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Computationally Efficient Bandwidth Allocation and
Power Control for OFDMA

Didem Kivanc, Guoging Li, and Hui Liu

Abstract—This paper studies the problem of finding an optimal gorithm does not support minimum rate requirements for indi-
subcarrier and power allocation strategy for downlink commu-  vidual users.
nication to multiple users in an orthogonal-frequency-division While OFDMA systems have been proposed, power control

multiplexing-based wireless system. The problem of minimizing . . . -
total power consumption with constraints on bit-error rate and and bandwidth allocation for these systems is still largely un-

transmission rate for users requiring different classes of service €xplored. Code-division multiple-access (CDMA) coding over
is formulated and simple algorithms with good performance are multiple carriers (MC-CDMA) can be used to exploit diversity
derived. The problem of joint allocation is divided into two steps. and eliminate the problem of subcarrier allocation. OFDMA
In the first step, the number of subcarriers that each user will get systems can potentially outperform MC-CDMA since instead

is determined based on the users’ average signal-to-noise ratio. ft it Il sub - h tot it
The algorithm is shown to find the distribution of subcarriers that oftransmiting over alf subcarriers, Users can choose {o transmi

minimizes the total power required when every user experiences OVer their best channels. Rohlireg al. [3] present a simple

a flat-fading channel. In the second stage of the algorithm, it heuristic greedy algorithm, and show that it performs better than
finds the best assignment of subcarriers to users. Two different simple banded OFDMA. Wahlqvist al.[8] show that dynamic
approaches are presented, the rate-craving greedy algorithm resource allocation can improve quality of service.

and the amplitude-craving greedy algorithm. Numerical results . -
demonstrate that the proposed low complexity algorithms offer Efforts to exploit the full extent of centralized resource al-

comparable performance with an existing iterative algorithm. location prove to be computationally hazardous. An innovative

_ Ind_ex Terms—Multiuser, orthogonal-freql_Je_ncy-divisi(_)n mul- ltg)fgt?(ﬁ]u(el_'Il{n)t:gdtl;](i::gr?él\évs]mjlnatg] ;}F;plll_zzllf;géznrg;ﬂég of
tiplexing (OFDM), orthogonal-frequency-division multiplexing AT . ! >
(OFDM)-based frequency-division multiple-access (OFDMA), Optimization is used on an integer parameter, which is “relaxed”
power control, water filling. to take on noninteger values. In this case, the subcarrier assign-
ment functiorp, (n), which yields one when a uskis assigned
subcarriem and zero otherwise, is allowed to take on any value
between zero and one. Despite the significant gain over fixed as-
ITH HIGH-SPEED wireless services increasingly in designment strategies, the algorithm is computationally intensive
mand, there is a need for more throughput per bandwidiind is difficult to implement.
to accommodate more users with higher data rates while reqn this paper, a class of computationally inexpensive methods
taining a guaranteed quality of service. Multiuser power loadirigr power allocation and subcarrier assignment are proposed,
and resource allocation strategies allow available resourcesmigich achieve comparable performance, but do not require
be used more efficiently. In this paper, this problem is explorédtensive computation. A single cell with one base station and
in the context of an orthogonal-frequency-division multiplexingnany mobile stations is considered. The algorithms assume per-
(OFDM)-based frequency-division multiple-access (OFDMAfect information about the channel state due to multipath fading
system. An OFDMA system is defined as one in which eacis well as path loss and shadowing effects, and the presence
user is assigned a subset of the subcarriers for use, and esfch multiple-access protocol which will convey information
carrier is assigned exclusively to one user. about channel state, subcarrier allocation, etc., to and from the
One of the biggest advantages of OFDM systems is the abilifgise station and the mobile stations [10]. Section Il outlines
to allocate power and rate optimally among subcarriers, usitige system model and some known approaches to this problem
“water filling” over the inverse of the channel spectrum. Com{3], [1]. In Section lIl, the algorithms are described: Bandwidth
putationally efficient algorithms exist to perform discrete watesissignment based on signal-to-noise ratio (SNR), rate-craving
filling for single-user communication [2]. Although it is easygreedy (RCG) subcarrier assignment, and amplitude-craving
to devise a multiuser water filling algorithm—just give eaclyreedy (ACG) subcarrier assignment. Section IV presents the
subcarrier to the user with highest gain on it [6], [7]—the alsimulation studies that support these results, and the paper is
concluded with Section V.

