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The significance of stochasticity in the characteristics of the surface layers of a site to 
the resulting spatial variation of seismic ground motions and the seismic ground 
strains is investigated. For this purpose, an analytical site-specific model is developed. 
The model approximates the site topography by a horizontally extended layer with 
random characteristics overlying a half-space (bedrock). The spatial variation of the 
incident motion at the bedrock-layer interface incorporates the effects of the loss of 
coherence of the motions at increasing separation distances and their propagation in 
the bedrock; the site contribution to the spatial variation of the surface motions results 
from lhe vertical transmission of shear waves through the stochastic layer. It is shown, 
in an example application of the approach, that the spatial coherence of the motions on 
the ground surface is similar to that of the incident motion at the bedrock-layer 
interface except at the predominant frequency of the layer, where it decreases 
considerably. It is also shown that, for soft soil conditions, the layer stochasticity 
controls seismic ground strains. In the absence of spatially recorded seismic data at a 
site, the approach can be utilized for the description of the spatial variation of the 
motions in the seismic response analysis of buried and above-ground lifelines. © 1997 
Elsev!~er Science Limited. 

I I N T R O D U C T I O N  

The seismic resistant design of  conventional 'point '  struc- 
tures requires information on the time variation of  the seis- 
mic ground motions at a single location on the ground 
surface; because the dimensions of  such structures are rela- 
tively small compared to the wavelengths of  the seismic 
motions, it can be assumed that the ground excitations 
over the entire foundation area are essentially the same. 
This is not the case, however, for the seismic response of  
lifelines. Lifelines, such as pipelines and bridges, extend 
over long distances parallel to the ground, and their supports 
undergo different motions d~aring earthquakes. The differ- 
ential motion or the spatial variation of  the seismic ground 
motions may induce significant additional forces in the 
structures than those obtained if it is assumed that the 
motions at all supports are identical. 

The spatial variation of  t)he seismic ground motions is 
caused by their apparent propagation on the ground surface 
and the change in their shape., (loss of  coherence) at various 
locations. It is, generally, obtained from the analysis of  
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recorded data at dense instrument arrays, such as the 
SMART-I  array in Lotung, Taiwan (e.g. i-8); most of  
these analyses consider the strong motions of  the direct 
S-wave window. It has been recognized that the spatial 
variation of the seismic ground motions can be described 
by a function exponentially decaying with separation 
distance and frequency (e.g. 2,8,9). However, various expres- 
sions and different degrees of  exponential decay appear to 
fit data recorded at the same site for different earthquakes or 
at different sites. It has not been established yet which 
spatial variability model is the more appropriate for the 
seismic analysis of  lifelines. Furthermore, the choice of  
any particular model (mathematical expression and degree 
of  exponential decay) in the seismic response analysis of  
lifelines has a significant effect on the resulting structural 
response: the degree of  correlation in the spatial variation at 
low frequencies controls differential ground displacements, 
seismic strains and the quasi-static response of  lifelines, 
whereas the degree of  the exponential decay at higher 
frequencies controls the dynamic response of  above- 
ground lifelines 10,11. Consequently, a major difficulty in 
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the evaluation of the seismic response of these extended 
structures is the selection of an appropriate spatial 
variability model for the site under consideration, when 
spatially recorded seismic data are not available. Thus, 
there is a need for reliable site-specific, analytical and/or 
empirical models for the spatial variation of the seismic 
ground motions to be used in the seismic resistant analysis 
and design of lifelines. 

Somerville et al. 12 proposed a model, in which they 
attribute spatial variability to the wave propagation effect, 
the finite source effect, the effect of scattering of the seismic 
waves as they propagate from the source to the site, and the 
local site effects. Schneider et al. 9 considered that the 
spatial variability is the product of two terms, the first 
corresponding to source and wave passage effects and the 
second to the scattering of the waves from the source to the 
ground surface. In a recent study, Spudich 13 indicated that 
the main contributors to the spatial variation of the seismic 
motions are the wave passage effects, the free surface 
boundary conditions, which may introduce surface waves, 
and the site conditions, which may introduce spatially vari- 
able delays in the arrival of the waves from the bedrock to 
the surface as well as spatially variable site effects; Spudich 
J3, based on a review of seismological observations, also 
suggested that the effect of source finiteness is minimal. 
Der Kiureghian 14 has recently developed a stochastic 
model, in which the total spatial variation of the seismic 
motions is composed of terms corresponding to wave pas- 
sage effects, effects of loss of coherence in the bedrock 
motion, and site response contribution. 

This work deals also with the analytical evaluation of the 
spatial variation of the seismic motions. Contrary to current 
approaches, that consider fully deterministic layer charac- 
teristics for the site response contribution to spatial varia- 
bility, the present analysis investigates the effect of layer 
stochasticity in the resulting seismic ground motions. It 
attributes the total spatial variation of the strong, shear- 
wave motions to the wave passage effect, the scattering of 
the waves from the source to the site, and the local site 
conditions. Based on Spudich's 13 observations, the effect 
of source finiteness is not taken into consideration. The 
scattering of the shear waves from the source to the site is 
represented by a commonly used model for the loss of spa- 
tial coherence in seismic ground motions. The wave passage 
effect is represented by a phase difference term, i.e. the 
seismic time history propagates with a constant velocity 
on the ground surface, as is generally the case for the 
strong S-wave window of the motions. The approach con- 
centrates on the site response effect, which is approximated 
by one-dimensional, shear wave propagation through a 
random layer. Thus, the methodology is applicable to sites 
which can be approximated by horizontal layers without 
dramatic changes in their topography and for the strong 
motion S-wave window. The contributions of the various 
factors to the spatial variation of the surface motions and 
the resulting seismic ground strains are examined for an 
example site. It is shown that variabilities in the soil 

characteristics can significantly reduce the degree of cor- 
relation of the seismic motions at the stochastic layer 
predominant frequency and significantly increase the 
value of seismic ground strains. Thus, stochasticity in 
the soil characteristics ought to be incorporated in spatial 
variability models. In the absence of spatially recorded 
seismic data at a site, the results of the present approach 
can be used as a realistic approximation for the descrip- 
tion of spatially variable seismic ground motions in 
the seismic response analysis of above-ground and 
buried lifelines. 

