that f is a #-measurable, *R#-valued function on M which is
finite or hyperfinite a.e.u”. Then the operator Ts : ¢ - fo on LE(M, d*u*) with domain

D(Ty) = {oplfp € LZ(M,d"u")} (4.4.1)

is self-#-adjoint and o(T) is the essential range of T;.
Proof T; is clearly symmetric. Suppose that v € D(T{) and let

{ 1 if f(m)[ < N
AN =

0 otherwise
Then, using the generalized monotone #-convergence theorem,

Ty ll, = #limaew | nTiv l, = #—Iimm( sup |<¢,xNT:w>#|> =

loll=1

#-lim N~*oc< sup |<%NTf(0,l//>#I> = #lim Nﬂ*oc( sup |<<P,ZNfl//>#|> =

loll,=1 ol ,=1

H-limneeo || ynfy Il
Thus, fy € LE(M,d**), so v € D(T¢) and therefore T; is self-#-adjoint. That ¢(T;)
is the essential range of f follows as in the bounded case.
With more information about f, one can say something about the domains on which
Tt is essentially self-#-adjoint:
Proposition 4.4.2. Let f and T; obey the conditions in Proposition 4.4.1. Suppose
in addition that f € Lj(M,d*u*) for 2 < p < *«. Let D be any #-dense set in
L&(M,d*u*) where g + p = 1/2. Then D is a #-core for T.
Proof Let us first show that L} is a #-core for T;. By the generalized Holder’s
inequality [1gll 4, < 11114, « 191l 4 @nd [Ifgll 4, < [Ifll4, - 911, SO LE = D(TH).
Moreover, if g € D(Ty) let gn,n € *N be that function which is zero where
l[a(m)| > n and equal to g otherwise. By the generalized dominated convergence
theorem, g, -4 g and fg, -4 fgin L5. Since each g, is in L}, we conclude
that L% is a #-core for T;.Now let D be #-dense in L§ and let g € L{. Find g, € D
with gn —# gin L§. Since [1gn - gll4, < 11114, - 190 — 9l 4, and

ITi(n = D ll4o < [Ifll 4 * 190 = 9ll g, 9 € # D(Ts 1 D).

Thus L < D(Tt | D) so D is a #-core. Unless fe L%, (M,d*u*) the operator T;
described in Propositions 4.4.1 and 4.4.2 will be unbounded.

Thus, we have found a large class of unbounded self-#-adjoint operators. In fact,
we have found them all.

Theorem 4.4.1. (spectral theorem-multiplication operator form) Let A be a
self-adjoint operator on a *co-dimensional a non-Archimedean Hilbert space H*
with domain D(A). Then there is a #-measure space (M, u*) with u* a hyperfinite
#-measure, a unitary operator U : H* - L§(M,d*u#), and a *R#-valued function f



on M which is finite or hyperfinite u#-a.e. so that

(@ v e D(A) if and only if f(-)(Uy)(+) € LM, d*u#).

(b) If o € U[D(A)], then (UAU1p)(m) = f(m)p(m).

Proof It easily verify that A+ i and A—i are one to one correspondence and
Ran(A+i) = H*.Since A+ i are #-closed, (Ai i)_1 are #-closed and therefore
bounded in *R%. Note that the operators (A+i)~* and (A-i)~' commute. The
equality ((A- Dy, (A+ 1) (A+i)e), = (A+ 1) H(A-i)y,(A+i)e),and the fact that
Ran(A+i) = H” shows that ((A+i)™)" = (A—i)~1. Thus the operator (A+i)1is
normal.

We now use the easy extension of the spectral theorem for bounded in *R¥
self-#-adjoint operators to bounded in *R% normal operators. The proof of this
extension is a straightforward. We conclude that there is a #-measure space (M, u*)
with u# a hyperfinite #measure, a unitary operator U : H* - L{(M,d*y*), and a
#measurable, bounded, in *R¥ *C#-valued function g(m) so that

UA+i)TUtp(m) = g(m)e(m) for all ¢ € LM, d?u#).Since Ker ((A+i)™1) is empty,
g(m) # 0 a.e.u”, so the function f(m) = g~*(m) —i is hyperfinite a.e.u”. Now, suppose
v € D(A). Theny = (A+i)~2¢p for some ¢ € H* and Uy = gUg. Since fg is bounded
in *R¥, we conclude that f(Uy) e LE(M,d*u). Conversely, if f(Uy) € LE(M,d*u*),
then there is a ¢ € H* so that Up = (f+i)Uy. Thus, gUp = g(f +i)Uy = Uy, so

v = (A+i)"tp which shows that y € D(A). This proves (a).

To prove (b) notice that if y € D(A) then v = (A+i)~1p for some ¢ € H* and

Ay = ¢ —iy. Therefore, (UAy)(m) = (Up)(m) —i(Uy)(m) = (g~ (m) — i)(Uy)(m)

= f(m)(Uy)(m). Finally, if Im(f) > 0 on a set of nonzero Lebesgue #-measure, there
is a bounded in *R% set B in the upper half plane so that S = {x|f(x) € B} has nonzero
Lebesgue #-measure. If y(x) is the characteristic function of Sthen fy e L{(M, d”u#)
and Im{y,fy) > 0. This contradicts the fact that multiplication by /is self-adjoint
(since it is unitarily equivalent to A). Thus f is *R%-valued function.

There is a natural way to define functions of a self-#-adjoint operator by using the
above theorem. Given a bounded in *R# #-Borel function h on *R¥ we define

h(A) = UThpU™ (4.4.2
where Ty is the operator on L5(M, d”u#) which acts by multiplication by the function
h(f(m)). Using this definition the following theorem follows easily from Theorem 4.4.1.
Theorem 4.4.2. (spectral theorem-functional calculus form) Let A be a self-#-adjoint
operator on H*. Then there is a unique map ¢ from the bounded #-Borel functions on
*R¥ into L(H*) so that
(a) ¢ is an algebraic x-homomorphism.

(b) ¢ is #-norm #-continuous, that is, ||$(h) || £(H?) < |hl.,

(c) Let hn(x),n € *N be a hyper infinite sequence of bounded in *R% #-Borel
functions with #-lim .+, hn(X) = X

for each x and |hn(x)| < [x| for all xand n € *N. Then, for any v € D(A),
#lim o (Nn)y = Ay

(d) If hn(x) »# h(x) pointwise and if the hyper infinite sequence ||ha||. ,n € *N
is bounded in *R¥, then ¢(hn) —# @(h) strongly.

In addition:



(e) If Ay = Ay then ¢(h) = h(1)y.
(f) If h > 0, then ¢(h) > 0.
The functional calculus is very useful. For example, it allows us to define the
exponential Extexp(itA) and prove easily many of its properties as a function of t
(see the next section). In the case where A is bounded in *R% we do not need the
functional calculus to define the exponential since we can define Extexp(itA) by
the power series which #-converges in #-norm.
The functional calculus is also used to construct spectral #measures and can be
used to develop a multiplicity theory similar to that for bounded self-#-adjoint
operators.
A vector y € H* is said to be cyclic for A if {g(A)y|g € C*(*R¥)} is #dense in H”.
If v is a cyclic vector, then it is possible to represent H* as L(*R%,d*u# ) where pi
is the measure satisfying Ext j g()d*ul (X) = (v, 9(A)y),in such a way that A

*[Rg
becomes multiplication by x.In general, H* decomposes into a direct sum of cyclic
subspaces so the #-measure space, M in Theorem 4.4.1 can be realized as a union
of copies of *R%. As in the case of bounded in *R% operators we can define
cac(A),0pp(A),osing(A) and decompose H* accordingly.
Finally, the spectral theorem in its projection-valued #measure form follows easily
from the functional calculus. Let Pq be the operator yo(A) where yq is the
characteristic function of the measurable set Q — *R¥. The family of operators
{Pa} has the following properties:
(a) Each Pq is an orthogonal projection.
(b) Pz = 0; P(_*w,*w) =1.
(©) If @ = ExtJ.”, Qn With Qn N Qm = for all n = mthen

Po = s#-limn. (Ext 3.1 Pa, ). (4.4.3

(d) Pleﬂz = PQlﬂﬂz'

Definition 4.4.1.Such a family is called a projection-valued #measure (p.v.#m.).
Remark 4.4.1. This is a generalization of the notion of bounded in *R% projection-
valued #measure introduced in § 4.3.In that we only require P+ ) = | rather

than Paq = | for some a € *R%. For ¢ € H”, (p,Pqo), is a well-defined Borel
#-measure on *R{ which we denote by d*(p,P,¢), asin § 4.3.

The complex *C{-valued #-measure d*(p, P,y ), is defined by polarization. Thus, given
a bounded in *R¥ #Borel function g we can define g(A) by

(9.9(M0), = Ext [ a(1)dXp.Pag), (4.4.9

It is not difficult to show that this map g — g(A) has the properties (a)-(d) of
Theorem 4.4.1, so g(A) as defined by (4.4.4) coincides with the definition of g(A)
given by Theorem 4.4.1. Now, suppose g is an unbounded *C%-valued #-Borel
function and let

Dy = {<p|EXt-J.*R§g()L)d#(go,PMp)# < *oo}. (4.4.5
Then, Dy is #-dense in H* and an operator g(A) is defined on Dg4 by
(9.9(A)p), = Ext[ . g(A)d%(p,Pip),,. (4.4.6



As in 8§ 4.3, we write symbolically
9(A) = Ext | - g(1)d*P;. (4.4.7)
In particular, for ¢,y € D(A),
(9. AW), = Bxt [, 0(1)dX g, Pig),. (4.4.8

if g is *RE-valued, then g(A) is self-#-adjoint on Dy. We summarize:

Theorem 4.4.3. (spectral theorem-projection valued measure form) There is a
one-to-one correspondence between self-#-adjoint operators A and projection-valued
#-measures {Pq} on H* the correspondence being given by

A= Ext[ _, Ad*P;. (4.4.9

We use the functional calculus developed above to define Extexp(itA).
Theorem 4.4.4. Let A be a self-#-adjoint operator and define U(t) = Extexp(itA).
Then

(a) For each t € *R¥,U(t) is a unitary operator and U(t + s) = U(t)U(s) for all

st e *RE.

(b) If o € H* and t -4 to, then U(t)p —» U(to)e.

(c) Forany v € D(A) : w -4 IAy ast -4 0.

(@) If #lime., o =Y =Y. exists, then y < D(A).

Proof (a) follows immediately from the functional calculus and the corresponding
statements for the complex-valued function Extexp(it1). To prove (b) observe that

IEXt exp(itA)p — o[ = Ext | el EXEEXR(itA) — 1Pd* P, @), (4.4.10

Since [Ext-exp(it1) — 1| is dominated by the #integrable function g(1) = 2 and

since for each 1 € *R¥ : [Extexp(itA) — 1> -4 0 as t -4 0 we conclude that

Ut — go||§ -4 0ast -4 0, by the generalized Lebesgue dominated-#-convergence
theorem. Thus t » U(t) is strongly #-continuous at t = 0, which by the group property
proves t » U(t) is strongly #-continuous everywhere. The proof of (c), which again
uses the dominated #-convergence theorem and the estimate |[Ext-exp(ix) — 1|* < |X|.
To prove (d), we define

D(B) - {l,/‘#-limwoL‘t”“” exists} (4.4.19)

and let

By = #lime., o~ YV (4.4.12

A simple computation shows that B is symmetric.By (c), B © A,so B = A.

Definition 4.4.2. An operator-valued function U(t) satisfying (a) and (b) is called a
strongly #-continuous one-parameter unitary group.

Definition 4.4.3. If U(t) is a strongly #-continuous one-parameter unitary group, then
the self-#-adjoint operator A with U(t) = Extexp(itA) is called the infinitesimal
generator of U(t).

