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Preface

Lots of graphs having a symmetry property can be described as cover-
ings of simpler graphs. In this manuscript, we examine several enumer-
ation problems for various types of nonisomorphic graph coverings of a
graph and some of their applications to a group theory or to a surface
theory. This manuscript is organized as follows. In chapter 1, we intro-
duce basic concepts. In chapter 2, by using covering graph construction,
we count the positive isomorphism classes of cycle permutation graphs,
which is equal to the number of double cosets of the dihedral group D,,
in the symmetric group S,, on n elements. In chapter 3, we count non-
isomorphic (connected) coverings of a graph and, as its application, we
have another recursive formula for the number of conjugacy classes of
subgroups of given index of a finitely generated free group. In chapter
4, we count nonisomorphic regular coverings of a graph whose cover-
ing transformation groups are abelian and, as its application, we count
subgroups of given index of free abelian groups. The same work is done
in chapter 5 for regular coverings having dihedral voltage groups. In
chapter 6, we discuss a general counting formula for regular coverings
having any finite voltage group. In chapter 7, after discussing a com-
binatorial proof of Hurwitz theorem for surface branched coverings, we
consider the number of subgroups of surface groups. Finally, in chapter
8, we discuss a distribution of branched surface coverings of surfaces
and some related topological properties including a generalization of
the classical Alexander theorem.
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Chapter 1

Definitions and Notations

Let G be a connected finite simple graph with vertex set V(G) and edge
set F(G). The neighborhood of a vertex v € V(G), denoted by N (v), is
the set of vertices adjacent to v. We use | X| for the cardinality of a set
X. The number 3(G) = |E(G)| — |V (G)| +1 is equal to the number of
independent cycles in G and it is referred to as the Betti number of G.

Two graphs G and H are isomorphic if there exists a one-to-one
correspondence between their vertex sets which preserves adjacency,
and such a correspondence is called an isomorphism between G and
H. An automorphism of a graph G is an isomorphism of G onto itself.
Thus, an automorphism of G is a permutation of the vertex set V(G)
which preserves adjacency. Obviously, a composition of two automor-
phisms is also an automorphism. Hence the automorphisms of G' form
a permutation group, Aut (G), which acts on the vertex set V(G).

A graph G is called a covering of G with projection p : G— G if
there is a surjection p : V(G) — V(G) such that p|n@g) : N(0) — N(v)
is a bijection for any vertex v € V(G) and 0 € p~*(v). We also say that
the projection p : G — G is an n-fold covering of G if p is n-to-one. A
covering p : G — G is said to be regular(simply, A-covering) if there
is a Subgroup A of the automorphism group Aut (é) of G acting freely
on G so that the graph G is 1som0rphlc to the quotient graph G/A
say by h, and the quotient map G—G /A is the composition h o p of
p and h. The fibre of an edge or a vertex is its preimage under p.

Two coverings p; : G — G, 1= 1,2, are said to be zsomorphzc (or,
equivalent) if there exists a graph isomorphism ® : G, — G2 such that
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2 Definitions and Notations

the diagram

G — G
\
G

commutes. Such a @ is called a covering isomorphism. In particular,
when p; = py (say, = p) with G; = G (say, = G), it is called a covering
tansformation of p, and the set of all covering transformations forms a
group under the composition, called the covering transformation group
of the covering p: G — G.

Every edge of a graph G gives rise to a pair of oppositely directed
edges. By e™! = vu, we mean the reverse edge to a directed edge e = uv.
We denote the set of directed edges of G by D(G). Each directed edge
e has an initial vertex i, and a terminal vertex t.. Following [4], a
permutation voltage assignment ¢ on a graph G isamap ¢ : D(G) — S,
with the property that ¢(e™') = ¢(e)~! for each e € D(G), where S, is
the symmetric group on n elements {1, ... ,n}. The permutation derived
graph G? is defined as follows: V(G?) = V(G) x{1,...,n}, and for each
edge e € D(G) and j € {1,...,n} let there be an edge (e, j) in D(G?)
with i ;) = (i, J) and ¢ ;) = (te, #(e)j). The natural projection p :
G? — @ is a covering. Let A be a finite group. An ordinary voltage
assignment (or, A-voltage assignment) of G is a function ¢ : D(G) — A
with the property that ¢(e™!) = ¢(e)~! for each ¢ € D(G). The values
of ¢ are called voltages, and A is called the voltage group. The ordinary
derived graph G x4 A derived from an ordinary voltage assignment
¢ : D(G) — A has as its vertex set V(G) x A and as its edge set
E(G) x A, so that an edge (e,g) of G x4 A joins a vertex (u,g) to
(v,6(e)g) for e = uv € D(G) and g € A. In the (ordinary) derived
graph G x4 A, a vertex (u,g) is denoted by u,, and an edge (e, g) by
eg. The first coordinate projection p : G' x4 A — G, called the natural
projection, commutes with the left multiplication action of the ¢(e) and
the right action of A on the fibers, which is free and transitive, so that
p is a regular | A|-fold covering, called simply an A-covering. Gross and
Tucker ([4]) showed that every covering (resp. regular covering) of a
graph G can be derived from a permutation (resp. ordinary) voltage



Definitions and Notations 3

assignment ¢ which assigns the identity voltage to the edges of an
arbitrary fixed spanning tree T" of G.

The following lemma is useful to count nonisomorphic objectives in
enumerative combinatorics and will be repeatedly used in this manuscript.

Lemma 1 (Burnside’s Lemma) Let a finite group A act on a finite set
X, and let X/ A denote the set of orbits of the action. Then,

X/Al = o S [Fix () = (\XH > |Fix<g>|),

QEA g€A7 9751

where Fix (g) = {x € X | gx = z}, the set of fized elements by g.

Consider another group A-action on a set Y. Two A-actions are
called mutually orthogonal if each non-identity element ¢g of A has a
fixed element in at most one action, that is, g cannot have a fixed
element in both X and Y. Let A, = {9 € A|gr = x} denote the
stabilizer of x € X. Then, it follows from Burnside’s Lemma that

Y
Ay |

X
and X/ A, = ||.A—||
v

Y/ Az| =

for any x € X and any y € Y.
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Chapter 2

Cycle permutation graphs
and the double cosets of D,
in S,

Throughout this chapter, let .S,, denote the symmetric group on n el-
ements {1,2,...,n} and let D, denote the dihedral subgroup of S,
containing the n-cycle p = (12 --- n), so that [D,| = 2n.

An n-cycle permutation graph P,(C,,) consists of two copies of an n-
cycle G, , say C, and C,, , with vertex sets V(C,) = {x1, x2,...,2,} and
V(Cy) ={y1,y2,---,Un}, along with edges z;y,(;) for some o € S,,. The
edges x;y,(;) are called the permutation edges of a cycle permutation
graph P,(C,).

Let G denote the dumbbell graph with two vertices x,y, an edges
e = xy and two loops e, = zz, e, = yy as illustrated in Figure 2.1. The
permutation derived graph G¢ with the voltage assignment ¢ defined
by ¢(e;) = ¢ley) = p and ¢(e) = a, a € S5, is clearly the cycle

(o €y

Figure 2.1: The dumbbell graph



6 Cycle permutation graphs

permutation graph P,(C,). Moreover, with a suitable relabelling of
the vertices of the inner cycle Cy of P,(C,), we can assume that the
permutation edges are x;y;, ¢ = 1,2,...,n. It is not difficult to show
the following theorem.

Theorem 1 A cycle permutation graph P,(C,) is isomorphic to the
permutation derived graph GY with wvoltage assignment v defined by
Y(e,) = p, Y¥(e) = the identity in S, and ¥(e,) = o tpa (or P(e,) =
a tp~ta ) over the dumbbell graph G.

Note that the permutations o !pa and a~!p~la, a € S, have the
same cycle type as the cycle p. Let Y, denote the conjugacy class of
p=(12---n)in S,, ie., X, is the set of all n-cycles in S,. From
the isomorphic identification in Theorem 1, it is enough to consider
a permutation derived graph with a permutation voltage assignment
which assigns the identity on the edge e, p = (12 --- n) on the loop
e; and o0 € ¥, on the loop e, of the dumbbell graph G for a cycle
permutation graph. Hence, the set ¥, can be identified with the set of
all n-cyclic permutation graphs.

Two n-cycle permutation graphs P,(C,,) and Ps(C,) are said to
be isomorphic by a positive natural isomorphism © if © : P,(C,) —
P3(C,,) is an isomorphism satisfying ©(C,) = C, and 6(C,) = C, .

The following theorem gives a group-theoretic characterization of
two cyclic permutation graphs to be positively natural isomorphic.

Theorem 2 Let o and 3 be two permutations in S, Then the cyclic
permutation graphs P,(C,) and P3(C,,) are isomorphic by a positive
natural isomorphism if and only if there exists d € D,, such that

BB =d(apa)d™t or  BTpB=d(apa)Ttd "

It is also equivalent to say that § € D,aD,, , that is, the permutations
a and 3 belong to the same double cosets of D, in S, .

Proof: Use the identification P,(C,) = G? and Ps(C,) = G¥ given
in Theorem 1. If G® and GY are isomorphic by a positive natural
isomorphism, say ©, then © maps the outer cycle of G? to the outer
cycle of G¥ isomorphically, which induces an element d in ID,,. (Note
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Aut (C,,) = D,,.) Then it follows that the path ;YY1 pa(i)Ta-1pa() (OF
TilYiYa-1p-1a(i)Ta-1p-1a() depending on the orientation of e,) in G? is
mapped to the path

Ta(i)Yd(i)Ya—1psd())Ta-1ppd(i)  OT  Td(i)Yd(i)Yp—1p=pd(i)LA—1p=" 3d(i)

depending on the orientation of e, in G¥. In either case, we have
B71pB = dlatpa)d™ or  B7'pB = d(a"'pa)~td™! from the con-
struction of the derived covering G¥. Also, it gives

p = (Bda™)p(ad™'f7")
(Bda™)p(Bda™") 7
or
o' = (Bda~")p(Bda~)"!
for some d € D,,. Hence, Bda~! is contained in the normalizer N (p, p~!)
of {p,p~'} in D,,. But N(p,p~ ') = D,. Therefore, § € D,aD,, .
Conversely, if 3 = dyad, for some dy,dy, € D, then 3~ 'p8 =
dy lofldl_lpdlozd2. Then the element dy in D,, induces an automor-
phism in the n-cycle C, , and hence an isomorphism from the outer
cycle of G? to the outer cycle of G¥. It is also easily extended to a
positive natural isomorphism from G2 to G? by the condition. O

So far, we show that the number of double cosets of the dihedral
group I, in the symmetric group S, is equal to the number Iso p(C),)of
positive natural isomorphism classes of n-cyclic permutation graphs.
Also, every n-cyclic permutation graph can be constructed as an n-fold
covering graph of the dumbbell.

To count the number Iso p(C,,), let Z : S,, — S,, be the map defined
by Z(o) = 07! for all 0 € S,, and denote I' = D,, x {1,Z}. Define a
group action I' x 3, — X, by (d,1)(¢) = dod™! and (d,Z)(c) =
do~td=!. Then, by Theorem 2 and Burnside’s Lemma, we get

150 (C) = [8/T] = - SO [Fix ()],
yerl’
where Fix (y) ={c € %, : yo =0}.
The authors computed |Fix ()| for each v € I' to get the following
theorem.
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n 345 6 7 8 9 10 11
Isop(Ch) |1 2 4 12 39 202 1219 9468 83435

Table 2.1: The number Iso p(C,,) for small n

Theorem 3 ([26]) Let phi denote the Euler phi-function, that is, phi(n)
1s the number of natural numbers relatively prime to n. Then

Iso p(Cy) =1,
Iso p(C))

1 n n
— > phi(a)? (g - 1>!dT1 + g! (3 + g) 25-1| if n is even,
| din

1 . 2 n n__ n—1 n_l . .
— R 1 N !
E phi(d) (d 1) lda™" +n2 2 ( 5 ) if n is odd.

dln

\

In particular, for odd prime q,

150 (C) = - [<q S (g 1) g2 (%)'] |

A short calculation gives the table 2.1 for Iso p(C,,).

Question: Find an algorithm to list the representatives o’s in >, of
the double cosets of D, in S,,. It gives how to draw all positively
nonisomorphic cycle permutation graphs. Compute the size of each
double coset of D, in S, . It gives how many permutations in S,, present
the same cycle permutation graph.

REMARK According to J.M. Montesinos [41], any closed orientable
3-dimensional manifold can be obtained as a finite sheeted covering
of the 3-dimensional sphere S* branched over the dumbell graph (i.e.,
over the Hopf link with a bridge). Hence, the number Iso p(C,,) of
positive natural isomorphism classes of n-cyclic permutation graphs is
equal to the number of closed orientable n-fold coverings of the sphere
S? branched over the dumbell graph.



Chapter 3

Graph coverings and
subgroups of free groups

Let G be a connected graph and let T" be a fixed spanning tree of G. A
permutation voltage assignment ¢ is said to be normalized (with respect
to T) if ¢ assigns the identity voltage to the edges of the fixed spanning
tree T. Let C1(G;n) denote the set of all normalized permutation
voltage assignments. In order to find an algebraic characterization of
two n-fold coverings p : G — G and ¢ : GY — G to be isomorphic,
we assume that they are isomorphic by a covering isomorphism ¢ :
G? — GY. Then ®|,-1(,) : p~'(v) — ¢~ '(v) is a bijection between the n
vertices {vy, vg,...,v,} for all v € V(G). Now, we define f : V(G) —
Sp by f(v) = ®|p-1( for allv € V(G). For an edge uv € D(G), if (u, h)
is joined to (v, k) in G?, then ¢(uv)(h) = k and (u, f(u)(h)) is joined
to (v, f(v)(k)) in G¥ for any h. Thus, we have 1 (uv) f(u) = f(v)¢(uv),
or Y(uv) = f(v)p(uv)f(u)~! for all uv € D(G). The authors showed

that the converse is also true.

Theorem 4 ([24]) Two n-fold coverings p : G* — G and ¢ : G¥ — G
are isomorphic if and only if there exists a function f : V(G) — S, such
that Y (uv) = f(v)p(uv) f(u)~t for eachuv € D(G). Moreover, if ¢, €
CH(G;n), then it is equivalent to say that there exists a permutation

o € S, such that ¥ (uv) = o¢p(uv)o~! for each uvv € D(G) — D(T).

By labeling the positively directed edges in D(G) — D(T) as ey, e,
., €3(@), @ normalized permutation voltage assignment can be identi-

9



10 Graph coverings and subgroups of free groups

fied as a 3(G)-tuple of permutations in S, and the set C(G;n) can
be identified as

CL(G;n) = S, X Sy X -+ X Sy, (B(G) times).