2 SEISMIC GROUND DISPLACEMENTS IN 
HOMOGENEOUS STOCHASTIC LAYERED MEDIA 

2.1 Evaluation of seismic ground motions 

Consider an elastic half-space (bedrock) underlying a 
horizontally extended layer with stochastic properties; the 
coordinate along the depth of the layer is indicated by z and 
that along the ground surface by x. The total layer thickness 
is constant and equal to H. Within the layer the soil char- 
acteristics (shear modulus G(x,z) and mass density p(x,z)) 
vary randomly along the horizontal coordinate as: 

G(x, z) = Gz(Z)[l + fG(x)] (1) 

and 

p(x, z) = p.(z)[1 + fp(x)l (2) 

where, Gz(z) and p..(z) represent the mean values of G(x,z) 
and p(x,z), respectively, and are deterministic functions of 
z, and fc(x) and fp(x) represent stochastic fields with zero 
mean along the horizontal coordinate x. 

The incident seismic motion at the bedrock-layer 
interface, ub(x,t), is represented by stationary random 
shear waves. The displacement time history at any location 
(x,z) within the layer is the superposition of the incident 
displacement at the bedrock-layer interface, uh(x,t), and 
the relative displacement between the bedrock and the 
location under consideration, ur(x,z,t): 

u(x, Z, t) = ub(x, t) + ur(x, z, t) (3) 

The following assumptions are made at this point regarding 
the layer response to the random incident motion. 

1. The incident random waves impinge the bedrock- 
layer interface at such angles that their propagation 
within the layers can be assumed to be vertical. This 
assumption serves as ' a  first approximation, since it 
simplifies the wave propagation patterns in layered 
media, and is commonly used in the consideration 
of the effects of layers on seismic ground motions 
(e.g. 15). Furthermore, it can be reasoned that, because 
the angle of transmission of body waves from the 
bedrock to the surface layer is steep and can be as 
steep as 90 ° 16, the propagation of the waveforms 
within the layer can be considered vertical. 
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2. The relative displacement Ur(X,Z,t) can be represented 
by the product of the generalized coordinate u*(x,t), 
and an assumed mode shape ~b(z), that satisfies the 
geometric boundary conditions ~b(0) = 1 (at the 
ground surface) and ~b(H) = 0 (at the bedrock-layer 
interface): 

Ur(X, Z, t) = U*(X, t)d/( Z) 

The assumed mode shape takes the form ,7 

7rz 
~(z) = cos(~-~) 

(4) 

(5) 

which corresponds to the normalized first mode shape of a 
single, homogeneous, infinite, horizontal layer over a rigid 
bedrock (e.g. 18). This consideration approximates the layer 
response by that of a single-degree-of-freedom oscillator 
with random characteristics, as will be shown later in the 
derivation. It is noted that this simplification eliminates the 
effects of higher modes present in a layered half-space, but 
captures the dominant layer response; it is generally accept- 
able that the site responds with a dominant frequency to 
seismic excitations (e.g. 9). It is also noted that, with the 
enforcement of the boundary condition ~b(H) = 0, the 
model does not consider properly the effect of the layers 
on the total motion at the bedrock-layer interface; thus, the 
present approach is valid only for the estimation of surface 
ground motion characteristics. 

For clarity purposes, it is also mentioned that the layer 
characteristics and the parameters affecting the incident 
motion at the bedrock-layer interface, such as source effects 
and random inhomogeneities along the path of the waves in 
the bedrock, are statistically independent quantities. 

With the aforementioned considerations, the forces acting 
on an infinitesimal soil element within the layers are 
determined from ,8 

o2 u(x, z, t) 
FI(x, z, t) -- - p(x, z) ~72 dx dz 

= - p(x, z)i2(x, z, t) dr dz 
(6) 

and 

0 . . . .  Our(x, z, t ) ,  
FR(X, Z, t) = -:-tO[x, Z) -:- 1 dx  dz 

dZ 02 Z 
(7) 

in which, Fl(x,z,t) and FR(X,Z,t) are the inertia and restoring 
force for the element, respectively. Through the principle of 
virtual work, i.e. 

~ H 

fiW = o (Fi + FR)~Ur : 0 (8) 

in which, tSUr = ¢(z)6u*(x,t), since ~b(z) is the given shape 
function, the equation of motion becomes 

U*(X, t) 4- [O)*(X)]2U*(X, t) ----: -- ~ b ( X ,  t) (9) 

in which, co*(x) is the predominant layer natural frequency 
determined from eqns (1), (2), (6), (7) and (8) as 

' dz 

co*(x)---- i~p(x,z)[¢(z)]2d z 

=1 r 
(10) 

and fl is the participation factor (eqns (2), (6), (7) and 
(8)): 

fSp(x,z)~b(z)dz f~pz(z)~b(z)dz 
~--- H = 

~'(Z)] 2 dz ~b(z)] 2 dz 

( l l )  

An approximate equivalent damping ratio ~'*(x), is then 
introduced in eqn (9) to account for the energy loss due, 
but not necessarily exclusively, to the hysteretic behavior 
of the soil under dynamic loading. Thus, the equation of 
motion becomes 

i~* (x, t) 4- 2~* (x)co* (x)i4* (x, t) 4- [co* (x) ]2 u* (x, t) 

= -- B/~b(x, t) 
(12) 

The predominant natural frequency oJ*(x) and the 
equivalent damping ratio ~'*(x) fluctuate randomly along 
x; this fluctuation results from the stochasticity in the 
layer characteristics (eqns ( l )  and (2)) and can, 
alternatively, be expressed as 

co*(x) = coo[1 4- co(x)] (13) 

~'*(x) = ~'0[l 4- ~'(x)] (14) 

in which, coo and ~'0 are the mean values of ¢0*(x) and ~'*(x), 
respectively, and co(x) and ~x) are homogeneous stochastic 
fields with zero mean and corresponding standard devia- 
tions a,~ and o~-~-. It is noted that, since the approach is 
applicable to sites without dramatic changes in their topo- 
graphy, the variability of both ¢o*(x) and ~'*(x) around their 
mean values is small; consequently, the standard deviations 
a,~ and a~-~- of their random fluctuations, c0(x) and ~x), are 
small quantities. 

