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Abstract. A normal form theory for functional differential equations in Banach
spaces of retarded type is addressed. The theory is based on a formal adjoint theory
for the linearized equation at an equilibrium and on the existence of center manifolds
for perturbed inhomogeneous equations, established in the first part of this work
under weaker hypotheses than those that usually appear in the literature. Based on
these results, an algorithm to compute normal forms on finite dimensional invariant
manifolds of the origin is presented. Such normal forms are important in obtaining
the ordinary differential equation giving the flow on center manifolds explicitly in
terms of the original functional differential equation. Applications to Bogdanov-
Takens and Hopf bifurcations are presented.

1. Introduction. The aim of the present paper is to construct and show applica-
tions of a normal form theory on center or other invariant manifolds at equilibria
for semilinear functional differential equations (FDEs) in Banach spaces. Here, we
consider autonomous linear FDEs of retarded type in the form

a(t) = Apu(t) + L(uy), (1.1)

where X is a Banach space, r > 0, C := C([-r,0]; X) is the Banach space of
continuous mappings from [—r,0] to X equipped with the sup norm, u; € C is
defined by w;(0) = u(t +0) for t € [-r,0], L : C — X is a bounded linear
operator, and A : D(A7) C X — X is the infinitesimal generator of a compact
Cy-semigroups of linear operators on X. We also consider semilinear FDEs of type

W(t) = Aru(t) + L(us) + F(uy), (1.2)

where F' is regular enough and F'(0) = 0, DF(0) = 0.

In applications, it is of particular interest to consider the ordinary differential
equation (ODE) giving the flow on center manifolds, since the qualitative behaviour
of the solutions can be described by the flow on these manifolds. With the present
approach, we give explicit normal forms (in the usual sense for ODEs) for the equa-
tion giving the flow on the center manifold of equilibria for equations in the form
(1.2), without having to compute that manifold beforehand. These normal forms
are also applicable to determine the flow on other finite dimensional invariant mani-
folds, for instance center-unstable manifolds, provided their existence. Situations
with parameters will also be treated, since the normal form theory developed here
is particularly powerful in the study of bifurcation problems.

The normal form theory presented here on one hand relies on the existence of
center manifolds for (1.2), and, on the other hand, on a complete formal adjoint
theory for equations (1.1) established in Part I of the present work (Faria, Huang
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and Wu [7]), where ideas in Arino and Sanchez [1], Busenberg and Huang [2], Huang
[15], Travis and Webb [22] were pursued. We should mention that in [2] a formal
adjoint theory was already derived for a particular model. In [7] the formal duality
was used to decompose the phase space C by a finite set of characteristic values,
and results on the existence and regularity of center manifolds for perturbed FDEs
(1.2) were established. These tools enable us to construct a normal form algorithm
along lines similar to the ones considered in previous works of Faria and Magalhaes
[8], [9] on normal forms for autonomous retarded FDEs in finite dimensional spaces.

We point out that normal forms have already been constructed for particular
classes of FDEs in Banach spaces in Faria [5], [6], but under some strong assump-
tions that restrict their application. In fact, for the normal form construction in
Faria [6], as well as for the adjoint theory for linear equations of type (1.1) and
invariant manifolds results in Lin, So and Wu [17], Memory [18], Wu [25], it was
assumed, first, that the eigenvectors of Ar formed a basis {f;};>, for X, and
secondly, that the linear operator L did not mix the modes of eigenspaces of A
(i.e., L(pPr) € span{B}, for all ¢ € C([-r,0];R) and all eigenvectors ;). This
last condition was relaxed in Faria [5], where it was sufficient to impose that the
eigenvectors of Ar could be organized in blocks, in such a way that the modes
of the generalized eigenspace for Ar generated by them were not mixed by L. In
both cases, the previous approachs for developing a normal form theory rely on the
eigenspaces of Ar, through which linear FDEs of type (1.1) or perturbed FDEs of
type (1.2) are decomposed as sequences of FDEs in finite dimensional spaces R™
(all of them being scalar FDEs for the situation in [6], [17] and [18], and possibly
non-scalar under the weaker condition imposed in [5]), to which the standard for-
mal adjoint theory for FDEs of Hale [12] can be applied. The approach followed
here is completely different, since there are no hypotheses on the eigenvectors of
A7 nor on relating the linear operators Ar, L. Therefore, it is necessary to recon-
struct a normal form theory solely based on the formal adjoint theory presented in
[7], which enables us to decompose the phase space C by a nonempty finite set of
characteristic values of (1.1).

The paper is organized as follows. In Section 2, we recall some relevant results
in [7] and [22], that will be used in what follows. The option of presenting a
detailed background section was made so that the reader could follow easily the
exposition in Sections 3 and 4 and have the necessary results to understand clearly
the illustrations in the last section. In Section 3, we introduce an enlarged phase
space where (1.2) can be written as an abstract ODE in a Banach space. Section
4 is dedicated to the theory of normal forms. Finally in Section 5, application of
normal forms to the study of Bogdanov-Takens and Hopf bifurcations are presented,
and illustrated with examples.

We now set some notation that will be used throughout the paper. For a given
Banach space X and for a linear operator A from its domain in X to X, we will use
D(A), R(A) and N(A) to denote the domain, range and kernel of A, respectively.
The spectrum, the point spectrum and resolvent of A are considered as subsets of
C, and are denoted by o(A), op(A) and p(A), respectively. If A € op(A), M (A)
is the generalized eigenspace associated with .

2. Preliminaries. Consider an autonomous linear retarded FDE (1.1) in the phase

space C' = C([-r,0]; X), X a Banach space, with Ay : D(A7) C X — X, L:

C — X linear operators. We require the following assumptions:

(H1) Ag generates a Cy-semigroup of linear operators {T'(¢) };> on X, with || T'(¢)]| <
Me“t (t > 0) for some M > 1,w € R.
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(H2) T'(t) is a compact operator for each ¢ > 0.

(H3) there is n : [-r,0] — L(X,X) of bounded variation such that L(p) =
f_or dn(0)e(0), ¢ € C, where £(X,X) denotes the Banach space of bounded
linear operators from X into X.

Under (H1)-(H2), it was shown in [22] that the initial value problem

u(t) =
for ¢ € C, has a unique solution u(y)(t),t > —r. Moreover, defining U(t),t > 0,
by U(t) : C — C, U(t)p = u(p), {U(t) }1>0 is a Co-semigroup of bounded linear
operators on C, with U(t) a compact operator for ¢ > r. Its infinitesimal generator
Ay : C — C is given by

T(t)p(0) +/0 T(t —s)L(ug)ds, wug=¢ (2.1)

Ayp =¢
D(Av) ={p € C:p € C,p(0) € D(A7),$(0) = Arp(0) + L)},
(2.2)

and has only point spectrum, o(Ay) = op(Ay). Futhermore, for any o € R the
set {\ € 0(Ay) : Re\ > a} is finite. For A € C, we note that A € o(Ay) iff A is a
characteristic value for (1.1), that is, if A satisfies the characteristic equation

ANz = Apz + L(edz) — Az =0, for some = € D(Ar)\ {0}, (2.3)

where A(A) : D(Ar) C X — X and etz € C is given by (e*2)(0) = e*x for
0 € [-r,0) and z € X. Clearly, N(Ay — M) = {e*z: 2 € N(A\)}. If A € o(Ayp),
then the ascent and descent of Ay — Al are both finite and equal, and

C = N[(Av = AXI)"™| & R[(Au — AI)™], (2.4)

with N[(Ay — AI)™] = Mx(Ay) finite dimensional and R[(Ay — AI)™] a closed
subspace of C.

The results concerning a formal adjoint theory obtained by Hale [12] for linear
FDEs in finite dimensional spaces of the form u(t) = L(u;), with L : C([—r,0]; R™)
— R™ linear bounded, remain valid for (1.1) without essential modifications.
These results are summarized here, and the reader should consult [7], [15] and
[22] for details.