With an S,-action on the set C%(G;n) defined by simultaneous coordi-
natewise conjugacy: for any g € S, and any (o1, ...,05)) € Cr(G;n),

9(01,09, ..., 05)) = (9019~ ", 9029~ ", ..., 905 9,

it follows from Theorem 4 that two normalized permutation voltage
assignments ¢, 1 in CL(G;n) derive isomorphic coverings of G if and
only if they belong to the same orbit under the S,-action. That is,
each 3(G)-tuple of permutations (01,...,03)), 0 € S, is identified
with a normalized permutation voltage assignment ¢ in CH(G;n), and
such two tuples derive isomorphic coverings of G if and only if they are
simultaneous coordinatewise conjugate.

Two (-tuples of permutations (01,09, ...,05) and (71, T2, ..., 73) in
Sy are said to be similar by g, or simply similar, if they are simultaneous
coordinatewise conjugate by g, that is,

7, =goig " for i=1,2,....0.

If we can find g € S,, that leaves fixed some k in {1,2,...,n}, then the
tuples are said to be k-similar.

By Theorem 4, there is a one-to-one correspondence between the
similarity classes of B(G)-tuples of permutations in S, and the iso-
morphism classes of n-fold coverings of the graph G. We denote by
Iso (G;n) the number of such isomorphism classes of n-fold coverings
of G.

To count Iso (G;n) by Burnside’s Lemma, we first count Fix (g) for
each g € S,,. Let C(g) and Z(g) denote the conjugacy class containing
g and the center of g in the symmetric group S,,, respectively.

Lemma 2 Under the S,-action on CH(G;n) = S, X S, X -+ x S, we
have

(1) if g1 and g2 are conjugate, then |Fix (g1)| = |Fix (g2)|,
(2) foreach g € S,, Fix(g) = Z(g)x Z(g)x---xZ(g), B(G) times,
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3G 1 2 3 1 5

n=1|1 1 1 1 1 1
n=22 4 8 16 32 64
n=3|3 11 49 251 1393 8051
n=4|5 43 681 14491 336465 7997683
n=>5|7 161 14721 1730861 207388305 24883501301

Table 3.1: The number Iso (G;n) for small n and small 5(G)

(3) |C(9)||Z(g)] =n! for any g € S,.
By using Lemma 2 and Burnside’s Lemma, we have

Theorem 5 ([24]) The number of isomorphism classes of n-fold cov-
erings of G s

Iso(Gin) = % (G280 nfe,) T

L1420+ +nlp=n

Next, we aim to compute the number Isoc (G;n) of isomorphism
classes of connected n-fold coverings of G. Let p : G — G be an n-
fold covering and let Gy, Gs, ..., Gy be the components of G. Then
pi=Dplg, : G; — G is a connected covering of G for each i = 1,2,..., (.
Let n; be the fold number of the connected covering p; : G, — G.
Then n; > 1 and ny + - - - + ny, = n. In this case, the ordered sequence
[ning - - ng) with n; < ny < --- < nyis just a partition of n, denoted
by p[n]| or simply by p. Also, we say that a covering p : G — G has
the component type of partition p[n| = [ning---ny. Clearly, any two
isomorphic n-fold coverings have the same component type. A partition
p of n is denoted by [[k; 7]] if every term of p is k. Note that [[k;m]]
denotes the partition of the natural number km each of whose terms is
k. For a partition p of n, let ji(p) denote the multiplicity of k in the
partition p, so that ji(p) + 2j2(p) + - - - + njn(p) = n. For convenience,
let PB(n) denote the set of all partitions of a natural number n. For
a partition p of n, let Iso (G;p) denote the number of nonisomorphic

n-fold coverings of G having the component type p. Clearly,
Iso (G;[[n; 1]]) = Isoc (G;n), Iso (G;[[1;n]]) = 1,
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and
Iso (G;n) Z Iso (G;p).
peP(n)
It gives a recursive formula for calculation the number Isoc (G;n)
as follows.

Theorem 6 ([28]) For n > 2, the number of nonisomorphic connected
n-fold coverings of G is

Isoc (G;n)

= > (6, + 1)1 1)

21+2€2---+(n—1)én,1:n—1
x (0412%20) - (n— 1)frg, )T

+ Z (26242! 3[353! .. 'néngn!)ﬂ(G)—l

205+303+-+nly,=n
Je(p)—1

1
— Z H o) H (Isoc (G;k)+0) |,

p € PB(n) —{lln 1]} i (p)#0 =0
Ji(p) =0

where the summation over the empty index set is defined to be 0.

Proof: Since an n-fold covering of G having the component type [[n; 1]]
is connected, we have

Iso (G;[[n; 1]]) = Isoc (G;n)

and
Isoc (G;n) =1Iso (G;n) — Z Iso (G;p),
peP(n)—{([n:1]1}

where the summation over the empty index set is defined to be 0. Let
p € P(n) with j1(p) # 0 and let p : G — G be a covering having the
component type p. Then G has j; (p) components which are isomorphic
to G, and the restriction of p : G — G on the complement of one of
such components in G is an (n — 1)-fold covering of G. Hence, we get

Z Iso (G;p) =Iso (G;n —1).
pEP(n), j1(p)70
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It implies that

Isoc (G;n)

=1Iso (G;n) —Iso (G;n—1) — Z Iso (G;p)

p € B(n) — {[[n; 1]}
Ji(p) =0

- Y ey oy

fot2latn=Dho=nl (1901 (g — 1)l 1) O

+ Z (2(262! 3(363! . nfngn!)ﬂ(G)—l

2@2 +3Z3+---+n€n =n

- > Iso (G;p),
b e P — {1}
Ji(p) =0
where Iso (G;0) = 0 by definition and the summation over the empty
index set is defined to be 0. Since

Iso (G;1) =Isoc (G;1) =1Iso (G;[[1;m]]) =1

for any natural number m, we have

Iso (G;p) = H Iso (G [[k; ji(p)]])
Ik (p)#0,k#1

for any partition p € P(n)—{[[n; 1]]} with j1(p) = 0. Now, to complete
the proof, we need to estimate the number Iso (G;[[s; t]]) for any natu-
ral numbers s and ¢. Let p : G — G be a covering having the component
type [[s;#]]. Then G has exactly ¢ components and the restriction of
p: G — G on each of such ¢ components is a connected s-fold covering
of G. Hence, a covering automorphism on a covering p : G — G having
a component type [[s;t]] must permute its ¢ components so that each
component maps onto its isomorphic copy. It implies that the number
Iso (G;[[s;t]]) is equal to the number of selections with repetition of ¢
objects chosen from Isoc (G;s) types of objects, i.e.,

Tso (G: [[s: £]]) = (Isoc (G; f) +t— 1) _ % <1:[(Isoc (G;s) + z)> :

1=0
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This completes the proof. O

Corollary 1 Let p be a partition of a natural number n. Then

1 Jr(p)—1

H (Isoc (G; k) +1)

Iso (G;p) = H )] L1

Jk(p)#0

In particular, if jp(p) =0 or 1 for each k =1,2,...,n, then
Iso (G;p) H Isoc (G; k).

Je(p)=1

In fact, Liskovets [31] computed the number Isoc (G;n) in terms of
the Mébius function and the number Sg, , (m) :

n - m
Isoc (G;n) Z‘Sfmc) )ZM<%> dBEG)=1m+1.
dlz

m|n

where p(k) is the number-theoretic Mébius function and Sz, (m) de-
notes the number of subgroups of index m in the free group Fpq)
generated by 3(G) elements.

ExaMPLE 1 By applying Theorem 6, we have
Tsoc (G52) = (271 — 1) 4 20G-1 _ 99(@) _
Isoc (G;3) = (35(0)_1—1)25(G)—1+3ﬁ(G)—1 _ @)1 38(G)-1_9B(G)~1

and
Isoc (G;4)
— (45((;)—1 _ 1)6ﬁ(G)—1 + (23(6‘)—1 _ 1)25(0)—1 + 8PG)-1 4 4B(G)-1
—Iso (G;[[2;2]])

= 4P(G)-1 | gB(G)-1 (25(0) — 1)2ﬁ(G)—1 — gPe)-1
—(2°(@) — 1)20(@)—1

— 948(G)=1 | gB(G)-1 _ gh(G)~1
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It is well-known (e.g., see [35]) in topology that the fundamental
group of a graph G is a free group of rank 3(G), and there exists a one-
to-one correspondence between the isomorphism classes of connected
n-fold coverings of GG and the conjugacy classes of subgroups of index
n of the fundamental group of G. Thus, by using the enumerating
formula for Isoc (G;n) in Theorem 6, we can compute the number of
conjugacy classes of subgroups of index n of any finitely generated free
group.

Notice that the number Iso (G;n) of nonisomorphic n-fold coverings
of G can be expresses (in terms of Isoc (G;n)) as follows.

Jr(p)—1

Iso (G;n) Z H jk(lp)! H (Isoc (G; k) + ¢)

pEP(n) jr(p)#0 £=0

REMARK An enumeration of the number of nonisomorphic n-fold cov-
erings or n-fold connected coverings of a graph was also independently
done by Hofmeister ([10, 14]). Liskovets ([31]) also enumerated those
connected coverings by counting the conjugacy classes of subgroups of
a finitely generated free group in terms of Mobius function.

Comparing with the combinatorial computation of the number Isoc
(G;n) of nonisomorphic connected n-fold coverings of G in Theorem
6, there is another group-theoretic computation of it with Burnside’s
Lemma. A 3(G)-tuple of permutations (o1, ...,05)), 05 € Sy is called
transitive if the permutation group < oy,. .., o) > generated by them
acts transitively on the set {1,2,... n}. Let &(n;3) denote the set of
all transitive B-tuples of permutations in S,,.

Lemma 3 The following are equivalent for a voltage assignment ¢ =
(01,...,08¢) in C3(G;n).

(1) It is transitive, i.e., ¢ € &(n; B(Q)).

(2) The associated transition graph with {1,2,...,n} as its vertex set
and with pairs {i,0;(i)};; as its edges is connected.

(3) The permutation derived graph G® is connected.

The following is a direct consequence of Lemma 3 and Theorem 4.
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Lemma 4 ([32]) There is a one-to-one correspondence among the fol-
lowing sets:

(1) The set of similarity classes of transitive 3(G)-tuples of permuta-
tions in S,,.

(2) The set of nonisomorphic connected n-fold coverings of G.

(3) The set of conjugacy classes of subgroups of index n in the free
group generated by B(G) elements.

Liskovets ([31]) used Burnside’s Lemma to compute the number
Isoc (G;n) of the conjugacy classes of subgroups of index n in the free
group generated by 5 = 3(G) elements:

Isoc (G;n) = |&(n;3)/S.| = % Z [Fix (g)]

" geS,

- IS (e

dl -

where 5 = ((G), p(n) is the number-theoretic Mébius function and
Sz(m) denotes the number of subgroups of index m in the free group
F generated by 3 elements.

In advance of stating Liskovets’ method for computing the number
Isoc (G;n), we introduce Hall’s formula to count the number of sub-
groups of index n in a finitely generated free group. Let F be the free
group of rank [ generated by Y = {s1, s2,...,s3}. Let U be a subgroup
of index n in F with a left coset representation:

F=Ul+Ug+ - +Ugy=U+Ugy+ -+ Ug,.

Here, we can assume that the representatives ¢;’s with g, = 1, the
identity, are selected to be a Schreier system,' even it is not unique in
general. Define a function ¢ on the set {gs°|g € {¢;},s € Y,e = £1}
so that ¢(gs®) is the representative of the coset containing gs®, i.e.,
d(gs®) = g; if gs° € Ug;. Then the function ¢ satisfies the following
three conditions:

L A set W of reduced words in a free group JF is a Schreier system if any g =
aias - - - at, in a reduced form, belongs to W, then the element ajas - --a;—1 is also
belonging to W.
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(1) o(gis®) € {9:},
(ii) if g;s° € {gi}, then ¢(gis®) = g7,
(iil) @[P(gis®)s™] = g; .

For a subgroup U of a free group F generated by Y, the pair U =
U[{g:}, ¢] of a Schreier system {g;} of coset representatives and a func-
tion ¢ on the set {gs°} satisfying the three conditions (i)-(iii) listed
above is called the standard representation for the subgroup U. For a
standard representation U = U[{g;}, ¢] for U, it is known that the el-
ements gs¢(gs)~!’s, where g runs over the representatives g;’s and s
over the generating set Y, generate the subgroup Y. In particular, the
subgroup U is also finitely generated.

The following lemma gives a criterion for recognizing different rep-
resentations of the same subgroup.

Lemma 5 ([7]) Let U = U[{g\"},¢1] and U = Us[{g'7}, 0] be
standard representations for the subgroups U, and Us, respectively.
Then Uy, = Uy if and only if there is a one-to-one correspondence
1) (2) : , : .
{9;7} < {g;”} between the representative sets mapping the identity

onto itself such that if gfl) — gj(?) ncluding 1 = g%l) — g§2) =1, then
61(9,"5%) < 62(9,"5%) for any s €Y.

7
is the same left coset of U in the two coset representatives, then the

1 2 . :
correspondence g( ) e g? gives a desired one-to-one correspondence

i J

between {gi(l)} and {gj@)}.

For the sufficiency, suppose that a 1-1 correspondence {ggl)} —

Proof: The necessity is clear: Suppose U; =Us =U. If Z/{g-(l) = Z/{gj(?)

{gj(-z)} is given with 1 = gil) — g§2) = 1 such that if gi(l) — gj(?), then
o1 (ggl)ss) — gbg(g](?)sg) for any s € Y. By induction on length ¢(f) of an
element f € F, (i.e., the length of the reduced word for f) we can show
that an element belonging to a coset of U; belongs to the corresponding
coset of Us. This is true for £(f) =0, since f =1 and 1 < 1. And if f
is in the cosets Z/ﬁgz(l) = Z/{ng(-2), then fs® is in the corresponding cosets

Ui, (ggl)sg) — U2¢2(g](-2)55). Hence, the corresponding cosets are the
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same, and in particular U; = Us. O

For the next lemma, let U be a subgroup of a (free or not) group
F generated by Y = {s1,...,s;,...}. For an s; € Y, by multiplying s;
on the right of each (left) coset of U in F, we have a permutation
m; = 7(s;) on the left cosets. Since Y = {s;} generates F, the m;’s
generate a group which is transitive on the set of cosets. The following
is a kind of converse for free groups.