Suppose that U(t) is a weakly #-continuous one-parameter unitary group. Then

UM —ollz = U@ ]Z - (UM, 0, — (@, UM)e), + @]l -+ 0ast >4 0. Thus



U(t) is actually strongly #-continuous. As a matter of fact, to conclude that U(t) is
strongly #-continuous one need only show that U(t) is weakly #-measurable,that is,
that (U(t)p, ), is #measurable for each ¢ and y. This startling result sometimes
useful since in applications one can often show that (U(t)p,y), is the #-limit of a
hyper infinite sequence of #-continuous functions;(U(t)¢,y ), is therefore
#measurable and by generalized von Neumann’s theorem U(t) is then strongly
#-continuous.

Theorem 4.4.5. Let U(t) be a one-parameter group of unitary operators on a hy
infinite dimensional Hilbert space H*. Suppose that for all 9,y € H* (U(t)y, ¢),, is
#measurable. Then U(t) is strongly #-continuous.

Proof. Lety € H*.Then for all ¢ € H*, (U(t)y, ¢),, is a bounded in *R% #-measurable

a
function and ¢ ~ I(U(t)y/,m#d#t is a linear functional on H* of #-norm less than or
0

equal to all¢|| .. Thus, by the generalized Riesz lemma there is a y, € H” so that

Wa o)y = [(UDW, 0),d. (4.4.13
0

Note that

UOWVa,0), = (Wa,UD)e), = (UM, U(-b)e),dt =
0 (4.4.14

atb

[(Ut+ by, ¢),dt = [(UDw.9),dt.
0 b

From (4.1.14) we obtain

KUY a, @)y = (War 0)sl =

b at+b
[(Uy, p),dft
0

[ (U, p),dt (@419
b

- + < 2ol v,

and therefore #limy., o(U(b)ya, @), = (wa, @), SO that U(b) is weakly and therefore
strongly #-continuous on the set of vectors of the form {yaly € H*}. It remains only
to show that this set is #-dense, since by by an ¢ = 0,¢/3 argument we can then
conclude that t ~ U(t) is strongly #continuous on H*. Suppose that

¢ € {yaly € H*,a e *R¥}" and let {y™} . be an orthonormal basis for H.

Then for each n € *N
a
Ext: £<U(t)w<n>,(p>#d#t = (v&’,9), =0 (4.4.16

for all a € *RE which implies that (U(tyy ™, ¢),, = 0 except for t € S,, a set of
Lebesgue #measure zero. Choose tg ¢ Unesn Si. Then (U(to)l//(n),([))# = O for all

n € *N which implies that ¢ = 0, since U(tp) is unitary.

Theorem 4.4.6.Suppose that U(t) is a strongly continuous one-parameter unitary
group. Let D be a #dense domain which is invariant under U(t) and on which U(t) is
strongly #-differentiable. Then i~ times the strong #-derivative of U(t) is essentially



self-#-adjoint on D and its #-closure is the #-infinitesimal generator of U(t).
This theorem has a reformulation which is sufficiently important that we state it as a
theorem.
Theorem 4.4.7. Let A be a self-adjoint operator on H* and D be a #dense linear set
contained in D(A). If for all t, Extexp(itA) : D - D then D is a #-core for A.
Theorem 4.4.8.Let U(t) be a strongly #-continuous one-parameter unitary group on a
Hilbert space H¥*. Then, there is a self-#-adjoint operator A on H* so that
U(t) = Extexp(itA).
Proof Part (d) of Theorem 4.4.4 suggests that we obtain A by differentiating
U(t) att = 0. We will show that this can be done on a #-dense set of especially nice
vectors and then show that the #-limiting operator is essentially self-#-adjoint by
using the basic criterion. Finally, we show that the exponential of this #-limiting
operator is just U(t).Let f € Co*(*R#) and for each ¢ € H* define

or = Ext [ fHU)pd"t. (4.4.17

*[Rg

Since U(t) is strongly #-continuous the integral in (4.4.7) can be taken to be a
Riemann integral. Let D be the set of hyperfinite linear combinations of all such
or With ¢ € H* and f € Cy*(*R¥). If j.(t) is the approximate identity then

<

# (4.4.18
< (Ext— | js(t)d#t> sup U)o — o,

R te[-¢,¢]

Ext [ j.(H[U()g - p]d*t

*[Rg

loi. —oll, =

Since U(t) is strongly #-continuous, D is #-dense in H*. We have used the inequality

< Ext [ [lh()| 0% (4.4.19

# “RE

Ext | h(tyd*
*R#

for non-Archimedean Banach space-valued #-continuous functions on the real line
*R¥% (which can be proven using the approximate partial sums as in the *R%-valued
case). For ¢ € D we obtain that

( U(sg— | )(pf _ Ext-*i#f(t)( U(s+ t?s— U )(pd#t _

Ext j MU(r)q)d#r -y — Ext j # (0)U(r)pd*r = Q
*R# *R#

(4.4.20

since [f(t — s) — f(t)]/s #converges to —f* (t) uniformly. For ¢; € D we define
Agp; = i_l(p_f#/ . Note that U(t) : D - D,A : D - D and U(t)Ap: = AU(t)¢; for ¢; € D.

Futhermore if ¢1,pg € D we obtain that

= #lims., o<gof, ($)¢g># = i—1<(pf,¢_g#'># = (¢1,Apg),

(4.4.21)



so A is symmetric. Now we show that A is essentially self-#-adjoint. Suppose that
there is a u € D(A*) so that A*u = iu. Then for each ¢ € D(A) = D
# , . . .

LU0, ), = (AUD, L), = ~I(UD,A"U), = -i(UDg,iu), = (UDp,U), (4.4.22
Thus, the *C¢-valued function f(t) = (U(t)e, u), satisfies the ordinary differential
equation f* = f so f(t) = f(O)[Ext-exp(t)]. Since U(t) has #-norm one, [f(t)| is bounded,
in *R¥ which implies that f(0) = (p,u), = 0. Since D is #dense, u = 0. A similar proof
shows that A*u = —iu can have no nonzero solutions. Therefore A is essentially
self-#-adjoint on D.

Let V(t) = Extexp(it(#A)). It remains to show that U(t) = V(t). Let ¢ € D(A). Since
¢ € D((#-A)), V(t)o € D((#A)) and V¥ (t)p = iAV(t)p by (c) of Theorem 4.4.4, We
already know that U(t)p € D < D(#-A) for alle *R%. Let w(t) = U(t)p — V(t)e. Then
w(t) is a strongly #-differentiable vector-valued function and
w#(t) = IAU) g — i(#A)V(H)e = IAW(t). (4.4.23
Thus
# . — . -~

L WO [1Z = (ERWD, WD), + WO, ERWD), (4.4.24
Therefore w(t) = 0 for all t € *R¥ since w(t) = 0. This implies that U(t)o = V(t)p
for allt € *R¥,¢ € D. Since D is #-dense in H* U(t) = V(t).
Remark 4.4.2.Finally, we have the following generalization of Stone’s theorem 4.4.8.
If gis a *R%-valued #Borel function on *R¥, then

g(A) = Ext-[_, g(A)d*P; (4.4.25

defined on Dy (4.4.5) is self-#-adjoint. If g is bounded, g(A) coincides with #(9) in

Theorem 4.4.2.

We conclude with several remarks. First, generalized Stone’s formula, given in

Theorem 4.3.7 relates the resolvent and the projection-valued measure associated

with any self-#-adjoint operator. The proof is the same as in the bounded in *R¥ case.

The spectrum of an unbounded self-#-adjoint operator is an unbounded subset of

the real axis *R%. One can define discrete and essential spectrum; Theorem 4.3.6

(Generalized Weyl's criterion) still holds if one adds the criterion that the vectors {y,}

must be in the domain of A.

Finally, we note that the measure space of Theorem 4.4.1 can always be chosen so
that

Proposition 4.4.2 is applicable.

The following theorem says that every strongly #-continuous unitary group arises

as the exponential of a self-#-adjoint operator.

Theorem 4.4.9. Let U(t) = U(ty,...,tn) be a strongly continuous map of *R#" into the

unitary operators on a hyper infinite dimensional Hilbert space H* satisfying

U(t +s) = U(t)U(s) Let D be the set of hyperfinite linear combinations of vectors of

the form

or = Ext | o FOU® A (4.4.26

where ¢ € H*,f e C§(*R#").Then D is a domain of essential self-#-adjointness for
each of the generators A; of the one-parameter subgroups U(0,0,...}j,..,0), each



A : D - D and the A; commute, j = 1,...,n. Furthermore, there is a projection-valued
#-measure P on *R" so that

(0, UOY), = Ext [, Extexp(i(t,A)d e, Pay), (4.4.27)

for all o,y € H”.

Proof Let A; be the infinitesimal generator of Uj(tj) = U(O,... t,..,,0.The
procedure used in the proof of Theorem 4.4.8 shows that D < D(A)),

A : D - D,and Uj(tj) : D - D. Theorem 4.4.7 shows that A; is essentially
self-#-adjoint on D.Because of the relation U(t +s) = U(t)U(s), Uj(tj)) commutes
with Ui(ti) for all  tj,ti € *RE.

Therefore, it follows from Theorem 4.5.1, that A; and A; commute in the sense
that is, their spectral projections commute.Let P, be the projection-valued
#-measure on *R% corresponding to A;. Define a prOJectlon valued #—measure

Pq on *R#" by defining it first on rectangles r = ExtH(a.,b ) by P, = ExtHP(a b))
i=1

and then letting Pq be the unique extension to the smallest #-algebra contalnlng
the rectangles, namely the #-Borel sets. Notice that, by Theorem 4.5.1, the PjQj
commute since the groups Uj commute. For each ¢,y € H*, (¢,Pqy), is a
*CE-valued #-measure of hyperfinite mass which we denote by d*(p, Pay),..
Applying generalized Fubini’'s theorem we conclude that

(@, UD)y), = <¢,Ext-ﬁU(ti)w> = Ext[_, Extexp(i(t,A))d%(p,Pay),.  (4.4.29
i=1 ¢

#

§ 4.5.

Suppose that A and B are two unbounded self-#-adjoint operators on a
non-Archimedean Hilbert space H*. We would like to find a reasonable definition
for the statement: "A and B commute."

This cannot be done in the straightforward way since AB—- BA may not make sense
on any vector v € H* for example, one might have (Ran(A)) N D(B) = @ in which
case BA does not have a meaning. This suggests that we find an equivalent
formulation of commutativity for bounded self-#-adjoint operators. The spectral
theorem for bounded self-#-adjoint operators A and B shows that in that case
AB - BA = 0if and only if all their projections, {P4} and {Pg}, commute, We take
this as our definition in the unbounded case.

Definition 4.5.1.Two possibly unbounded in*R¥ self-#-adjoint operators A and B
are said to commute if and only if all the projections in their associated projection-
valued #-measures commute.

Remark 4.5.1.The spectral theorem shows that if A and B commute, then all the
bounded in*R#% #-Borel functions of A and B also commute. In particular, the
resolvents R, (A) and R,(B) commute and the unitary groups Extexp(itA) and
Extexp(isA) commute.

The converse statement is also true and this shows that the above definition of
"commute” is reasonable:

Theorem 4.5.1. Let A and B be self-#-adjoint operators on a non-Archimedean
Hilbert spaceHilbert space H*.



Then the following three statements are equivalent:

(a)  Spectral projections P{,,, and P, commute.

(b) IfImA and Imy are nonzero, then R, (A)R,(B) — Ru(B)Ri(A) = 0.

(c) Forall sit € *RE[Extexp(itA) ][Ext exp(isB)] = [Extexp(isB) ][Ext exp(itA)].
Proof The fact that (a) implies (b) and (c) follows from the functional calculus. The
fact that (b) implies (a) easily follows from the formula which expresses the spectral
projections of A and B as strong #-limits of the resolvents (generalized Stone’s
formula) together with the fact that

S#-1im.-., ofieRasis(A)] = P, (4.5.1)

To prove that (c) implies (a), we use some simple facts about the Fourier
transform. Let f € S*(*R¥). Then, by generalized Fubini’'s theorem,

Ext | e TOEXEXP(itA) o, ), d*t =
= Ext [ £ (Ext [, ([Ext exp(-it) |di(Phg, ), ) ) ot - (4.5.2
= V27 (Bxt [ F)diPoo.w), ) = v2mx (0. T (AW,
Thus, using (c) and generalized Fubini’'s theorem again,

(0. TA™IBY), =
Ext | s EXE | e DI(S)(p, [Ext-exp(-itA) | [Ext exp(—isB) Jy ) ,d*scf't = (4.5.3

= (0. 0B TAW),

so, for all f,g € S*("R¥), T(A)§(B) — §(B)T(A) = 0.

