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Performance Bounds and Cutoff Rates for Data Channels Affected by
Correlated Randomly Time-Variant Multipath Fading

Enzo Baccarelli

Abstract—The symmetric cutoff rate is derived for quadrature- channels and some generalizations of these results have been
amplitudg-modylated (QAM) block-poded data transmi;sions presented more recently in [9]-[12].
over noisy links affected by time-correlated multipath- |, this |etter, we deal with the most general case of data links
phenomena which introduce intersymbol interference (ISI) in the . . . S
received signal. Maximum likelihood (ML) decoding supported affected b}’“me'cc_’”e'atefj Raylelgh_fadlngshlch introduce
by perfect channel-state information (CS|) is assumed. Due to randomly“me-va“ant ISIII’] the rece|Ved S|gnals. The CutOf‘f
the presence of time-correlated ISI phenomena, the resulting rate and the error exponent for such channels are presented
transmission link constitutes an example of a continuous-state jn Section Il while several illustrative numerical results are
channel with memory. reported in the conclusive Section lIl.

Index Terms—Cutoff rate, multipath channel, random coding,
Rayleigh fading. Il. THE SYMMETRIC CUTOFF RATE FOR QAM BLOCK-CODED
DATA TRANSMISSIONS ONMULTIPATH-FADED ISI CHANNELS

|. MOTIVATION FOR THE WORK Let us assume that all -ary random source message feeds
HE POTENTIAL benefits arising from coding operationg block encoder of rateR = log(A)/N that outputs a
for data transmissions over noisy links are well sungodewordz,, = [zm(1) -+ zm(N)]" € AN constituted by
marized by the channel cutoff rate which is representativé symbols from an assignegtary QAM constellationA =
of the performance (measured in terms of error probabilifyr, -, g} C C' (hereafter natural logarithms are used).
exponent) achievable through codes of assigned rates & the corresponding sequengg(i) € C', 1 < ¢ < N}
block lengths [2], [4], [8, Sec. 4.4], [13, Sec. Il]. As aobserved at the output of the ISI-corrupted noisy transmission
consequence, in the past years a large body of published wotkgnnel can be modeled as
has concerned the computation of the cutoff rate for several Le—1
classes of real-life channels. In detail, comprehensive resultg(i) = Z g(i; k) (i — k) +n(i) = G ()3(4) 4 n(4)
for memoryless links are summarized in [8, Sec. 4.5] while in k
the recent contribution [13] additional insight into the cutoff =2(i
rate of the companding channel is provided. Furthermore, the
important case of data channels affected by time-invariafpere
deterministic intersymbol interference (ISI) has also been _ ., _ B B T Lo _
widely investigated [2], [6], [7]. 5(0) _[“Z"(L) "'_“7’"0 ~Le+ ] €A™ =4s
The case of randomly faded data-links has also been exam- =171, -+, ONa )
ined in a lot of works, mainly by resorting to tlemplifying
assumption ofperfect interleaving[5], [8, Sec. 4.5 and ref-
erences therein], [14]. However, when such an assumption G(i) =[g(1; 0) --- g(3; Le — D]F
falls short [3], [4], [11], [12], the time correlation present in =Go(i) +jG,(i) € cle, 1<i<N A3)
the fading phenomena introduces memory in the link which
becomescontinuous-staté in this case, Gallager's approachs the Lo-variate impulse-response vector of the channel at
of [1, Sec. 5.9] for the computation of the error-probabilitghe ith signaling period. Now, as pointed out in [1, Sec.
exponent must be, indeed, generalized. As a matter of fa¢t], due to the ISI effects the system statg) depends
to date the coding capability of data links affected by timdsoth on the transmitted codeword,, and on the initial state
correlated fading phenomena has been only partially explor&0) so that we refer to it by adopting the more complete
In particular, in [3], [4], the cutoff rates and the related erranotation 3(i) = 3(4; ., $(0)). Furthermore, we also as-
exponents have been computed for flat-faded (i.e., I1SI-frem)me that the.-variate impulse-response sequedcdi) €