Let X* be the dual of X, C* := C([0,7]; X*), and define a formal duality as the
bilinear form << -,- >> from C* x C' to the scalar field given by

0 0
c<a,p>>=< a(0),0(0) > —/_ /0 < a6 —0),dn(0)p(e) > de (2.5)

for a« € C*,p € C, where < -,- > is the usual duality between X* and X. We
remark that

0
<< fut o >>=<u F(0)p(0) > — <u', L /0 fE=0)p(©)dg) >, (26)

where f € C([0,7];R),u* € X*, o € C, and we use fu* to denote f ® u* in C*,
e, (fu*)(s) = f(s)u* for 0 < s < r. Here and throughout this paper, for the sake
of simplicity, we abuse the notation and often write L(y(f)) instead of L(yp), for
@ € C. We also define the formal adjoint operator *L of L by
0
L:C"— X*, *L(a) = dn*(6)a(—0),

-r
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and the formal adjoint equation for (1.1) by

a(t) = —Aka(t) — *L(at), t <0, (2.7)
where: 7*(0) is the adjoint of n(f) € L£(X*, X*), A% is the adjoint of Ap and
a' € C* is given by a'(s) = a(t + s) for s € [0,r]. Similarly to what was done for
(1.1), the solutions of (2.7) are associated with a Cy-semigroup of linear operators
{*U(t)}+>0 on C* , whose infinitesimal generator *Ay is given by

>kflUOé = —d,

D(*Ay) ={a e C*: a € C*,a(0) € D(A%}),—a(0) = ALa(0) + "L(a)}.  (2.8)
The concept of adjoininess relative to the formal duality << -,- >> is justified
since << *Apa, o >>=<< a, Ayp >>, for a € D(*Ay), v € D(Ay).

For A € C,j € Ng,m € N, and similarly to what was done in [1] and [12, Section
7.3], in [7] the following linear operators were considered:

. . 9
Ly X — X, I{(2) = L( 5 eMa),

7
AN LA-T I3 U
0 AN Li-T ... L}?
Ly xm — xm LM = | : SO
0 0 . AN LY -1
0 0 0 AW

—L( fy MmOy (e)ag )
R0 — x™ RU™M(p) = 5
" " L Jy 90 - €)de)
0(0) = L( fy X -9u()ds)

Proposition 2.1. ([7]) Assume (H1)-(H3) and let A € C,m € N. Then,
(i) ¢ € N[(Ay — AXI)™] if and only if

m—1 ,; o
07 m
() = Z = M, 0 € [, 0], with € N([Zg\ ):
3=0 " Um—1

(i1) ¥ € R[(Ay — XI)™] if and only if Rg\m)(’(/}) c R(EE\m));
(iii) o € N[(*Ay — A)™] if and only if

m—1 ;
—s)J _
a(s) =Y (j')e)‘sx;kn_j_l,s € [0,7], with (z3,...,25_)" € N((£{™)").
j=0 ’

Some spectral properties and the Fredholm alternative related to this formal
duality are referred to in the next statement:

Proposition 2.2. ([7]) (i) op(Av) = op(*Ay); moreover, if A € op(Ay), the
ascent of Ay — M and *Ay — M are equal and dim N[(Ay —AI)™] = dim N|[(*Ay —
AD™,m € N;

(i1) for X € o(Ay) and m € N, then ¢ € R[(Ay — AN)™] if and only if <<
o, >>=0 for all « € N[(*Ay — \X)™];

(iii) for \,u € o(Ay), A # p and m,r € N, << a,¢ >>= 0 for all a €
N{(*Ay = A)™] and ¢ € N[(Ay — I,
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For A € o(Ay), let @\ = (¢1,...,¢py), ¥x = (¥1,...,%p,)T be bases of the
generalized eigenspaces My (Ay) and My (*Ay), respectively, where py =
dim M (Ay) = dim M (*Ay). From Proposition 2.2 and (2.4), we can choose
@y, ¥y such that << Wy, &\ >>:= [<< ¥y, @5 >>)ij=1,..py = Ip,. As for linear
FDEs in R™ (cf. [12]), there is a py X px constant matrix By, with o(B)) = {\}
and such that &, = ®,B,, —U, = B,¥,, and U(t) = ®xePrt t > 0. For
A = {)\1, .. .,)\s} C O'(AU), define &, = (@,\1, .. '7‘1))\5)’ Uy = (\I/)\l,. R \I/,\S)T,
where @, W, are bases for My, (Ay), My, (*Ay), respectively, such that <<
Wp, PA >>=1,, where p = py, + - +pa,.

Proposition 2.3. ([7]) Assume (H1)-(H3), let A ={\1,..., s} C o(Av), define
Py =My (Av) @ - & My (Av), Py =My, (FAy) @ --- & M, ("Av),

and consider bases ®p, Wy for Py, Py such that << Wy, @A >>=1,, p=dimPj,.
Then, there exists a subspace Qa of C, invariant under Ay and U(t), t > 0, such
that

C =PyrdQn (2.9)
with Qp = {p € C : << Uy, >>= 0}. Moreover, ¢ € C is written according
to decomposition (2.9) as ¢ = op, + @q,, Where pp, = Py << Up, 0 >> and
PQa S QA'

We refer to (2.9) as the decomposition of C by A, or by the generalized eigenspace
Py.

3. The Enlarged Phase Space. Consider an equation with an equilibrium at
zero of the form
u(t) = Apu(t) + L(u) + Fug), t >0, (3.1)
where Ar, L are as in (1.1), F : C — X is a C* function (k > 2) with F(0) =
0, DF(0) = 0. In this section, we always assume hypotheses (H1)-(H3).
Let A be a nonempty finite subset of o(Ay) (e.g., A = {\ € 0(Ay) : ReX =
0} # @), and consider the decomposition (2.9) of C' by A. For the sake of simplicity

and according to Proposition 2.3, we write A = {A1,..., A}, P:= Py, @ := Qa,

D =Dy = (By,...,D,)
T (3.2)
Ui=Up = (Uy,...,¥)", with << U, & >>=1,,

and define

B :=diag (B, ..., Bs),
where B; are p; X p; matrices such that q'%- =&, B;, f\i!i = B;V;, p:= Zle Diy Pi =
dim My, (Ay). Clearly @ = ®B, —¥ = BU. Recall also that an element ¢ € C' is
decomposed according to C' = P & @ as

¢ =pp+¢q, With pp =0 << U0 >>, g €Q. (3.3)

To develop a normal form theory for abstract FDEs, we now follow closely the
work in [8] and [9]. First, it is necessary to enlarge the phase space C' in such a
way that Eq. (3.1) is written as an abstract ODE. An adequate phase space to
accomplish this is the space BC),

BC :={¢ : [-r,0] — X | ¢ is continuous on [—r,0), 3911%17 P(0) € X},

with the sup norm. The elements of BC have the form v = ¢+ Xpa,p € C,a € X,
where
0, —-r<6<0

Xo(0) =
o) {I, =0, (I:X — X is the identity),
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so that BC'is identified with C' x X, with the norm |p + Xoa| = |¢|c + |a|x-
In BC we define an extension of the infinitesimal generator Ay, denoted by Ay,

v:Cy Cc BC — BC

vt | (3.4)
Ay = ¢+ Xo[Arp(0) + L(p) — ¢(0)],
where D(Ay) = C§ :={p € C | ¢ € C,(0) € D(Ar)}. We also define
m:BC — P, 7o+ Xoa)=0(<< ¥, p>>+ < V(0),a > ). (3.5)

Lemma 3.1. 7 is a continuous projection onto P, which commutes with Ay in
cu.

Proof. Clearly R(mw) = P. From (2.6) and Proposition 2.1(iii), it follows that =
is continuous. Write ®, ¥ given in (3.2) as ® = (p1,...,9,), ¥ = (¢¥1,...,¢,)T.
Since << ¥, ® >>=I,, then 7(p;) = ¢;,4=1,...,p and hence mom = 7.