. INTRODUCTION
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algorithm, the user requesté, carriers, proportional td*, .
The base station first makes a ligt of favorite subcarriers for
each usek. In each stage, a subcarrier is allocated to the user
with the lowest ratio of allocated to requested carriers, going
down the favorites list for the user. For each uséhnere is also

a list A, of then, carriers already allocated and thg — ny
carriers that could still potentially be allocated. When a user
requests a carrier that is already allocated, the carrier is given
to the user with the highest accumulated relative power loss.
The power lost by uset from not getting a subcarriéf (7) is
defined asl(Vi (i), Vi (5)) = |Hi(Vi(3))|?, whereVi (j) is the
carrier usef will get instead ofV/ (7). The accumulated power

i . ‘ ; : . lossh® . is the sum ofL(V}.(i), Vi(5)) for all carriers lost by

18, ansmission ra oer subcarrier™> 45 userk until that stage, and the accumulated relative power loss

is defined as
Fig. 1. f(r) for P. = 1 x 10~° and continuous approximatiofir) = 5 5
.3 . .
0.60r. p_ RO~ V)P + Moe
ng 9 °
parameters are assumed to be estimated by some other method, n; [k (Ax(n))]

which is not specified in this paper. The system does not em-
ploy spreading in either time or frequency; each subcarrier can3) LR Algorithm: The mixed integer optimization problem
only be used by one user at any given time. Subcarrier allo¢d{1) can be solved using the LR algorithm [1]. The algorithm
tion is performed at the base station and the users are notif@@proaches the solution by slowly increasing the power level
of the carriers chosen for them. After the allocation, each udéf each user. Each user is given a power coeffickntwhich
performs power allocation and bit loading across the subcarriggiermines their transmit power. This is not a cap on the total
allocated to it to find the transmission power. power allocated to the user, but related more closely to the
Consider a system with users andV subcarriers. Each user‘water level” in single-user water filling;, has the dual
k musttransmitatleadt” . bits per unittime. Lef(n) be the role of regulating both the subcarrier allocation and the total
channel gaingy.(n) the transmission power, angl(n) the trans- transmission power for each user. The algorithm iterates, by
mission rate for usek on subcarrien. The quantities are re- incrementing\;, by A\ for the user who needs the rate increase
lated by a functiorf (ry.(n)) = pr(n) | Hx(n)[>. The rate-power the most, reassigning channels, and finding the new rates [1].
function f(-) depends on the minimum bit-error rate that can be Though iterative, this algorithm does converge to a good so-
toleratedP, and the available coding and modulation schemdgtion. Unfortunately, there are drawbacks to this algorithm due
Fig. 1 shows the function used in simulations and the contit® the nonlinear nature of the integer problem. The algorithm
uous function approximation used for some of the algorithmigquires a large number of iterations to converge. When the al-
A subcarrier can transmit at moB,,.,. bits per unit time. gorithm is forced to stop after a fixed number of iterations, even
The objective is to find a subcarrier allocation which allow¥hen the number of iterations is large, the resulting solution is
each user to satisfy its rate requirements while using minimutat close to the final result since the convergence to the optimal

power result is not smooth. The accuracy of the result and the speed
of convergence can be controlled by varying the increrdext
. = = . For smallA )\, the convergence is slow but the result is accurate;
min Pr = Z Z pr(n) s.t. Z (1) 2 Ry, Yk for larger A\, accuracy improves and smaller total power can
n=0 k=0 n=0 . be achieved but at greater cost.
k=1 ) [ll. SENSIBLE GREEDY APPROACH
The problem posed by (1) is computationally intractable, and
whered[] is the Kronecker delta function. as described above, a direct approach to solving it does not yield
a good algorithm. This paper examines two algorithms which
A. Some Previous Approaches use information about users’ channel and rate requirements to

1) Fixed Assignment Methodsthe simplest approach to find a close approximation to the solution.
subcarrier assignment is to ignore channel information and!ntuitively, the problem is separated into two stages.
allocate carriers to users proportional to their rate requirements.1) Resource AllocationDecide the number of subcarriers
Subcarriers can be allocated in consecutive chunks (bands) or each user gets—its bandwidth—based on rate require-
interleaved to improve frequency diversity. ments and the users’ average channel gain.