The solution to the differential equation of motion 
(eqn (12)) is 
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in which, h(x,r) is the impulse response function: in which, Ro,,o(~) is the autocorrelation function of 00(x) (eqn 

1 exp( - f*(x)00*(x)r) sin[6o*(x)v/1 - Ig'*(x)]2r] for r -> 0 
h(x, r) = ¢o*(x)v/1 - [~'*(x)] 2 

0 for r < O  

(16) 

Once u*(x,t) is determined, the seismic motions on the 
ground surface (z = 0) can be evaluated from 

u(x, z = O, t) = Ub(X, t) + u*(x, t) (17) 

which is essentially a repetition of eqn (3) with the 
consideration that ~b(0) = 1. 

u*(x,t) (eqn (15)) is determined as follows. The impulse 
response function h(x,r) of eqn (16) is expanded into a 
Taylor series around J ( x )  = Oao and ~'*(x) = ~'0, and results 
(for r -> 0) in 

r) ~*(x) =,~,, -- e -  ~'o,oor 
h(x, 

r*(x)= r,, lvCZ-rg 
× [sin 000V/1 - ~'2r + 00(x)(--sin o J 0 7 1 -  fo2r - ~'oOJo r 

f2 . 
+ ooV' 

 o,o. )1 
(18) 

Neglecting terms of order three and higher (i.e. O(~'0a2~,~), 
O(~'02a2~), O(~'o2a2,~), etc.), owing to the smallness of ~'0, ao~ 
and art, and considering the statistical independence 
between the layer characteristics (00(x) and ~'(x)) and the 
incident motion at the bedrock-layer interface (ub(x,t)), 
one can obtain, after lengthy but straightforward algebraic 
manipulations, the cross spectral density of the relative 
ground displacement as: 

Su*u'(~, 00) =/32004[IH(00O, ~'o, c°) I2 

+ 4oa4Ro~(~J) IH(00o, to, 00) 141Suhuh(~, 00) 

(19) 

(13)), and represents the fluctuation of the predominant 
frequency of the layer around its mean value. In eqn (19), 
the frequency response function H(o~o,~'0,00) is given by 

1 
H(oao, ~'o, 00) = oa2 _ 002 + 2i~-o00o00 (20) 

with i =  X/7-] ", and S.h.h(~,W) is the cross spectral density 
of the incident motion at the bedrock-layer interface. 

The cross spectral density of the total ground surface 
displacement is determined from eqns (17)-(19), again 
after lengthy but straightforward algebraic manipulations, 
a s  

S,,(~, 6o) = [(004 + (2~ + 4~ "2 - 2)00260 2 + (/3 - -  1)2004) 

× IH(00o, ~'o, 60) 12 + 4/32004w4R~,o~(~) 

I 4 × In(00o,~'o,00) ]S.b.b(~,00) 

(21) 

The corresponding power spectral density of the motions is 
obtained from eqn (21) by setting the separation distance 
equal to zero, (~ = 0), as 

S,,(00) = [(o~ 4 + (2/3 + 4~'02 - 2)00~00 2 + (/3 - 1)200 4)  

2 2 4 4 2  4 × IH(00o, ~'o, 00)1 + 4/3 Wo00 a,oo, IH(00o, ~'o, 00)1 ] 

X S.h.~(00 ) 

(22) 

in which S.,~b(w ) = Suh.h(~ = 0, 00) is the power spectrum of 
the incident motion. It is noted that, for a participation 
factor equal to unity (/3 = 1, i.e. simple single-degree-of- 
freedom oscillator) and for deterministic values of the soil 
properties, eqn (22) reduces to the well known Kanai-  
Tajimi spectrum 19,2o 

The parameters/3, Oao, R~,,o(~), a,oo,, and ~'0 in eqns (21) and 
(22) depend on the soil properties, and are evaluated in the 
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Fig. 1. Cross-section of the soil profile used in the numerical example. The vertical subsections are also shown in the Figure. 
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following subsection for an example site. The description 
for the cross and power spectral spectral densities of the 
incident motion at the bedrock-layer interface (eqns (21) 
and (22)) are discussed in Section 3. 

2.2 Stochastic characteristics of the ground 

Consider the profile of an example site over a length of 
1200 m shown in Fig. 1. For simplicity, it is considered 
that the stochasticity in the soil characteristics results from 
variability in the depth of six sublayers (M = 6) comprising 
the 70 m deep surface layer. The soil characteristics are 
constant within each sublayer and are given in Table 1, 
and the sublayer boundaries are approximated by stepped 
lines as shown in Fig. 1. The cross-sectional area is then 
divided into 60 vertical subsections each with dimensions 
20 m x 70 m. From the layer thickness (Fig. 1) and the soil 
material properties (Table 1), the predominant layer 
frequency w*(xn), n = 1,2 ..... 60 can be computed by an 
extension of Okamoto's equation 2~ 

w*(xn) = ~r 1 (23) 
M 

2 y. Hj(X.)/%(Xn) 
j = l  

in which, H j ( x n )  and vsj(x,) are the depth and shear wave 
velocity, respectively, of sublayer j at location x,. The 
mean value and standard deviation of the sample data 
(eqn (23)) can be determined using standard techniques 
(e.g. 22). For the particular example of Fig. 1 and Table 1, 
the mean predominant frequency of the layer becomes w0 
= 5.64 rad s -j with a corresponding standard deviation of 
a ~  = 0.101. 