Lemma 6 Given a free group F generated by Y = {s1,...,8;,...}, and
a set of indices I = {1,...,i,...}. With each generator s;, associate
a permutation m; on the indices I. Suppose J = {1,...,j,...} is the
transitive constituent of I containing 1. Then in F, there is a Schreier
system {g1 = 1,02, ...,9j,...} indexed by J and a function ¢ on the set
{g;s5} such that

&(9;s5) = gr  if and only if w(j)=k.

Proof: The permutations 7; generate a permutation group P of indices.
Let E be the subgroup of P consisting of permutations 7 which fix the
index 1. The mapping s; — 7; determines an epimorphism of F — P,
and let U be the subgroup of 7 mapped onto E'; U — E. Now, choose
a coset representative {g} of U in F as a Schreier system:

F=Ul+Ug+ - +Ug;+-,

and let ¢(g;s°) is the representative of the coset containing g;s°, as
before. If g — =, then Ug — FEm, i.e., the epimorphism F — P
preserves the left coset representative. If m maps the index 1 to j, we
write (1)m = j, and assign the index j to g, putting g = g;. Hence, the
Schreier system {g} is indexed by J, in which if g; — 7 and 5§ — 7§
then g;s5 — nns. Now, if (j)nf = k, then (1)7nf = k and nn{ belongs
to the left coset En of E consisting of those permutations 7 of £ which
maps 1 to k, (1)7 = k. Here, Ug, — En. Hence, g;s5 belongs to Ugy,

or ¢(g;s;) = gr- O

With each element f of F generated by {si,...,sg}, say f =
Si, -+ Siy, the associated permutation 7(f) = m(s;,)---7(s;,) defines
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a transitive n-degree permutation representation of the group F, and
those elements f such that 7(f) fixes 1 will form the subgroup . Con-
versely, any transitive n-degree permutation representation of the group
F determines a subgroup of index n in the group F, by Lemma 6. And,
by Lemma 5, such kinds of two representations derived by a Schreier
system {g;} and functions {¢(g;s)} determines the same subgroup U if
and only if they are equivalent via a permutation o on {g;} such that
o(1) = 1. By identifying an n-degree permutation representation of F
with its restriction on the generating set Y = {s1, sa,..., 3}, i.e., with
a transitive S-tuples of permutations on S,,, Lemma 5 can be rephrased
as follows.

Lemma 7 Forn > 1, there exists a one-to-one correspondence between
the subgroups of index n of the free group F and the 1-similarity classes
of transitive B-tuples of permutations in S,,.

So far, we used some group theory terminologies like Schreier sys-
tems or the standard representations for subgroups to have Lemma 7.
But, we can give simpler proof by using graph coverings and a fun-
damental group theory as follows: Consider the free group F as the
fundamental group m (G, v) of a connected graph G with base vertex
v. We assume that G has § = 3(G) cotree edges. It is well-known that
every subgroup of F = m (G, v) is expressed as the image p;(71(G?,v;))
of the fundamental group of a connected covering p : G¢ — G, where
¢ = (01,...,03)) is a transitive permutation voltage assignment in
C7(G;n), and v; is a vertex in the fibre of v. Furthermore, for any two
transitive permutation voltage assignments ¢, ¢ in CH(G;n),

pa(mi(G?,vi)) = py(m(G¥, vy))

if and only if the two coverings are isomorphic by a covering isomor-
phism & which preserves the base point. Hence, we can say that in
Theorem 4, the permutation o leaves fixed 1, by relabeling of vertices
in the fibre p~!(v) if necessary.

REMARK As a generalization of Lemma 7, the connection between
subgroups of any finitely presented group and its transitive permuta-
tional representations (see [8] Chb or [33]) can be formulated as follows:
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Given a finitely presented group
A:{xl,:cg,...,mr : f1 = 1,f2: 1,}

there is a one-to-one correspondence between the subgroups of in-
dex n > 1 in A and the root-similarity classes of transitive r-tuples
(1, 22,...,2,) in S, that satisfy the defining relations {f; = 1},7 =
1,2,....

Now, we may enumerate recursively the number of subgroups of
index n in the free group F.

Theorem 7 ([7]) The number Sx(n) of subgroups of index n in the
free group F generated by 3 elements is given as
n—1
Sp(n) =nm)* 1 = (n—t)P7'Se(t)  with  Sg(1)=1.

t=1

Proof: Clear for n = 1. Choose [ permutations P, ..., P3 on symbols
{1,92,...,9n}. In general, Py,..., Ps need not generate a group tran-

sitive on all of 1,¢s,...,¢9,. Let the transitive constituent including
1 be 1,b,,...,b;. Disregarding the remaining letters, we may take as
7(s1),...,m(sg) the permutations on 1, by, ..., b, and these will deter-

mine a unique subgroup of index t. The remaining n — ¢ letters could
occur in Py, ..., Psin [(n — t)!]® ways. In addition, by Lemma 5, the
same group will be determined if we replace 1,b,,...,b; by any other
combination 1, cs, ..., ¢ in the symbols {1, g2, ..., g, }, and the remain-
ing n — t letters in an arbitrary way. Also, the symbols bo,...,b; can
be replaced by ca, ..., ¢ from go, ..., g, in (n—1)(n—2)---(n—t+1)
different ways. Thus a total of

(n—1Dn—-2)---(n—t+D[n-01°=mn-1n-t))*

different permutations P, ..., P3 may be associated with the same sub-
group of index ¢, and (n — 1)![(n — t)!]°~'S£(t) permutations are asso-
ciated with the subgroups of index ¢t. Hence, we get

n

S = 1) [(n = )17 S£(1) = ()’

t=1
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Dividing by (n — 1)!, we can get the desired formula. O

The symmetric group S,, acts naturally on the set {1,2,...,n},
and also acts on the set &(n; ) by the simultaneous coordinatewise
conjugacy. But, these two actions are mutually orthogonal, because
any (-tuple in the set &(n; ) is transitive. Hence, the group S,_1, as
the subgroup of S,, consisting of permutations o fixing 1, i.e., o(1) = 1,
acts freely on the set &(n; 3) and it follows by Lemma 7 and Burnside’s
Lemma

&(n; B)] = (n — 1)1 Sx(n),
where F is the free group generated by (3 elements.

Now, we go back to Liskovets” method for computing the number
Isoc (G;n). It is already known that

Isoc (Gin) = [&(n; §)/Sn] = — Z Fix (g

gESn

and Fix (¢) = &(n; 8)N(Z(g) x...xZ(g)), where § = 3(G). If Fix (g) #
§ and ¢ = (04, ...,05) belongs to Fix (g), then g commutes with the the
group < o1, ...,03 >, which is transitive on the set {1,2,...,n}. Hence,
g must be a regular permutation, i.e., it consists of independent cycles
of the same length ¢. For each ¢m = n, there exist n!/(m! ™) regular
permutations g in S, consisting of m cycles of length ¢, and |Fix (g)|
are equal for all such regular g. We denote this value by |Fix ((¢™))],
and call such g a permutation of type (¢™). Hence, we get

|[Fix ((07))]
Isoc G TL Z |F1X = Z W .
gesn Lintm=n

The following lemma is well-known and an elementary exercise in
group theory.

Lemma 8 Let gy be the permutation in S, of type (£™):
g=12---0)(+1---20) -+ (m—=1)l+1---n).

Then, the centralizer Z(go) of go is a wreath product Z, S,,, where Z,
is the cyclic group generated by the (-cycle (12---¢). An element of the



22 Graph coverings and subgroups of free groups

wreath product Zy ! Sy, is of the form a = (c1,...,cm;a), where ¢; € Zy
and a € Sy,. The element a = (c1,...,cp;a) represents a permutation
in S, acting on the set {1,...,n} as follows. Notice that each element

in{l,...,n}is of the formk = (s—1)l+t =11 <s<m, 1<t <),
Then

(ts)a = (K)a = (k)(c1,. .., em;a) = ((s)a = Dl + ()es = ((1)¢s)(s)a

that is, first perform a cyclic transposition by the s-th cycle c, of the
permutation go for all s = 1,...,m, and then shift through the action
of the permutation a in S,,. If b= (dy,...,dm;b) € Zg1 Sy, then

a-b=(c1+day - Cm+ duma @) = (cidya, - - - , Cmdimya; ab) ,

where (s)ab = ((s)a)b for all s € {1,... ,m}.

Proof: Let go = (12---4) (¢ +1---2¢) --- ((m—1)¢+1---n). Then g
can be identified with the element (1,...,1;1) in Z,2S,,. Then, for each
g=(c1,...,cm;a) in Zgl Sy, we have ggo = (14+c¢1, ..., 14+¢m; @) = gog.
It implies that Z,S,, is a subgroup of the centralizer Z(go) of go. Let
C(go) be the conjugacy class of go. Then |C(go)| = n!/(m!¢™). Since
1Sh] = 12(90)|1C(90)|, 1Z(g0)] = mi™ = |Zy 0 S,,| and hence Zy 2 Sy, is
the centralizer Z(go) of go. O

From the notations, we have |Fix ((¢™))| = |Fix (go)| and
Fix (go) = {(al, ce ,(Lg) S (Zg l Sm)’g |

< ai,...,ag > is transitive in {1,...,n ={¢m}} .
We set
F(f’m) - {(ala'”aaﬁ’) € (ZZZSm)ﬂ‘
< ay,...,ag > is transitive in {1,...,m}} .

The following lemma is due to Liskovets [31].

Lemma 9 For any n = {m and any 3, we have

(1) [Flem]= Y k" HFix((d™)].

k|0, kd=¢
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(2) [F(em)] = 07m|&(m; B)] .

Proof: Set S ={1,1+k,...,1+(d—1)k}. For each 2 < s < m and
0<he<k—1, let

B(0,hg, ..., hm)o =S U (US+(3—1)€+h5>

5=2
and
B(h, S)t = B(O, hg, ey hm>0 +1
for each t = 1,2,...,k — 1, where all arithmetic is done by modulo

. Tt is not hard to show that every element in F'(¢™) is transitive on
each of the following sets B(0, ha, ..., hm)o, -, B(0,ha, ..., hy )k for
some s =2,...,mand hy =0,1,...,k — 1. Notice that Fix ((d")) can
be identified with the set of all elements in (Z, 1 S,,)? which is tran-
sitive on each of the sets B(0,0,...,0)o,...,B(0,0,...,0)x_1. More-
over, (0,hy, ..., hy; DFix ((d™))(0, ha, ..., hym; 1)71 is the set of all el-
ements in (Zg .Sy, ) which is transitive on each of the following sets
B(0,hg, ..., hm)o, .-, B(0,ha, ... hy)g—1. Hence, we have (1).

Now, we aim to show (2). For each f-tuple (ai,...,as) which is
transitive in {1,...,m}, there exists ¢°™ elements (b, ..., bg) in F({™)
such that (by,...,b3) = (@1,...,as). It implies (2). O

Theorem 8 ([31]) The number Isoc (G;n) of the conjugacy classes of
subgroups of index n in the free group generated by 3 elements is given
by the formula

Isoc (G;n) ZS}‘ Zu ( ) dB-Hm+1

m|n

where f = B(G) and p(n) is the number-theoretic Mébius function.

Proof:
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F(n™ Fi m
Let A(n) = ”L)’ and a(n) = M Then, by Lemma 9

nm-l nm-

A(n) = nil Z(%)m [Fix ((d™)) d DI
din
= > al(d)
dln

By the Mobius inversion formula, we can see that

= Sua()=Suw (4)

dje dje

gm
Fl — 1.
(&)
By the definition of the function a(n), we can get

gm
Fi = m-1 .

dje

Recall that

|[Fix ((€m))]
Isoc G n Z |F1X = Z W
gESn £nfm=n

and
& (n; 8)] = (n — 1)! Sx(n).

Now, by using these facts and Lemma 9 (2) together with an elementary
computation, we have the theorem. O

The number Isoc (G;n) for small n and F(G) is listed in table 3.2.

Question: What are the relations between two different formulas for

Isoc (G;n) ?
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3G 1 2 3 4 5 6
n=1]1 1 1 1 1 1
n=2|1 3 7 15 31 63
n=31 7 41 235 1361 7987
n=4|1 26 604 14120 334576 7987616
n=5|1 97 13753 1712845 207009649 24875000437
n=6|1 624 504243 371515454 268530771271 193466859054994

Table 3.2: The number Isoc (G;n) for small n and small §(G)

REMARK The fundamental group of any (connected) graph G is a
free group generated by ((G) elements, and the conjugacy classes of
its subgroups of index n are in one-to-one correspondence with the
nonisomorphic connected n-fold coverings of G. Such a correspondence
is established via the monomorphic image of the fundamental group
of a connected covering of G. Since any covering of a graph is also a
graph, every subgroup of a free group is also a free group. Moreover,
any subgroup of index n in the free group generated by § = [(G)
elements is a monomorphic image of the fundamental group of an n-
fold connected covering of GG. Hence, it must be a free group generated
by 1+ n(B(G) — 1) elements, because it must be equal to the Betti
number of a connected n-fold covering of G.

REMARK Related to the construction problem for all nonisomorphic
connected n-fold coverings of a graph, one can ask the following two
questions: (1) find a (minimal) generating set for each subgroup of a
given index of a finitely generated free group F and (2) find all possible
lists of a (minimal) generating set for each of those subgroups. The
first question can be answered by Reidemeister-Schreier method. The
second one can be done by the description of Aut (F) (See [34]).
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Chapter 4

Regular coverings with
abelian voltage groups and
subgroups of free abelian
groups

Let A be a finite group and let S, denote the symmetric group on
the group elements of A. It gives the (left) regular representation of
A — Sy via g — L(g), the left multiplication by g on A. Clearly, this
representation is monomial and the group A can be identified with the
group of left transformations L(g)’s: A = {L(g) | g € A} (Cayley
Theorem). Notice that a permutation voltage assignment ¢ : D(G) —
S4 having its images in A is nothing but an A-voltage assignment of
G, and for such a voltage assignment ¢, the permutation derived graph
G? is just the ordinary derived graph G x, A.

Let CL(G; A) denote the set of all normalized A-voltage assignments
of G. Recall ([4]) that any regular n-fold covering of G is isomorphic
to an ordinary derived graph G x, A for a group A of order n and for
a ¢ € CL(G;A). From the construction of an ordinary derived graph
G x4 A, it is clear that if the regular graph covering p : G x4 A — G
is connected, then the group A becomes the covering transformation
group.

Let Iso (G;A) (resp. Isoc(G;.A)) denote the number of noniso-
morphic (resp. connected) regular A-coverings. We use Iso™(G;n) to

27
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denote the number of nonisomorphic regular n-fold coverings regardless
of the group A involved. Similarly, we define Isoc’(G;n).

