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Unitary Nonuniform Space-Time Constellations for
the Broadcast Channel

Erik G. Larsson, Member, IEEE

Abstract—We propose a new class of unitary space-time
matrix constellations that have nonuniform error performance.
Such codes are important for transmission over a broadcast, or
point-to-multipoint, communication channel and when scalable
source coding is used. Our new codes can be encoded differentially
and are based entirely on phase-shift keying. Analytical design
criteria are discussed and a simulation result is presented to
exemplify the designs.

Index Terms—Broadcast channels, space-time coding.

I. INTRODUCTION

T HE USE of multiple antennas at the receiver and
transmitter, or so-calledmultiple-input multiple-output

(MIMO) technology, along with appropriate coding over space
and time, has shown to be very promising both to increase the
throughput and to counteract fading in communication systems.

In this letter, we propose a new class of space-time codes suit-
able for data encoded usinglayered source coding. With lay-
ered source coding, different information bits have different im-
portance for the reconstruction of a message, and therefore the
target error rate for different classes of bits is different. For in-
stance, the image and video coding standards JPEG-2000 and
MPEG-4 use so-called “fine granularity scalability” as a way
of trading error-free throughput against the quality of the re-
constructed image or video sequence [1]. A particularly im-
portant application of such layered coding techniques is trans-
mission overpoint-to-multipoint, or broadcast, communication
links where distinct receivers typically experience very different
radio link qualities and where the receivers also often havein-
herentlydifferent capabilities to decode the message.

Our codes are constructed starting from a criterion that at-
tempts to minimize the error rate. They also satisfy two other
important design goals. First, they can be encoded (and de-
tected) differentially. Second, they are entirely based on phase-
shift keying (PSK) modulation and consequently the transmitted
signal has constant envelope at all times. They can, therefore, be
seen as a multidimensional extension of a technique in [2].

II. DIFFERENTIAL MODULATION FOR MIMO SYSTEMS

We consider a MIMO system with transmit antennas,
receive antennas, and assume for simplicity that the associated
propagation channel is linear, time-invariant and frequency flat.
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Let be an matrix whose ( )th element contains the
channel gain between transmit antennaand receive antenna

, and suppose that a code matrixof dimension is
taken from a matrix constellation and transmitted by sending
its columns via the antennas during time epochs. If the
signal received during the sametime intervals is arranged in
an matrix , then where is an
matrix of noise. Throughout this letter, we shall also make the
somewhat standard assumption that the elements ofand are
independent and zero-mean complex Gaussian with variances

and , respectively; hence the channel is Rayleigh fading.
Given , detection of in a maximum-likelihood

(ML) sense amounts to minimizing the Euclidian distance
with respect to , as well as (unless it

is known). The average (over ) probability that the ML
detector mistakes a transmitted code matrixfor an incorrect
(and different) code matrix can be bounded by [3]–[5]

(1)

(2)

for the two cases that the channel is known respectively
unknown, in the latter case assumingto be a deterministic
unknown. Here denotes the determinant of a matrix
and stands for the complex conjugate transpose. Also,

and stand for
the projections onto the range space ofand its orthogonal
complement, and is the identity matrix.

Space-time modulation matrices that can be encodeddiffer-
entially are often of special importance since such codes can
be demodulated noncoherently. Differential codes with uniform
error probabilities have been studied by many authors (see, e.g.,
[6]–[8] for some prominent examples) and some of them can
be seen as an extension of differential PSK to MIMO systems.
In general, if is the time index and if is a sequence
of (square) information-bearing matrices, then differential en-
coding obtains the transmitted code matrix at time via

(3)

where is the matrix transmitted at time . Such
an encoding usually is only meaningful under certain circum-
stances, for instance if is unitary [in which case be-
comes unitary for all as well, given a unitary “initial matrix”

]. By considering two (or more) received matrices
and simultaneously, noncoherent detection is possible.
For example, if we concatenate the matrices received at time

and , and assume that the channelremains constant
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over these two time intervals (to within practical accuracy), we
can write [using (3)]

(4)

where can be seen as an unknown “effective”
channel matrix and is an effective code matrix.
Provided that is such that the corresponding deter-
minant in (2) is nonzero, noncoherent demodulation is possible
and the equation referred to can be used to assess the error rate.

III. A N EW CLASS OFNONUNIFORM SPACE-TIME CODES

The principal idea behind nonuniform codes is that two mes-
sages, a “basic” and an “additional” such, are simultaneously
encoded into a transmitted matrixat a given time, and that by
construction the error rates associated with the basic and the ad-
ditional message are different. The additional message requires
a more capable receiver, or a higher signal-to-noise (SNR) ratio
to be decoded than the basic message does. Since uniform con-
stellations constitute a subclass of nonuniform ones, the de-
sign of nonuniform space-time constellations appears to be even
more difficult than the design of uniform such.