The sample spatial correlation function for oJ(x) (eqn 
(13)) is calculated by interpreting each sample as a realiza- 
tion of the stochastic proces,; using the following equation: 

N - - k  * * 
1 7 1  [w (x .+~k) -wOl[W ( x . ) - w 0  l 

k'~'~(~k) = N--""-k = Wo Wo 

(24) 

where N is the total number of soil vertical subsections (N 
= 60 for this example). In order to avoid a small averaging 
number N - k in eqn (24), the longest separation distance 
used was ~k = 600 m. The resulting spatial correlation 

2 function, normalized by the variance a ~ ,  is presented in 

Table 1. Material properties of the site profile in Fig. 1 

Layer Soil mass Poisson Shear Shear 
(g cm-3) ratio modulus wave 

(kg* cm -2) velocity 
(ms -l ) 

1 Sand !.80 13.48 133.0 85.0 
2 Sand 1.70 0.48 287.0 125.0 
3 Clay 1.50 13.48 612.0 200.0 
4 Gravel 1.90 13.48 2050.0 325.0 
5 Sandstone 2. ! 0 I).48 5360.0 500.0 
6 Sandstone 2.20 13.48 14367.0 800.0 

Fig. 2. Later in this work, a closed form approximation for 
the spatial correlation function will be necessary so that the 
behavior of the spatial variability is analytically repro- 
duced, and the seismic ground strains are estimated. The 
analytical approximation for k,,,o(~Jk) is 

R~(~)  = ~2j,0,~(~) (25) 

in which, f~(~) ,  the normalized spatial correlation func- 
tion, ought to be consistent with the variability of the 
data at the site, and satisfy the following conditions: (i) it 
ought to be symmetric around ~ = 0 (homogeneity require- 
ment); (ii) its first and second derivatives ought to exist and 
assume finite values at ~ = 0, so that the evaluation of 
strains based on the expression is feasible• It is noted, 
that these two conditions impose that f,~,0'(0)=0. For the 
present example the mathematical expression used for 
f,,~(~) is 

f~o,(~) = [1 - 2(~/b,~)2]e - (6/b~)2 (26) 

in which b~ is the scale of correlation. The value of b,, is 
determined in such a way that R,,~(~) (eqn (25)) becomes 
zero for the same value of the separation distance ~ that 
produces a zero value for k ~ ( ~ )  (eqn (24)); in this case, 

110 m for/~,~(~j) = 0  (Fig. 2) and, thus, b~ = 155.56 m. 
The analytical spatial correlation function (eqns (25) and 
(26)), normalized by the layer frequency variance, is also 
plotted in Fig. 2. Alternative expressions for the normalized 
autocorrelation function can be found in, e.g., Ref. 4. 

In the absence of more refined data for the damping 
coefficient, it is assumed that ~'0 = 0.20 for the soft soil 
site (low predominant frequency) of the present example. 
~'0 = 0.20, 0.40 and 0.60 are commonly used values for 
damping coefficients for soft, intermediate and firm soil 
conditions 20.23.24 

The participation factor /3 is obtained from eqn (11) 
through integration of deterministic functions, which 
involve the mean value of the soil mass of the layer and 
the shape function. In this example, the soil mass is constant 
in each sublayer, but the sublayer's thickness fluctuates. A 

1.0 . . .~ ............. analyticalaCtual (data) I 

, 

j°° 
'~.,.. °....s° "°° 

-0.5 0 100 200 300 400 500 600 
[m] 

Fig. 2. Spatial correlation functions for the predominant ground 
frequency of the stochastic layer using the actual soil data and the 

analytical approximation. 
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gross estimate for the participation factor can be obtained 
if the soil mass is averaged over all sublayers and the 
integration performed over the entire layer thickness, i.e. 

j-- 
o ~(z) dz 4 

/3 = 1.273 (27) 

~2(z) dz 

Alternatively,/3 can be determined from the mean value of 
the participation factor obtained through the application of 
eqn (11) to each vertical subsection, i.e. 

f ;O(x., z)~b(z) dz 

~(xn)=J~O(Xn, Z)[~b(Z)]2dz 

(28) M (hi(xo)+Hi(x,,) 
Z Pi Jh,(x,) I~(Z) dz 
i = 1  ' 

M I 'hi(x . )  -1- Hi(x,, ) 

Z Pi 3h~(x,,) [ [~b(z)] 2 dz 
i = 1  

in which M is the number of  soil sublayers, pg is the soil 
mass in sublayer i (Table 1), H~(x,) is the thickness of  the 

i - I  sublayer at location x ,  (Fig. 1), and hi(xn) = Zt=lHt(xn) 
for i > 1 and hl(x,) = 0. The mean value of the participa- 
tion factors resulting from eqn (28) is/3 = 1.302, a value 
not significantly different from the gross estimate of  eqn 
(27). In the following, the mean value of/3 = 1.302 is used. 
It is noted that this value represents the actual participation 
factor for all vertical subsections; the variance of the 
participation factor obtained from the data of  eqn (28) 
was 9.4 × 10 -5. 

The power spectral density of  the total surface motions 
normalized with respect to that of  the incident motion (eqn 
(22)) is shown in Fig. 3. As expected, its power is contained 
in the vicinity of  the mean value of the layer predominant 
frequency and its shape resembles that of  the Kanai-Taj imi  
spectrum. 