The algebraic characterization of two isomorphic graph coverings
given in Theorem 4 can be rephrased for regular coverings as follows.

Theorem 9 ([16]) Let ¢ € CL(G;A) and ¢ € CH(G;B) be any two
ordinary voltage assignments in G. If their derived (regular) coverings
Py G Xy A— G and py : G xy B — G are connected, then they are
isomorphic if and only if there exists a group isomorphism o : A — B
such that ¥ (uv) = o(p(uwv)) for all wv € D(G) — D(T).

In particular, if two voltages ¢ and v in CH(G; A) derive connected
coverings, then their derived coverings are isomorphic if and only if
there exists a group automorphism o € Aut(A) such that

b(uv) = o(d(uv))

for all wv € D(G) — D(T).

As the case of the set CF.(G;n), the set CL(G;.A) of A-voltage as-
signments of GG can be identified as

CrGA) =Ax Ax - x A, (B(G) times),

that is, an A-voltage assignment ¢ of G can be identified as a 3(G)-tuple
(915 ---,98()) of group elements g; € A. Moreover, such a 3(G)-tuple
of ¢’s derives a connected covering if and only if it is transitive. It
means by definition that the subgroup < g1,...,gg) > generated by
them acts transitively on the group A (under the left translation on
A), or equivalently {g1,92,...,98)} generates A.

Under the coordinatewise Aut (A)-action on the set of transitive
B(G)-tuples of group elements g; € A, any two transitive G(G)-tuples
of elements in A belong to the same orbit if and only if they derive
(connected) isomorphic .A-coverings, by Theorem 9.

Clearly, the Aut (A)-action on the set of transitive 5(G)-tuples of
group elements ¢g; € A is free (having no fixed element), from which
Burnside’s Lemma gives an enumeration formula for Isoc (G;.A) as
follows.
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Theorem 10 For any finite group A,

o |8(A;B(G))]
Isoc (G;A) = “TAut (A)]

where 8(A; 3) = { (91,92, --,93) € A’ | {91,92,-..,95} generates A}.

Note that the set &(A; 5(G)) can be identified as the set of epimor-
phisms from the free group generated by 3(G) elements onto the group
A. Such kind identification will be reviewed again in chapter 6.

It is not difficult to show that the components of any regular cover-
ing G' x4 A — G are isomorphic each other as coverings of GG, and any
two connected isomorphic regular coverings of G must have isomorphic
covering transformation groups. To describe a component of the cover-
ing graph G x, A for ¢ € C1(G; A), let Ay(v) denote the local voltage
group of ¢ at v which is, by definition, the subgroup of A consisting
of all net ¢-voltages of the closed walks based at v € V(G). The net
¢-voltage of a closed walk is the product of the forward voltages (writ-
ten from right to left) along the edges of the walk. Clearly, the local
voltage groups A,(v) of ¢ € C1(G;A), v € V(G), are independent of
the choice of the base vertex v, and we simply denote it by Ay4. It is
clear from the construction of the derived graph G x, A that for any
voltage assignment ¢ € CL(G; A), the derived graph G x4 A is con-
nected if and only if the local voltage group A, is just the full group
A. In fact, each component of G x, A is isomorphic to the component
of G x, A containing the vertices { v;q | v € V(G) }, called the identity
component of G x, A, where id denotes the identity element of the
group A. In fact, the identity component of an A-covering G x, A
is just the Ag-covering G' x4 Ay, by the construction of the derived
graph. Now, it comes from Theorem 9 that two regular coverings of
the same fold number of a graph are isomorphic if and only if their
identity components are isomorphic as coverings. Notice that the order
of any subgroup of a finite group A is a divisor of the order |A| of
the group A. The following theorem lists some basic formulas to count
nonisomorphic regular coverings.

Theorem 11 ([22])
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(1) For any natural number n, Iso"(G;n) = Z Isoc’(G;d).
dln

(2) For any natural number n, Isoc®(G;n) = Z Isoc (G; A), where
A runs over all nonisomorphic groups of oéler n.
(3) For any finite group A, Iso (G;A) = ZISOC (G;S), where S
runs over all nonisomorphic subgroups ofsA.
(4) For any finite groups A and B with (|Al,|B|) =1,
Iso (G; A® B) =Iso (G; A) Iso (G; B)

and

Isoc (G; A @ B) = Isoc (G; A) Isoc (G; B).
(5) For any two relatively prime numbers m and n,

Iso™(G;mn) > Iso™(G; m) Iso™(G;n).

NoTE The number Iso®(G;mn) can be strictly greater than the num-
ber Iso®(G;m)Iso®(G;n), even if m and n are distinct primes. For
example, if (G) > 2, m = 2 and n = 3, then

Iso®(G; 6) > Iso™(G; 2) Iso™(G; 3),
because

Iso(G;6) = Isoc(G;Zs) + Isoc (G; D)
+Isoc (G;Z3) + Isoc (G;Zs) + 1

= Iso(G;Zg) + Isoc (G;Ds),
and Iso (G; Zg) = Iso (G; Zy) Iso (G; Z3) = Iso™(G; 2) Iso™(G; 3).

EXAMPLE 2 Let Z,» be the cyclic group of order p™, p prime. Then
Aut (Zym) can be identified with the set of all elements of Z,m which
are relatively prime to p™, that is, the set {\ € Z,m : (A\,p™) = 1}, and

®(me§5(G)) = {(91,927 . 796(G)) S (me)ﬁ(G) |

at least one of g;’s generates Zm }.



Regular coverings with abelian voltage groups 31

It implies that
|Aut (Zym)| = p™(p—1) and |B(Zym; B(G))| = pPOm — pf@Om=1),
Then, by Theorem 10,

pPEm _ (G (m-1)
pmip—1)

G
@(@)-1m-nP"? —1

Isoc (G; Zym) = P

=p

for m > 0. Now, by Theorem 11(3) and the lattice structure of sub-
groups of Zym, we have

Iso (G;Zym)

=1+ Zp i S il S Ut
p—1 p—1 pfO-1_1

From Example 2 and Theorem 11(4), we can get

Theorem 12 ([16],[22]) For any n = p'p3* ---p,* > 1 (a prime factor-
ization), the number of isomorphism classes of connected Z,,-coverings

of G 1is

0 if 3(G) =

PO g

Isoc (G;Z,) =
() pr’("‘ SR i B(6) 2 1

And, the number of nonisomorphic Z,-coverings of G is

( if 5(G) =
(s; +1) if B(G) =

<p@( ) 1)(p51(/3(9) 1 1)) .
1 ! ! if B(G)>2
( W@ o) =

— -

@
I
—_

Iso (G;Z,) =

-~

1

,
..
I
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For the remain of this chapter, we aim to describe the enumeration
of nonisomorphic regular coverings having a finite abelian voltage group.
By the classification of finite abelian groups, any finite abelian group .4
is isomorphic to a direct sum of finite cyclic groups of order powers of
prime numbers. In order to compute the number Iso (G;.A), it suffices,
by Theorem 11((3),(4)), to compute the number Iso (G; ®f_ mpZ,)
or the number Isoc (G; ®f_,m,Z,s ) for a prime p. To do this, we first
introduce the following lemma.

Lemma 10 ([22])

(1) For any natural numbers m and n with m < n, and a prime p,
we have

m(m—1)

&(mZyin)=p > (P"—1DE" ' =1)---(" " =1,

and

m(m—1)

|Aut (mZ,)| = |&(mZy;m)|=p 2 (p"—1)(E"'=1)--- (p—1).

(2) For any natural number s > 1, we have
& (mZys;n)| = pt= V™S (mZy;n)),

and ,
— pD7 At ().

|Aut (mZ,:)

By Theorems 11(3), 10 and Lemma 10, we have

Corollary 2 ([22]) For any m, the number of nonisomorphic connected
m,-coverings of G is

(P& — D) (PPE—L —1)... (pf&—m+l _ 1)
(™ =Dt =1)---(p—1)

The number of nonisomorphic m#Z,-coverings of G s

Isoc (G;mZ,) =

BE=1 ). (pBfGO=ht+1 1)
Dt =1)---(p—1)

™ (pBG)
Iso (G;mZ,)=1+ Z . i)(p
pot (p" —
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This formula for the number Iso (G;mZ,) in Corollary 2 is much
more explicit than that of Hofmeister’s in [12].

REMARK It is well-known (see [46]) that the number of the m-dimensional
subspaces of the n-dimensional vector space nZ, over the field Z, is
equal to the Gaussian coefficient

I v

n _i=n—m+l1
m
p

_H(pi —1)

Hence, we can say that the number of nonisomorphic connected mZ,-
coverings of a connected graph G is equal to the number of the m-
dimensional subspaces of the 3(G)-dimensional vector space 5(G)Z,.

Let myZypss ®maZys: be the direct sum of two abelian groups m;Zys

and myZys> (say, s2 < s1) and let g1 = (g11,912), -+ 9n = (gn1, Gn2) €
M Zps1 @ maZys>. Then {g1,...,gn} generates miZys & maZys if and
only if {(p* 911, " g12), - -, (0 7 gn1, D gn2)} generates (my +
ma)Z,. An analogous argument to the proof of Lemma 10 gives

|Q§(mlzpsl fan) m2Zp52 ; n)| = pn(m1(51*1)+m2(52*1)) |Q5((m1 + m2)Zp; n)|
But, in general,
|Aut (mlzp51 © mQZp62)| 7£ \Qﬁ(lepq © mQZPSQ ;my + mg)’

Note that the group mZ,s1 ® myZ,s is an elementary abelian p-group,
so that its automorphism group is isomorphic to the group of nonsin-
gular linear transformations of the vector space m1Zys; © moZys2. Now,
an elementary exercise gives

2 my

\Aut (mlzpsl ) mQZpSQ)‘ — pg(mi75i) H H —h+1 ) ’

i=1 h=1

where
= m(m — 1)
iy Si) = g i(si—1) ] — —sy—1 —_—
g(mg, s;) =m <i21 m;(s )) mima(s] — So )+ 5

with m = mq + my and sy < s1. In general, we have the following.
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Lemma 11 Letmgy,...,my and sy, ..., S, be natural numbers with sy <
... < 81. Let p be a prime number. Then we have

(1) |& (SfermnZyn; )|
_ pn(m1(81—1)+"‘+m5(54_1)> |Q§((m1 + 4 mE)Zp; n)‘

L my;

(2) ‘AUt <@£:1mth5h)| = polmis) H H (pmi*h+1 ~1),

i=1 h=1
where

L
g(mi, s;) =m (Z m;(s; — 1))
-1 Y
_271% (Z mj'(Si—Sj—l)> +w

j=i+1

with m = mq + - - - + my.

Now, the following comes from Theorem 10 and Lemma 11.

Theorem 13 ([22]) Let mq,...,my and s1,...,S; be natural numbers
with sy < --- < s1. Then the number of nonisomorphic connected
B —ymnZysn -coverings of G is

Hpﬁ(G)—i-i-l -1
Tsoc (G; @ _ mpZys ) = p! B@mis) =1 ,

¢ my

H Hpmj—h-H 1

j=1 h=1

where m = my + - - -+ my, p is prime and

¢
f(B(G), mi, s1) = (B(G) —m) (Z mi(si — 1))
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Isoc Iso
ﬂ (p7 q) Zps b Zp Zqz Zps D Zp D Zq2 Zp3 ) Zp Zq2 Zps D Zp D Zq2
1 (2,3) 0 1 0 4 3 12
2 (2,5) 6 30 180 32 37 1184
3 (3,5) 1404 775 1088100 2757 807 2224899
4 (3,7) | 126360 137200 1695792000 | 161451 137601 22215819051

Table 4.1: The number Isoc (G;.A) and Iso (G;.A) for some A and
small 5(G)

Now, we can compute the number Iso (G;.A) for any finite abelian
group A by using Theorems 11((3),(4)) and 13 repeatedly if necessary.
For example, if p and ¢ are two distinct prime numbers, then

Iso (G;Zys ® L, D Lyp)

=1Iso (G;Z,s & Z,) Iso (G;Z,)
3 3
= (1 + ZIsoc (G; Zpi) + ZIsoc (G;Zpi &) Z,,))
i=1 i=1
2
X (1 + ZIsoc (G; Zqi)>

=1

B(G) _
- (1 + % (14 p%O1 (1 4 pPO-1Y)

()

qg—1

For some abelian groups A and small 3(G), the numbers Isoc (G; .A)
and Iso (G; A) are listed in table 4.1.

REMARK For a connected A-covering p : G — G, the image p.(m(G))
of the fundamental group of the covering graph G is a normal sub-
group of the fundamental group 7;(G) of the base graph G, and the
quotient group m(G)/p.(m1(G)) is isomorphic to A. If A is abelian,
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I} 1 2 3 4 5 6 7 8 9 10
n=1]1 1 1 1 1 1 1 1 1 1
n=2]1 3 7 15 31 63 127 255 511 1023
n = 1 4 13 40 121 364 1093 3280 9841 29524
n = 1 7 35 155 651 2667 10795 43435 174251 698027
n= 1 6 31 156 781 3906 19531 97656 488281 2441406
n = 1 12 91 600 3751 22932 138811 836400 5028751 30203052
n = 1 8 57 400 2801 19608 137257 960800 6725601 47079208
n=8 |1 15 155 1395 11811 97155 788035 6347715 50955971 408345795

Table 4.2: The number of subgroups of index n in @f Z

then p.(m(G)) contains the commutator subgroup [m(G), 1 (G)] of
the free group m(G). Since [m(G), 7 (G)] is a normal subgroup of
m(G), the natural homomorphism ¢ : m(G) — m(G)/[m1(G), 7 (G)]
induces a one-to-one correspondence between the set of all subgroups
of m(G) containing [m(G), 1 (G)] and the set of all subgroups of the
quotient group 7 (G)/[m1(G), 71 (G)]. Notice that m1(G)/[m1(G), m1(G)]
is the free abelian group generated by [(G) elements. Now, from a
well-known classification theorem for regular coverings of a topological

. |B(A; B(G))|
space, it follows that the number ZIsoc (G;A) = Z —_
" —  [Aut (A)

where A runs over all nonisomorphic abelian groups of order n, is
equal to the number of subgroups of index n of the free abelian group
Z X7 % ---x Z generated by $(G) elements. For small n and small 3,
these numbers are listed in table 4.2.