For ¢ € C§, we have

TAup = (<< U, >> + < U(0), A7p(0) + L(p) — $(0) > ). (3.6)

Integrating by parts, we obtain

<< W, >>=<T(0 //<\I/§ 0),dn(0)p(&) > d¢
=<wmﬂm>—/ W(0), dn(0)p(6) >
0
+[ < U(=0),d >+[/<@£ 0),dn(0)¢(§) > d§
=< U(0),5(0) > — < U(0), L(p) > + < *L(T), p(0) >

[/ < W(E — 0), d(0)(€) > de.

Since ¢; € D(*Ay),j = 1,...,p, then —¥(0) = AL¥(0) + *L(¥). From (3.6),
we derive

rAyp = cp[< —¥(0 >+/_T/ < W(e —0),dn(0)p(€) > de

=P << U, p>>=D << BU,p>>=d << U, p >>= Ayme.
|

Decomposition C = P & @ and the above lemma allow us to decompose BC' as
a topological direct sum,
BC =P @ N(n), (3.7)
where the subspace @ is contained in the null space of m. Therefore, Eq. (3.1)
can be decomposed as a system of abstract ODEs in R? x N (7)) = BC, as follows.
Setting v(t) = uy € C, from (3.1) we have
dv dv dv

E(O) = Arv(0) + L(v) + F(v), E(Q) 20 —(0) for 0 € [-r,0),
or simply o
E = AU’U + XOF( ) (38)

Note that (3.8) is the abstract ODE in BC associated with (3.1). Using (3.7), we
write v(t) € C} as v(t) = ®z(t) + y(t), with z(t) =<< V,v(t) >>€ RP,y(t) =
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(I-mot) e N(m)NCE=QNCl ={peQ:¢peC,p0) e D(Ar)} :=Q}. Thus,
v(t) is a solution of (3.8) iff

W0+ W (1) = Apat) + (1 — ) Awy)
+ @ < V(0), F(®x(t) +y(t) > +(I — m)XoF(Px(t) +y(t)).

Since Ay® = ®B, Aym = Ay in C} and %(t) € N(m), the above equation is
equivalent to the system on RP x N(7)

{ i(t) = Bx(t)+ < U(0), F(Dx(t) + y(t)) > 39)

(t) = Avy(t) + (I — )Xo F(Px(t) +y(t), a(t) € RP,y(t) € Qg,

(here the dot denotes the derivative with respect to t), where A; is the restriction
of Ay to Q} interpreted as an operator acting in the Banach space N(r), i.e.,

A Qé C N(n) — N(7), A1p = flUgo, for p € Q(l).

The spectrum of A; will be an important tool for the construction of normal forms.
This is the reason why it is crucial to restrict the range of AU|Q5, by considering
A in the space N(7), rather than the full space BC.

Lemma 3.2. With the notations above, o(Ay) = op(Ay) = o(Ay).

Proof. Tt is obvious that op(Ay) = op(Ay). On the other hand, it is known
that op(Ay) = o(Ay). Consider now A € p(Ay). From Proposition 2.4 in [7], we
have R(A(X)) = X; hence, for each ¢ € C,« € X there is b € D(Ar) such that

0
Aum:¢myau/"&W%me@+a
0
Define ¢(6) = e*b + f09 MO (€)dé. Then, ¢ € C}, ¢ — A\p = 1) and

6
Arb + L(e ) + L(/O M=y (€)de) — (0)

0
=AW= 0(0) + L [ XOp(©)de) = a.
0
proving that (Ay — M) = ¥+ Xpa.. We conclude then that R(Ay —AI) = BC and

since Ay is a closed operator in the Banach space BC this justifies that \ € p(AU).
[ ]

Lemma 3.3. With the notations above, 0(A1) = op(A1) = o(Ay) \ A.

Proof. Using arguments as in [8, Lemma (5.2)], one can prove the following
claims:

Claim 1: op(41) = o(Ay) \ A.

Claim 2: 0(4,) C o(Ay).

From the previous lemma, it is now sufficient to show that

Claim 3: if A € A, then R(4; — M) = N(n).

Let A € A and consider f € N(n). As f = (I — n)f, Ay commutes with 7 in its
domain and C} N N(r) = Q}, then f € R(A; — \I) iff f € R(Ay — AI). Hence to
justify Claim 3 it is sufficient to show that for each f = ¢ + Xoa € BC with

<< U, p>>+ < Y(0),a >=0, (3.10)
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there exists h € C} such that (Ay — A)h = ¢ + Xoa, which is equivalent to

{ h—Ah=¢

Arph(0) + L(h) — h(0) = a. (8:11)

The solution of the first equation is h(0) = ewb—l—foe 0= p(&)de¢, where b = h(0).

Moreover we have 2(0) = Ab 4 ¢(0). By substituting these expressions into the
second equation of (3.11) we conclude that there is h € C} satisfying (3.11) iff
there is b € D(Ar) such that

AN)b = L( /0 ' ek(9*€>¢(5)dg) + ¢(0) + a. (3.12)

Let A = \; for some i € {1,2,---,s} and let {y}%,--- 4} (k < p;) be a basis of
N(*Ay — M\I). Tt follows from Proposition 2.1(iii) that

i NSk s
Yii(s)=e Mxi, se(0,r], j=1,2,-- kK,
where {z7,--- ,z}} is a basis of N(A(X)*). Now (3.10) and (2.6) clearly imply that
forj=1,---k,

0=<< P}, ¢ >>+ <4} (0), 0 >

%
< (0) > — < m;,L(/O NOO(E)dE) > + < a0 >

=< a3, —L(/OG ew—%(g)dg) +¢(0) +a > .

That is, ~L( f; -96()d€) +6(0) + o € VAN = RBM) = RAM)
(see [7, Lemma 2.6]). It follows that (3.12) has a solution b € D(Ar). u

4. Normal Forms on Center Manifolds or Other Invariant Manifolds. For
the sake of applications, we are particularly interested in obtainig normal forms for
equations giving the flow on center manifolds. Therefore, we now fix A as the set of
eigenvalues for Ay on the imaginary axis. However, we shall consider and analyse
situations corresponding to other choices of A. In the following, we always assume
(H1)-(H3) and use formal series, although in applications only a few terms of those
series are computed.

Suppose then that A = {A € 0(Ay) : Re A = 0}, consider Eq. (3.1) written in
the form (3.9) and expand F' in Taylor series as

1
F(v) = Z 7Fj(v)7 ved,
j>2
where Fj is jth Fréchet derivative of F. Eq. (3.9) becomes
T = Bz + ZjZQ jl_!fjl(xay)
y = Aly + Z]‘ZQ %sz(xay)a
with f; == (f}, f7),7 > 2, defined by
fi(@,y) =< 9(0), Fj(®x +y) >, fi(z,y) =T —m)XoFj(Pz+y).  (42)

As for autonomous FDEs in R™ (cf. [8], [9]), normal forms are obtained by a
recursive process of changes of variables. At each step, the change of variables has
the form

(4.1)

(#,) = @.9) + %(Uﬁ(ow, U2(2)), (4.3;)
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where 2,7 € RP, y,5 € Qg and U} : R? — RP,U? : RP — Qg are homogeneous
polynomials of degree j in Z. For each j, the aim is to choose (4.3;) in such a way
that all the non-resonant terms of degree j vanish in the transformed equation.

From Theorem 4.2 in [7], the existence of a locally center manifold is guaranteed
under the present circumstances. We want now to linearize the function giving the
center manifold, and simplify the ODE giving the flow on it, by removing all the
non-resonant terms — which means that this ODE should be in normal form.