3 S E I S M I C  M O T I O N  S P A T I A L  C O R R E L A T I O N  
S T R U C T U R E  

As indicated in Section 1, the spatial variation of seismic 
ground motions results from the apparent propagation of  the 
waveforms on the ground surface and the differences in 
their shape at the various locations. Commonly,  the more 
well understood wave passage effect is considered inde- 
pendently of  the other spatial variability causes. The main 
descriptor of  the remaining spatial variability causes is the 
coherence, defined as the absolute value of the cross spec- 
trum of the motions at two recording stations divided by the 
square root of the product of  the power spectra at the two 
stations. Coherence estimates are insensitive to the ampli- 
tude differences of  the motions at the various locations t3. 
Consequently, the variability in the motions described by 

e., 
o .g 
B 

15 

I0 '  

i i 

5 10 15 20 
frequency (rad/sec) 

Fig. 3. Total surface motion (displacement) power spectral den- 
sity, S,,(¢o), normalized with respect to the power spectrum of the 

incident motion, S,~,~(¢o) 

the coherence is attributed mainly to their phase 
differences 25, i.e. coherence represents essentially random 
phase fluctuations. It is noted that, although coherence 
describes phase variability, it is not associated with the 
(deterministic) apparent propagation of the motions on the 
ground surface; quadrant-symmetric space- t ime random 
fields 26, as most coherence models are, represent motions 
that are superpositions of standing waves 27. The power 
spectra of  the motions, which are proportional to the 
square of  the amplitude, are, generally, assumed to be the 
same at all locations, an assumption also made implicitly in 
eqn (22). 

In the present notation, the spatial variation of seismic 
ground motions is expressed as 

s**(L o~) 
3'sv(~, ¢0) -- (29) 

s**(~ = o, o0) 

and their coherence as 

Is**(L ,o)1 
3'coh (~J, o~) -- (30) s**(~ = o, o~) 

in which * --= u for the surface motions, or * --= Ub for the 
incidence motions. 

The incident motion coherence and the apparent propaga- 
tion of the waveforms are estimated in the following sub- 
section, and followed by the evaluation of  the total surface 
motion spatial correlation structure. 

3.1 Spatial variation of incident motions 

Since stationarity is assumed throughout the analysis, the 
incident motion at the bedrock-layer interface is described 
by its cross spectral density between two stations at a 
distance ~ apart from each other as (eqn (29)) 

S., . ,  (~. 00) = S,,, ,  (o~)3'b.sv(~. ~) (3 1 ) 

in which S,,,,(oJ). the power spectral density of  the incident 
motion (displacement) at the bedrock-layer interface, is 
considered to be the same at all locations, and 3',.sv(~j.00) 
indicates the spatial variation of that motion. 
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In eqn (31), the incident motion power spectral density 
can be approximated by the commonly used seismological 
spectra 28. The spatial variation of the motions )'b~v(~,w) is 
decomposed into a t e rm describing loss of  coherence, 
3%.~oh(~,w), and a term representing propagation, 
yb p~op(~,w,C) with c indicating velocity, as 

"Yb.sv(~, 60) = '~b.coh(~, 6O)')¢b.prop(~, O0, C) (32) 

Since it has been suggested that the finite source effect on 
the spatial variability is not significant 13, the loss of  coher- 
ence of the incident motions will result from the scattering 
of the waves as they travel from the source to the bedrock- 
layer interface, which can be approximated by stochastic 
wave propagation 29,30. For the shear wave window 
analyzed herein, the incident motion coherence is approxi- 
mated by the model of  Luco and Wong 31, which is based 
on the analysis of  shear waves propagating a distance R 
through a random medium: 

"Yb.coh(~, (.0) = e - (~°'~/v'~)2 : :  e - .%2~-~ (33) 

spatial variability expressions (eqns (29), and (32)) by 

3'b.prop(~, ¢0, C) = e -  i0,~/~ (34) 

which represents the frequency dependent correlation func- 
tion of a unidirectional random wave propagating with con- 
stant velocity c 26. The consideration that the entire seismic 
ground motion propagates with a constant velocity is valid, 
since only the window of the strong S-wave motion is 
considered. This observation has been verified from 
analyses of  recorded data for the estimation of the spatial 
variability (e.g., Ref. 5), and also from the slowness spectra 
evaluation of broad-band body waves  34,35. It is noted that c 
(in eqn (34)) is the apparent propagation velocity of  the 
incident motion at the bedrock-layer interface, which is a 
function of the shear wave velocity in the bedrock Vrm, and 
the angle of incidence of waves at the interface. As indi- 
cated in Section 2, it is considered that the waves impinge 
the interface at such angles, that their propagation within 
the layer can be considered vertical. 

3.2 Spatial  variation of  surface mot ions  

r I = iz(g/ro) 112 ot = ~'//Vrm 

v , ,  is an estimate for the elastic shear wave velocity in the 
random medium (bedrock), r0 the scale length of random 
inhomogeneities along the path, and #2 a measure of  the 
relative variation of the elastic properties in the medium, c~, 
the incoherence parameter, .controls the exponential decay 
of the function; the higher the value of a ,  the higher the loss 
of  coherence as separation distance and frequency increase. 
With appropriate choices fi9r the incoherence parameter, 
the model has been shown to fit the spatial variation of 
recorded data, and has been used extensively by researchers 
in their evaluation of the seismic response analysis of  life- 
lines (e.g. 10,23,31-33). In these approaches, eqn (33) has 

been used for the description of the spatial coherence of 
the surface motions, whereas herein it represents the 
coherence of the incident excitation at the bedrock-layer 
interface. This does not necessarily constitute an inconsis- 
tency. The expression is ba,;ed on shear wave propagation 
through random media, an approximation which may be 
valid for the propagation of the waves from the source to 
the ground surface or from the source to the bedrock-layer 
interface; Der Kiureghian 14 has also recently used eqn (33) 
for the description of  the bedrock motion coherence. It is 
also noted that the degree of loss of  coherence in eqn (33) is 
the same with increasing frequency and separation distance. 
This behavior is not consistent with some recent observa- 
tions, that suggest that the decay of coherence with fre- 
quency may differ from its decay with separation distance 
13. The present methodology can accommodate these recent 
developments: when alternative formulations, that repro- 
duce these observations, become available, they can be 
easily incorporated in eqns (31) and (32) instead of Luco 
and Wong 's  expression. 