Chapter 5

Regular coverings having
dihedral voltage groups

In this chapter, we consider a dihedral group as a nonabelian voltage
group, and aim to compute the number of nonisomorphic regular cov-
erings having a dihedral voltage group. Recall that the dihedral group
of order 2n can be presented as follows:

Note that Dy = Zy, Dy = Zy & Zo, D,, is not abelian for n > 3 with
(a) = Zy and (b) = Z,,, and an element of D,, can be of the form b° or
ab® for i =0,1,...,n— 1.

Notice that any subgroup of the dihedral group D, is isomorphic
to one of D; (i is a divisor of n) or Z; (j is a divisor of n), where

37
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= {identity}. It follows from Theorem 11(3) that for any n > 3
Iso (G;D,)
( Z Isoc (G;Zy,) + Z Isoc (G;D,,) if n is odd

ZIsoc (G Z,) + Z Isoc (G;D,,) ifniseven

mln mln, m#1
Iso (G;Z,) + ZISOC (G;D,) if n is odd

Iso (G;Zy,) Z Isoc (G;D,,) if n is even.

m|n, m#1

\

To compute the number Isoc (G;D,,), we first compute |Aut(D,)]
and |&(D,,;r)|.

Lemma 12 Let n be a natural number with prime decomposition p|™
p,t. If n > 3, then

(1) [Aut(D,)| = n - phi(n) = np!" " (pr = 1) - pg" " (pe — 1).
(2) For any natural number r,

14

‘®(Dn; 1”)| — (27“ _ 1) sz('miil)wrl (p;‘n,l _ 1) .

i=1

Proof: It is not hard to show that
Aut(D {J : o'(a —abi,aﬁ(b):bj,ogi,jgn—l, (n,j):l}.

]

It implies that |Aut(D,)| = n-phi(n) = np! *(pr—1) - p* (pe—1).

Next, we compute the number |&(D,;r)|. Since the prime decom-
position of n is pi"* - - - p,**, Z,, =< b > is isomorphic to @fﬂzpln“ where
szm =< b; > with b = by---b,. Note that D,, = Z, U aZ,, disjoint
union. It is clear that if (g1,...,¢9,) € &(D,;r) then there exists at
least one j (1 < j <) such that g; € aZ, = {ab'|i =1,...,n}. Given
any nonempty subset S of {1,2,...,r}, let &[S] denote the set

{(91,--.,9,) € BDy;r) : g; € aZy, for j € S, and g; € Z,, for j ¢ S}.



Regular coverings having dihedral voltage groups 39

Then

S(#£0)c{1,2,...,r}
Moreover, B[S] and &[T] are disjoint for any two distinct nonempty
subsets S and T of {1,2,...,7}. It implies that

1B(D,,;7)| = U els)= > s8]

S(#0)C{1,2,...,r} S(#0)c{1,2,...,r}
For convenience, for each g € D,,, let
(91500 if g € Zn = B, Ly
g =
algl,...,q)) ifg€aZ,=ad_, Ly

Let S be a nonempty subset of {1,...,r} and (¢g1,...,9,) € (D,)" =
[, D,. Then (g1,...,9,) € B[S] if and only if for each i = 1,...,¢,

pi—1
(g1s---90) HZ w— (Hzpzni_l X Hbfzp;nﬂ),

k=0 \j&s jes

where 7Z il is the subgroup of Z P generated by bY". It implies that

for any nonempty subset S of {1,2,...,r},
¢
m;r m;—1)|S m;—1)(r—|S
sls] = [] <pi _ e DIS] . pmim1)—] |>>
i=1

£
_ Hpgmi—l)r-i-l (pf_l N 1) :
i=1

which does not depend on the set S. Now, the cardinality |&(ID,,; )| of
the set &(D,,;7) is

14

SToslsl =@ - [pm Y et 1)

SO {127} i1 -

Now, the next theorem follows from Theorem 10 and Lemma 12.
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Theorem 14 ([22]) For any n > 3, the number of nonisomorphic con-
nected D,,-coverings of G is

é p O 1
Isoc (G;D,) = (QB(G) —1) Hp(mi—l)(ﬁ(G)—2)z77

(2

i=1 pi—1

74

where pi™* - - - p,** is the prime decomposition of n.

For any edge e in the cotree G — T, we have §(G —e) = §(G) — 1.
By Example 2, Theorems 13 and 14, we have

Isoc (G;D,) = (2°9 — 1)Isoc (G — ¢; Zy,)
for any n > 3. Thus, if n is odd, then

leoc (G;Dy,) = (Qﬂ(G) —1) ZIsoc (G —e;Zp,)

= (29 —1)Iso (G — ¢;Z,).
If n is even, then

Z Isoc (G;D,,)

m|n, m#1

= Z Isoc (G;IDy,) + Isoc (G;Dy)

m|n,m>3

= (QB(G) —1) ZISOC (G —e;Zy,) — [1+1Isoc (G —e;Zy)]
mln

+Isoc (G;Dy)
= (2°9 — 1) Iso (G — ¢; Z,) — (2°@) — 1) 281

+% (299 _ 1) (9@ _ 1)
= (2°9 — 1) Iso (G — ¢; Z,,) — % (479 — 1),

We summarize our discussion as follows.
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195 420 465 1365 855 1680 1755 3255 1995
1240 3720 4836 18600 12400 29760 33480 72540 45384

Bln=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11
1 0 0 0 0 0 0 0 0 0
2 3 3 3 3 3 3 3 3 3
3 28 42 42 84 56 84 84 126 84
4
5

Table 5.1: The number Isoc (G;D,,) for small n and small 5(G)

n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11
3 3 3 4 3 4 4 4 3
11 14 13 27 15 29 26 35 19

49 85 81 231 121 281 250 431 225
251 991 637 2251 1271 3231 3086 6267 3475
1393 4403 5649 23899 15233 42099 44674 102555 61521

U W N~

Table 5.2: The number Iso (G;D,,) for small n and small 5(G)

Theorem 15 ([16], [22]) For any n > 3, the number of nonisomorphic
D,,-coverings of G is

Iso (G;D,,)
([ Iso (G;Z,) + (299 — 1) Iso (G — ¢; Zy,) if n is odd,

={ Iso(G;Z,) + (2°9 — 1) Iso (G — ¢; Z,)
48(G) _q
\ -3

if n is even,

where e is an edge in the cotree G —T.

Recall that the number Iso (G;Z,) was computed in Theorem 12.
The numbers Isoc (G;D,) and Iso (G;D,,) for small n and §(G) are
listed in tables 5.1 and 5.2.

Let p be a prime number. Then every group of order p or p? is
abelian. Hence, there is only one group of order p up to isomorphism;
it is the cyclic group Z,, and there are only two groups of order p? up to
isomorphism; they are Z,> and Z,®Z,. Let p and ¢ are distinct primes.
If p<gq,p/(qg—1), then there are only one nonisomorphic group of
order pg; it is the cyclic group Z,, which is isomorphic to Z, ® Z,. If
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p < q,p|(g—1), then there are only two nonisomorphic groups of order
pg; one of them is the cyclic group Z,, and the other is a nonabelian
group K generated by two elements a and b such that

| <a>|=p; |<b>|=gq; ab = b°a,

where s # 1 and s» =1 (mod ¢). More on the classification of finite
groups that needed in this manuscript can be found in [44, 45].

The following come from the classification of finite groups and The-
orem 11 (2). For a prime p, the numbers of p-, p*-, pg- or p*-fold
nonisomorphic connected regular coverings of G are

B(G) _q
p
Isoc”(G;p) = ——
SOC( 7p) p_l’
B(G) _ G)-1 _ G) _
IsocR(G;pQ):@() Sl 1)+p(ﬁ(G)7l)pﬁ()—la
P*=1Dp-1) p—1
( B(G) _ 1 486 _q
p q .
fp< ) _17
o R ifp<qgpflg—1)
G aQ)-
ISOCR(G;PQ) = (pﬁ( - 1) (qﬁ( - 1)
qg—1
BG) _1 480 _q
p 4q .
+ ifp<gq pllg—1),
\ PR " [(¢—=1)

(PP — )PP O —1)(p D2 — 1)
P -1)P*-1(p-1)
1o (PP =) (PO 1)

Isoc”(G;p®) =

+ ¢ p+2
-np-n T
BG) _q
-1P B(G)-1
4RO E T (3801 )
2(p = 1) ( )
Now, by using Theorem 11 (1), we have
BG) _ 1
p
Iso®(G;p) = ——— + 1
so™(G;p) o1 b

PO (PO 1) pPE) _q

e
Lol (CipY) = T - ) P
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Bln=1 2 3 4 5 6 7 g 9 10 11
1 T 1 1 1 1 1 1 1 1 1 1
2 1 3 4 7 6 15 8 19 13 21 12
3 1 7 13 35 31 119 57 211 130 259 133
4 1 15 40 155 156 795 400 1955 1210 2805 1464
5 1 31 121 651 781 4991 2801 16771 11011 29047 16105

Table 5.3: The number Isoc®(G;n) for small n and small 3(G)

n=1 2 3 4 5 6 7 8 9 10 11
1 2 2 3 2 4 2 4 3 4 2
1 4 5 11 7 23 9 30 18 31 13
1

8§ 14 43 32 140 58 254 144 298 134
1 16 41 171 157 81 401 2126 1251 2977 1465
1 32 122 683 782 5144 2802 17452 11133 29860 16106

TR W N~

Table 5.4: The number Iso™(G;n) for small n and small 3(G)

if p<q,pflg—1),

p—1 qg—1
B(G _ B(G _
Tso"(Grpg) = § P20 4p =207 g =2
p—1 qg—1
BG) _ 1) (4861 _ 1
P q .
+( 351 ) ifp<q, pllg—1),
\

Iso™(G; p?)
(P =TI 1D 1)
P -1@E*-1p-1)
(P =PI —1)

n PAO+ L PO-1 Ly G2 L o
PR T )
BG) _q
+Bgtj_«ﬁww%n+pma4+¢)+1

REMARK More enumerations of graph coverings satisfying some prop-
erties like concrete or bipartite coverings were studied in the sequel.
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Hofmeister ([11], [13]) introduced the notion of a concrete (resp. con-
crete regular) covering of a graph G and gave formulas for enumerating
the isomorphism classes of concrete (resp. concrete regular) coverings
of G. An n-fold covering p : G — G is said to be concrete if it is
accompanied by an explicit partition P = {Py,..., P,} of V(G) such
that every partition set P; meets every vertex fiber exactly once. The
partition sets P are the sheets of the covering p. A concrete reqular
covering is a concrete covering p : G — G which is regular and every
covering transformation of G preserves the sheets. Later, R. Feng et
al [3] showed that the number of nonisomorphic n-fold concrete (resp.
concrete regular) coverings of GG is equal to that of nonisomorphic n-fold
(resp. regular) coverings of the join G + oo of G and an extra vertex
oo. As a consequence, the isomorphism classes of concrete (resp. con-
crete regular) coverings of a graph can be enumerated by using known
formulas for enumerating the isomorphism classes of coverings (resp.
regular coverings) of a graph. It also gives a new formula to compute
the number of the isomorphism classes of graphs with n vertices be-
cause the number of nonisomorphic concrete double coverings of the
complete graph on n vertices is equal to the number of nonisomorphic
graphs with n vertices. For enumeration of bipartite coverings, see [2]
and [17].



Chapter 6

Regular coverings; A general
case

In this chapter, we introduce a general formula to enumerate A-coverings
of a graph G for any finite group A in terms of the Mobius function
defined on the subgroup lattice of A by P. Hall in [6]. G. Jones [20]
[21] used such Mdébius function to find a method for counting normal
subgroups of a surface group or a crystallographic group, and applied
it to count some covering surfaces. To apply the Jones’” method to
a graph covering case, first recall that the set C1.(G;.A) of A-voltage
assignments of GG can be identified as

CrGA) =Ax Ax - x A, (B(G) times),

from which every A-covering of the graph G' can be derived. Let Fjp
denote the free group generated by (3 elements, where 5 = 3(G). Then,
the A-voltage assignments in Ch(G; A) correspond bijectively to ho-
momorphisms from the free group Fz to the voltage group A, thus
|CL(G; A)| = |Hom(Fps, A)| = |AJ°. Also, it can be written as

|C1(G; A)| = [Hom(F5, A)| = Y |Epi(Fs, K)|

K<A

the sum of the numbers of epimorphisms from the free group F3 onto
subgroups K of the group A, and such epimorphisms correspond bijec-
tively to transitive K-voltage assignments in &(K; 3). It follows that
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|Epi(Fs, K)| = |&(K; (3)|. Now, one can invert the equation

[Hom(Fs, A)| = > |Epi(Fs, K|,

K<A

to count epimorphisms in terms of homomorphisms, by introducing the
Moébius funtion for A. This assigns an integer u(K) to each subgroup
K of A by the recursive formula

1if K = A,
M(H):5K,A:{ |
I;{ 0if K < A.

The equation

[Epi(Fs, A)| = Y u(K)|Hom(Fs, K)|

K<A

is then easily deduced, and Theorem 10 gives

Isoc (G;A) = |Aut Z K)|Hom(Fg, K)|
K<A
- K)IKP
]Aut 1;4

ExampPLE 3 (1) The cyclic group A = Z, has a unique subgroup Z,,
for each m dividing n, and has no other subgroups. The Mobius func-
tion on the subgroup is p(Z,,) = pu(n/m) (the Mobius function of the el-
ementary number theory) and |Aut (Z,,)| = phi(n) (Euler phi-function),
so it implies that

Isoc (G;Z,) = phzl( )Zlu<%> mP.

This coincides with the formula given in Theorem 12.

(2) Let A=D, = {a,b : a* =1=10",aba = b~') be the dihedral group
of order 2n. For convenience, let Z,, =< bm > and let ]D,(q? = Zipy U
a(Zpb') for i = 0,..., 2 — 1. Then each subgroup of D, is one of Z,,
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or DY for each m dividing n. Now, consider the lattice induced by the
subgroups of I,,. Then, for each subgroup S of D,,, we have

u(%) ifS:]D),(fl)foreachizo,...,%—l,
u(S) = nony .

Since |Aut (D,,)| = n - phi(n) for n > 3, we have

Isoc (G;D,,) = _ Z %y(%) (2m)° — Z % ,u(%) m?

27 -1 ny g
~ phi(n) mzm“ (E) !

for n > 3. This coincides with the formula given in Theorem 14.
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Chapter 7

New classifications of
branched coverings and the
number of subgroups of a
surface group

A surface S is a compact connected 2-manifold without boundary. By
the classification of surfaces, a surface S is homeomorphic to one of the
following;:

the orientable surface with k£ handles if k>0,
Sk = < the sphere S? if k=0,
the nonorientable surface with —k crosscaps if k < 0.