We describe now the algorithm for computing such normal forms. Suppose that
the changes of variables (4.3/),2 < ¢ < j — 1 have already been performed. Denote
by fj =( le, ff) the terms of order j in (z,y) obtained after these transformations,
and effect then (4.3;). This recursive process transforms (4.1) into

& =BT+ 5 519/(7,7)
y=A1y+ ijz %932(-%7?7)7

where g; := (gjl-, gjz) are the new terms of order j given by

(4.4)

95 (x.y) = [ (x,y) — [DU} (x) Bx — BU; (x)]
g?(:b,y) = j?(%y) — [DU]-Q(x)Bx — Al(UjQ(x))], j>2.

We introduce now some notation: for j € N and Y a normed space, let Vjp (Y)
denote the space of homogeneous polynomials of degree j in p variables, x =
(1,...,2p), with coefficients in Y, V(Y) = {302, 2% : ¢ € Nj,¢q € Y},
with the norm |37, cqal| = 32, _;lcqly. Define also the operators M; =
(M]17M]2)7j Z 27 by

Mj : VF(RP) — VP(RP), (M} hy)(z) = Dhy(z) Bz — Bhy(z) A
M3 V] (Qg) C VP (N(m)) — V] (N(m)), (M7hs)(x) = Dyha(x)Br — Ay (ha(2)).
Setting U; = (U}, U7), it is clear that
gj :fijjUjW (46)

The ranges of M jl, M jz contain exactly the terms that can be removed from the
equation. They are determined (in general not in a unique way) by the choices of
complementary spaces for R(M;). Naturally, the situation R(MJQ) =V (N(m)),j >
2, is of particular interest, since it allows us to choose U such that ff(x,()) =
(M j2 U f)(w), so that the center manifold has equation y = 0. Hence, it is important
to characterize the spectrum of M 7-2, j>2.

Lemma 4.1. The linear operators Mf,j > 2, are closed and their spectra are
o(Mj) = op(M}) = {(¢,\) — p: € a(Ar),q € Ny, g = j},

where: _5\ = (A1, Ap)s A1,..., Ay are the elements of A, counting multiplicities,

and (¢, A) = @M+ + @A, gl =q1+ - +qp, fora=(q1,...,qp).

Proof. Using the arguments for finite dimensional ODEs in Chow and Hale [4,
pp. 408-410], we obtain

op(M?) ={(q.A) —p:peo(Ar),q €Ny, g =i}

To show that o(M7) = ap(sz), we follow the proof of Theorem (5.4) in [8]. In
both cases, the proofs are algebraic and include an inductive reasoning which is
straightforward to adapt to the present situation, so it is omitted. u
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Proposition 4.2. Let A = {\ € o(Ay) : ReX = 0} # 0 and consider the space
BC' decomposed by A, BC = RP x N(w). Then, there exists a formal change of
variables (z,y) = (%,9) + O(|z|?), such that:

(i) Eq. (4.1) is transformed into Eq. (4.4), where gf-(:‘r,O) =0,7>2;

(#i) a locally center manifold for Eq. (3.1) at zero satisfies § = 0; futhermore,
the flow on it is given by the ODE

. _ 14, _
x:Bm—f—Z_—'gjl-(m,O), z € RP, (4.7
2
which is in normal form (in the usual sense of normal forms for ODEs).

Proof. From Lemma 3.3, 0(A;) = o(Ay) \ A. Then, for p € 0(A1),q € Nb,|¢| =
j, we have Re[(q,A) — u] = —Rep # 0, and Lemma 4.1 implies that 0 € p(M?)
and R(M]Q) = Vjp(N(w))J > 2. It is then possible to choose sz so that ff(aaO) =
(M?U?)(x), and (i) follows from (4.6). Clearly, for (4.4) a locally center manifold
is now given by § = 0, and (4.7) describes the flow on it. For adequate choices of
Ujl7 j > 2, this ODE in RP is in normal form, since the operators M jl defined in

(4.5) coincide with those operators defined for computing normal forms for ODEs
in RP (cf. e.g. [4] and [11]). =

Suppose now that another nonempty finite subset A of o(Ay) is chosen, and
consider decomposition (3.7) of BC' by A. Assume that there exists a locally
invariant manifold My g for Eq. (3.1) tangent to P at zero. For instance, if
A={Neo(Ay) : ReX > 0} # 0, P is the center-unstable space for the linear
equation 4(t) = Apu(t) + L(u;) and My g is the center-unstable manifold for Eq.
(3.1) at zero. In this case, the existence and regularity of My p were proven in
[16]. In general, provided the existence and regularity of M r, we obtain a similar
result to the one stated above for the case of center manifolds, if some additional
non-resonance conditions are assumed.

Definition 4.1. Let A be a nonempty finite subset of o(Ay). Eq. (4.1) (or Eq.
(3.1)) is said to satisfy the non-resonance conditions relative to A if

(¢, \) # p, forall pea(Ay)\ AqeNE, g >2. (4.8)

From Lemmas 3.3 and 4.1, if (4.8) holds then 0 € p(M?) and R(M?) = VP (N(m)),
for all 7 > 2, and we can state the following:

Proposition 4.3. If (4.8) is satisfied, the statements in Proposition 4.2 are valid
for other invariant manifolds associated with other nonempty finite subsets A of
o(Ay), assuming that these manifolds exist. In particular, they are valid for the
case of center-unstable manifolds.

For A = {\ € 6(Ay) : Re X = 0} # () as before, or in a more general setting for
A such that (4.8) holds, we give now the definition of normal forms relative to A.

Definition 4.2. Eq. (4.4) is said to be a normal form for Eq. (4.2) (or Eq. (3.1))
relative to A if g; = (g},gjz) are defined by (4.6), with UJQ(I) = (Mf)flsz(:v,O) and
Uj1 (7 = 2) are chosen in such a way that Eq. (4.7) is an ODE in normal form.

Remark 4.1. From the method of normal forms for finite dimensional ODEs,
Eq. (4.7) is in normal form if U} (z) = (Mjl)*lelfj1 (2,0),j > 2, where P} is the
projection of V(R?) onto R(M}) and (M)~ is a right inverse of M}, with P}, Mj
depending on the choices of complementary spaces for R(Mj}), N(M}) in V}(RP),
respectively (see [4, Chap. 12] and [8]).
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Remark 4.2. Consider Eq. (3.1), with F € C*, for some k > 2, and assume that
the non-resonance conditions (4.8) are fulfilled, but only for |¢| = j, 2 < j < k
(instead of |g| > 2). Using the algorithm described above, steps of order j, 2 < j <
k, can be performed through changes of variables of the form (4.3;). We obtain
then a normal form relative to A up to k-order terms:

- _ k _
T=DBr+3);_, %gjl(x, ¥) + h.o.t.
- _ k _
§= Mg+ Yy b2 (@.9) + hod.

where h.o.t stands for higher order terms. The first equation at ¥ = 0 gives the
normal form up to k-order terms on the invariant manifold associated with A, if it
exists.

Remark 4.3. The terms gj(x,0) in (4.7) are recursively given in terms of the
coefficients of the original FDE (3.1), according to the following scheme (see Remark
4.1 for notation):

Py)fs (@, 0).

Second step (j = 3 FA(@,0); U3(a) = (M3)~ f3(a,0);
fé(a?:()) = f;(m,O) + %
Pg) f3(x,0).