The apparent propagation of the motions is described in 

With the considerations of  Section 2 and Section 3.1, the 
cross spectral density of  the total surface motion becomes: 

S,,(~, o~) = [H~ (8, ¢00, ~'0, w) + R~(~)H2(8 ,  o~0, ~'0, '~)1 

x r . ,  e -  0t2022~2 iW~;]C X ~ubub xW) e - 

(35) 

in which, 

H i  (8, COo, ~'0, c0) = (w 4 + (28 + 4~'02 - 2)wo2w 2 + (8 - 1) 2 

X ¢o4)IH(wo, ~0, 60) 12 

(36) 

= 4 8  c00w IH(w0, ~'0,w)l (37) fl-/2(8, ~0,  ~'0, CO) 2 4 4 4 

Eqn (35) incorporates the contributions of  both the incident 
motion variability and the layer stochasticity to the total 

l.O" ~ [ -  40m 
, ",. "'-., ~ - ~  "t- . . . . . .  lOOm 
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Fig. 4. Variation of the spatial coherence of the incident motion 
(Luco and Wong's model) with frequency at separation distances 

of 40, 100, 200 and 500 m. 
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Fig. 5. Variation of the spatial coherence due to layer stochasticity 
with frequency at separation distances of 40, 100, 200 and 500 m. 

correlation structure of the surface motions. In order to 
analyze these effects separately, their contributions are 
isolated from one another. 

In the absence of the layers the variability of the surface 
motions becomes identical to that of  the incident motion 
(eqn (32)). The variation with frequency of the term 

representing loss of  coherence in the incident motion 
(e -'~2J~- from eqn (33)) at separation distances of  40, 
100, 200, and 500 m is presented in Fig. 4; a is equal to 
2.5 X 10 -4 s m -l, a median value between those suggested 
by Luco and Wong 31 from their analyses of actual earth- 
quake data ((2-3)  × 10 -4 s m-I) .  The wave passage term in 
the incident motion spatial variation (e - i,~/c from eqn (34)) 
introduces a phase difference in the seismic ground motions 
at various stations, the value of  which is determined from 

3(e -i~/,,) ~ 
4~b((, w) = arctan N(e -i,~/c) c (38) 

with ~ and 3 indicating the real and imaginary parts, 
respectively; eqn (38) represents the deterministic phase 
of a broad band S-wave propagating with constant velocity 
C .  

In order to isolate the effect of  the layer stochasticity from 
that of  the incident motion in the total spatial variability, 
it is assumed that the bedrock motion is fully coherent 
with c ~ z¢ (i.e. Suh,~(~,o~)=S,,~,~(~o) in eqn (31)). For 
fully coherent incidence motions, the resulting surface 
motion random field is quadrant-symmetric, and, thus, the 
stochasticity in the layers affects the coherence of the 
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Fig. 6. Variation of the total spatial coherence (incident motion and layer stochasticity) with frequency at separation distances of 40, 100, 
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motions according to (eqns (30) and (35)): 

[H, (t5, Wo, ~'o, w) + R~,o(~j)H2(~, Wo, ~'o, w)] 
3q.~oh(L 0~) = [H, (~, o~0, ~'0, ¢o) + ~ H 2 ( ~ ,  ~0, ~'0, ~)1 

(39) 

The contribution of the layer stochasticity to the spatial 
variation of the motions (eqn (39)) at separation distances 
of 40, 100, 200, and 500 m is presented in Fig. 5; the actual 
values of the spatial correlation function/)~(~) (eqn (24)) 
were used in the figure. The correlation structure in Fig. 5 is 
different from that expected in spatial variability (i.e. expo- 
nential decay with both separation distance and frequency). 
The expression decays clo,;e to the frequency of the first 
mode of the layers and assumes a constant value close to 
perfect correlation as the frequency increases. The behavior 
of the correlation in Fig. 5 b; realistic. The layer responds to 
the incident excitation as a series of single-degree-of- 
freedom systems with slightly varying, correlated fre- 
quency. For input motion frequencies close to the mean 
natural frequency of the 'oscillators', the response of the 
systems is affected by the variability in the value of this 
natural frequency, and results in loss of correlation. As the 
exciting frequencies increa,~e past the natural frequency of 
the systems, the actual value of the natural frequency 
(for small variabilities) seizes to affect the response 
significantly. 

The overall coherence (incident motion coherence and 
layer stochasticity) in the spatial variation of the surface 
motions is expressed as (eqns (30), (33), and (39)): 

~/coh ( ~, (.0) ~--- "Yb.coh (~, O))'YI.coh ( ~, (.0) (40) 

and is presented in Fig. 6. It is noted from the figure that the 
overall shape of the total coherence is controlled by that of 
the incident motion; the layer stochasticity results in a 
decrease in the correlation close to the mean value of the 
natural frequency of the layer. This should be expected, 
since the total coherence of the surface motions is the 
product of the incident motion coherence and that resulting 
from the layer stochasticity. 