Our new nonuniform space-time codes are based on differen-
tial encoding of the product of a square and unitary code matrix

associated with a basic message, and another square
and unitary code matrix corresponding to an addi-
tional message. Thus the transmitted code matrix at timeis
given by [cf. (3)]

(5)

By using (2) along with the fact that all involved code ma-
trices are unitary we find that the average probability that a
transmitted message pair is mistaken for another pair

can be bounded by

(6)

A bound such as (6) was used in, for instance, [6] for the design
of (uniform) differential space-time codes. However, although it
may be thought of as a feasible approach, an attempt to minimize
this bound in the context ofnonuniformspace-time modulation
may not produce the desired result since the target error rates
for and are different.

IV. DESIGN CRITERIA FOR NONUNIFORM CODES

Since the additional message can be decoded only at high
SNR, the matrices associated with the additional mes-
sage should, loosely speaking, be close to the identity matrix.
Inspired by this fact, we suggest to first consider the design of

, treating the presence of as an unmodeled noise-like
disturbance term. Doing so, we can approximately bound the

Fig. 1. Example of a nonuniform space-time constellation.

error probability for alone (assuming differential detection)
by

(7)

where is a factor that incorporates the noise-like effect of the
presence of . Although the bound (7) is somewhat heuristic
(and probably neither tight nor very accurate), we believe that it
may serve a purpose as a meaningful design criterion for .

Next, for the design of we proceed as follows. Suppose
that the SNR is in a region such that can be reliably decoded.
For the design of this should be a reasonable assumption,
since if it is not true then decoding of is probably of less
interest anyway. Assuming that is known, the demodulation
of is essentially another noncoherent detection problem. To
obtain a criteria for the design of the constellation , we
want to form an error bound on and average it over all pos-
sible basic messages . After some simplification, we find
that is bounded by

(8)

Note that in the last step disappears since it is unitary. In (8),
denotes the cardinality of a set.

V. DESIGN EXAMPLE

Let us consider a basic messagetaken from the following
set:

(9)

The constellation in (9), which is uniform and possesses cer-
tain optimality properties, is due to [6] and was called “BPSK”
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(12)

therein. There are other constellations with higher rate, but for
illustration purposes we choose a simple example. Based on the
design rules in Section IV, we have handcrafted the following
constellation of matrices for the additional message:

(10)

where ( ) are design parameters (to be discussed below). If
we take, somewhat arbitrarily

(11)

it follows that for all and hence differential
encoding of the code is meaningful. Furthermore, we can verify
that all elements of have always unit magnitude:

and hence all transmitted symbols are obtained by constant
envelope modulation, which was one of our design goals.

The error performance (of both the basic and the additional
message) will depend onand , and typically the error perfor-
mance of the additional message can be traded against that of the
basic message. The values ( ) must be chosen carefully. For
instance, at first glance intuition would perhaps suggest us to
take and ; we can show that such a “simple” choice
leads to a code that “works” but that doesnot provide maximal
diversity.

“Optimal” values of ( ) can be obtained via simulation, but
we have also used the following analytical tool. By the union
bound, the probability for the basic message to be in error can
be bounded by (12), shown at the top of the page. Likewise, the
error rate for the additional message can be bounded by a similar
expression (not presented here).

Fig. 1 (on previous page) shows the empirical bit-error-rate
(BER) for the code described above using ,
(obtained via optimization of the above error bounds) and ML
decoding. The solid lines (“–––”) show the performance of dif-
ferential BPSK for a conventional system with transmit
antenna and a single receive antenna; the coding for is
essentially a special case of [2]. The dashed lines (“– –”) show
the performance for a system with (and a single re-
ceive antenna) using the code presented above. For the curves
without marks, only a basic message is transmitted. The curves
with marks show the performance when both a basic and an ad-
ditional message are transmitted: the curves marked with “”
show the BER for the basic message, and the curves with “”
show the BER for the additional message.

Clearly, the transmit diversity system outperforms the con-
ventional one – observe, in particular, the different slopes of the
BER curves. Also, it is clear that the transmission of an addi-
tional message incurs a performance degradation, which is nat-
ural since the minimum distance in the constellation decreases
(cf. the above remark about performance tradeoff).

VI. CONCLUDING REMARKS

We have presented new nonuniform space-time codes that
can be encoded and detected differentially, and that are based
entirely on phase-shift keying. We also discussed analytical cri-
teria for code construction and optimization. More results and
codes with higher rates, along with a more complete discussion
of the code design criteria, will be presented elsewhere.

It may be argued that using nonuniform constellations for
a single transmit antenna (see, e.g., [2]) together with known
linear space-time codes (see, e.g., [5]) should be a natural way
of designing nonuniform MIMO constellations. However, this
is in general suboptimal since we optimize over the class of
space-time codes and the class of nonuniform single-antenna
constellationsseparately, instead ofjointly. Also, constraints
like the constant-modulus property may be harder to incorpo-
rate. Therefore, we believe that nonuniform space-time constel-
lations should be designed by approaching the problem from
first principles.
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