Since the Fourier transform maps S*(*R#%) onto S*(*R#) we conclude that
f(A)g(B) = g(B)f(A) for all f,g € S*(*R¥). But, the characteristic function, y (ap)
can be expressed as the pointwise #-limit of a hyperinfinite sequence f,,n € *N
of uniformly bounded functions in S*(*R#). By the functional calculus,

S‘#‘llm n-*o fn(A) = P'(oé,b). (454)

Similarly,we find uniformly bounded g, € S*(*R%) #-converging pointwise to y ca)
and

s#limn.+ gn(B) = P&g). (4.5.5
Since the f, and g, are uniformly bounded in*R% and
fa(A)gn(B) = gn(B)fn(A) (4.5.6

for each n € *N, we conclude that P(;,, and P, commute which proves (a).

Chapter IV.Non-Archimedean Banach spaces endroved



with*R#-valued norm.

1.Definitions and examples

A non-Archimedean normed space with*R%-valued norm (#-norm) is a pair (X, || ]| »)
consisting of a vector space X over a non-Archimedean scalar field *R¥or complex
field *C% together with a distinguished norm ||+||» : X - *R%. Like any norms, this
#-norm induces a translation invariant distance function, called the canonical or (norm)
induced non-Archimedean *R%-valued metric for all vectors x,y € X, defined by

d*(xy) = [IX=ylls = Iy — x|+ (1.1
Thus (1.1) makes X into a metric space (X,d*). A hyper infinite sequence (xn)%'; is
called d*-Cauchy or Cauchy in (X,d*) or | -||4 -Cauchy if for every hyperreal r € *RE,
r > 0, there exists some N € N* such that

d*(Xn, Xm) = [[Xn = Xmll, < T, 1.2

where mand n are greater than N. The canonical metric d” is called a #-complete
metric if the pair (X,d¥) is a #-complete metric space, which by definition means for
every d*-Cauchy sequence (x,)%; in (X,d*), there exists some x € X such that

#0im [ Xn — X[|# = O (1.3)

where because ||xn — X||# = d#(xn,X), this hyper infinite sequence’s #-convergence to x
can equivalently be expressed as: #-lim,,_ .+ Xn = X in (X,d¥).

Definition 1.1. The normed space (X, ||+||#) is a non-Archimedean Banach space
endroved with*R%-valued norm if the #-norm induced metric d* is a #-complete
metric, or said differently, if (X,d¥) is a #-complete metric space. The #norm ||-|» of a
#normed space (X, ||+||) is called a #-complete #norm if (X, ||+||») is a
non-Archimedean Banach space endroved with*R#-valued #-norm.

Remark 1.1.For any #normed space (X, ||+]|,), there exists an L-semi-inner product
(+,*)4 Xx X - *RE such that ||x]|, = /(x,x), forall x € X; in general, there may be
infinitely many L-semi-inner products that satisfy this condition. L-semi-inner products
are a generalization of inner products, which are what fundamentally distinguish
non-Archimedean Hilbert spaces from all other non-Archimedean Banach spaces.
Characterization in terms of hyper infinite series,see ref. [1].

The vector space structure allows one to relate the behavior of hyper infinite Cauchy
sequences to that of #-converging hyper infinite series of vectors.

Remark 1.2.A #-normed space X is a non-Archimedean Banach space if and only if

each absolutely #-convergent hyper infinite series Ext—Z:fjl Vn in X #-converges in

OO# OO#
X,i.e., Ext Z [vall < oo implies that Ext Zvn #-converges in X.
n=1 n=1

2.Linear operators,isomorphisms

If X and Y are #-normed spaces over the same ground field *R%, the set of all
#-continuous *R¥-linear maps T : X - Y is denoted by B*(X,Y).In hyper infinite-
dimensional spaces, not all linear maps are #-continuous. A linear mapping from a
#-normed space X to another normed space is #-continuous if and only if it is
bounded or hyper bounded on the #-closed unit ball of X. Thus, the vector space



B#(X,Y) can be endroved with the operator norm
ITH = sup{lITX|ly | X € X [IX]lu < 1} 2.1

For Y a non-Archimedean Banach space, the space B#(X,Y) is a Banach space with

respect to this #-norm.

If X is a non-Archimedean Banach space, the space B#(X) = B#(X, X) forms a unital

Banach algebra; the multiplication operation is given by the composition of linear
maps.

Definition 2.1.1f X and Y are #-normed spaces, they are #isomorphic #-normed
spaces

if there exists a linear bijection T : X —» Y such that T and its inverse T are

#-continuous. If one of the two spaces X or Y is #-complete then so is the other space.

Two #-normed spaces X and Y are #-isometrically isomorphic if in addition, T is an

#-isometry, that is, ||[T(X)|| = ||x]|| for every x € X.

Definition 2.2.Let {X, ||+||} be standard Banach space.Forx € *X and ¢ > 0,6 = 0

we define the open =-ball about x of radius ¢ to be the set

B:(X) = {y € "X|"l[x-yll <&}

Definition 2.3.Let {X, ||+||} be standard Banach space, Y c Xthus *Y < *X and let

x € *X.Then xis an x-accumulation point of *X if for every

e> 0,6 = 0,YN(B:(X)\{x}) + .

Definition 2.4.Let {X, |||} be a standard Banach space, let Y < *X,Y is x-closed if

every x-accumulation point of Y is an element of .

Definition 2.5.Let {X, |||} be standard Banach space.We shall say that internal hyper

infinite sequence {X,}n—,” in *X x-converges to x € *X as n - *wif for any

g > 0,6 ~ Othere is N € *N such that forany n > N : *||x, = X|| < &.

Definition 2.6.Let {X, ||| },{Y,|l-||} be a standard Banach spaces. A linear internal

operator A : D(A) < *X - *Yis x-closed if for every internal hyper infinite

sequence {Xn}n,” in D(A) *-converging to x € *X such that Ax, - y € *Y as

n - *oo one has x € D(A) and Ax = y. Equivalently, Ais x-closed if its graph is
x-closed

in the direct sum *X & *Y.

Given a linear operator A : *X - *Y, not necessarily x-closed, if the x-closure of its

graph in *X & *Y happens to be the graph of some operator, that operator is called

the x-closure of A, and we say that A is x-closable. Denote the x-closure of A by x-A.

It follows that A is the restriction of x-A to D(A).

A x-core (or x-essential domain) of a x-Aclosable operator is a subset C = D(A) such

that the x-closure of the restriction of Ato Cis *-A.

Definition 2.7. The graph of the linear transformation T : H - H is the set of pairs

{o, To)l(p € D(T))}.

The graph of T, denoted by I'(7), is thus a subset of H x H which is a
non-Archimedean

Hilbert space with inner product ((¢1,¥1),{(Q2,w2)).

T is called a #-closed operator if I'(T) is a #-closed subset of H x H.

Definition 2.8. Let T1 and T be operators on H. If I'(T1) > I'(T), then T; is said to be
an

extension of T and we write T; © T. Equivalently, T; > T if and only if D(T1) > D(T)



and T1p = To for all ¢ € D(T).

Definition 2.9. An operator T is #-closable if it has a #-closed extension. Every
#-closable

operator has a smallest #-closed extension, called its #-closure, which we denote by
#-T.

Theorem 2.1.1f T is #-closable, then T(#T) = #L(T).

Definition 2.10.Let T be a #-densely defined linear operator on a non-Archimedean

Hilbert space H. Let D(T*) be the set of ¢ € H for which there is an £ € H with

(Ty, @) = (v,&) for ally € D(T).

For each ¢ € D(T*), we define T*p = &. T* is called the #-adjoint of T. Note that

@ € D(T*) if and only if |(Ty, )| < C|lw| for all y € D(T). We note that S c T implies

T < S~

Theorem 2.2. Let T be a #-densely defined operator on a non-Archimedean Hilbert

space H.

Then:(i) T* is #-closed.

(ii) T is #-closabie if and only if D(T*) is #dense in which case T = T**.

(iii) If T is #-closabie, then (#-T)* = T*.

Definition 2.11. Let T be a #-closed operator on a Hilbert space H. A complex number

A € *C# isin the resolvent set,p(T),if Al — T is a bijection of D(T) onto H with a

a finitely or hyper finitely bounded inverse. If 1 € p(T), Ri(T) = (Al = T) L is called the

resolvent of T at A.

The definitions of spectrum, point spectrum, and residual spectrum are the same for

unbounded operators as they are for bounded operators. We will sometimes refer to

the spectrum of nonclosed, but closabie operators. In this case we always mean the

spectrum of the closure.

3. Symmetric and self-#-adjoint operators: the basic

criterion for self-#-adjointness.

Definition 3.1. A #-densely defined operator T on a non-Archimedean Hilbert space is

called symmetric (or Hermitian) if T < T*, that is, if D(T) < D(T*) and Tg = T*¢ for

all o € D(T).

Equivalently, T is symmetric if and only if (Te,w) = (¢, Ty) for all ¢,y € D(T)

Definition 3.2. T is called self-adjoint if T = T*, that is, if and only if T is symmetric and

D(T) = D(T*).

A symmetric operator is always #-closable, since D(T*) o D(T) is #dense in H. If Tis

symmetric, T* is a closed extension of T so the smallest #-closed extension T** of T

must be contained in T*. Thus for symmetric operators, we have

T < T* < T*.For #-closed symmetric operators,T = T** < T* and, for self-adjoint

operators, T = T* = T*

From this one can easily see that a #-closed symmetric operator T is self-adjoint if

and only if T* is symmetric.

The distinction between #-closed symmetric operators and self-adjoint operators is
very

important. It is only for self-adjoint operators that the spectral theorem holds

and it is only self-adjoint operators that may be #-exponentiated to

give the one-parameter unitary groups which give the dynamics in



QFT. Chapter X is mainly devoted to studying methods for proving that operators are

self-adjoint. We content ourselves here with proving the basic criterion for
selfadjointness.

First, we introduce the useful notion of essential self-adjointness.

Definition 3.3 A symmetric operator T is called essentially self- #-adjoint if its
#-closure #-T is self- #-adjoint. If T is #-closed, a subset D — D(T) is called a core for T
if

#-T|D=T.

If T is essentially self-#-adjoint, then it has one and only one self-#-adjoint extension.

The importance of essential self-#-adjointness is that one is often given a nonclosed

symmetric operator T. If T can be shown to be essentially self-#-adjoint, then there is

uniquely associated to Ta self-adjoint operator T = T**. Another way of saying this is
that if A is a self-#-adjoint operator, then to specify A uniquely one need not give the

exact domain of A (which is often difficult), but just some #-core for A

Chapter V. Semigroups of operators on a
non-Archimedean Banach spaces.
81.Semigroups on non-Archimedean Banach spaces and

their generators.

A family of #-bounded operators {T(t)|0 < t < «o*} on external hyper infinite
dimensional

non-Archimedean Banach space X endoved with *R%, - valued norm ||-||, is called a

strongly #-continuous semigroup if:

@ T =1

(b)  T(YT(t) = T(s+t) for all st € *RE,

(c) Foreach g € Xt » T(t) is #continuous mapping.

We will see that strongly continuous semigroups are the “exponentials,”

T(t) = Extexp(—tA), of a certain class of operators. .

We begin by studying a special class of semigroups:

Definition 1.1. A family {T(t)|0 < t < «*} of bounded or hyper bounded operators on

external hyper infinite dimensional Banach space X is called a contraction semigroup

if it is a strongly #-continuous semigroup and moreover |[T(t)|ls < 1 for all t € [0,0%).

Note that the all theorems about general strongly #-continuous semigroups are easy

generalizations of the corresponding theorems for #-contraction semigroups. Thus,

we study the special case first. We then briefly discuss the general theory and

conclude the section by studying another special class, #-holomorphic semigroups.