_ , o _ Cle 1 <4 < N}in (3) constitutes a complex stationary
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1According to [1, Sec. 5.9], we can define the state of the channel as ibethe usual discrete-time time-varying impulse response of the overall low-
corresponding time-variant impulse-response; since the lattecostinuous- pass (complex) system sampled at the chip-pefipdvhile {n(i) € C'} is
valuedtime-correlated random process in multipath faded environments, thecomplex zero-mean Gaussian noise sequence with variandg &f per
resulting channel can be qualified esntinuous statén accordance with the component. Finallyz (i) is defined as:(i) = G (4)3(i) and L¢ is the
taxonomy introduced in [1, Sec. 5.9]. length of the impulse response of the channel in multiples of the chip period.

0
+n(i), 1<i<N (1)

~

1<i<N,(Ns=q¢") (2

is the system state at thith epoch [1, Sec. 4.6], and
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are assumed uncorrelated and share a common autocorrelatibare the symmetric cutoff rat&}(N) for codewords of
sequence{Rg(t), 0 < t < N — 1} with real matrix lags of length NV is defined as

dimensions L¢xzLc). Therefore, by indicating aB (V) = 1 )

[G(D)T --- GT(N)]* the Lo N-variate complex vector which R (N) = N 10g{q(21\ tlo)

collects the channel impulse responses until siép the

resulting N-variate observed vectay = [y(1) --- y(N)]* € : Z Z Z Z

CY corresponding to the transmitted codewarg is given 2CAN 5(0)€As 2/ CAN 5(0) €45

by the following vector relationship [see (1)]: (N, Ra(N); 2, 5(0% a7, 5(0),)}
y = AL(N))s(zm, 5(0))+n = 2(T(N); z,,,, 5(0))+n. (4) ®)

In 4), n = [n)---n(N))¥ is an N-variate
complex Gaussian noise vector angl(z,,,s(0)) =
B(1; 2o, S(0)T - 3(N; 2o, SO)T]T is  the NLe- (N, Ra(N): 2, 5(0); ', 5(0))
variate system super-state which collects the state-sequence 1 -1
of (2) generated by the transmission of the codeworg = {det [I+ N A%z, 5(0); 2, 5(0)/)BG(N)}}
Furthermore, A(L(N)) = diag{G*(1), ---, GT(N)} is an ¢

with the additional positions reported beldw:

N x N diagonal block matrix with (matrix) entries along ©)
the main diagonal given by the above-introduced respon _ _ ) L . _
soquenc ) L < 1 < V) Rz, 5(0); o', 5(0)') =diag{[5(i; 2, 5(0)) — 5(i; 2/, 5(0))]
The relationship in (4) describes the transmission link on x [3(i; z, 5(0)) — 5(4; 2, 5(0) )7,
a codeword basisand represents the basic system model 1<i< N} (10)

adopted for the computation of the cutoff rate. In fact, b _ _
assuming equiprobable codewords with independently selecé?f”e remarks are in order concerning the ensemble-averaged
symbols [1, Sec. 5.9], [2, Sec. Il]] and maximum likelihood@€rformance bound in (7). _ .

(ML) decoding with perfect channel-state information (Csi), Rémark 1:Due to the time-correlation exhibited by the

an application of the union-Bhattacharyya bound followefdding phenomena, the cutoff rate in (8) generalgpends

by random-coding argumentations [1, Sec. 5.3] allows us g5 the lengthV of t.he transmit.ted codewords. S,UCh a de,'
bound the block-error probabilit?-(L(V)) conditioned on pendence may modify substantially any exponential behavior
the fading realizatio’(V) as B of the resulting error probability in (7), especially in static

or quasi-static multipath faded environments. To this regard,

(N)) < % Z Z Z Z we also nqte that fo_r static fading chgnnels the cc_)variance
q block matrix Rg(N) in (6) becomes singular; in this lim-

iting case it can be shown that the cutoff rate formula in

P

z€AN 5(0)€As 2/ €AV 5(0) €As

x / P(5(0))P(5(0)) (8) still holds with thev(-, -; -, -; -, -) functional replaced
1 _ by {det[] + (1/2N,) Te{A%(z, 3(0); 2/, 5(0) )} Re(0)]}
_ A(T(N): 0 o) L1122 (L, s Loy ’