For studying bifurcation problems, we need to consider situations with parame-
ters:

a(t) = Aru(t) + L()(ur) + F(us, ), (4.9)

where a € V, V a neighbourhood of zero in R™, L : V — L(C; X),F : CxV —
X are C* functions, k > 2, F(0,a) = 0, D1 F(0,a) = 0, for all a € V. Introducing
the parameter « as a variable by adding & = 0, we write (4.9) as

u(t) = Apu(t) + Lo(ue) + (L(a) — Lo)(ug) + F(ug, )
(@(t) = 0),

where Ly := L(0). In an obvious way, the above procedure can be repeated for
(4.10), noting however that the term (L(«) — Lg)(u¢) is no longer of the first order,
since « is taken as a variable. On the other hand, as for Eq. (1.1), the infinitesimal
generator of the Cp-semigroup associated with the flow of the linear equation 4 (t) =
Aru(t)+ Lo(ut), &(t) = 0 has only point spectrum, given by o(Ay)U{0} (Ay being
the infinitesimal generator for @(t) = Aru(t) + Lo(u¢)). Now, A = 0 is always an
eigenvalue, whose associated generalized eigenspace is My(Ay) x R™, with the
notation Mo(Ay) = {0} if 0 € p(Ay). In order to consider the entire generalized
eigenspace associated with A = 0, the assumption

(4.10)

0 € A, whenever 0 € o(Ay) (4.11)
is required; and the non-resonance conditions relative to A read now as
(g, \) # p, forall pe€o(Ay)\A,q€Np, gl > 0. (4.12)
Writing the Taylor expansion L(a) = Lo + Li(a) + 3Lz(a) + -+, we note that
fi=(f},17),j =2, are now defined by (see [9] for details)
fi(z,y,0) =< ¥(0), jL;j—1(a)(Pz +y) + Fj(Pz +y, o) >

2 . . (4.13)
fi(@,y,0) = (I = m) Xol[jLj—1(a)(®x +y) + F;(Px + y, a)].
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5. Applications to Bifurcation Problems. Consider a delayed equation with
spatial diffusion of type

ou(t,z)  0%ult,x)

T d 92 + a(z, a)u(t,z) + b(z, a)u(t — 1, x)

+ flu(t,z),u(t — 1,2),xz,a), t>0, € ({1,0s)

(5.1)

where: d > 0,0y > {1, a €V, a,b: [l1,f3] X V — R are continuous functions and
CF relative to o, f : R x R x [f1,05] x V — R is continuous and f(z1, 29, -, ) is
a C**1 function such that f(0,0,7,a) = D1 f(0,0,z,a) = Daf(0,0,z,a) = 0 for
(x,a) € [l1,42] x V, where V' C R™ (m > 1) is a neighbourhood of zero and k > 1.
We also require the solutions u to satisfy either Neumann or Dirichlet conditions:

ou ou
So(t0) = 5o (L) =0, or (5.2)
U(t, 61) = U(t, 62) =0. (53)

Let X = L?[¢1,¢5], and consider the operator A7 defined by Arv = dv” and
domain D := D(A7) = {v € W22[ly,45] : v/ (1) = v'(f3) = 0} if (5.2), or D =
D(Ar) = {v € W22[l1,03] : v(¢1) = v(fs) = 0} if (5.3). Then, Ar generates a
Cy-semigroup of compact operators. We note that other choices were possible: for
instance, we could consider X = C[l1,03], D(Ar) = {v € C?[l1,43] : v'({1) =
v'(f3) = 0} in the case of (5.2), and D(Ar) = {v € C?[{1,4s] : v(1) = v(l2) = 0}
in the case of (5.3).

In the phase space C = C([—1,0]; X), Eq. (5.1) is written as

u(t) = Aru(t) + L(o)us + Flug, o) (5.4)

where u(t) = (t, X, L( ) C — X,F:(C xV — X are defined by
+ (-

) €
For a(z, 0) = ap(z ),b(a: O) = bo( ), then Lo = L(0) is given by Lo(p) =
ao(-)p(0) + bo(-)p(—1). The linearized equation at u = 0, = 0 is

u(t) = Aru(t) + Louy, (5.5)
with characteristic equation
A(N)u = 0 for some v € D\ {0},
where

AN u = du” + agu + e bou — Au.

5.1. A Bogdanov-Takens Bifurcation. Suppose that a = (a1,a3) € V C R?,
a(z,a) = ap(x) + ara1(x) + O(|af?), b(z, ) = bo(x) + by () + O(|a|?), and k = 1
n (5.1). For (5.5), we now assume the following hypotheses:

(5.6) A =0 is a double characteristic value of (5.5) and the ascent of Ay is 2.

(5.7) all other characteristic values of (5.5) have non-zero real parts.

Assumption (5.6) means that (see Proposition 2.1 and [7])
dim N(Ay) =1,
dim N[(Ap)?] =2,
Mo(Ary) = N[(Av)?] = {v+ 0u: A(0)u = 0, A(0)v + Lo(fu) — u = 0,u,v € D}.

As usual, here and in the sequel we abuse the notation and write Lo(¢(8)) for
Lo(¢p).
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Let A = {0} and consider the enlarged phase space BC decomposed by A as
BC = P@® N(w), where P = My(Ay) is the center space for (5.5). Then, (5.6)-
(5.7) imply that there exist functions ug € D \ {0}, v9 € D such that

P =span®, ®(0) = [¢1(0) ¢2(0)] = [uo vo + Oug), 6 € [-1,0],

and
dug + (ag + bo)ug = 0, dvjj + (ag + bo)ve — (by + 1)ug = 0. (5.8)

0 1
0 0/°

The formal duality << -,- >> associated with the adjoint equation for (5.5)
is given by (2.6), where in this case r = 1 and < -,- > is the duality in X* x X
(X considered as a Banach space, rather than a Hilbert space), i.e., < u,v >=
fff uw(z)v(z)dz, and 7 is such that

We note that & = ® B, where B is the 2 x 2 matrix B = <

0

Lo(¢) = a0(-)(0) + bo(-)(~1) = / dn(6)(0).

-1

From Proposition 2.1, a basis ¥ for the adjoint space P* satisfying —¥ = BV has
the form

P* =span ¥, V() = (Z;Eg) = <m0 ;Osy0> . s€[0,1],

where zg € D,yo € D\ {0} are such that
dyg + (ao + bo)yo = 0, dzg + (ao + bo)zo — (bo + 1)yo = 0.

Since (5.6) holds, then xg = Biug + Bavo, Yo = Paug for some contants 51, 52 € R.
Using (2.6), (5.8) and noting that A(0)* = A(0), it is easy to see that condition
<<, D >>= (¢, ¢5)7 j—; = o implies that
W(S) — (61“0 + ﬂQ(UO - SUO)) , s e [O7 1]7
Baug
where (1, f2 € R are determined by
< ug, (14 bo)vo — bouo/2 > B2 =1,
< ug, (14 bo)vg — bouo/2 > 1 (5.9)
+ (< wo, (1 4 bo)vo — boug > + < ug, boug/6 >)B2 = 0.
Remark 5.1. Clearly, (31,32 are determined by (5.9), since < wg, (1 + bg)vp —
boug/2 > 0. In fact, from (5.8) we obtain < ug, (1 + bg)ug >=< ug, A(0)vg >=<

A(0)ug,v9 >= 0. In order to get a contradiction, suppose < wg, (1 + bg)vg —
boU0/2 >=10. Then

Ug 0 —b0U0/2 _
< (Uo) + co <uo) , <(1 +b0)u0) >=0, forallcy,co€R.

Since { (1? ) , <ZO) } is a basis for N[(Eéz))*], we derive from this that
0 0

(hor ) & NIy = RUEP) = Ries)

where the last equality follows from [7, Lemma 2.6]. On the other hand,

—b 2
(i) =570 e =
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Proposition 2.1 and (2.4) imply now ¢; € R[(Ay)?|NN|[(Av)?] = {0}, a contradic-
tion.

Write (5.4) as a(t) = Aru(t) + Lous + (L(«) — Lo) (ut) + F(ut, ). Decomposing
up = P (t) + yp, x(t) € R2 y, € Q} as for (3.9), (5.4) is decomposed as

{ & = Br+ < 0(0), (L(e) — Lo)(®x +y) + F(®x + y,a) > (5.10)

g = Ay + (I — 1) Xo[(L(a) — Lo)(®z +y) + F(Px + y, a)].
According to (4.13), we write
< U(0), (L(a) = Lo)(®z + y)+F(Px + y,a) >=
S ,0) + OaP (@, 9)] + lal(z,9))

where f; is a homogeneous polynomial in (z,y,a) of degree 2 with coefficients in
R2.