The overall agreement of the spatial coherence with and 
without site effects is consistent with previous observations 
at various array sites, which indicate that the site variability 
may not particularly influence the overall correlation struc- 
ture of the total motion 9.36. It also justifies the use of 
smoothly decaying spatial coherence models with para- 
meters obtained from surface records (such as Luco and 
Wong's model) to describe the coherence of the incident 
motions in the present approach. However, the drop in the 
correlation at the predominant frequency of the layers is 
distinguishable. This drop-in-coherence behavior observed 
in Fig. 5 and Fig. 6 has also been noted by Kanasewich 37, 
who suggested that site resonances can be identified from 
holes in the coherence spectra of motions at adjacent 
locations, and by Cranswick 38, who further indicated that 
perturbations with small deviations in the layer character- 
istics will produce the greatest changes in the response 
functions, and, since coherence is a measure of similarity 

of the motions, it will be low at the resonant frequencies. 
Thus, the present approach incorporates site effects in the 
spatial correlation structure of the motions that are con- 
sistent with observations, but have not been taken into 
account before in its estimates. Generally, it is assumed 
that the site contribution results from the response of indi- 
vidual, statistically independent soil columns with different 
characteristics. Accordingly, the site contribution does not 
affect coherence, but produces a deterministic phase 
difference in the surface motion correlation 14. Clearly, 
the deterministic phase difference is caused by the delays 
in the arrival of the waves from the bedrock to the ground 
surface due to their propagation through different layers. 
The present approach approximates the soil columns trans- 
mitting the bedrock excitation to the ground surface by 
single-degree-of-freedom systems with similar, correlated 
characteristics. The time delay in the arrival of the waves 
from the interface to the ground surface is incorporated in 
the model through the layer predominant frequency 
(eqn (12)): an incident impulse acceleration at the bedrock- 
layer interface at t = 0 would produce a maximum 
response on the ground surface at approximately 
t =  (1/4)(27rA~0), (27r/~ 0) representing the period of oscil- 
lation. The layer stochasticity causes random fluctuations 
in the arrival of the waves from the bedrock to the sur- 
face, and, thus, affects the coherence--random phase 
variability--of the motions. The apparent propagation 
(deterministic phase) of the surface motions is controlled 
by that of the incident motion, since vertical propagation 
is considered within the layer. It is emphasized that the 
present methodology is applicable to sites with no dramatic 
changes in their topography, for which the homogeneity 
assumption for the layer variability is valid. For sites with 
spatial characteristics that deviate significantly from con- 
stant mean values, the spatial homogeneity assumption 
ought to be waived; in this case, the layer stochasticity 
would affect both the coherence and the apparent propaga- 
tion (deterministic phase) of the motions. 

Based on eqns (29), (35), and (39), the spatial variation of 
the surface motions becomes 

[HI (/3, oo0, ~'0, ¢o) 4- R,~,~(~)Ha(13, O~o, ~'o, ~o)] 
%v(Lo~)= 2 [Hi (#, ~o, ~'o, o~) + owwH2(#, O~o, ~o, ~)1 

× e - a2¢d2~2 e - io~lc 

(41) 

4 EVALUATION OF SEISMIC GROUND STRAINS 

Seismic strains resulting on the surface of the stochastic 
layer are evaluated as follows. The cross correlation func- 
tion of the seismic motions on the ground surface is defined 
as 

R.u(~,r)= f+~Suu(~,oJ)e i°Jr doz (42) 
d-~¢  
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From the above expression, the variance of  the horizontal 
seismic strains along the x-direction (direction of wave 
propagation on the ground surface) becomes 

r)] f a%.(6,o,) 2 02Ruu(~, = - [ d¢o]l~ 
% = [ - 0~2 ]~=o a~2 =o  

r = 0  

and that 
velocities) 

(43) 

of the seismic ground velocities (particle 

32Ruu(~, 
r)] = [ _ ~¢o2Suu('~, ¢0) do;] I~ = 0  .1 =o 

2 

I'r=0 
(44) 

The square-root of the variance (root-mean-square) of a 
random quantity provides information on its mean maxi- 
mum value, since rms values are proportional to the mean 

39 maximum ones 
The evaluation of seismic ground strains (eqn (43)) 

requires the integration of the second derivative with respect 
to ~ of the cross correlation of the motions at r = 0, which 
becomes (eqns (21), (31), (32), and (42)): 

Ru,(~, r =  0) = I ~ ~[Hi (/3, w0, ~'o, w) + R0,,~(~) 

X fff2(f l ,  ¢00, ~'0, ~o)]Suhu, ( ~ )  e - d-0,'-~'- e -i0,~/c de0 (45) 

in which, Hl(fl,Oao,~'o,O~), and H2(/3,¢o0,~'0,¢0) are given by 
eqns (36) and (37), respectively. Since both the value and 
the derivatives of the spatial correlation function R,~,~(~j) are 
needed at ~ = 0 in eqns (43) and (45), its analytical approx- 
imation (eqn (25)) is required. These derivatives, for any 
assumed correlation function expression f~,d~), take the 
form 

R~(0)  2 . R ' R "rn~--0- 2 f "(a~ (46) =0- . . . . .  ( 0 ) = 0 ;  . . . .  , _  0, . . . .  v, 

The substitution of eqn (46) into eqns (43), and (45) yields 

the variance of the seismic ground strains: 

2 f~[oa2(2 2+(1/c)2)(H,+a20,H2 ) 0.e~ -~- 
(47) 

0-2 --  0,~F0,oj (O)ff{a]Suhub (O)) doJ 

in which, the dependence of Hi  and H2 on fl, COo. ~'0 and oJ 
has been omitted for simplicity. With the assumption that 
S~,a,(~), the power spectral density of the incident motion 
acceleration, is a slowly varying function of  frequency, and 
noting that both IH(oJo,~'o,Oj)[ 2 and IH(oJo.~'o,w)l 4 peak close 
to co = COo, an approximation for the variance of the ground 
strains is found to be 