Proposition 1.1. Let T(t) be a strongly #-continuous semigroup on a

non-Archimedean Banach space X and set Ap = #lim.., o Arp where

D(A) = {p| #lim., o Arp exists}. Then Ais

#-closed and #-densely defined. A is called the infinitesimal generator of T(t). We will

also say that A generates T(t) and write T(t) = Extexp(—tA).

Proof.Let T(t) be a contraction semigroup on a Banach space X. We obtain the

generator of T(t) by #differentiation. Set A; = t~2(I — T(t)) and define

D(A) = {p| #lim¢,, o Atp exists}.
For ¢ € D(A), we define Ap = #limw., o Aip. Our first goal is to show that D(A) is



#-dense. For ¢ € X, we set

S
ps = Ext [ T()gdt. 2.1
0
Forany r > 0, we get
S
T(Ngs = Ext [ T(t+ned't 2.2
0

thus

Aps = —+ (Ext— [rt+ne - T(t)go]d#t> _

0

-1 (Ext— j T(t)q)d#t> +1 (Ext— j T(t)q)d#t).

From Eq.(2.3) one obtains #lim.., 0 Arps = —T(S)p + ¢. Therefore, for each ¢ € X

(2.3)

and s > 0, s € D(A). Since s™1ps —# ¢ as -4 0, A is #-densely defined.
Furthermore, if o € D(A), then A/ T(t)p = T(t)Arp, so T(t) : D(A) - D(A) and
#
L TO0 = AT = ~TMA (2.4
Ais also #-closed, for if on € D(A), #lim .+ pn = @, and #lim .« Apn = v, then

#lim e, 0Ap = #lim ., o#lim o[~ (TMPa — pn) | =

r
#lim ., o#lim e L (Ext— j T(t)Agpnd#t) _

S

r
#lime, o % (EXt— J. T(t)wdﬁ)

S

(2.5)

S0 ¢ € D(A) and Ap = v.
The formal Laplace transform

- i X = (Ext— j (Extexp(—At)) (Ext exp(tA))d#t> (2.6)
0

suggests that all u € *C# with Rep < 0 are in p(A). This is in fact true and the
formula (2.6) holds in the strong sense. For suppose that ReA > 0. Then, since
| Extexp(—tA) || < 1, the formula (2.7)

ot

Ry = Ext I(Ext— exp(—At) ) (Ext exp(—tA)e)d#t (2.7)
0

defines a hyper bounded linear operator of #norm less than or equal to (Rel)™.



Moreover, forr > 0,
ARp = —% (Ext— I(Ext— exp(—At) ) (Extexp(—(t+r)A) — Ext exp(tA))god#t> =
0

1- Ext—rexp(/lr) (Ext— I(Ext— exp(—-At))(Ext exp(tA))(Dd#t> + (2.8)
0

.

Extexpar) (Ext— [ (Extexp-2t)) (Ext- exp(-tA) )(od#t>
0

soasrt -4 0,ARp -4 (¢ — ARp). Thus Rp € D(A) and ARp = ¢ — ARp which

implies (A + A)Rp = ¢. In addition, for ¢ € D(A) we have ARp = RAp since

A(Ext— j (Ext exp(—1t))(Ext exp(tA))god#t> -
0

oot

Ext- [ (Ext-exp(-At))A(Ext exp(~tA) pdit = (2.9
0

ot

Ext I (Ext-exp(—4t) ) (Ext exp(—tA) )Apd#t.
0

The first equality follows by approximation with external hyperfinite Riemann
sums (see [1]) from the facts that (Ext exp(—4t))(Ext exp(—tA))e and
A(Ext-exp(—At) ) (Extexp(—tA)) are #-integrable, A is #-closed. Thus, for ¢ € D(A),
R(A+A)p = ¢ = (A + A)Rp which implies that

R=(Q+A™ (2.10
The properties of A which we have derived are also sufficient to guarantee that A
generates a contraction semigroup. In fact, we only need information about real
positive A.
Theorem 1.1. (Generalized Hille-Yosida theorem) A necessary and sufficient
condition that a #-closed
linear operator A on a Banach space X generate a contraction semigroup is that
(i) (-*,0) = p(A)
(i) (A + A1, forall 2 > 0.
Furthermore, if A satisfies (i) and (ii), then the entire #-open left half-plane is
contained in p(A) and

ot

(A+A)1p = —Ext j(Ext- exp(—At) ) (Ext exp(—tA) )d*t (2.11)
0

for all € X and A with ReA > 0. Finally, if T1(t) and T»(t) are contraction semigroups
generated by A; and A; respectively, then Ta(t) = T1(t) for some t implies that
Al * A2.
Proof. Since we showed above that conditions (i) and (ii) are necessary and that
(2.11)



holds, we need only show sufficiency. So, suppose that A is a #-closed operator on X
satisfying (i) and (ii). For A > 0, define A® = 1 — 2%2(1 + A)~1. We will show that as
A — o, A® -, Astrongly on D(A) and then construct Ext-exp(—tA) as the strong
#-limit of the semigroups Extexp(—tA™).For ¢ € D(A), AWgp = A(1 + A)*Ap.
Moreover, by (ii),

#1im AL+ A Lo — @] = #1im __+[-(1 + A)LAp] = 0. (2.12)
By condition (ii) the family {A(2 + A)~Y|]A > O} is #-uniformly hyperfinitely bounded
in #-norm, so since D(A) is #dense, #lim,__+«[A(1 + A)ly] = w forall y € X.
Thus #lim,__«A® ¢ = Ag for all ¢ € D(A). Since A is hyperfinitely bounded, the
semigroups Extexp(—tA®)) can be defined by hyper infinite power series. Since

| Ext-exp(—tA®) [, = || (Ext-exp(-At)) (Ext exptA?(A + A) ™)), <

< 2.13
nj2n .
< (EXt—GX[X—MZ))(Ext—Z %H(l +A)_1||2> <1
n=0
they are contraction semigroups. For all i, 4,t > 0, and all ¢ € D(A), we have
[Ext exp(—tA™M)]g — [Ext exp(—tAW)]p =
(2.19

t
Ext: [ I (Ext exp(—sA™))(Ext- exp(—(t— HAW))p)dl's
0

SO,

I[Ext exp(—tA™)]p — [Ext exp(—tA@)]o |, <
t

Ext j|| (Extexp(~-SAM)) ((Ext-exp(—(t — )AD ) || IIAWg - ALp | dfs < (2.15)
0

< t[|[AWg - AWg]|..

We have used the fact that Ext-exp(—tA®)) and [Extexp(—(t — S)A®)] commute
since {A®]1 > 0} is a commuting family. Since we have proven above that
#lim .« AP = Ap, {Ext-exp(-tA®)} is Cauchy as 1 - o« for each t > 0 and

¢ € D(A). Since D(A) is #dense and the Extexp(—tA®)) are uniformly hyperfinitely
bounded, the same statement holds for all ¢ € X. Now, define

T(t)p = #lim . +[Ext exp(—tAM)g]. (2.16)

T(t) is a semigroup of contraction operators since these properties are preserved
under strong #-limits. The above inequality shows that the #-convergence in Eq.(2.16)
is uniform for t restricted to a hyperfinite interval, so T(t) is strongly #-continuous since
Extexp(—tA®)) is. Thus, T(t) is a contraction semigroup.It remains to show that the

infinitesimal generator of T(t), call it A, is equal to A. For all t
and ¢ € D(A),

t
[Ext exp(—tAD)p] — ¢ == —|:Ext- j J (2.17)

0
so, since #lim,__: A®¢p = Ap, we have



t
T(p — ¢ = —[ Ext j T(S)Agod#5:|. (2.18)
0

Thus, Ktq) -4 Ap ast -4 0. Therefore D(K) > D(A) and A I D(A) = A. For A > 0,

~ _1
(A + A)~* exists by hypothesis and (l +A> exists by the necessity part of the
theorem.

82 Hypercontractive semigroups

In the previous section we discussed LE-contractive semigroups. In this section we will
prove a self-adjointness theorem for operators of the form A+ V where Vis a
multiplication operator and A generates an £5-contractive semigroup that satisfies a
strong additional property.

Definition 2.1. Let (M, u*) be a #measure space with z#*(M) = 1 and suppose that A
is a positive self-adjoint operator on £3(M,d?u”). We say that Ext-exp(—tA) is a
hypercontractive semigroup if:

(i) Extexp(—tA) is L£5-contractive;

(ii) for some b > 2 and some constant Cy, there isa T > 0 so that

|Ext exp(-tA)p ||, < Colle|l, for all ¢ € L3(M,d*u¥).

By Theorem X.55, condition (i) implies that Extexp(—tA) is a strongly #-continuous
contraction semigroup for all p < «*. Holder’s inequality shows that

ellg < Nl-llg (1)
if p > g.Thus the £5-Spaces are a nested family of spaces which get smaller as p gets
larger; this suggests that (ii) is a very strong condition. The following proposition

shows
that b plays no special role.
Proposition 2.1. Let Ext-exp(—tA) be a hypercontractive semigroup on £%(M, d”u*).
Then for all p,q € (1,0%), there is a constant Cpq and a tpq > 0 so that if t > tpq then
IExtexp(~tA)¢ ||, < Cyqlloll, for all ¢ e L4,
Proof. The case where p < g follows immediately from (i) and (1). So suppose that
p > q. Since Extexp(—tA) : £2 - £P and Extexp(—tA) : £3" — £%" the generalized
Riesz-Thorin theorem implies that there is a constant C so that for all r > 2,
|Extexp(—tA)o |, < Cllell,,,- We now consider two cases. First, if g > 2 we choose
n large enough so that 2(b/2)" > p. Then [[Ext-exp(—-nTA)@|| 54,5 < Cllg|l, so the
conclusion follows if 2 < g,p > 2(b/2)", by using (1), and hypothesis (i). If 1 < g < 2,
then we choose n large enough so that 2(b/2)" > p and q > ¢ where
ct+(2(b/2)"1 = 1. Since Aiis self-adjoint and Extexp(—-nTA)¢ is a bounded or hyper
bounded map from £3 to £2”?" (Extexp(—nTA))* = Extexp(-nTA) is a bounded or
hyper bounded map from £§ to £2. Thus Extexp(—2nTA) is a bounded or hyper
bounded map from £5 to £2”?". Since ¢ < q < p < 2(b/2)", (1) implies the proposition.
Theorem 2.1. The operator —+d*2/dx? + xd*/d*x on £Z(*R¥, m,,*Ext-exp(-x2)d*x))
is positive and essentially self-adjoint on the set of hyperfinite linear combinations of
Hermite polynomials, and generates a hypercontractive semigroup.



As a preparation for our main theorem, we prove the following result.

Theorem 2.2 Let (M, u) be a #measure space with u(M) = 1 and let Hq be the
generator of a hypercontractive semigroup on £3(M,du). Let V be a real-valued
measurable function on (M, u*) such that V € £5(M,d*u#) for all p € [1,00%) and
Exte™ e £3(M,d*u*) for all t > 0. Then Ho + V is essentially self-#-adjoint on
C~"(Ho) N D(V) and is bounded below. C*"(Ho) = Ny D(HP)

Chapter VI. Singular Perturbations of Selfadjoint
Operators on a non-Archimedean Hilbert space.

81. Introduction

We study the sum A + B of two #-selfadjoint operators on a non-Archimedean

Banach spaces, and we find sufficient conditions for C = A + B to be #-selfadjoint.

Our technique is to approximate B by a hyperinfinite sequence of bounded
#-selfadjoint

operators Bn,n € *N and so to approximate C by #-selfadjoint operators C, = A + Biy.

We answer three questions separately:

1.When do the operators C,, have a #-lim C? 2.When is C a #-selfadjoint operator?

3.WhenisC = A+B?

In Theorem 8 we give a set of estimates on the relative size of A and B which

ensure a positive answer to all three questions. Hence these estimates show that

A+ B = Cis #-selfadjoint. In another paper [5], we use Theorem 2.8 to prove

the existence of a self-interacting, causal quantum field in 4-dimensional

space-time. Formally this field theory is Lorentz covariant and has non-trivial

scattering; this application was the motivation for the present work.