To show the application of normal forms, suppose now that f(z1,22,2,a) =
co(r)z122 + O(|a|2|2 + |2]3), co @ [€1,€2] — R a C? function. This means that
(5.1) has the form

t 2u(t
8u(8t’ 2) = da g(xg’ ?) +a(z, a)u(t,x) + b(z, a)u(t — 1, x)
+co(z)ult,z)u(t —1,x) + hot, t>0, z € ({1,02)

(5.11)

where h.o.t contains only terms of order higher than three in (u,a) € C x V.

Consider the problem (5.11), with either boundary conditions (5.2) or (5.3), in
its abstract form (5.4) and initial condition vy = ¢ € C = C([-1,0]; X). For
X = L?[ty, /5] as above, this problem is not well-posed, since L?[(1,#s] is not a
Banach algebra. In order to guarantee the existence of solutions, the state space
should be restricted to an appropriate space of functions from [¢1, ¢2] to R invariant
under products. For instance, we could consider X = C[l1, 3] or X = W22[{, (5]
(see e.g. [5], [17], [18] and [25]). Another possibility is to restrict the initial-
history space, i.e., the space for initial conditions . This latter approach is one
usually chosen in the literature dealing with parabolic differential equations, with-
out or with delay. To overcome the difficulty, one can consider a fractional power
(A7)P of the operator Ar for an adequate 0 < 3 < 1 (see Henry [14]). Then, the
fractional power space Xz = D(AP) with the norm |v|s = |[(A7)"v| is taken
as the Banach state space, and Cg = C([—1,0]; X3) as the new phase space.
In the present situation, in order to simplify the computations and use ¢,V as
above, it is convenient to keep X = L2[¢1, (5] and the duality < -,- > in X* x X.
Since Ar = ddci—zg with domain D, it is sufficient to take 8 = % and consider C%,
F:CLxV — X, F(p,B) = co(-)p(0)p(—1) + h.ot.. See [10], [13], [14], [19],
[23] and [24] for details. A different framework of investigating the existence of
solutions of partial FDEs with delay was considered in [20] and [21]. In particular,
a system similar to (5.11) with Dirichlet conditions on the boundary was studied in
[21]. In this paper, the authors considered X = L?[(1,{5], initial conditions chosen
in a “natural” initial-history space, and proved existence of solutions by exploring
different techniques and properties, such as the accretivity of the negative Lapla-
cian. Here, we proceed with the computation of normal forms, without further
considerations on the existence of solutions for the initial value problem, since this
is not the aim of this paper.
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With the notations of Section 4, for f given as above, we have

1
ile(ac,o,a) =< U(0),01a1P(0)x + asb1 ®(—1)z > + < ¥(0), co(P(0)x)(P(—1)x) >
=< \IJ(O), (a1a1 =+ OLle)uOilfl =+ (a1a1v0 + Oégbl(vo — UO))IQ >
+ < \I/(O),Co(UOZL'l + ’()01'2)(’&01’1 + (’UO — Uo)l'g) >,
where U(0) = col(Brup + B2vo, fotp). The normal form for (5.10) on the center
manifold of the origin at a = 0 as the form

1
i = Bx+ §g§(x, 0,a) + h.o.t.,

where g3(z,0,a) = (I — P3) fi(x,0,q) (see (4.6) and Remark 4.3) and h.o.t. stands
for higher order terms.
Recall the operators M jl given by (4.5). In this case, we have

o
Ml <p1) o 821'11;2 — P2
2 - Op2 :
D2 8—$1$2

It is easy to check that one can choose the decomposition VZ(R?*) = R(M3) &
(R(M3))¢, with complementary space (R(M3))¢ defined by

oy =sand (0 ) (L0 (o) (omma) - (2) - (o) |

Note that g3(,0,a) = Proj gy fs (x,0,a). The decomposition above and the
definition of M yield

1, 0 0
592(1'70504) - <)\1$1 + )\2$2> + (Alx% —’—AQ(I}'l.TQ) ’

where

Ay = B2 < ug, couf >
9 (5.12)
Ay =201 < Ug, Colg > +52 < u0,60u0(4v0 - UO) >

and the bifurcating parameters are given by

A =(< wp, a1ug > a1+ < ug, byug > ag)fe
A :( < Ug, a1y > ﬂl +2< Vo, a1y > ﬂg)al (513)
+ ( < uo,b1u0 > 51"‘ < Uo,b1(2’l)0 — UO) > ﬂg)az.
These results lead to the following statement:
Theorem 5.1. Consider Eq. (5.1) with a = (aq,00) € V C R?, a(z,a) =
ao(z) + arar(z) + O(Jaf?), b(z, o) = bo(x) + azb () + O(|a|?), where ag, by, a1, by :
[61,€5] — R are continuous, and f(z1,z2,x, &) = co(x)z120+O0(|a||2|? +|2]3), with
o : [l1,02] — R a C? function. Assume also either (5.2) or (5.3), and that (5.5)
and (5.6) hold. Then, there is 2-dimensional locally center manifold of the origin
at a =0, on which the flow is given by
by = h.o.t
L= w2t o , (5.14)
To = A\1x1 + Aoxo + Alxl + Asxi1xo + h.o.t,

where the coefficients A1, A2, A1, Aa are given by (5.12) and (5.13). If A1Ay # 0
and

< Up, A1Ug >< ’LLO7b1(2’UO — Uo) > =2 < ug,biug >< Vo, A1Ug >7é 0,
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then (5.14) exhibits a generic Bogdanov-Takens bifurcation.

Proof. It remains to prove the last statement. Note that the above inequal-
ity means that A1, Ay given by (5.13) are linearly independent. Therefore, @7 =
To, T3 = M1 + Aawo + A12? + Agmyxs is a versal unfolding for (5.14) (see [3], [4],
[11]). u

Ezxample 5.1. As a particular case, suppose that the above hypotheses hold with
bo(z) = —1. In this situation, we can choose vg = 0 and conditions (5.8) reduce to
dug + (ag — 1)ug =0, for some uy € D\ {0}.

Consequently,

(0) = [uo Buo, 0 € 1,0, W(s) = ((51 ;};%)“0), se o1,

where from (5.9) the coefficients (1, B2 are given by

2 2
bi=g——", fo=—"—"—.
3 < ug,ug > < Ug, ug >

Thus, the flow on the center manifold of the origin at « = 0 is given by (5.14) ,
with the following coefficients and bifurcating parameters:

A 2 < uo,coug > A 2 < uo,coug >
1= - 2=-
< Ug,Ug > ’ 3 < ug, ug > ’
2
A= 7( < Ug,a1uUg > a1+ < UO,bl’LLO > O[Q),
< Ug, Uy >
A 2 (< > 2 < b > )
2= 5 - _ Ug, G1Ug > G — Up, 01Ug > Q2 |.
3 < ug,ug > ’ ’

If < wg,ajug >< wug,biug >< ug,coud ># 0, then (5.14) undergoes a generic
Bogdanov-Takens bifurcation on the center manifold of the origin. Futhermore, we
have A1 45 < 0. If fff co(z)ud(x)dr < 0, then A; < 0, A2 > 0. In this case and in
the (A1, A2)-bifurcation diagram, the Hopf bifurcation curve H and the homoclinic
bifurcation curve HL lie in the region A\; > 0, Ay < 0, with H to the left of HL;
both the homoclinic loop and the periodic orbit are asymptotically stable ([3], [4]).
The case A; > 0, A3 < 0 is analogous.

5.2. A Hopf Bifurcation. Consider again (5.1), and suppose now that a(z,a) =
ao(x) +aar(z) + O0(a?),b(x, ) = by(z) +aby (z) + O(a?), for a« € V C R. Let (5.5)

be its linearized equation at © = 0,« = 0. For a = 0, we now assume the following;:

(5.15) there is a pair of simple characteristic values of (5.5) on the imaginary axis,
+iw (w # 0);

(5.16) all the other characteristic values of (5.5) have nonzero real parts.