A continuous surjective map p : S — S is a branched covering if
Pla_p1m) S —p(B) — S — B is a covering for a finite subset
B of S. The branch set B of a branched covering p : S — S is the
collection of points x € S which have the property that x has no neigh-
borhood N, such that each component of p~!(N,) is mapped homeo-
morphically onto N, by p. A branched covering p : S — Sis regular
(or A-covering) if plg_,-1(p) : S—p~'(B) — S — B is a regular covering
(with the covering transformation group .A). Two branched coverings
pi:Si — S (i = 1,2) are isomorphic (or equivalent) if there exists a

homeomorphism h : S; — Sy such that p, o h = py.

49
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A (branched) covering of a surface is closely related to a graph
covering which is embeddable into it. To see such a kind of relation,
we first review a graph emdedding.

An embedding of a graph G into a surface S is a homeomorphism
1: G — Sof Ginto S. If every component of S—1(G), called a region, is
homeomorphic to an open disk, then the embedding + : G — S is called
a 2-cell embedding, and the regions are called faces of the embedding.
When a graph G is 2-cell embedded into a surface, every boundary walk
of a face induces a walk in the graph G of the same length. A face of
a 2-cell embedding of a graph G into a surface is said to be n-sided if
its boundary walk is of length n. Note that if G is disconnected, no
embedding of GG into a surface S will be a 2-cell embedding.

An embedding scheme (p,\) for a graph G consists of a rotation
scheme p which assigns a cyclic permutation p, on N(v) = {e € D(G) :
ie = v} to each v € V(G) and a wvoltage assignment A which assigns a
value A(e) in Zy = {1, —1} to each e € E(G).

Stahl [43] showed that every embedding scheme for a graph G de-
termines a 2-cell embedding of GG into a surface S, and every 2-cell
embedding of GG into a surface S is determined by such a scheme. To
see the relation between an embedding scheme for a graph and its 2-cell
embedding to a surface, we give the following example.

EXAMPLE 4 Let GG be a figure eight having a vertex v and two loops
¢y and /5, and let (p,\) be an embedding scheme defined by p, =
(0102071051), A(£1) = 1 and A(fy) = —1. In a geometric presentation
of G in R? with directed loops initiating at v in counterclockwise order
according to the rotation scheme p, as in Figure 7.1 (b), we attach a
closed disk at the vertex v and 1-bands along loops ¢; and /5, where
a 1-band is twisted if A(¢;) = —1 and untwisted if A\(¢;) = 1 as in
Figure 7.1 (¢). Finally, we attach a closed disk along each boundary of
the graph with 1-bands. Note that there exists only one component of
the boundary of the graph with 1-bands in this example, and we get a
2-cell embedding of the figure eight into the Klein bottle with only one
face as in Figure 7.1 (d). Conversely, if there exists such an embedding
as in Figure 7.1 (d), it induces an embedding scheme (p, \) as described
above.

The orientability of the surface S can be detected by looking at
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Figure 7.1: An embedding scheme for a figure eight embedded to the
Klein bottle

the voltage assignments of cycles of G. In fact, S is orientable if and
only if every cycle of G is A-trivial, that is, the number of edges e
with A(e) = —1 is even in every cycle of G. In particular, every 2-cell
embedding of G into an orientable surface can be determined by an
embedding scheme (p, \) with A\(e) = 1 for each e € E(G).

Let 2 : G — S be a 2-cell embedding and (p, A) the associated em-
bedding scheme. Let ¢ be either an ordinary or a permutation voltage
assignment. The derived graph G? has the derived embedding scheme
(p?, A?), which is defined by (p?),, (e5) = (pu(€))y and A?(ey) = A(e) for
each e, € D(G?). Then (p?,A\?) induces a 2-cell embedding of G? into
a surface, say 7 : G® — S?, such that the following diagram

Gr —L— g¢

Ps | | s
G —+—'s

commutes. Moreover, if G is connected, then S? is also connected.
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Gross and Tucker [4] showed the following relation between branched
coverings of a surface and coverings of a graph.

Theorem 16 Let (p, \) be an embedding scheme for a graph G which
induces a 2-cell embedding v : G — S.

(1) Let ¢ : D(G) — S, be a permutation voltage assignment. Then
the natural covering projection pgs : G® — G can be extended to a
branched n-fold covering ps : S* — S that has at most one branch
point inside each face. If the net voltage on a face R has cycle
structure (cy, ¢, . .., Cy), then the projection py has a branch point
inside face R with exactly c; prebranch points of order j (i.e.,
locally j to 1 map) for j =1,2,... n.

Conversely, if p:S — S is an n-fold branched covering such that
each face of the embedding 1+ : G — S has at most one branch
point interior of it, and no branch points in G, then there exists
a permutation voltage assignment ¢ : D(G) — S, such that the
branched covering p, : S® — S is isomorphic to the given branched
covering p: S — S.

(2) Let A be a finite group and let ¢ : D(G) — A be an A-voltage
assignment. Then the natural covering projection pgy : G Xy A —
G can be extended to a branched A-covering ps : S* — S that
has at most one branch point inside each face. If the net voltage
on an n-sided face R is g in the voltage group A, then (py) ' (R)
consists of |A|/o(g) numbers of n-o(g)-sided faces, where o(g) is
the order of g in A.

Conversely, if p : S — S is a branched A-covering such that
each face of the embedding + : G — S has at most one branch
point interior of it, and no branch points in G, then there exists
an A-voltage assignment ¢ : D(G) — A such that the branched
A-covering py : S® — S is isomorphic to the given branched A-
covering p: S — S. O

It follows from Theorem 16 that any (regular) branched surface
covering of a surface S can be derived from a suitable 2-cell embedding
1: G — S of a graph G and a voltage assignment ¢. We call S? the
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branched covering surface of S induced by a 2-cell embedding +: G — S
and a voltage assignment ¢.

Notice that a 2-cell embedding of a graph G into a surface S deter-
mines a cell decomposition of the surface having the graph G as its 1-
skeleton. Let ¢ be a voltage assignment of GG and let GG be 2-cell embed-
ded in a surface S. Then the lifted embedding scheme determines the
cell decomposition of the surface S? having the covering graph G¢ as its
1-skeleton. Moreover, the branched covering map ps : S* — S preserves
cells, that is, it assigns i-cell to i-cell for each i = 0, 1,2 and the restric-
tion of Py to its 1-skeleton is just the covering p, : G — G. It implies
that if two branched coverings p, : S* — S and py : S¥ — S are iso-
morphic, then the two coverings ps : G* — G and py, : G¥ — G are iso-
morphic as graph coverings. Conversely, if two coverings py : G — G
and p, : G¥ — G are isomorphic, then, by Theorem 4, there exists
a function f : V(G) — S, such that ¢ (uwv) = f(v)d(uv)f(u)~! for
each uv in D(G). Notice that the map ® : G* — GY defined by
P(uy) = Up)g) is a covering isomorphism. Let (uv)y = UgVs(uv)(g)
maps to (uw)y = UgWe(uw)(g) by the induced rotation system (p?).,,. By
the definition of ®, ®((uv)g) = f(w)(9)Vrw)o(ur)(e) = Ws(w)(s) Viun) f(u)(9)
and ®((uw)g) = ts(u)(g)Wy(uw)fu)()- S0, P p® = p” ®. Now, by com-
bining this fact with A¥(®(e,)) = A(e) = A\?(e,), we can show that &
is extended to a cell preserving homeomorphism A from S? to S¥ such
that py o h = Do, that is, two branched coverings py : S® — S and
Py o SY — S are isomorphic. We proved the following.

Theorem 17 Let G be a graph 2-cell embedded in'S and let ¢ and Y be
two voltage assignments of G. Then two branched coverings ps : S* — S
Py : SY — S are isomorphic as surface branched coverings if and only
if the two coverings ps : G* — G and py, : G¥ — G are isomorphic as
graph coverings.

Let ®B,, be the graph consisting of one vertex and m self loops,
say £1,...,0,. We call it the bouquet of m circles or simply, a bouquet.
Clearly, 8, is irreducible (i.e., having no vertices of degree 2) if m > 2.
A surface S, can be represented by a 4k-gon with identification data
Hle asbsa; bt on its boundary if k > 0; —2k-gon with identification
data Hs;kl asas on its boundary if £ < 0; and bigon with identification
data aa™! on its boundary if k = 0.
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Let B be a finite set of points in S;. For our purpose, we assume
that |B| > 0 when k = 0. If x € Sy, — B, then the fundamental group
m1(Sk — B, ) of the punctured surface Sy — B with base point * can be
presented as follows:

k |B]
<a1, g, by, by e, B ;Hasbsas_lbs_ln = 1> if k> 0;
s=1 t=1
—k |B|
<a1,...,ak,cl,...,c|B|;Hasacht—1> if £ <0;
s=1 t=1
|B|
<cl,...,cB;Hct:1> if £ =0.

t=1

We call this the standard presentation of the fundamental group 7 (S —
B,x). Foreacht = 1,2,...,|B|, we take a simple closed curve based at
x lying in the face determined by the polygonal representation of the
surface S, so that it represents the homotopy class of the generator c¢;.
Then, it induces a 2-cell embedding of a bouquet of m circles into the
surface Sy such that the embedding has |B| 1-sided regions and one
(|B| +4k)-sided region if k > 0; |B| 1-sided regions and one (|B| — 2k)-
sided region if k£ < 0; and | B| 1-sided regions and one | B|-sided region
if £ = 0, where m is the number of the generators of the corresponding
fundamental group. We call this embedding ¢ : 8,,, — Sy the standard
embedding, denoted by B,,— S — B.

For example, Figure 7.2 illustrates the standard embeddings of bou-
quets with |B| = 3. Figure 7.2 (a) represents the standard embedding
B;— Sy — B and (b) does the standard embedding Bs— S_3 — B.

For convenience, let ap = 2k if £ > 0, and ap = —k if £ < 0. Let
CY (B, 118 — Sk — B;n) (resp. C*(By,+15— Sk — B; A)) denote the
subset of (.S, )% 1Bl (resp. of (A)®*+IBl) consisting of all (ax+|B|)-tuples
(01,...,04,+B)) Which satisfy the following three conditions:

(C1) The subgroup < 01,...,04,+|B| > generated by {o1,...,04,45/}
is transitive on {1,2,...,n} (resp. is the full group A), and
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Figure 7.2: Two examples of standard embeddings

(C2) (i) if £ > 0, then

|B|

k
-1 _—1 -1
0i0k+i0; Opiy O2k44i — 1,
i=1 i=1

(ii) if £ <0, then
|B|

—k
H 0,05 H O ki = 1,
i=1 i=1

(C3) 0, # 1 foreachi=ar+1,...,ar + |B].

Note that condition (C1) guarantees that the surface S? is con-
nected, and conditions (C2) and (C3) do that the set B is the same
as the branch set of the branched covering ps : S® — S. By using a
similar method as in [23], we can obtain the following theorem.

Theorem 18 (Existence and classification of branched coverings) Ev-
ery permutation voltage assignment in Cl(‘Bak+|B| — Sy —B;n) induces
a connected branched n-fold covering of Sy with branch set B. Con-
versely, every connected branched n-fold covering of Sy with branch
set B can be derived from a voltage assignment in Cl(%ak—HB\ — S —
B;n). Moreover, for any given two permutation voltage assignments
¢, € CH By, — S — B;n), two branched n-fold surface coverings
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Py S? — S and py : SY — S are isomorphic if and only if two graph
COVETINGS P : %fwlBl — B, 48| and py : %kaB‘ — By, 4|B| are iso-
morphic. It is also equivalent to say that there exists a permutation

o €S, such that
V() = op(l;)o

for all t; € D(%ak+|3|), where a, = 2k if Kk >0, and a, = —k if kK <O0.
O

For a finite group A, let S4 denote the symmetric group on the
group elements of A. It gives the (left) regular representation A —
Sq of A via g — L(g), the left translation by g on A. Clearly, this
representation is faithful and the group A can be identified with the
group of left transformations L(g)’s: A = {L(g9) | g € A} (Cayley
Theorem). Notice that a permutation voltage assignment ¢ : D(G) —
S 4 having its images in A can be considered as an A-voltage assignment
of G, and for such a voltage assignment ¢, the permutation derived
graph G? is nothing but the ordinary derived graph G x, .A. By using
this fact, Kwak et al. showed the following.

Theorem 19 [23](Existence and classification of regular branched cov-
erings) Every ordinary voltage assignment in C*(Bq, 5 Sk, — B; A)
induces a connected branched A-covering of Sy with branch set B. Con-
versely, every connected branched A-covering of Sy with branch set B
can be derived from a voltage assignment in C*(Bg, 15— Sy — B; A).
Moreover, for any given two voltage assignments ¢, € C*(Bq, 15—
S — B; A), two branched A-coverings py : S* — S and py : S¥ — S
are isomorphic if and only if two graph coverings py : Bq, 1 X¢ A —
BB and py : B, 4B Xy A — Bg, 4B are isomorphic. It is also
equivalent to say that there exists a group automorphism o of A such
that

P(l) = o ()
for all {; € D(B,,1p|), where a, =2k if k >0, and a, = =k if k < 0.
O

There are two classical Hurwitz theorems: the existence and the
classification theorems of surface branched coverings. Let p: S — S be
an n-fold surface branched covering, where S is possibly disconnected.
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Hurwitz [18] introduced a system, called Hurwitz system, for p as fol-
lows: Consider the associated covering pls_,-1(p : S—pY(B) - S—B
of p. A Hurwitz system is a representation H, : m (S — B,*) — Sy,
which is determined by choosing a one-to-one correspondence p~! (x) «
{1,2,...,n} and assigning to a loop « in S — B based at * the permu-
tation of {1,2,...,n} induced by the liftings of a. For any finite set
B of points in S and a representation H : 7(S — B, %) — S, there
exists an n-fold branched covering p : S — S, where S is perhaps not
connected, with branch set contained in B and H, = H (Hurwitz ex-
istence theorem). Two n-fold branched coverings p; : S, =S, i=1,2,
are isomorphic if and only if H,, = H, modulo inner automorphisms
of S,. (Hurwitz classification theorem,).

Every group homomorphism from (S — B,*) to S, is uniquely
determined by its values on the generator set {as, bs, ¢;} of m(S— B, %)
which preserves the corresponding relation in the standard presentation
of m (S — B, ). Hence, a Hurwitz system H, : (S — B, *) — 5, for a
branched n-fold covering p : S — S is nothing but a voltage assignment
in C'(B,,; n) which satisfies the conditions (C2) and (C3), and that of
a connected branched n-fold covering p : S — Sis nothing but a voltage
assignment in C'(%B,, — S — B;n). So, Theorems 18 and 19 are new
combinatorial statements of the Hurwitz existence and classification
theorems for branched coverings and for branched regular coverings,
respectively.