In order to investigate the meaning of #lim,.-, C,, we give a new definition for

the strong #-convergence of a hyperinfinite sequence of operators. Consequences

of this definition

are worked out in Section 2. In Section 3 we give estimates on operators C,

which are sufficient to ensure that the #-lim.-, C,, = C exists and that C is maximal

symmetric or #-selfadjoint. This result is given in Theorem 5 and Corollary 6.

In Section 4 we investigate whether #-lim,.+, C, = Cis equal to A+ B.

We combine this work in Theorem 8, our second main theorem, where B is

a singular, but nearly positive #-selfadjoint perturbation of a positive #-selfadjoint

operator A. To illustrate this theorem, let A > | and let B be essentially #-selfadjoint on

D* = (e D(AM). (1.0
Assume now that, for some g > 0 and some q,
A--ABA--H) and APBA* (1.1

are #-densely defined, bounded operators. Also, for some positive a,s € *RE,
satisfying 2a+ ¢ < 1, suppose that there is a constant b € *R#% such that, as bilinear
formson D x D,

0<aA+B+b (1.2



and
0 < eA? + [AY2 [AY2 B]] + b. (1.3

Then A + B is #-selfadjoint.
We see from this example that neither the operator B nor the bilinear form B
need be bounded relative to A.
While it may not appear evident, the conditions (1.1)-(1.3) are closely related
to a more easily understandable estimate on D¥ x D¥,
A? + B%c(A+B)? +c. (1.9
In fact, estimates (1.1)-(1.3) are chosen because they allow us not only to prove (1.4),
but also the similar inequality where B is replaced by B.
Let us now see that if A+ B is #-selfadjoint, then (1.4) must hold for every
vector in D(A + B) = D(A) N D(B).
Proposition 1.1. Let A and B be #-closed operators. Then A + B is #-closed if and
only if there is a constant ¢ € *R¥ such that for all y € D(A+ B)

AV, + 1By lly < [(A+ Byl +cllvll, (1.5
and (1.5) is equivalent to (1.4) on D(A + B) x D(A+ B).
Proof: Certainly (1.5) implies that A + B is #-closed. Conversely, assume that
A+ B is #-closed and introduce the #-norms on D(A+ B) = D(A) N D(B),
Il = Il + IAY DL, + Byl (1.6
and

Il =yl + A+ By, (1.7)
Then D(A+ B), [|-| 4, is @ non-Archimedean Banach space because A + B is #-closed.
The identity map from D(A + B), || +|| ,, to D(A+ B), |- ,, has a #-closed graph because
A,B, and A + B are c#-losed. By the #-closed graph theorem, the identity map is
#-continuous; hence

I llsy < Clly 4o 1.7)

Proposition 1.2.Let A > |, B be #-selfadjoint operators with D¥ < D(B) and
suppose (1.2) and (1.3) hold. Then (1.4) is valid on D# x D¥.

Proof The operators A?,B?,AB,BA, and AY2BA!? define bilinear forms

on D¥ x D¥*. Using (1.2) and (1.3), we have the inequality:

A? + B2 = (A+B)2 - 2A2BAY2 — [A2 [AY2B]] < (A+B)%2+ (2a+¢)A?+2Ab+b
which establishes (1.4).

§2. Strong #-Convergence of Operators

Let £(C) be the graph of the operator C. For any hyperinfinite sequence {C,},n € *N
of #-densely defined operators we define

L:(C) = {¢, xlp = #liMn.vco §n,¢n € D(Cn), x = #liMno Cridpn (8)

In general, £+, will not be the graph of an operator. If the hyperinfinite sequence
{Ci}, n e *N#-converges strongly on a #-dense domain D to an operator C*, namely,

Cry = #Ilimn.+ Ciy,y € D,
then £+ is the graph of some operator C*. In particular, if each C, is self #-adjoint,



and if the C,, #-converge on a #-dense set D to an operator C defined on D,
then £+, = £-,(C+») and C, is a symmetric extension of C.

Definition 2.1. G #CONVERGENCE. The hyperinfinite sequence of operators
Cn,n € *N #-converge strongly to C-, in the sense of graphs, written

Cn —>H#G C*oc (8l)

if £+, is the graph of a #-densely defined operator C+, .
Remark 2.1.Note that for a hyperinfinite sequence of uniformly bounded operators
{Ch} ooy SUch that C, »4c C+o, C-y, is the usual strong #limit of the operators

Cn,n € *N and is everywhere defined.

Definition 2.2.R#CONVERGENCE. Let the resolvents Ry(2) = (Ch—2)1,n € *N
exist for some z € *C#, and be uniformly bounded in n. The operators C, #-converge
strongly to C-, in the sense of resolvents, written

Ch »#r Cio 8"

if the resolvents Rn(z) #-converge strongly to an operator R(z), which has a #-densely
defined inverse.

Remark 2.2.Note thatln that case, the operator C-,, = R™%(2) + zexists for all z € *C#
for which the strong #-limit of the R,(2) exists, and R(2) + zis independent of z
Remark 2.3.Note that G #-convergence is weaker than R #-convergence, in the case
Cn = Cj, at least, because, as we shall show, in this case Cp -4 C-+, implies

Ch —»u#c C+. It seems likely that G #-convergence is strictly weaker than

R #-convergence; this could be established by giving an example for which

C; = Ch »#c C+ with C+, not maximal symmetric. The importance of

G #-convergence is that it is technically easier to verify-and gives less information
about the #-limit-than R #-convergence, while automatically selecting the correct
domain in the case that R #-convergence also holds. The most familiar examples of
G #-convergence occur where there is C, strong #-convergence on a #dense domain.
A less trivial example occurs where there is D(C,) is independent of n,but apparently

D(C) N D(Cn) = {0}

We have the following connection between G and R #-convergence for a hyperinfinite
sequence of #-selfadjoint operators.

Proposition 3.Let Cy,n € *N be #-selfadjoint.

(@) The domain D+, = {¢|{¢,;{} e L+, for some ;(} is #-dense in H and oniy if
Ch —#c C+o,and in this case C- is necessarily symmetric.

(b) If Ra(2) = (Ch—2)7%,n € *N #-converges to a bounded operator R(2) for an
unbounded set of Zs with ||zR (2) ||, bounded uniformly inz € *C{ and n € *N
and if C, »s C+s,then each R(z) is invertible.

(c) If Ra(2) #-converges to an invertible R(z), then C,, -4 C.

(d) If Cp —»4r C,then C, 46 Crs, £+ = £(C),and C is maximal symmetric.

(e) Conversely, if C, »4c C, where C is maximal symmetric, then C, -4 C.

In case the #-limit of the C,,,n € *N is actually selfadjoint, there are further
connections between G and R #-convergence.

Theorem 4.

(@) Ch -4 C,and C = C*.



(b) Cn —>#R C, and C = C*.

(c) The hyper infinite sequences {Rn(2)} and {[Rn(2)]*},n € *N #-converge
strongly and #limn,.+» Rn(2) is invertible for some z

(d) Statement (c) holds for all non-real z € *C#

83.Estimates on a G #-convergent hyper infinite

segquence

In this section we give estimates which are sufficient to assure that it G #-convergent
sequence of operators is R #-convergent, and that the limit is maximal symmetric or
selfadjoint. In order to measure the rate of #-convergence, we introduce a selfadjoint
operator N > | and the associated non-Archimedean Hilbert spaces H; with the scalar
product

W) = (NH2y, N2y (3.1)

By standard identifications we have for A > 0 : H, < Ho < H_1 and Ho = H.
If D : H, - Hp is a#-densely defined, bounded operator from H, to Hg, we let
||D||#a,ﬁ denote its #-norm. Setting ||D||, = [|D| 4, we obtain

1D, 5 = [INFZDN=2]. (3.2

Let Cn,n € *N be a hyper infinite sequence of selfadjoint operators, and consider
the following three conditions.

(i) Suppose that C, — Cy, is a #-densely defined, bounded operator from H;to H_,, for
some A,and that as n,m » *o

ICn = Cmll 4, —=# 0. (3.3

(i) Suppose that, for some p and for an unbounded set of z = x+iy € *C% in the
sector [x| < constx ly|,

IR\ 4, < M@, (3.4)

where the bound M(2) is uniform in n € *N.
(i) Suppose that, for the above Zs,

IR@ I, < M@ (3.5)

Theorem 5. Let Cp,n € *N be a hyper infinite sequence of #-selfadjoint operators
with a common domain, such that
Ch —»uc C.
If conditions (i) and (ii) hold, then
Ch-w C
and C is maximal symmetric.
Corollary 6. If in addition to the hypothesis of Theorem 5, condition (iii) also holds,
then C is #-selfajoint.
Remark 3.1.(1) If u = 0'in (ii), then the resolvents #-converge uniformly.
(2) If the C, are uniformly semibounded from below, then we may choose
the zin condition (ii) to be infinite large negative numbers. In that case the conclusion
of Theorem 5is that C,, -4« C = C*.



8 4.Estimates for singular perturbations

In this section we consider a singular perturbation B of a #-selfadjoint operator A.
We give estimates on B which ensure that the sum A + B is #-selfadjoint.
Abbreviation 4.1.We abbreviate A* instead #A.

Definition 4.1. A #-core of an operator C is a domain D contained in D(C) such
that C = (C | D)*.

Lemma7. Let A/An,n € *N,B,Bn,n € *Nand C, = A,+B,,n € *N be

#-selfadjoint operators with a common #-core D. Assume the hypotheses of
Theorem 5 and Corollary 6 for Cn,n € *N and suppose also that, for 6 € D,

[(A=An)0ll,+ I(B-Bn)fll, »» 0asn - *ow (4.9
and
IAN0 |2+ IBaf]|5 < constx||0]|5 + constx||Cnd || 2, (4.10)

with constants independent of n. Then A + B is #-selfadjoint and C, -« A+ B.
Remark 4.1.As hypothesis for our next theorem, our second main result, we assume
that N < A and that N and A commute. Let

D (A) = (o, AGAY) (4.11)
the elements of D"*(A) are called C™* vectors for A. Assume that D"*(A) is a #-core

for the #-selfadjoint operator B. Also assume that, as bilinear forms on D™ x D",
and for some « and ¢ in the indicated ranges,

O<aN+B+const,0<a < 1/2 (4.12
and
0 < ¢A? + constx B + [AY2, [AY2 B]] + const, 2o + & < 1. (4.13

Let B be a bounded operator from H, to H_, and from H, to Hz for some «, 8 and
v, > 0 (H, is defined following Theorem 4.) If v > 2, assume that for all ¢ > 0

0 < eN##2 4 [N@+D2 [NG+D2, B]] + const (4.14)

as bilinear forms on D™ x D™, for some u > v - 2.
Theorem 8. Under the above hypothesis, A+ B is #-selfadjoint.

Chapter V.
81.Free scalar field

of
Let H* be a #-complex Hilbert space over field C# and let F(H*) = @H
n=0

n
(where HY" = @ H*) be the Fock space over H*. Our goal is to
k1

define the abstract free field on Fs(H*), the Boson subspace of F(H*); to do this we

need to introduce several other families of operators and some terminology. Let f € H*
be



fixed. For vectors in Hf#”) oftheformn=y1 Qw2 ® + -« Qy, we define a map b (f) :
HY ~ HE™ by

b=(Hn = Fy)(y2® -+ - Qyn) 1)
b~(f) extends by linearity to finite linear combinations of such n, the extension is well
defined, and [b~(f)n|| < [fIx|m]l- Thus b~(f) extends to a bounded map (of norm |f]]) of
H{ into H{™. Since this is true for each n (except for n = 0 in which case we define
b-(f) : HY - 0), b-(f) is in a natural way a bounded operator of norm ||| from F(H*)

to
F(H™). Itis easy to check that b*(f) = (b~(f))* takes each H{"” into H{™" with the
action

b*Mn =fQviQ@y2® -+ ®yn (2)
on product vectors. Notice that the map f — b*(f) is linear, but f — b~ (f) is antilinear.