Considering X as a complex Banach space, let ug be such that
duf + (ag + boe ™ —iw)ug =0, g € D\ {0};
then, span {ug} = N(A(iw)) and M, (Ay) = N(Ay — iwl) = {ce™ ug : ¢ € C}.

‘We can choose

®(0) = [e""ug e Y] for 6 € [~1,0], W(s) = (ﬁ;e_wU“()) for s € [0, 1],
0
with << ¥, ® >>= 1T if

/8 =< uop, (]. + boeiiw)UO >71 . (517)
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Clearly << e~ ™ ug, e ug >>## 0, otherwise Proposition 2.2(ii) would imply that
e ug € R(Ay — iwl), a contradition by (2.4). Thus, 3 is well-defined by (5.17).
For B = diag (iw, —iw), we have ® = ®B,—¥ = BWU. In the enlarged phase
space BC, we decompose Eq. (5.1) with boundary conditions (5.2) or (5.3) by
A = {iw, —iw}, getting Eq. (3.9), where # = (21, 72) € C%. Let
Fo(p, ) = (L(e) = Lo)(p) + F(p, @)
= afa1()¢(0) + bi()p(=1)) + f(#(0), p(~1),a) + O(a?).

Considering k = 2 in (5.1), thus Fy € C3, we write the Taylor formula

< U(0), Fo(Px + y, ) >

1 1
§f21(x, y, o) + gfé(x,y,a) + h.o.t.

1 1
(I —m)XoFo(Pz +y, ) §f22(a:, y,a) + gf??(x, y,a) + h.o.t.
where f}(m,y,a),ff(w,y,a) are homogeneous polynomials in (z,y,«) of degree
j, j = 2,3, with coefficients in C2, Ker m, respectively. It will turn out that the
procedure described in Section 4 gives a normal form on the center manifold of the
origin at a = 0 written as

1 1
&= Bz + Eg%(x, 0,a) + ggé(z,O,a) + h.o.t., (5.18)
where
1 1 . A1$1Oz 1 1 _ AQ,T%%‘Q 2
sob(e.0.0) = (F010) Jiadte.0.0) = (5143 ) 4 Offalo?)

with By = Ay, By = A,, because the coefficients in (5.1) are real. Thus, the change
to real coordinates w, where x7 = wy — tws, T2 = wy + tws, followed by the use
of polar coordinates (p,&), w1 = pcos&, ws = psiné, transforms the normal form
(5.18) into

€= —w+0((p, ). (5.19)

with K1 = ReAl, KQ = RBAQ.

If K5 # 0, which is the case of the generic Hopf bifurcation, the direction of
the bifurcation and the stability of the nontrivial periodic orbits are determined
by the sign of K1Ky and of K5 (e.g. [4]). The computation of Ky, K5 requires
the resolution of ODEs and PDEs that are difficult to handle for the general case
(5.1). Nevertheless, we shall present here explicit formulas for the calculus of such
coefficients for particular functions a,b, f appearing in (5.1), and the complete
calculus for some examples.

We continue with the computation of gi, g3, omiting some details. Consider
the operators M. jl defined in (4.5). For the present situation, in particular we get
Mjl(o/xqek) =iw(q — g+ (=D)F)alzle, ¢+q+q =7, k=1,2forj=1,2 q=
(q1,92) € N3, £ € Ny and {eq, e2} the canonical basis for C?. Hence,

N(My) = Span{ <x6a> : <$ga> }
- (59, (). (29)- (2}

{ p = Kiap+ Kaop* + O0(a®p +|(p, a)|*)

(5.20)
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For equation (5.1), the second order terms in («, ) of the normal form on the center
manifold are given by

1 1 .
595(5570701) :EPTOJN(MZ})le(%Oaa)
= Projnuy < U(0), (ar1®(0)x + b1 ®(—1)z) > .

Therefore, this gives

%g%(m,o,a) = (ﬁi;g) , (5.21)
with

Ay = B < ug, (a1 + bre”™)ugy > .
In order to guarantee the existence of a Hopf bifurcation on the center manifold of
the origin, we further assume the following Hopf condition:

(5.22) < g, (a1 + bre ™ )ug >+ 0.

For the sake of simplicity, and to illustrate how to compute the cubic terms, here
we only consider the situation f(z1, 22,2z, ) = cb(x, @)zl z2, with c€ R and n =1
or n = 2, which corresponds to a PFDE of the form

Ou(t,z) dazu(t, x)
ot Ox?
t>0, x € (fl,ég)

with n =1 or n = 2. As for (5.11), (5.23) is not well-defined if X = L?[¢1, {5]. For
the existence of solutions of the correspondent Cauchy problem, we refer the reader
for the discussion and references presented in section 5.1.

We observe that (see Remark 4.3 and (5.20)) gi(z,0,a) = Projsfi(z,0,0) +

O(|z|a?), where
2
. TiTo 0
s (157)-(os)

and the term f1(x,0,0) is defined as

F,0,0) = f(2,0,0) + S[(D2 UL — (DU (2,0,0) + S (D, £)H](2,0,0),

2
(5.24)
for U} (z,0) = (le)_lprojR(M%)fé(x,O,O) = (M})~1f3(x,0,0) and h = h(z)(0)
such that

+ a(z, @)u(t,x) + b(z, a)u(t — 1, z)[1 + cu(t,z)"]

(5.23)

hw) = U2 (2,0), (MEU2)(2,0) = 2(z,0,0). (5.25)
For (5.23) with n = 2, we have
f2(x,y,0) =0, f3(z,,0) =0,
f5(2,y,0) = 3le < W(0), bo(@(~1)z + y(=1))(@(0)z + (0))* >
hence, f1(x,0,0) = fi(x,0,0) and

1 1 . . ﬁ < ug, bo(e_inQl’l + ei“’ﬂoxg)(uoxl + ﬂ0$2)2 >
3!93 (2,0,0) = cProjs <ﬁ < o, bo (e~ uoay + €¥Toxs) (uowt + doa)? >

2
_ (Azvis
Agxqi23 )

Ay =cf < ug, b0(2€7iw + eiw)U0|Uo|2 >,

where
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and |ug|? =< ug, Uy >= f;f |ug(z)|?dz. Thus, the normal form (5.18) indeed has
the form
Al’l,’lOé AQ!IT%LL’Q

. Ay Aa. 2 4
b= o (00 4 (2058 4 Ofela? + 1ol

Using (5.17), the above considerations lead to the following result:

Theorem 5.2. Consider Eq. (5.23) with n = 2 and boundary conditions (5.2) or
(5.8), and suppose that (5.15), (5.16) and (5.22) hold. Then o Hopf bifurcation
occurs at a = 0 on a locally 2-dimensinal center manifold of the origin. On this
manifold, the flow is given in polar coordinates by equation (5.19), with

—iw 2 —iw W 2
Ky =Re (= o, (81 + bre” g =), Ko = cRe (= to, bo(2e 72 + ¢ Juouql =),
<’u,0,(1+b0€ “‘))UQ > <UO,(1+b0€ ZW)UO >
Ezample 5.2. Consider the problem:
Oult O*ult
ult,2) _ 07l ) |y ayult— 1, a)1 + u(t, )2, >0, z € (0,7)
21,0y = 4t = 0
gz T g™ T

with b(x, ) = by + abi(z) + O(a?) and by constant. Define as before Lo(p) :=
L(0)(p) = bop(—1). It is easy to see that the linearized equation at u = 0, = 0,
u(t) = dAu(t)+ Lo(us), has simple eigenvalues £i% iff by = —7; in this case, all the
other eigenvalues have nonzero real parts (e.g. [6], [17]). Let A = {iT, —iT}. With

the notations above, we can choose ug = 1 (a constant function) and g = %.