X eXp{ 4N, I2(LAN); 2, 5(0)) where Tr{A%(-)} indicates theLcxLe matrix obtained by

B ) summing theN block entries of A%(-) disposed along the
- ALY 2 SO} ) main diagonal,
Remark 2: When the time correlation exhibited by the
Furthermore, the averaging of the above bound over thgjing phenomena vanishes, the matix: (V) in (6) boils
statistics of the fading process can be carried out by noting thgfyn to a diagonal (block) matrix. It can be shown that, in this
L(N)in (5) is anLcN-variate zero-mean complex Gaussiagase, the cutoff rate in (8) no longer dependshoand can be
random variable that exhibits the Toeplitz-type real covarianggmputed by resorting to a suitable application of Frobenius’

block-matrix reported below: theorem [15, eq. (15)].
Ra(N)
1 = [ll. SOME ILLUSTRATIVE EXAMPLES
= 5 B{L(V)LT(V)} AND CONCLUSIVE REMARKS
R¢(0) Re()™ -+ Ra(N-1)T The cutoff rate formula in (8) has been numerically eval-
Rs(1) R(0) Rg(N —2)T uated for some multipath-faded test channels. The obtained
= : : (6) results are reported in this section; they clarify the actual

— _ - - dependence of the cutoff rate on the time correlation exhibited
Rog(N —1) Rg(N-2) --- R (0 . .

al ) Fal ) a(0) by the fading phenomena and also point out the effects on
So, after computing the expectation of (5) with respect e cutoff rate of several important system parameters as the
(), we obtain the following upper bound for the resultingodeword lengthV, the Doppler bandwidtiB)», the signaling
averaged block-error probability: period T, and the constellation sizg
FE = EF(N){FE(F(N))} < exp{—N[R* (N) _ R]}, 3The matrix in (10) is an Hermitian semidefinite-positive diagonal block

matrix whose entries areL¢xLc) matrices (obviously, the off-diagonal
R< RI(N) (7) entries are null blocks).
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Fig. 1. Behavior of the cutoff rate versus the SNR for the two-path Fig. 2. The same as in Fig. 1 f@pTc = 5 - 1075,
channel of (11) with vanishin@,T¢. 7,. is the average received SNR per

channel symbol. 300 oo o o L Ao

275 —— BPSK (N=32) . S ,

A. Dependence of the Cutoff Rate on the Time Az‘so —@— 4PSK (N=32) S :

Correlation of the Multipath Fadings = —&—8PSK(N=32) |~~~ - L A .

. . ) < 225 ---m---BPSK (N=64) |- - - - - R A .

Let us consider the land—mobile test channel const|tuted§‘2.m ---@---APSK(N=64) | . . S '
by two equal-power uncorrelated taps impaired by Rayleigh 178 ---A---8PSK (N=64) ‘ d

fadings described by the (matrix) autocorrelation sequence = ' '
o 1.50

Rg(t) = Irx2Jo(2r BpTct), 0<t<N-1 (11) § 1.25

G
where J,(-) is the usual zeroth-order Bessel function of the o) 100

first kind. The obtained values for the cutoff rates are reported‘é 0.75
in Figs. 1-3 for codewords of lengthh = 32 and N = 64 © 050

and for values of the produdp T equal to zero, 80~° and 0.25

5-10~2, respectively. Now, Figs. 1 and 2 point out that, when  o.c0 ; : : ; :
the fading phenomena are “static” or “quasi-static,” the cutoff -5 0 10 20 30
rate performance is poor and substantial improvements cannot Y. (dB)

be obtained by expanding the constellation size. Moreover, o A
according to the observation that channels affected by sli&i§ 3 The same as in Fig. 1 fd8pTc = 5107,

fading phenomena exhibit vanishing Shannon’s capacity [4, -
Sec. I1.B], the plots of Figs. 1 and 2 also show that th[reported in Fig. 4 for the Watterson-type channel outperform

cutoff rate values decrease when the block lengtimcreases. t%e corresponding ones drawn in Fig. 3 for the above consid-