#

Let S, be the symmetrization operators introduced in Section I.4. Then S = @ S, is
n=0

oft
the projection onto the symmetric Fock space Fs(H*) = @ SyH*™ We will write
n=0

SoH# ™ = HE™ and call HE™ the n-particle subspace of Fs(H*). Notice that b-(f) takes
F s(H*) into itself, but that b*(f) does not. A vector ¥ = {W(")}:jl for which y™ =0

for all except finitely many n is called a finite particle vector. We will denote the set of
finite particle vectors by Fo. The vector Qo =(1,0,0,..) plays a special role; it is

called the vacuum.

Let A be any self-adjoint operator on H* with domain of essential selfadjointness D.
Let Da = {¥ € Foly™ e ®, D for each n e N*} and define dI'*(A) on Da N HE™ as

dlr*(A) =AQ1++ Ql+I QAQ+++®l+++++Ql -+ RIQA. 3)
Note that dI'*(A) is essentially self-adjoint on Da ; d'*(A) is called the second
quantization of A. For example, let A = |. Then its second quantization N = dr'#(l) is

essentially self-adjoint on Fo and for v € Hﬁ(”),Ny/ = ny. Nis called the number

operator. If U is a unitary operator on H*, we define dI'*(U) to be the unitary operator

on Fs(H*) which equals Ext®[_, U when restricted to HZ™ for n > 0, and which
equals

the identity on HE®. If Extexp(itA) is a #-continuous unitary group on H*, then

*(Ext-exp(itA)) is the group generated by dI'#(A), i.e., T#(Extexp(itA)) =

Extexgitd*(A)].

Deinition1.1. We define the annihilation operator a-(f) on &Fs(H*) with domain Fo by

a(f) = JN+ 1b () 4)

a (f) is called an annihilation operator because it takes each (n+ 1)-particle
subspace into the n-particle subspace. For each v and n in Fo,

(JN+Ib (y,n) = (v,Sb(f) /N+1). (5)
Then Eq.(5) implies that
(@)t Fo=Sb(f)yN+1 (6)

The operator (a (f))* is called a creation operator. Both a~(f) and a~(f)* | Fo are



#-closable; we denote their #-closures by a~(f) and a~(f)* also.

Example 1.1. If H* = LM, d*w), then @, LE(M, d*u) = LE(x; M,®"; d*u) and that
S, LEM, d*u) = LE (x4 M, ®%,; d*u),where L is the set of functions in L% which
are invariant under permutations of the coordinates. The operators a (f) and a (f)*
are given by

a(PHy™(mg,....my) =Jn+1 (Ext— IM f(m)y ™D (mmy, ... ,mn)d#u)

a‘(f)*l//(n)(ml, . ,mn) = % Z|n=1 f(mi)l//(n_l)(ml, U 1 1 T ’mn)

where m; means that m; is omitted. If A operates on L5(M,d*u) by multiplication by the
*R#-valued function w(m), then

()

@A) ™ (my, ... ,my) = (Zi”:l co(mi)>y/(”)(m1, C..,mn) (8)
Eq.(6) implies that the Segal field operator ®%(f) on Fo defined by
# _ L — — *
@5(f) = 7 [a~(f) +a (f)"] 9

is symmetric and essentially self-#-adjoint. The mapping from H* to the self-#-adjoint
operators on Fs(H*) given by
f > @Y(f) (10)

is called the Segal quantization over H*. Notice that the Segal quantization is a real

(but not complex) linear map since f » a (f) is antilinear and f » a~(f)* is linear. The

following theorem gives the properties of the Segal quantization.

Theorem 1.1. Let H* be hyper infinite dimensional Hilbert space over field

*Ce = *RE + i*REand ®%(f) the corresponding Segal quantization. Then:

(a) (self-adjointness) For each f € H* the operator ®%(f) is essentially self-adjoint on
Fo,

the hyperfinite particle vectors.

(b) (cyclicity of the vacuum) Qo is in the domain of all hyperfinite products

[T, ®&fi).n e N*

and the set {J ", ®&(fi)Qo|fi and n arbitrary} is #-total in Fs(H*).

(c) (commutation relations) For each v € Fo and f,g € H*

[@E(NHDE(G) - EQ)DED) ]y = iIm(f,g) -y (11)
Further, if W(f) denotes the external unitary operator Extexp(i®%(f)) then
W(f+g) = |:Ext- exp(%) JW(f)W(g) (12)

(d) (#-continuity) If {fn}ﬁlis hyper infinite sequence such as #lim,,__«f, = f in H*,
then: (i) #lim,__« W(f,)y exists for all y € Fs(H*) and

#lim o W)y = W(Hy (13)
(i) #lim .« ®&(fn)y exists for all y € Fo and
#1lim . @)y = E(Fy. (14)

(e) For every unitary operator U on H*, T#(U) : D((I)E(f)) - D((I)E(Uf)) and for
y € D(@¥U))



r#(U)@EHI*(U) 'y = @&Uhy (15)
for all f € H*.
Proof. Lety € HE™. Since @ £(f) : Fo » Fo, v is in C**(®%4(f)). Further, it follows
from Eq.(5)-Eq.(6), and the fact that |o~(f)|E |ff]|, that

@@ty |, < (Bxe [T, Jo+T)Iflslvl, (16)
where a* (f) represents either a-(f) or a~(f)*. Therefore,
1DEH w I, < 22+ K)H)IF Il I, (17)

Since ExtY_, 5 t22((n+ K)D™2[|f[| Xy ||, < *oo for all t,y is an #analytic vector
for ®4(f). Since Fo is #-dense in F(H*) and is left invariant by ®%(f) is essentially
self-adjoint on Fo by generalized Nelson’s analytic vector theorem (Theorem ).
The proof of (b) is obviously.
To prove (c) one first computes that if v € Fo, then

a (Ha (@'v-a (g afy = (f.ov (18)
Eq.(11) follows immediately. Although Eq.(11) and Eq.(12) are formally equivalent,
Eq.(11) by itself does not imply Eq.(12) We sketch a proof of Eq.(12) which uses
special properties of the vectors in Fo.Let y € HE®, Then

1DEH) " D) " |, < 2™ (Ext- [T Jo+1 ) IfI2lIgllF v, (19)
which implies that hyper infinite series Extzn Orrbo<||(1>’b‘(f)“(l> (9) 1//|| /n! m!)
#—converges for all t € *R¥.Since y is an #-analytic vector for ®%(g),

Extzwo((lcb (@)™/mhy = (Ext-expi®Z(g)])w. Further, for each n € N¥,
(Extexgi®%(g)])v is in the domain of (d)’*(f)) since any finite and hyperfinite sum

Exep Y (049)™ (g) )y
with M € N# is in it and ®%(f)" (Ext— wo(('q) (g) )/m')yx) #-converges as M - oo

Thus the estimate Extzn 0m=0<||<I> H)"®L(g) "y || /n'ml>t“tm < oo* shows that
(Ext-exgi®%(g)])v is an #analytic vector for ®%(f) and therefore can be computed by
the external hyper infinite power series. Thus

ot (IDE(F)"(1@%(9))"

(Extexpgi®4(f)]) (Ext-expi®i(g)Dv = EXt'Z:):E),Wo ~r= (20
Similarly one obtains
(Ext— ex _it? Im(f,g)H#D(Ext-exp[ltd) f+9) Dy =
(21)

Ext X7 =L (AL m(t g, ) (i@ + 9)" v

where the hyper infinite series in RHS of Eq.(21) #-converges absolutely. Direct
computations using Eq.(11) now show that Eq.(12) holds by a term-by-term
comparison of the #-convergent external hyper infinite power series.

To prove (d) let y € H:® and suppose that #lim,,._«f, = fin H#. Then

|0&(fr)y — @& )y || < J2(k+1) [Ifn —fllw] (22)
so #lim,_« ®4(f,) = ®4(f). Thus, ®5(/,) #-converges strongly to ®%(f) on Fo.



Since Fo is a core for all ®%(f,) and ®%(f), Theorems VIII.21 and VIII.25 imply that
#lim .« (Ext-expit®%(fn) Jv) = Extexpit®E(f) ]y for all y € F(H¥).

To prove (e), let n € H*" be of the form = w1 ® - + - ®yn. Then

(Wb~ (Hr*(U)'n = (Wb H Uty ® - - - @Uyy) =

W)Uy ) (Uye @+« - @Uyn) = (Ufy) (w2 ® « + - ®yn) = b™(UHn.

Since finite linear combinations of such n are dense in H*™ and b~(g) has norm
llgll, we conclude that T*(U)b~(HT'*(U)™* = b-(Uf). But N and S commute with
I'*(U) so this immediately implies that T*(U)a (f)['*(U) ™ = a~(Uf) on Fy. Taking
adjoints and restricting to Fo we also have I'*(U)(a"(f))*T*(U) ™ = (a~(Uf))".
Thus for y € Fo, T*(U)®LHI*(U) Yy = @%(Uf)y. Since the operators on both the
right- and left-hand sides of this equality are essentially self-#-adjoint on Fo, we
conclude that T#(U)@&H#(U)™ = OE(UF).

Remark 1.1. Henceforth we use ®%(f) to denote the #-closure of ®%(f).

Definition 1.1. For each m > 0,m € *R%;, let

Hi = {p € *R¥*p-p = m? po > O}, (23)
where p = (p°,—p?,—p?,—p3). The sets H, which are called mass hyperboloids, are
invariant under °£%. Let j, be the #homeomorphism of H% onto *R#3 (or in the case

m = 0 onto *R¥3\{0}) given by jm : (Po,P1,P2,P3) — (P1,P2,p3) = p. Define a
#measure Q% on Hf, by

QF(E) = Ext j _d%

in®) IPI+m?

for any measurable set E — H%. The measure Q% (E) can easily be seen to be
ol-invariant. In fact, up to a constant multiple, Q% is the only °£}-invariant measure
on H* . Furthermore, every polynomially bounded °£!-invariant measure on V, is the
sum of a multiple of § and an integral of the measures Qf,. We state this fact as a
theorem.

Theorem 1.2. Let u* be a polynomially bounded #measure with support in V, . If u# is
?£l-invariant, there exists a polynomially bounded #-measure p on [0,%%) and a
constant c so that for any f e S*(*R#4)

(24)

o [t = o) +Ext [ arprom((Exe | o). (25)

Theorem 1.3.

We can now use the Segal quantization to define the free Hermitian scalar field of

mass m. We take H* = £4(H%,d*Qf,.), where H, m > 0, is the mass hyperboloid in

*R#4 consisting of those p € *R¥* satisfying p-p—-m? = 0 and po > 0, and d*Q%,

is the Lorentz invariant #measure.

For each f € S*(*R#) we define Ef € H* by Ef = 274 | H¥ where the Fourier
transform

(2n#)‘2(Ext- [(Expexdi(p- %) ])f(x)d#4x) (26)

is defined in terms of the Lorentz invariant inner product p - X. The reason for the
extra /24 in our definition of E and the plus sign in the definition of Fourier transform

is that if f is the distribution f(x) = g(x)5%(t), then ,/Zn#? is the ordinary



three-dimensional

Fourier transform of g. If ®%(.) is the Segal quantization over £4(H%,d*Qf..), we
define

for each *R%-valued f € S*(*R¥%4)

DL () = OYES. (27)
For *C#-valued function f ¢ S*(*R#*) we define
o% . (f) = Of . (Ref) + 0% (Imf) (28)

The mapping f - ®%(f) is called the free Hermitian scalar field of mass m.
On L5(H#, d* Q) we define the following unitary representation of the restricted
Poincare group:

(Un(a,A)yp)(p) = (Expexdi(p- &) [y (A7p) (29)
where we are using A to denote both an element of the abstract restricted Lorentz

group
and the corresponding element in the standard representation on *R% = R4,

Remark 1.3. Recall that a #conjugation on a Hilbert space H* is an antilinear
#-isometry C* so that C*? = |.
Definition 1.2. Let H* be a *C#-complex Hilbert space, ®%(+) the associated Segal
quantization. Let C* be a #-conjugation on H* and define H%« = {|C*f = f}. For each
f e HE, we define ¢*(f) = ®4(f) and 7#(f) = @¥(if). The map f — ¢*(f) is called the
canonical free field over the doublet (H*,C*) and the map f — ##(f) is called the
canonical conjugate momentum. We often drop the (H*,C*) and just write H if the
intended #-conjugation is clear.
Remark 1.4.Note that the set of elements of H* for which the maps f — ¢*(f) and
f — n#(f) are defined depends on the #-conjugation C*.
Theorem 1.4. Let H* be a *C#-complex Hilbert space with #conjugation C*. Let
¢*(+) and 7*(+) be the corresponding canonical fields. Then:
(i) Foreach fe HE., ¢ (f) is essentially self-adjoint on Fo.
(i) {*(HIf € HZ,} is a commuting family of self-adjoint operators.
(iii) Qo is a #-cyclic vector for the family {o*(f)[f € HZ.}.
(iv) If #lim .+ fn = fin HE, then
#lim .« o*(fn)y = o*()y for all y € Fo

and

#lim .« (Exp-explio®(fn)ly) = Expexgip?(f)]y for all y € Fs(H?)
(v) Properties (i)-(iv) hold with ¢*(f) replaced by 7#(f).
(vi) Iff,g e HE,, then

e*(Nr* @y - ¥ (@)e*(y = i(f, 9w (30)
forall y € Fp and
(Expexp| ip*(f)]) ( Expexp in*(9)]) =
(Exp-exdi(f,9)]) ( Expexp| ir*(@)]) ( Expexy ip*()]).