REMARK Let p: S — S be an n-fold connected unbranched covering
and let x € S. The monodromy representation of m (S, %) is a homo-
morphism H, : m(S,*) — S, determined by choosing a one-to-one
correspondence p~'(x) < {1,2,...,n} and assigning to a loop a in
m1(S, %) the permutation of {1,2,...,n} induced by the liftings of a.
This permutation maps % € p~!(x) to the terminal point of the lifting
a having * as an initial point, i.e., Hy(a)(*) = &(1). The image of the
monodromy representation is a subgroup of .S, and is called the mon-
odromy group. Its element is called a monodromy map. Notice that the
monodromy representation for a surface covering is equal to the Hur-
witz system for a surface covering and hence it can be identified with
a voltage assignment ¢ in C1(9B,, — Sy;n). For a voltage assignment
¢ in C1(B,,— Sg;n), the monodromy group of the corresponding cov-
ering is nothing but the subgroup < ¢ > of S,, generated by the image
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of ¢. Obviously, we have {a € 7,(S, *) | Hy(a)(¥) = ¥} = pemi (S, %). It
implies that the index [m1(S, x) : pym1 (S, ¥)] = n equals the fold number
of the covering.

To derive some formulas for enumerating the isomorphism classes of
surface branched coverings, we define an S,,-action on the set C'(B,,; n)
by a simultaneously coordinatewise conjugation, that is, for any g € S,
and any (0q,...,0,) € C1(B,;n),

g - (017 s Jam) - (go-lg_17 s 7go-mg_1)'

It follows from Theorem 18 that two voltage assignments in C 1(%ak+| B
— Sy — B;n) derive isomorphic branched coverings of Sy, if and only if
they belong to the same orbit under the S,,-action. Hence we have the
following.

Lemma 13 Let k be any integer and let B be a finite subset of the
surface Sg. Then the number of isomorphism classes of connected n-
fold branched coverings of the surface Sy with branch set B is

Isoc (S, Bin) = [C'(Bayrip— Sk — Bin)/Sul .
O

Now, we aim to express the number Isoc (Sy, B;n) in terms of
known parameters.

Let €(B,,;n) denote the set of all m-tuples (o1,...,0,) in (S,)™
such that the group <oy,...,0,, > generated by {o1,...,0,,} is tran-
sitive on {1,2,...,n}, that is,

C(B,;n) ={(01,02,...,0m) € (Sp)™:<01,09,...,0,>is
transitive on {1,2,...,n}}.

Then €(%B8,,;n) contains all representatives of connected n-fold cover-
ings of the bouquet of m-circles B, and the number Isoc (8,,;n) of
isomorphism classes of connected n-fold coverings of B,, is equal to
|€(B,;n) /S|, where the S,-action on €(%B,,;n) is also defined by the

simultaneously coordinatewise conjugation.
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Lemma 14 Let k be an integer and b a nonnegative integer. For each
0<t<b, let

S(k,b,t) = {¢ € (S,)*T : ¢ satisfies (C1), (C2)
ando;=1,"=a,+1,...,ap+1 },

where ¢ = (01,09,...,04,+b). Ift = b, then the set S(k,b,b) is equal to
the set C'(B,, — Sg;n), and if t # b, then there is a one-to-one cor-
respondence between the sets S(k,b,t) and (B, 1p—t—1;n). Moreover,
the correspondence preserves the S,-action on the both sets which are
defined by simultaneously coordinatewise conjugacy.

Proof: The case of t = b is clear. Assume that t # b. Then every ele-
ment in S(k, b, t) is of the form (o1, ..., 04, 1,. .., 1,00, 4t41s- -+ Taptb)-
It comes from conditions (C1)-(C2) that the function f : S(k,b,t) —
C(By,+5—t—1;n) defined by

f(o-la <oy Oayy ]-7 ceey 170-ak+t+17 s 7Uak+b)
= (01,300, Oaptt41s > Tayrb-1)

is well-defined and bijective (Note that the function f is defined by
deleting 1’s and the last coordinate). This completes the proof. O

Theorem 20 Let k be any integer and let B be a b-subset of the surface
Sk.  Then the number of connected n-fold branched coverings of the
surface Sy with branch set B is

b—1
Isoc (S, B;n) = (—1)"TIsoc (Sy, 0; n)—}—Z(—l)t (?) Isoc (B, +o-t-1;1),

t=0

where B, 1s a bouquet of m circles, ap = 2k if k > 0, and a, = —k if
k <0.

Proof: For each i = ay + 1,...,ax + b, let P; be the property that the
i-th coordinate of an element of (S,,)%*? is the identity. For each subset
S of {ap + 1,...,ax + b}, let N(Ps) be the number of elements in the
product (S,,)%* which satisfy conditions (C1), (C2) and the properties
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P, for all i € S. Notice that N(Py) is the number of all elements in the
product (S,,)%* ™ which satisfy conditions (C1) and (C2), and that the
set CH(B,, 4 — Sy — B;n) is equal to the set of elements of (.S,)%**°
which satisfy conditions (C1) and (C2), but not any other property P;
forv=a,+1,...,a; +b. It comes from the principle of inclusion and
exclusion that

b
|C (Basv— Sk — Bin)| = (-1)" S NPy
t=0 SC{ak‘qul‘:.,aker}

Since N(Pg) = N(Pg ) for any two subsets S, S of {ay +1,...,a, +0b}
with the same cardinality, we have

Z N(Ps)

ScC{ag+1,..., ap+b}
[S|=t

- ([Z> {6 € (S,)"™ : ¢ satisfies (C1), (C2)
and O'izl, Vi:ak+1,...,ak+t }‘

Now, it comes from Lemma 14 that

|CY By — S — Byn)|

= i<—1>t(§?) €(Bugsi13m)] + (—1) |CL(Buy = Siim)|.

By taking the S,-action on the underlying sets of the both sides of this

equation, we have
b—1

Isoc (Si, B;n) = (—1)"Isoc (Sy, 0; n)—f—Z(—l)t (?) Isoc (B, 1o-t-1; 7).

t=0

O

By using Burnside’s Lemma, Mednykh ([37], [38]) counted the num-
ber of subgroups in the fundamental group (S, *) of an orientable
surface Sy, and the number of conjugacy classes of subgroups in 7 (S, *).
The same problem for a nonorientable surface was done by A. Mednykh
and G. Pozdnyakova in [40].
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Theorem 21 ([37], [38], [40])

(1) The number of subgroups of index n in the fundamental group
71(Sk, *) of a (orientable or nonorientable) surface Sy of genus
k is

n (_1)s+1
Si(n) = Sxyspm(n) = n Z S Z B Biy - -+ Bis s
s=1 ilgrigjuu-gri;Tn

where
R \? 2k—2 ifk>0
Bh:Z(—/\)’ t:{ 0
et o k—2 ifk<O,

Dy, is the set of all irreducible representation of the group Sy, and
fN s the degree of the representation \.

(2) The number of nonisomorphic connected n-fold unbranched cov-
erings of a surface Sy of genus k is

Isoc (S, 0; n)

(1 n —Nm .
a2 () 4 k=0
T S n (L) a2 )y () + d S (m)]
mln dl -
\ if k<0,

where p(m) is the Mobius function, S;"(m) = 0 if m is odd, and
SF(m) = S(B) if m is even, S; (m) = Sp(m) — S (m), and
(2,d) denotes the greatest common divisor of 2 and d.

Next, we aim to compute the number IsocR(Sk,B;n) of noniso-
morphic connected regular n-fold branched coverings of the surface Sy
with branch set B. Clearly, any two connected regular branched cover-
ings are not isomorphic if their covering transformation group (or volt-
age groups) are not isomorphic. Since every connected regular n-fold
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(Blin) [k=—-4 k=-3 k=-2 k=-1 k=0 k=1 k=2 k=3 k=4
©,2) 15 7 3 1 0 3 15 63 255
(0,3) 90 18 4 1 0 4 100 2884 96104
(1,2) 0 0 0 0 0 0 0 0 0
(1,3) 145 23 3 0 0 3 135 5103 185895
(2,2) 16 8 4 2 1 4 16 64 256
(2,3) 981 171 31 6 1 31 991 34231 1218031

Table 7.1: The number Isoc (S, B;n) for small k, n and small | B|

branched covering is isomorphic to a connected branched A-covering
for some group A of order n, we have

Cl(8, S, — B; A
Isoc®(Sy, B:n) = Z ‘ ( '“J]'ABL:()A)]Q )’ = ZISOC (Sk, B; A),
A A

where A runs over all representatives of isomorphism classes of groups

of order n. Recall that the number Isoc (S, B;.A) of nonisomorphic
connected A-coverings of the surface Sy with branch set B is equal to
number of the orbits of the coordinatewise Aut (.A)-action on the set
&(k, B; A) . Note that this Aut (A)-action on the set &(k, B; A) is free
because oy, ...,0,, generates A. Now, by the Burnside Lemma, we
have

|&(k, B; A)|  |C'(B,,— Sy — B; A
|Aut (A)] |[Aut (A)] ’

Isoc (Sy, B; A) =

where m = 2k + |B| if k > 0; and m = —k + |B| if k < 0.

We summarize our discussion as follows.

Theorem 22 Let k be any integer and let B be a b-subset of the surface
Si. Then we have

(1) the number of nonisomorphic connected reqular n-fold branched
coverings of the surface Sy with branch set B is

Isoc®(S;, B;n) = Z Isoc (Sk, B; A),
A

where A runs over all representatives of isomorphism classes of
groups of order n, and
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(2) the number of mnonisomorphic connected regular A-coverings of
the surface Sy with branch set B is

&(k,B; A)|  |C' (B — Sp — B;n)|
|Aut (A)] |Aut (A)| ’

where m = 2k + |B| if k > 0; and m = —k + |B| if k < 0. O

Isoc (Sg, B; A) =

By Theorem 22, we now need to compute the number Isoc (S, B; .A)
for each finite group A of order n. By using a method similar to the
proof of Theorem 20, we can have the following theorem.

Theorem 23 Let k be any integer and let B be a b-subset of the surface
Sg. Then, for any finite group A, the number of branched connected A-
coverings of the surface Sy with branch set B is

b—1
Isoc (Sk, B; A) = (—1)Isoc (S, 0; A) —i—Z ( )Isoc (Bay+p—t—1;A),
t=0

where B, is bouquet of m circles, ar, = 2k if k > 0, and a, = —k if
kE <O. O

Recall that an explicit computing of the number Isoc (8,,;.4) was
done for any m and any finite abelian group A or dihedral groups ID,, of
order 2n (See chapters 4-6). But the number Isoc (S, 0;.A) is known
if Ais Z, or D, (see [23, 29] or see next chapter 8).

As a final discussion of this chapter, we aim to introduce a formula
for computing the number Isoc (S, 0; A) when A is abelian. If A is
an abelian group and S, is an orientable surface, then the number
Isoc (S, 0; A) of connected A-coverings of the surface Sy is equal to
the number Isoc (Bo;.A) of connected A-coverings of the bouquet of
2k circles Boy,. In this case, we computed this number in chapter 4.
By the classification theorem of finite abelian groups, we can express a
finite abelian group A as follows.

A= Ao 5> Ae = (@1 1 @] 1 msz £; ) @ (@ﬁzlmuZQ'ﬂ*) ’

where p; are odd primes and p; # py if i # i'. Let 6(A) denote the
number of direct summands of A whose order is a multiple of 4 and
w(A) denote the number of direct summands of .4 whose order is 2. For
example, ZG D Zg = Zg ) ZQ D Zg, Q(ZG D Zg) =1and W(Zﬁ D Zg) = 1.
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(Bl,p) [k=—4 k=-3 k=-2 k=—1 k=0 k=1 k=2 k=3 k=4
(©,2) 15 7 3 1 0 3 15 63 255
(0,3) 13 4 1 0 0 4 40 364 3280
(1,2) 0 0 0 0 0 0 0 0 0
(1,3) 27 9 3 1 0 0 0 0 0
(2,2) 16 8 4 2 1 4 16 64 256
(2,3) 54 18 6 2 1 9 81 729 6561

Table 7.2: The number Isoc (S, B;Z,) for small k, p and small |B|

Lemma 15 Let k be any integer and let B be a b-subset of the surface
Sk. Let A be an abelian group. Then we have the following.

(1) If k > 0, then Isoc (S, 0; A) = Isoc (Bay; A),
(2) If k <0, then

Isoc (S, 0; A)
( 26’(A) (2—k—9(A) -1
o k—(O(A)+w(A) _ 1

Isoc (B_;_1;.A)
i 0(A) + w(A) < —F,
29(.A) (2—k—0(A) _ 1)

(2_k 1)2218* my(yu—1) Isoc (%*kfl; AO)ISOC (%7]% Ae)

[ O otherwise,

where A=A, ® A. = ( H @?:1 my, 7 ei]) P (@ﬁzlmﬂzw).
pv

(3

O

As an illustration, we compute IsocR(Sk,B;p) for any prime p.
Recall that Isoc (*B,,;Z,) = p::ll for a prime number p. Since every
group of order p is isomorphic to the cyclic group Z,, it comes from
Theorem 22 that Isoc”(Sy, B;p) = Isoc (S, B;Z,) for any k and any
B C Sg. Now, by applying Theorem 23 and Lemma 15, we have the

following.
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Theorem 24 Let B be a b-subset of the surface Sy, and let p a prime.
Then the number Isoc™(Sy, B;p) of nonisomorphic reqular connected
branched p-fold coverings of Sy with branch set B is

Isoc™(Sy, B;p)

( 2k_1
P if k>0andb=0,
p—1
P ((p— 1)+ (=1 ifk>0and b#0,
27 1 ifk<0,b=0andp=2,
) o (14 (=1 ifk<0,b#0andp=2,
—k—1 1
L ifk<0,b=0andp+2,
p—1
—k—1 b—1 .
L p (p—1) if k<0,b+#0and p# 2.

In fact, Isoc®(Sy, B;p) for k > 0 was computed by Mednykh in
[36], [37]. In [30], we can also found an explicit formula for computing
the numbers Isoc™(Sy, B;2p) and Isoc’(Sy, B; p?) when p is a prime
number.

This kind of enumeration of regular coverings will be continued in
the next chapter.
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Chapter 8

Distributions of branched
surface coverings

A well-known theorem of Alexander ([1]) says that every orientable
surface is a branched covering of the sphere S?, and every nonorientable
surface is a branched covering of the projective plane. In the study of
surface branched coverings, we can ask naturally as a generalization of
Alexander’s theorem: In how many different ways can a given surface
be a branched covering of another given surface? To give a systematic
answer of this question, we define two polynomials, called branched
covering distribution polynomaials.