02°') + 4{ "21 0.~e = {w2[ 2ot2 --F (1/c)2][/32(1 -1- 2~'---~ 

(48) 
f120"2jz'0,0, "(0) 71" S 

~ o  2 -(1 + 4 ~ ' o 2 ) 1 ~  a,a,(~Oo) 
Z$oW 6 

The variance of the seismic velocity at the ground surface 
can also be evaluated through a similar procedure. Eqns 
(36). (37). (44) and (46) lead to 

2 f~ofi(H, 0.2 0.vv = -}- 0,0,H2)Su,ut,(o3) d¢o (49) 

which, with the same approximations used in the evaluation 
of the seismic strains, yields 

o20,~ ± 4 ~'21 2 = {~.02[fi2(l -t- 71" 
G,v 2g.2 ) T ,,~0' } ~S"bJJb(('~0) (50) 

eqns (48) and (50) then result in the following estimate for 
the rms seismic ground strain in terms of the rms ground 
velocity: 

0.Vt' 

V/ /:~20.2 /- ,,(f~ (1 +4~'o 2) [2ot2 +(1/c)2] _ ,- o~ . . . .  v, 
2 2 a2 2 2~'o% [~2(1 + ~,,,/2J" o) + 4~'021 

(51) 
The normalized spatial correlation function of the present 
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Fig. 7. Variation of rms strain over rms ground velocity (G/a,,,) with the apparent propagation velocity of the motions c. 
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example (eqn (26)) yields J~,,o"(0)= -6 /b~,  and eqn (51) 
takes the form 

~/ 2 2 3/~ ao,o (1 +4g'o 2) 
Ovv °~'-L = [2ct2 + (1/c)2] + ~'oooob~2 2 2 [~2(1 + 0~oJ2~'o)2 2 + 4~-0 2] 

(52) 

Fig. 7 presents the rms seismic strain a,, normalized with 
respect to the rms ground 'velocity tr~,v as function of the 
apparent propagation velocity of the motions on the ground 
surface. Three variations of the seismic strains are 
presented in the figure: the first corresponds to the incident 
motion effects only, i.e. 

a~--L = ~/2c¢ 2 + (l/c) 2 (53) 
avv 

the second corresponds only to site effects (c~ = 0 in eqn 
(52)), and the third incorporates the contributions of both 
the incident motion variability and the layer stochasticity 
(eqn (52)). The shape of the ground strain vs. apparent 
propagation velocity variability in Fig. 7 is consistent 
with simulations of seismic ground strains and velocities 33, 
and with analyses of actual seismic strains from recorded 
data during the 1971 San Fernando earthquake 4o. The 
variation of seismic strains at low velocities is not affected 
by the loss of coherence in the motions; this is consistent 
with the commonly used approximation in engineering 
practice when surface waves dominate in the motions, 
namely that seismic strains are equal to the ground (particle) 
velocity divided by the apparent propagation velocity of the 
motions. When body waves dominate, as is the case for the 
strong motion shear wave window, the effect of the loss of 
coherence in the motions on seismic ground strains becomes 
significant (Fig. 7). For the soft soil profile considered 
herein, Fig. 7 indicates that the contribution of the layer 
stochasticity essentially controls the seismic strains. This 
effect was not obvious from the spatial variability of the 
surface ground motions (Fig. 6), although not altogether 
unexpected, since the layer stochasticity contribution to 
seismic strains occurs at the dominant soil frequency 
(eqn (48)). As expected, the combined effect of the bed- 
rock motion and layer stc~zhasticity yields higher strains 
(Fig. 7). 

considered. The model presented incorporates the basic 
factors that contribute to the spatial variation of seismic 
ground motions and the assumptions made in the approach 
are consistent with observations from recorded data and 
well established approximations. It has been assumed that 
the spatial variation of the incident motion at the bedrock- 
layer interface can be described by its spatial coherence and 
its apparent propagation. The spatial coherence of the inci- 
dent motion is described by the expression derived by Luco 
and Wong 3~ from the analysis of shear wave propagation 
through random media. A constant apparent propagation 
velocity for the broad-band shear waves along the interface 
has been utilized. The incident shear waves at the bedrock- 
layer interface were then assumed to propagate vertically 
through the stochastic layer and the site response was 
approximated by that of one-degree-of-freedom oscillators 
with random properties. 

It was shown that the shape of the spatial variation of the 
motions on the ground surface is controlled by that of the 
incident motion. The site contribution is concentrated in the 
vicinity of the predominant frequency of the layer and yields 
a drop in the value of the coherence. Such site effects, 
although observed, have not been incorporated before in 
spatial variability models. Seismic ground strains evaluated 
from the model suggested that the contribution of the site 
stochasticity can be significant: it essentially controls the 
strains at higher--body wave--apparent propagation 
velocities for the soft soil conditions considered herein. 
Since strains are the key parameter in the seismic response 
analysis of buried pipelines and are also indicative of the 
amplitude of differential displacements, which control 
the seismic quasi-static response of above-ground lifelines, 
the results of this analysis suggest that the effect of layer 
stochasticity cannot be neglected in the evaluation of the 
spatial variation of seismic ground motions. 

The methodology developed herein provides an approxi- 
mation for the spatial variation of the seismic ground 
motions that incorporates information on the soil profile at 
the site. In the absence of spatially recorded seismic data at a 
site, the spatially variable motions resulting from the model 
can be applied as input motions at the supports of above- 
ground and buried lifelines in their seismic resistant analysis 
and design. 

5 SUMMARY AND CONCLUSION 

The evaluation of the seismic response of lifelines, such as 
pipelines and bridges, requires estimates for the spatial 
variation of the seismic ground motions at the site. Such 
estimates are difficult to obtain at sites where recorded 
seismic data from dense arrays are not available. 

An approach for the analytical evaluation of the spatial 
variation of the seismic ground motions at sites that can be 
approximated by a stochastic layer overlying a bedrock has 
been presented. As is commonly the case in the estimation 
of the spatial variation, only direct shear waves have been 
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