Proof. (i) and (iv) follow immediately from the corresponding properties
of ®%(-) proven in Theorem 1.1. To see that {p*(f)If € HE+} is a commuting family,

(31



notice that (12) implies

( Expexd itp*(f)]) ( Expexp] isp*(9)]) =
(EXp— exﬂ—it5|m(f,g)]) < EXp— exp|: IS(D#(g):D < Exp. eXF{ It(p#(f):D

where we have used the fact that ¢#(-) is real linear. If f,g € HE«, then it follows
from polarization that (f,g) = (C*,C*g) = (g,f),so Im(f,g) = 0. Thus

( Expexg itp*(f) ]) ( Expexp] isp*(9) ]) =
( Expexp] isp*(9) ]) ( Expexp[ itp*(f)])

for sand t. Therefore, by Theorem VIII. 13, ¢#(g) and ¢*(f) commute.

The proof of (b) is similar to the proof of (a). (X.70) and (X.71) follow immediately from
(X.64), (X.65), and the fact that if f,g € HZ,, then Im(f,ig) = Re(f,g) = (f,9).

Definition 1.3.We write f € £4(HE, d*Q% ) as f(po, p) and define now the
#-conjugation by (C*f)(po,p) = f(po,—p).

Remark 1.4.Note that C* is well-defined on L£5(H#, d*Qf.) since (po,p) € HE if

and only if (po,—p) € H#. C*is clearly a #-conjugation.

Definition 1.4.We denote the canonical fields corresponding to C* by ¢*(+) and

n#(+) and define ¢ (f) = ¢*(Ef) and n}(f) = #*(uEf),u = ,/p? + m? for *R%-valued

f e L(*R#*), extending to all of L(*R#*) by linearity. In terms of a=(f),

o) = {(@ (Ef))" +a (C*Ef)}//2,
() = i{(a (Ef)* + a (C*uER 2.

Remark 1.5.Note that the a’s in these last formulas differ from those most often
used in discussing the free field and that the correct space-time free field is ®% and
not ¢# as we will discuss below, ¢, and =f, are useful for discussing the time-zero
field. The maps f » ¢#(f) and f » 7% (f) are complex linear and ¢#(f), 7 (f) are
self-adjoint if and only if Ef € HZ,.

Because of the projection E we can extend the class of functions on which ¢f(-) and
n%(+) are defined to include distributions of the form &(t — to)g(X1, X2, X3) where

g € *RZ. In particular, if to = 0,g is *R¥-lvalued, and Ext-§ is the usual Fourier
transform on *R#3, then

(C*E3G ) (Po.-p) = (224)2G(P) = (7)™ *9(-P) = ESG, (35)

Thus E(5g) and pE(5g) are in HZ.. Therefore ¢ (59) and ©i(5g) are self-adjoint if

g € L(*R#) is real. For obvious reasons, the maps g = ¢%(59),g » n/(5g) are

called the time-zero fields. From now on we will only use test functions of the form §g
in  @k(+) and 7% (+) and write ¢%(g) and z%(g) if g € S”*RE instead of ¢f(5g) and
7n(59).

If f and g are *R%-valued functions in £(*R#3), then

(X.70) implies that for v € Fo,

[oh®. 7@y = i(Bxt [ TOI@uEWh, ). (36)

For convenience and also so that our notation coincides with the standard
terminology,

(32)

(33)

(34)



we now transfer the fields we have constructed from the Fock space built up from
LE(HE,dQ% ) to the Fock space built up from £5(*R%3). For notational simplicity, we
define for f € LE(Hf,dQ% )

a'(f) = (a (M), af) = a(C™). (37

First notice that each function f(p) € £5(H#,dQf,,) is in a natural way a function
f(p) = f(u(p),p) on *RE. For each f € LE(Hf,dQ%.,), we define

(INP) = f(up), p)/yup) . (38)
Jis a unitary map of L4(H#%,dQf ) onto LE(*RE), so I'#(J) is a unitary map of
F s(LE(HE,dQf L)) onto Fs(L4(*R%E3)). The annihilation and creation operators on
Fs(LECRE)), A(+), A'(+), are related to a(-) and a’(+) by the formulas

f(p) # #0171
Al —= | =I"Qamhr+J
(,/u(p) )

T f(p) _T# ¥ #01\-1
Al === | =T*d)a'(Hr*Q
(,/u(p) )

We use the unitary map I'#(J) to carry the Wightman fields over to Fs(£L5(*R%)) by

defining:(i) for *R%; -valued f € £f (*R&)

(39)

Dmx(F) = THI) D (HI#I) L =

1 ~# Ef ~ Ef (40)
ﬁ{a(c Jﬁ>+a(ﬂ>}

(ii) for *R%,-valued f € L£f (*RE)

fin

Brna(§) = THDPma (O L =

1 ~# E(f0) ~ [ E(f5) (41)
ﬁ{a(c JE >+a( JE >}

where G = JC*J acts by (C#g>(p) — g(—p). Having established this
correspondence,

we now drop the ~ and the bold face letters; from now on we will only deal with the
fields

on Fs(LE(*R%)) and three-dimensional momenta. Further, we recall that the
restriction of
the four-dimensional Fourier transform that we have been using in this section to

functions of the form 6(Xo)g(X1, X2, X3) the usual three-dimensional Fourier transform.
Notice that

T = Exth h = (C'F) (42)

so C*f = fif and only if f is *R#-valued.
For f and g *R%-valued, (36) becomes

[k, (@] = i(Ext [ 100900 )d*x (43)



(43) is the space form of the canonical commutation relations (CCR).

In the Appendix to this section we prove that for each m > 0, this representation of the

CCR is irreducible and for different m, the representations are inequivalent. Thus, the

time-zero fields in the free scalar field theories give rise to different representation of
the

CCR.

As a final topic before turning to interacting fields we will show how the structures

developed above are related to the “fields” and “annihilation and creation

operators” introduced in physics texts. We let now

Dy = {vlv € Fo,y™ € S, ("RE™"),n e N} (44)
and for each p € *R# we define an operator a(p) on F s(L%(*R%3)) with domain
Ds;, by
@PW) ™ (ke ... kn) = YN+ Ty D(p,ky, ... Kn). (45)

The adjoint of the operator a(p) is not a #-densely defined operator since it is given
formally by

@ W) V(K kn) = == D 60— k)Y @D (p ke, ki ki, ). (46)
ST

However, a'(p) is a well-defined quadratic form on Dy# x Dy . For example, if
v1={0,yd 0,..},and vy, = {0,0,y?,0,...},then

(v2.a' (Py1) = %{Ext— [[v@ Py k) + y @Ky D (ko) Jda b (47)
Remark 1.1.Note that the formulas
a(g) = Ext [ a(p)a(-p)d'p (48)
and
al(g) = Ext [ a'(p)g(p)d™p (49)

hold for all g € §,(*R%%) if the equalities are understood in the sense of quadratic
forms. That is, (48) means that for y1,y2 € Dg we have

(vra@y2) = Ext [ (v1,a@)y2)g-p)dp (50)

and similarly for (X.76b).
Since a(p) : Dyx —~ Dy the powers of a(p) are well-defined operators on D g .

As before we can write down a formal expression for (a’(p))", but it does not make
sense as operator, only as *C#-valued quadratic form on Dys x Dy .
Notice that

(v, (@' (P)"y2) = ((@P)"v1,y2) (51)
so for each n, (a'(p))" and (a(p))" are formally adjoints in the sense of *C#-valued
quadratic forms. We could of course have defined the quadratic form (a(p))" by (50)
and then calculated that it arises by taking the n-th power of the formal object given by
(45). Since a(p1) : Dy - Diﬁn,(t//l,aT(pg)a(pl)wz) is a well-defined *C#-valued



quadratic form for all (p1,p2) € *R# x *R#3. Notice, however, that
(v1,a(p1)a’(p2)y2) does not make sense since a'(pz) is only a quadratic form. In
general any product ]_[Ile a(fi)isa

well-defined operator from D to D+ and ]_[lNzll a'(fi) is a well-defined quadratic
formon Dy x Dy . Thus

N, N1
(wl, ( I a*(pi)> (1‘[ a*(—m))w) (52)
i=N1+1 i=1

is also well-defined *C#-valued quadratic form on Dy# x Dy . One can check
directly that if f € L£% (*R%) then as *C%-valued quadratic forms

N2 N1
( I1 a*(ﬁ)) (1‘[ a*(ﬁ)) -
i=N1+1 i=1

N2 N1 \P) (53)
EXE [, ( [1 a*(pi)> (]_[ a*(—pi)> (H fi(p ))d#pl. .d*pn,
i=N1+1 i=1 i=1
and
N=Ext [ a@ap)d’p (54)
The generator of time translations in the free scalar field theory of mass mis given by
Ho = Ext [ u(p)a (ma(p)dp (54)

Ho is called the free Hamiltonian of mass m. (52), (53), and (54) involve no formal
manipulations, but are mathematical statements about quadratic forms.
Theorem X.44 Let n; and n2 be nonnegative integers and suppose that
W e £§(*R’§3(”1+”2)>. Then there is a unique operator Tw on Fs(£4(*R#3)) so that

Dy < D(Tw) is a core for Tw and
(a) as *C#-valued quadratic forms on Dy x Dy

ny

Tw = Ext LRWM W(K1, ... Kny, P1s - - - ,pn2)<H aT(ki)> (H a(pi)>d#”1kd#”2p (55)
¢ i=1

i=1
(b) If m; and my are nonnegative integers so that m; + my = n1 + Nz, then
(1+ N)"™2T\(1 + N)"™2 is a bounded operator with

1L+ N)™2Tw(1 + N)™™2 || < C(my, mp) [|W]| 5. (56)

In particular, if my = n; and mp = ny, then
1L+ N)™2Tw(1 + N) 22| < C(my, m2) [W]| 4. (57)

(c) As *Ci-valued quadratic forms on Dz x D gz

N2 ng
Ti = Ext LWWZ) W(Ka, . .. ,Kny, P1, - - - ,pnz)(]_[ af(ki)> (H a(pi)>d#n1kd#n2p (58)

i=1 i=1

(d) If Wy % Win Iﬁ(*ﬂ?\ﬁ?’(””m), then Tw, —# Tw strongly on D .
(e) Fo is contained in D(Tw) and D(Tyy), and on vectors in Fo, Tw and Ty, are given



by the explicit formulas

(Twy) M) = K(1,ng,n2)S x

0 in (59)
|:EXt' J.*R#‘?‘nZ W(k]_, e ,knl, pl, - ,pnz)l// (pl, - ,pnz, kn1+1, - ,kn1+|_n2)d 2p:|
(Tvvl//)n =0ifn< N1 —nN2
(Tow) ) = K(I,nz,n1)S x
0] #n (60)
|:EXt' J.*R#‘?‘(nl) W(kj_, —_— ,knl, pl, - ,pnz)l// (kl, - ,knl, pn2+1, - ,pn2+|_n1)d 1k:|
(Tiw)"™ = 0if n < n2 — ny where Sis the symmetrization operator and
K(l,n,n2) = [ 1+ —na): TZ (61)
o (= n2)1? '
Proof. For vectors in D, , we define Twy by the formula (X.82a). By the Schwarz
inequality and the fact that Sis a projection,
| Ta) 2 |12 < Kl na, o) [y © 12w . (62)

If we now define an operator Tyy, on D by using the formula in (62),
then for all ¢ and y in D« one easily verifies that (¢, Twy) = (T, y).
Thus, Tw is #-closable and Tjy is the restriction of the adjoint of Tw to D .