(i) For each i € Z, let a;(S, B;n) denote the number of equivalence
classes of branched n-fold coverings p : S; — S with branch set B, and
let

[e.9]

R iy (x) = Z ai(S, B;n)x'.

i=—00

(ii) For each i € Z, let a,(S, B; A) denote the number of equivalence
classes of branched A-coverings p : S; — S with branch set B, and let

[e.9]

R(S,B;A)(x) = Z az(S7B7A)‘TZ

i=—00

These two polynomials can have at most finitely many nonzero terms

by the Riemann-Hurwitz equation: x(S) = nx(S) —>_,. 5 def(b), where

67
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def(b) = n — |p~1(b)| and x denotes the Euler characteristic. (Here,
n = |A| for an A covering.)

REMARK From the covering distribution polynomials, we see that the

number
o0

Repm(1) = > ai(S,B;n)
is equal to the total number Isoc (S, B;n) of nonequivalent branched n-
fold coverings of the (orientable or nonorientable) surface S with branch
set B. In particular, the total number Rsg.n)(1) of nonequivalent un-
branched n-fold coverings of the surface S is equal to the number of
the conjugacy classes of the subgroups of index n of the fundamental
group (S, *). Also, for the regular coverings, the number

oo

Rspa(l) = ) aS,B;A)

i=—00

is equal to the total number Isoc (S, B;.A) of nonequivalent branched
A-coverings of the surface S with branch set B. The total number
Isoc (S,0; A) = R(sg.4)(1) of nonequivalent unbranched A-coverings of
the surface S is equal to the number of the normal subgroups H of the
fundamental group 7 (S, *) such that the quotient group m (S, *)/H is
isomorphic to A.

Now, we are interest in the number R p; 4)(1) and in the polynomial
R p.ay(x). In chapter 7, the number R p.4)(1) was discussed and
computed when A is an abelian group. Notice that the computation
of the polynomial R p,4)(z) is harder than the computation of the
number R p,4)(1). The polynomial R p,4)(x) is known for the case
when A is the cyclic group Z, of prime order p or the dihedral group
D, of order 2p. (See [23, 29].)

By Theorem 24 and the Riemann-Hurwitz equation, we can obtain
the following which also can be found in [23] .

Theorem 25 ([23]) Let A =Z, and p be a prime.
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Bl [ p=2 3 5 7 11 13 17
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 1 1 1 1 1 1 1
3 0 x 322 53 925 1126 1528
4 x 322 13z4 3126 9110 133212 241416
5 0 b5ab 516 18529 909z1° 1595218 385524
6 z? 11zt 2058 1111212 9091220 19141224 61681232
7 0 2125 819210 6665x1° 90909225 229691230 986895240
8 23 4328 3277212 39991218 909091x30 275629336  15790321x4%
9 0 85z7 13107z 239945x21  9090909x3° 33075515x%2 252645135156

Table 8.1: The polynomial R gz, (x) for the sphere Sy

(1) Let B be a finite set of points in an orientable surface Sy (k > 0)
and let b = |B|. Then we have

al<Skanzp)
¢ 2k
—1
Pp_l if i=1+4+pk—1), b=0,
. . - 1
I P (e (-1)") ifi=pk+ pT(b -2)
and b # 0,
L 0 otherwise.

(2) Let B be a finite set of points in a nonorientable surface Sg (k < 0)
and let b = |B|. Then we have

a;(Sk, B; Zs)
1 ifi=—k—1, b=0,
27F 2 ifi=2k+1), k# -1, b=0,
) 2t if i=2(k+1)—b, b#0, b= even,
0 otherwise.

(3) Let B be a finite set of points in a nonorientable surface Si (k < 0)
and let b = |B|. Then, for each odd prime p, we have



70 Distributions of branched surface coverings

Bl | p=2 p=3 p=>5 p=7T p=11 p=13
0 3z 4x 6x 8 12x 14x
1 0 0 0 0 0 0
2 42 93 2515 4927 121211 169213
3 0 9zt 7527 245210 1089216 1859219
4 423 2725 32529 1519213 11011221 2247722
5 0 4526 1275211 906516 10998926 269555231
6 4zt 9927 5125213 54439219 110001131 3234829237
7 0 189z% 20475215 326585122 1099998936 38817779x43
8 45 387z9  81925x'7  1959559x25  110000011z4!  465813517x%9
9 0 765210 327675z 11757305228  1099999989x%6 2147483647155

Table 8.2: The polynomial R gz, (x) for the torus S,

|Bl | p=2 p=3 p=5 p=7 p=11 p=13
0 1 0 0 0 0 0
1 0 1L 1L 1 1L z—1
2 | 222 23 45 6z~ 7 10z—11 12213
3 0 45 1622 36213 100z —21 144225
4 | 2274 8z~ 7 64x—13 216219 1000z —31 1728237
5 0 1629 256217 1296225 10000z~ 41 20736249
6 | 2¢76 322711 1024221 7776z 31 100000z 51 248832461
7 0 64z 13 4096225 46656237 1000000z 61 2085984273
8 | 2278 128215 16384x—29 279936z %3  10000000z~7' 35831808z 8%
9 0 256217 65536733 1679616z %Y 100000000z 81 42998169697

Table 8.3: The polynomial R gz, () for the projective plane S_;

ai(S, B; Zy)
(-1 ifi=pk+2)—2 b=0
p_l 1 Z_p I — Y

Y p i p— 1) ifi=p(k+2)—bp—1)—2, b#0,

0 otherwise.

\

The following can be found in [29].

Theorem 26 ([29]) Let A =D, and p be an odd prime.

(1) Let B be a finite subset of the sphere Sg and let b = |B|. Then
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we have

Cli(So, B; Dp)

(( b o 951 .p -
<2S>p2 2(p—l)b2 1 ifi=bp—1)4+1—-s(p—2)—2p
forlgsng*TlJ,bZ&
— b—2_1

] if i =p (%5%) + 1, b(> 3) is even,
p_

L0 otherwise.

(2) Let B be a finite subset of an orientable surface Sy, (k > 0) and
let b= |B|. Then we have

ai(Ska 37 Dp)
(

(4’“—1)& ifi=2p(k—1)+1,06=0

p _ 1 ) )
(4" =1)p* 2 (p—1)"" ifi=2p(k—1)+b(p—1)+1,
b# 0,

(Qbs)‘lkp%”s‘Z if 1 =2p(k — 1)+ b(p — 1)
_ x(p— 1)1 +1 —s(p—2)
for 1 <s< L%J, b+#0,

p2k+b—2 1

4k(pT) ifi=p2k-1)+2)+1,

b(# 0) is even,
L 0 otherwise,

(3) Let B be a finite set of points in a nonorientable surface Sg (k < 0)
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and let b = |B|. Then we have

al(Sk>B7]D)P)
( p—k—l -1
T if i =1+p(—k—2),0=0,
p—k—2 —1
(25 —2) : if i = 2p(k +2) —2,b=0,
D—
P (0= 0 (F1)) i =p(—k = 2) 4 bp 1)+ L
b#0,
2k —2p " 2(p— 1) ifi=2p(k+2) —2b(p—1) — 2,
p— b # 0’
(2b8) gk ht2s-2 if i = 2p(k +2) —2b(p —1)
(p— 1>b—2$—1 +2s(p —2) — 2,
for 1 <s< L% , 0F#0,
—k+b—2 __ 1
2-%%) if i = p(2k +4 - b) - 2,
p b(# 0) is even,
L 0 otherwise,

From Theorem 26, we have the following.

Corollary 3 Let A=1D, and p be an odd prime.

(1) Let B be a finite set of points in the sphere So and let b = |B|.
Then

Isoc (So, B;D,)

(%]
Z b 25—2( _ 1)b—2s—1 ifb>3
28 p p - 9%
s=1
= Pl (1+(=1)")
p—1 2

0 otherwise.
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|B| p=3 p=>5
0 0 0
1 0 0
2 0 0
3 3 3
4 4z + 1222 6x + 242*
5 45x3 + 4024 12525 + 160z8
6 40zt + 27025 + 12026 15625 + 15002° + 96012
7 56720 + 126027 + 33628 4375219 + 14000213 + 5376216
8 | 364z7 + 453628 4 50402° + 89610 3906211 4+ 700004 + 112000217 + 28672220
|B| p="7 p=11
0 0 0
1 0 0
2 0 0
3 3 3
4 8x + 3626 12z + 6010
5 24527 + 360x12 605z + 1000220
6 40028 + 4410213 + 3240218 146412 + 18150221 + 15000230
7 16807z + 61740219 4+ 27216224 102487222 4 423500231 + 21000040
8 | 19608z1° 4 403368220 + 74088025 + 217728x30
Table 8.4: The polynomial R pp,) (x) for the sphere Sg
|B] p=3 p=>5
0 0 0
1 3:E3 3‘,[5
2 16z% + 62° 246 4+ 1229
3 1086 + 1227 300210 + 48213
4 16027 + 43228 + 2429 624211 + 240024 + 192217
5 1620z + 1440210 + 48z11 1250015 + 16000218 + 768221
6 | 1456210 4+ 9720z + 4320212 4 96213 15624216 4 15000020 + 96000222 + 3072225
|B| p="T p=11
0 0 0
1 327 31t
2 3228 + 18213 4812 4 30221
3 58814 4 108x1Y 1452222 + 300231
4 1600z1° 4 7056220 + 648225 5856223 4 2904032 + 3000x4!
5 4802021 + 70560220 + 388831 292820233 4 48400042 4 30000251
6 | 78432x22 4 864360227 + 635040232 + 23328x37

Table 8.5: The polynomial R pp,)(z) for the torus S;



74 Distributions of branched surface coverings
|B] p=3 p=>5
0 0 0
1 0 0
2 2r72 4 2 2272 4+ g4
3 1826 + g4 30210 4 348
4 722710 4 2628 4 326 240218 4 62212 4 13212
5 240z~ 14 4 270212 4 528 1600226 + 1250220 + 51216
6 | 7202718 41620216 4 2422714 + 11210 9600234 4 15000228 4 1562222 4 205220
|B] p="7T p=11
0 0 0
1 0 0
2 222 + z8 2272 + z10
3 4214 4 512 66222 4 9220
4 504226 4+ 1142—16 4+ 31218 1320242 + 266224 + 91230
5 5040238 4 3430228 4 185x24 220002z~ 62 + 13310244 4 90940
6 | 453602 %0 + 61740240 + 5602230 + 1111230

Table 8.6: The polynomial R pp,)(x) for the projective plane S_;

(2) Let B be a finite set of points in an orientable surface Sy, (k > 0)
and let b = |B|. Then we have

Isoc (S, B; D))

4

2k—2
E 1\ P -1 e
(4F - 1) - if b =0,
(4" 1) p*2(p— 1) if b 0.
]

5]

2
b s 9s_

+ Z <2$)4kp2k+2 2(p_ l)b 25—1
s=1

p2k+b—2 -1 (1 4 (_1)b)
p—1 2

+4*

(3) Let B be a finite set of points in a nonorientable surface Sg (k < 0)
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(Blp) [k=-4 k=-3 k=-2 k=-1 k=0 k=1 k=2 k=3 k=1
©,2) 69 10 1 0 0 0 60 2520 92820
(0,3) 115 12 1 0 0 0 90 9828 996030
(1,2) 0 0 0 0 0 3 135 5103 185898
(1 3) 0 0 0 0 0 3 375 39375 3984375
(2 2) 919 149 23 3 0 22 910 33502 1211470
(2,3) 4021 393 37 3 0 36 3996 407484 40937436

Table 8.7: The number Isoc (S, B;D,) for small k, p and small | B]

and let b = |B|. Then we have
Isoc (S, B; D)

( —k—1 —k—2
pr—1 N B :
27k 2 fb=
| + ( ) - i 0,
k- 2( + (-1)") if b # 0.

ot pap-
i( )ty

4ok pH -1 (1+(-1)")
\ p—l 2

N\

From Theorems 25 and 26, we can make tables 8.1-8.6, and derive
many interesting topological properties of branched regular surface cov-
erings. We list some of them in the following.

A group A action on a surface S is pseudofree if the number of fixed
points of the action is finite, i.e., the cardinality of the set {x € S |
gx = x for some g # id in A} is finite. A group action on a surface is
spherical if the quotient surface of the action is homeomorphic to the
sphere.

1. For any k > 0, there are exactly 4* — 1 nonequivalent connected
unbranched double coverings of Si, and all of their covering surfaces
are Sgk_l.

2. For any surface S, there does not exist a connected branched double
covering of S with odd number of branch points.
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3. For any £ > 0 and even number 2b, b > 1, there are exactly 4*
nonequivalent connected branched double coverings of Sy having given
2b branch points, and all of their covering surfaces are Sojp_1.
4. There exists a unique connected unbranched double covering of the
projective plain S_; up to equivalence, and its covering surface is the
sphere. For any k < —2, there exist 2% — 1 connected unbranched
double coverings of Sy up to equivalence, and one of their covering sur-
faces is the orientable surface S_j;_; and all others are the nonorientable
surface Sa(j1)-
5. For any k < —1 and even number 2b, b > 1, there are exactly 2%
nonequivalent connected branched double coverings of S, having given
2b branch points, and all of their covering surfaces are the nonorientable
surface Sy(p—p1)-
6. Every orientable surface is a branched double covering of the sphere
S?. Every nonorientable surface is a branched double or triple covering
of the projective plane S_; (This is Alexander’s theorem).
7. Let p be prime > 2. Then the dihedral group D, can act freely on
the surface Sy if and only if either K > 1 and k —1 =0 (mod p) or
k<-3and k+2=0 (mod 2p). Moreover,

i.ifk>1,k—1=0 (modp)and k—1#0 (mod 2p), then

Sk/D,, is the nonorientable surface Si—r_,;
ii. if k >2and k—1=0 (mod 2p), then Sk/D, is either the ori-

entable surface Sk—1 41 OT the nonorientable surface Si-r_;
2p P

iii. if Kk < -3 and k+2 =0 (mod 2p), then S;/D, is the nonori-
entable surface S B2y
8. For any prime p > 2, a surface S; has a spherical pseudofree D,-
action if and only if k = (p — 1)m + n, where m,n >0 and m+1 > n.
Moreover, for such a k = (p — 1)m + n, the number of branch points of
the D,-covering p : Sy, — Si/D, =Sy is m +n + 3.
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