Assuming also that foﬂ by (x)dx # 0, hypothesis (5.22) is satisfied, and the flow on

the center manifold of the origin is given by Eq. (5.19) with

B 2
4+ 72

2

K1:R6A1: m

/ bi(z)dx, Ky = Re Ay =
0
If fow b1(x)dx > 0 (respectively < 0), the Hopf bifurcation is supercritical (respec-
tively subcritical). In both cases, the nontrivial periodic orbits bifurcating from
a = 0 are unstable.
Ezxample 5.5. Consider the problem:

ou(t,r) d82u(t,x)

ot o2 + a(:L‘, Oz)u(t, x) + b(xv a)u(t -1, x)[l - u(t, 1')2]7

t>0, z € (0,71'()5'27)

u(t,0) = u(t,m) =0,

where a(x, @) = ag+aar () +0(a?),b(x, ) = bg+aby (x) +0(a?) are C* functions
and ag,by constants. In the space C = C([-1,0]; X), X = L?[0,7], consider
u(t) = dAu(t) + apu(t) + bou(t — 1), the linearized equation for v = 0, = 0.
One can prove that this equation has pure imaginary simple eigenvalues tiw ,w #
0, iff ag,by are such that bgcosw = dk? — ag,bpsinw = —w, for some k € N.
In this situation, for A = {iw, —iw} and k € N fixed, one can choose ug(z) =
sin(kx) in the definition of the bases ®, U. It is easy to see that the characteristic
equation is equivalent to the sequence of equations ag + bpe™> — A = dm?, m € N.
Let ag = ap, := dk*(k € N) and by = —7%; in this situation, suppose also that
d,k are such that +iw = £i7 are the only roots of these equations with zero
real parts. For this, it is sufficient to assume that 2d(2k — 1) > . Assuming
also that [ (a1(z) — iby (x)) sin®(kx)dx # 0, we conclude that for (5.27) a Hopf
bifurcation occurs in the center manifold of the origin. With the previous notations,
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8= ;:EZ::;))’ A = ﬂfoﬂ(al(x) —iby(x)) sin?(kz)dr and Ay = —% foﬂ sin (kz)dzx.
9), with

Theorem 5.2 implies that the flow on this manifold is given by (5.1

4 us
K=—_ ) . )
! w<4+7r2>/0 (201 (x) — by ()] sin® (k) da
2m g
Ko=——" 4 .
2 4+7r2/0 sin®(kz)dzr < 0

Hence, the non-trivial periodic orbits near o = 0 arrising from the Hopf bifurcation
are always stable. The direction of the Hopf bifurcation depends on the sign of K;.

As we saw, in the situation of Eq. (5.23) with n = 2 and either Neumann or
Dirichlet conditions, the computation of the cubic terms of the normal form on
the center manifold are quite easy, since fa(x,y,0) = 0. It is more complicated to
apply the algorithm of normal forms in the case fa(x,y,0) # 0. To see how it works,
consider now (5.23) with n = 1. Then, the quadratic and cubic terms in (¢, o) for
Fy(¢, @) have the form

1 1
§F2((p704) = OZ(IHD(O) + abl(p(_l) + CbO@(O)QO(_l)a gFB(@a 0) = 07

respectively. Thus,

%le (x,9,0) =c < ¥(0), bo(®(=1)z +y(=1))(®(0)z + y(0)) >

_ (B <o, bo(e™upz1 + “ugzs + y(—1))(uoz1 + Gz + y(0)) >
8 < g, bo(@izquI’l + e ugxo + y(fl))(UO‘Tl + upxg + y(O)) >

From (4.6), (5.20) and the definition of Fy, we have fi(x,0,0) =0, g3(z,0,0) = 0,
and

SOA(.0,0) = T Projsl(Duf)UL + (D, FHH(,0,0),  (5.29)
where U3 and h are as in (5.24), (5.25). After computing f3 and UJ, we get
Projsl(D.)U3)(0.0) = (12172
where
Re Ci = —Swﬁfm (ﬂze_i“’Re (eiw) < uo,boug >< uo,bo|u0\2 > ) (5.30)

To determine Projs|(Dy f3)h](z,0,0), and using the definitions of 7, A; and M3
in Sections 3 and 4, we start by noting that h(x) is evaluated by the system

h(z) — Dyh(z) Bz = 2c¢® < ¥(0), bo(®(0)z)(®(—1)z) > (5.31,)

h(x)(0) — dAR(z)(0) — Loh(x) = 2¢bo(®(0)z)(®(—1)z), (5.31)

where h denotes the derivative of h(z)(0) relative to 6. Writing h, which is a

homogeneous second order polynomial in (z1,x2) € C? and coefficients in Ker 7, as
h(z) = haox} + h117172 + ho2a3,

from (5.31,,) we get that hy; = 0 and hoe = hao. A few computations give us

Projs|(D Coxx
TO]S[( yle)h](:c,o,o) - (sz;é)
where

Cy = 2¢0 < ug, bo[UO(hll(—l) +€7iwh11(0)) +ﬂo(h20(—1) -‘r-eiwhzo((]))] > . (532)
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On the other hand, (5.31,;) implies that hos and hi; are determined respectively
by
ilgo(o) — 2th20(9) = 2ce™ W [6 < Uug, boug > ei‘*’auO + B < U, bou% > Biiweﬂo}
h20 (O) — dAhgo (0) — athO(O) — bohgo(—l) = 26672@{)011%
(5.33)
and
511(0) = 4cRe (6“’))[6 < Uug, bo‘UO‘Q > eiwe’UJO + B < ug, b0|’LL0|2 > 67“)01_1,0]
hll(O) — dAhll(O) — aohu(O) — bohll(—l) = 4cRe (€iw)b0|’LL0|2.
(5.34)

Theorem 5.3. Consider Eq. (5.23) with n =1 and boundary conditions (5.2) or
(5.3), and suppose that (5.15), (5.16) and (5.22) hold. Then a Hopf bifurcation
occurs at a = 0 on a locally 2-dimensinal center manifold of the origin. On this
manifold, the flow is given in polar coordinates by equation (5.19), with

< ug, (a1 + bre”“)ug >
< ug, (1 + boeiiw)’l.to >
where Re Cy is given by (5.30) and Cy is determined by (5.32), (5.33) and (5.34).

K12R6< ), ngiRe(Cl—i—Cg),

Ezample 5.4. Consider the problem:

2
Qult.x) _ 0%ub®) |y oyt — 1, 2)[L +u(t2)], t> 0, z € (0,7)
O 4,0y = 2 t,m) = 0 |
az ) T ap T

We note that the linear part of (5.35) is as in (5.26). Let b(z, ) = =5 4 aby(x) +
O(a?), with [ bi(z)dz # 0. The coefficient K in (5.19) is still given by K; =

-7 Jy bi(z)de.
From (5.30), and since w =

hll =0 and

—%, we have C; = 0. From (5.33)-(5.34), we get

—imé

2]

{ hao(6) — imhao(6) = in?[Be 3" + Be (5.36)

h2o(0) — dAhoy(0) + ghgo(—l) =1,
where [ is as in Example 5.2. Define z = hgp(0). This system gives hog(—1) =
—z+ M(—él—i— 21 + 2i +im), for z € D = {v € W20, ] : v/(0) = v/(7) = 0}
such that

P
S+ G mImE = s

Solving this equation, we obtain hog(—1) + ihog(0) =
4i + 9im?). Using (5.32), we finally get

(—16 + 87 + 20i + 4im — 3in?).

m(*].Q -+ 2071' — ?)’IT2 —
(2 — 37)
54+ m2)
(see also [6]). We then conclude that the Hopf bifurcation gives raise to nontrivial

stable periodic orbits on the center manifold. The direction of the Hopf bifurcation
is super-, respectively subcritical, if foﬁ by (z)dx < 0, respectively > 0.

1
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