From now on we will use Ty to denote Tw and Ty, to denote the adjoint of Tw.
By the definition of Tw, D is a #core and further, since Tw is bounded on the

|I-particle vectors in D , we have Fo < D(Tw). Since the right-hand side of (59) is

also bounded on the I-particle vectors, (X.82a) represents Tw on all [-particle vectors.
The proof of the statements in (e) about T3y are the same.
To prove (b), lety € D+ . Then by the above computation

(L + N ™ 2T (L + N2y ) ) || * <

K(l,n1,ny) 2 12 w2 (63)
(1+| _n2+nl)m1/2(1+|)m2/2 ||l// ” || ||
so that
€@+ N ™2 T (L -+ N) 2y ) 200 || <
K(,n4,n (64)
|:sup i in 1)m52)(1+|)m2/2 an“)n IW[| < C(ma,ma) [y ® ||| W]
leN — 12 1
where
Cm, ) =sup K(n,n2) » )

o A g+ )R

since my + my = ny + n2. In all the sup’s only | so that | — n2 + ny > 0 occur since
the other terms are annihilated by the action of Tw. Thus, (1 + N)™™/2Ty,(1 + N)~™/2
extends to a hyper bounded operator on & s(H#) with norm less than or equal to

C(mg,my).If my = ny and mz = ny, then C(myg,my) = 1.



To prove (d) we need only note that if y = (0,...,y®,0,...) € D and Wy —4 Win £3,
then
ITway = Twy | = [[(Twe-w)w | < K1, N2, n2) [Wa = W] [y |l (66)
where #Ilim .« K(I,n1,n2) [Wh = W|| ||| = 0.
Since D consists of finite linear combinations of such vectors, we have shown that
Tw, #-converges strongly on D y: to Tw if Wy —» Win L5,
To prove (a) let y1,y2 € Dy with w1 =(0,...y™"),0,...) and y1 =
O,...w®",0,...).
Then, if W= (TT™ fitk)) (I1,9i(ki)) the definition of the form
(IT" a'ki)) (T1%, ai(ki)) shows that

(1. Twyz) = Ext [ o WKL, - Knyy P, P

(v (IT7 @ k) (T17, aitki) w2 ) d*mkd™zp

Since both sides of (X.83) are linear in W, the relationship continues to hold for the all
such Ws that are hyperfinite linear combinations of such products. Since

(v (IT @ 60)) (T aitk) ) wa) € L5(*REX™™) (68)
and since (d) holds, both the right- and left-hand sides of (X.83) are continuous linear

functionals on *REX™*"?) Since they agree on a #dense set, they agree everywhere.
Finally, (68) extends by linearity to all of Dz x Dy .

(67)

This proves (a); the proof of (c) is similar. |
Finally, we note that as quadratic forms on D+ we can express the free scalar field
and the time zero fields in terms of a’(k) and a(k) :

D (X, 1) =
# Exte t—i aT Exte _ t+i a d#3p (69)
P |p|£x{[ e Xp(P) POl () + [Ext xp(p)t + P00} s
i) = —1 f{[Ext-exp(—iDX)]a*(pH[Ext-exp(ipx)]a(p)}Lgp (70)
(2m4)** s, J2u(p)
T (X) = (an)m _[ {[Extexp(—ipx)]a’(p) — [Extexp(ipx)]a(p) > @d%p, (71)
o plx

5.2.Q%-space representation of the Fock space structures

In this section the construction of Q*-space and L4(Q% d*u), another representation
of the Fock space structures are presented. In analogy with the one degree of
freedom case where F#(*R¥) is isomorphic to L(*R#%,d*x) in such a way that ®s(1)
becomes multiplication by x, we will construct a #measure space (Q, u*), with
p(Q*) = 1,and a unitary map S: FE(*RE) - LE(Q¥ du) so that for each f € HE,,
Sp#(f)S? acts on LE(Q, du*) by multiplication by a #-measurable function. We can
then
show that in the case of the free scalar field of mass min 4-dimensional space-time,



V = SH (g)S™ is just multiplication by a function V(q) which is in L5(Q,d*u) for each
p € N Let {f,}*", be an orthonormal basis for H* so that each f, € H, and let
{9} 4, N € N* be a finite or hyperfinite subcollection of the {fn}ﬁl. Let Py be a set of
the all external hyperfinite polynomials Ext-P[uy, ...,uy] and F% be the #-closure of the
set

{ExtP[p*(01),....0"(ON)]IP € P} 1)
in F£(H*) and define F) = F N Fo From Theorem X.43 (and its proof) it follows that
¢*(gy) and 7#(g)), for all 1 < k,I < N are essentially self-adjoint on F} and that

(Ext-exdito™(gk)]) (Extexpist#(g1)]) =

2
(Ext-exp—istdw]) (Extexplist#(g1)]) (Ext exgite*(ge)]). @
Thus we have a representation of the generalized Weyl relations in which the vector
Qo satisfies ([¢*(gk)]° + [7*(g)]* -~ 1)Qo = 0 and is #-cyclic for the operators
{*(@)} N € N*. Therefore there is a unitary map 5™ . Ft - LECRIN) so that
~ ~ -1
S(N)¢#(gk) (S(N)> — Xk
3)

~ ~ -1 #
Seeo(s") - 4

N
3Vq, = n;N"‘{Ext- exp|:—<Ext- > x—f) J} 4
k=1

It is convenient to use the Hilbert space

2
Lg(*ﬂ?\ﬁ”, n;N’Zd#Nx{Ext- exp[—(Ext— ZkN:1 %) ]})

instead of LE(*R#N) so let d*pux = ;2 exp(—x&/2) d#x, and define
2
(TH(X) = ng"“[Ext- exp(Ext-Zfl %) Jf(x). (5)

Then T is a unitary map of L(*REN) onto Lﬁ(*RﬁN,Ext-Hi’ll d#pif> and if we let
s™ = 13 we get

and

S™ : Ff > LECRIN Exe [T, duf),

SMe#(g(S™) ™ = xi,
6)
() # Ny Xe 1 df (
S T (gk)(s ) - | + | d#Xk’

sNQ, =1,

where 1 is the function identically one.Note that each uff has mass one, which
implies that



(Qo (Ext [T, Pule*(@0]) Qo) =
I (Ext—]_[I< 1 P[] )(Ext—Hk o T ) =

RN (7)
Ext [Ty, | Pixdo’uf = Ex[TY, [ (QoPulo(@01Q0),
*RE *RE

where Py,...,Py are external hyperfinite polynomials. This formula (7) can also be
proven by direct computations on FZ(H?).

Now it is easy to see how to construct (Q¥, d*u*). We define Q* = x", *R¥.Take the
o*-algebra generated by hyper infinite products of #measurable sets in *R% and set
p* = @ ut.We denote the points of Q* by q = (q1,0z,...). Then (Q* d*u*)is a
#measure space and the set of functions of the form P(qi1,0z2,...), where P is a
polynomial and n e N* is arbitrary, is #dense in £4(Q" d”u"). Let P be a polynomial in
N e N* variables

P(Xky, .- . Xky) = EXt Z Cly Xy X (8)
I
and define
S: P((P#(fkl)’ cee !(P#(ka))QO - P(qk1! v ’qu)' (9)
Then

P((P#(fkl)’ v !(p#(ka))QO = Ext Z C|Cm(Q07 gp#(fkl)lﬁml’ v !(P#(ka)IN+mNQ0) =

(10)
Ext—ZqCm I Q™ . gy (Ext-l_[d# #> = I|P(xk1,...,ka)|2d#u#

*[R#N Q#

by (X.92) and the fact that each uf has mass one. Since Q, is cyclic for polynomials
in the fields (Theorem X.42), S extends to a unitary map of F%(H¥) onto £5(Q*, d*u*).
Clearly

Sp*(fi)S™ = g and SQ, = 1. (11
Theorem 1. Let o, (f),x € *RE'R%; be the free scalar field of mass m (in
4-dimensional space-time) at time zero. Let g € £L{(*R#) N L4(*R%3) and define

Hix(@) = 200) [ 90): 0fn(00* :dx, (12)

where A(x) € *R¥,1(x) = 0. Let Sdenote the unitary map of FZ(H*) onto L£5(Q*, d*u*)
constructed above. Then V = SH,,,(g)S™ is multiplication by a function V,.,(q) which
satisfies:

(@  Vua(q) € LH(Q*,d*u*) for all p e N*.

(b)  Extexp(-tV,.(q)) € L%(Q* d*u*) for all t € [0,).

Proof. We will prove (a). By Eq.() we get

[ 41Ext exp-ipx)]a’ (p) + [Ext-explipx)]a(p)} ————

oo J u(p) '

Then ¢}, (X) is a well-defined operator-valued function of x € *R#. We define

3
Pina(X) = W (13)



X go’,‘;ﬂy,é(x)4 : by moving all the a'’s to the left in the formal expression for (p?‘n,x(x)4.
By Theorem X.44 : ¢ .(x)* : is also a well-defined operator for each x € *R¥3 and
: o (X)* : takes Fo into itself. Thus for each x € *R%,

L oh 00! 1 = 0h (0% + da(x) 9 (0 + do(x) (14)
where the coefficients d,(x) and do(x) are independent of x. For each x € *R¥3,
#»(X)Stis just the operator on #measurable space £4(Q*, d*u*) which operates by
multiplying by the function

#

EXt D Ci(X, %)k (15)
k=1
where
ck(x,x) = (2m#) ¥ (fi, Ext exp(ipx) (u(p)) ™?). (16)
Furthermore,
Ext > _Jok(x 1) 2 = (2m) 2| (u(p) 2 . (17)

)

S0 Spih.(X)*Stand Spt,.(x)2S™ are in £5(Q, d*u*) and the £5(Q*, d*u*) norms are

uniformly bounded in x. Therefore, since g € £¥(*R#3), SH,...(9)S* operates on

LE(Q%,d*u*) by multiplication by an £4(Q*,d*u*) function which we denote by V., ,(q).

Consider now the expression for H, ,(9)Q,. This is a vector (0,0,0,0y“,0,...)
Ag(x)[ Ext exp(—ix b ) Jd*x

v ®(p1,P2,P3,pa) = Ext _
I (22T, u(p)) ™

) (18)
_ l@<2i=1 ki)
(7)1, u(pi) 2
where |pi| < x,1 <i < 4.We choose now the parameter A = A(x) = 0 such that
ly @I, e R,thus
IH12200(@)Qoll, € R, (19)

since |Hix0(@Qoll, = v @ |, But, since SQ, = 1, we get
||H|,x,a(x)(9)Qo||2 = ”SHI,X,/I(X)(Q)S_l”;5§<Q#’d#u#> = ”Vx,/l(x)(q) ||£§<Q#,d###> (20)

From (19) and Eq.(20) we get that ||V, 1) (Q) ||;C,§<Q#’d#u,;¢> is finite. It is easily verify that

each P(qi1,0z, - - -,0n),n € N* is in the domain of V, 1 (q) and SH) 1) (9)S™ = Vi (Q)
on that domain. Since Q, is in the domain of [H; .. (g)]" for alln e N#, 1is in the
domain of [V, (q)]" for all n € N, Thus, for all n € N¥,V, 1y € £%,(Q% d*u*). Since
pH*(Q%) < oo, Vo € L3(Q%, d*u*) for all p < oo*.
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