However, an opposite trend is exhibited by the numeric l’ed land-mobile links. Moreover, the performance plots of

results reported in Fig. 3 which refer to the channel of (1 r):gth4 gﬁ% p(;lntbou;[ ;r;atlg)rdgle chz;\)nnel r?_f (1? rteduct|§:ns
with BpZ = 5-10~2. In fact, for such a fast-faded channel'” ¢ ot about 17— can be achieved at a uniary

improvements on the cutoff rate performance are experien transmission rate by using 8PSK constellations in place of the

when the codeword lengtl increases; moreover, at a unitary SK ones.
information rate, reductions of the signal-to-noise ratio (SNR

7. over 15 dB can be obtained by expanding the constellati
size ¢ from two to eight.

To illustrate the dependence of the cutoff rate on the In order to gain some insight into the behavior of the cutoff
shape of the Doppler power spectrum which characterizes ti¢e when the channel paths are correlated, we consider the
fading phenomena, we have considered a second test chatwettap link described by the following (matrix) autocorrela-
constituted by two equal-powered mutually uncorrelated tafien sequence:
affected by Watterson-type fadings described by the following 1 0.9999
Gaussian-shaped autocorrelation sequence: Ra(t) = ‘0 9999 ) 1

Rg(t) = Lo exp[—(nBpIct)?), 0<t<N-1. (12 (13)

Dependence of the Cutoff Rate on the
Correlation between the Channel Taps

J0(27TBDTct), OStSN—l.

Since Watterson-type fading channels exhibit more time di- Numerical results for the resulting cutoff rate are reported
versity than land-mobile multipath links, the cutoff rate valueis Fig. 5 together with the corresponding curves obtained for
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Fig. 4. Cutoff rate values versudg. for the two-path Watterson-like multi- Fig. 6. Cutoff rate versug, for the three-tap channels of (14) (Channel

path-faded channel of (12) witBp T = 5 - 1072,

C) and (15) (Channel D) with first-order Butterworth-type Doppler spectra at

BpTc =10~*. The reported plots refer to the case of a BPSK constellation
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Fig. 5. Cutoff rate versug,. for the two-tap channels of (11) (Channel [g]
A) and (13) (Channel B) aBpTo = 8 - 10~2. BPSK, 4PSK, and 8PSK
modulation formats have been considered for a codeword leNgth 32.

-
the uncorrelated tap channel of (11). An examination of thes[e]
plots shows that at transmission rates of about 0.5 bit/symb%!
the performance loss suffered by the correlated tap channel 1]
(13) with respect to the uncorrelated tap one of (11) is ovefel
3 dB for BPSK constellations while the penalty resulting for
4PSK and 8PSK modulation formats amounts to about 2.6-316j
dB at a unitary transmission throughput.

The degrading effects induced by the path correlation appear
again more evident from the numerical results of Fig. 6, whighz]
refer to the three-tap channels with Butterworth-type Doppl 1r2]
spectra described by the following (matrix) autocorrelatio
sequences:

Rc;(t) Ingg eXp(—QWBDTCt),
1 0.9999 0.9998
Re(t) =10.9999 1 0.9999 | exp[—27BpTct],
0.9998 09999 1 (15]
0<t<N-1. (15)

(23]

0<t<N-1(14)
[14]

with a codeword lengthV = 32.

In fact, an examination of Fig. 6 shows, indeed, that in this
case at an information rate of about 0.5 bit/symbol the penalty
induced by the tap correlation amounts to about 6.8—7 dB.
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