2) Single-Step Frequency Allocation (SSFA) Algorithiine 2) Subcarrier AllocationUse the result of the resource allo-
simple centralized frequency allocation algorithm proposed in  cation stage and channel information to allocate the sub-
[3] will be referred to as the SSFA algorithm in this paper. In this carriers to the users.
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By solving these subproblems separately, a good, but not necin Appendix A, this algorithm is shown to converge to the
essarily optimal, solution is found which guarantees a certaiistribution of subcarriers among users that solves (3), and thus,

level of service for each user.

A. Resource Allocation Algorithm

(1) for the special case when the subcarriers for a given user all
experience identical fading gain&,(n)|> = Hj, Yk, n given
the following.

In a wireless environment, some users will see alower overall « There is enough bandwidth to satisfy the users’ rate
SNR than other users. These users tend to require the most requirements

power. Studying the subcarrier allocations from the LR algo-

K-1

rithm shows that once users have enough subcarriers to satisfy Z {Rﬁnnw <N,

their minimum rate requirements, giving more subcarriers to

k=0 Rmax

users with lower average SNR helps to reduce the total transmis-

sion power. This section describes the bandwidth assignmen

t* The total power that a user needs decreases as the number

based on SNR (BABS) algorithm which uses the average SNR  ©f subcarriersk allocated increases, i'E\,Ck(mk> =
for each user to decide the number of subcarriers that user will (7% + DS (B /(me + 1)) — mu f(Ruy/ma) is

negative definite.

be assigned.

Cons?der the problem described in Section II, but as- ° This decrease in power is largest when being allocated the
sume that each usek experiences a channel gain of (st subcarrier, and decreases there on, Be.(my) is
H, = Zg;ol |H(n)|> /N) on every subcarrier. Let uniformly increasing ifm;.

userk be allocatedn, subcarriers. When the gain on ever¥
subcarrier is the same, the optimal rate-power allocation is
/my. bits on each subcarrier, resulting in tota

transmit R*

min

The last two conditions are true for fading channels when

1e rate-power functiorf(-) is strictly convex and uniformly
increasing, as shown in Fig. 1.

transmission powetny, f(RE, /my)/Hg. The objective is to B. Subcarrier Assignment Algorithms

find a set ofm,;, subcarrierss = 1,..., K which satisfy

K—1 k
: mg Rmin
min e E—
> e ()
k=0
K-1
s.t. Z mp = N
k=0

Rk
mkE{’Vﬁ“,...,N}./Vk.

Once the number of subcarriers is determined, the next step is
to assign specific subcarriers to users. As shown in Appendix B,
the problem is still difficult to solve since different users see dif-
ferent channels. In this section, two suboptimal algorithms are
proposed to allocate subcarriers to users. The RCG algorithm
begins with an estimate of the users’ transmission rate on each
carrier and aims to maximize the total transmission rate. The
ACG algorithm is a modification of RCG which achieves com-
parable performance at reduced computational complexity.

To find the optimal distribution of subcarriers among users 1) RCG Algorithm: Since the number of subcarriers as-
given the flat channel assumption, a greedy descent al@@yned to usek by the BABS algorithmyn;, must be greater

rithm is proposed, similar to discrete water filling, shown agyan [RE

Algorithm 1.
Algorithm 1 BABS Algorithm
RE.
m,ﬂ—[ﬁ“, k=0,...,K -1

while S5 my > N do
k* «— argmin my
0<k<K-1
s <—0

end while
while Y5 mi < N, do

+1 k.
Gk(—mk+ f<Rmm>

H;, my + 1

mp Rk-
e — ) k=0,..., K-1
ka<mk>’ ’ )

l — argmin Gy
0<k<K—1

my «—my + 1.

end while

% in/ Rmax |, the condition thaEfL_Ol ri(n) > Ry can

be satisfied whenevey §[rr(n)] = myg, andpg(n) is large
enough on each carrier. After the subcarriers are allocated to
the users, the optimal transmission rate for usen carriern

will be 7(n) = f~'(\ |Hi(n)[?), where), is the familiar
“water level” parameter from the single-user water filling
algorithm. Letu[-] be the unit step function. Then the condi-
tion Zﬁz_ol rg(n) > Ry can be replaced by the conditions
> 60[rk(n)] = my andri(n) = ri(n)ulry(n)] whenever
subcarriern is allocated to usek. Since the rate constraint
has been replaced by a power constraint, the objective function
is also transformed from power to rate. This approximation
simplifies the problem slightly, and it becomes a version of the
well-known combinatorial set partitioning problem. Ldtbe

any partition of the set of subcarriefs, ..., N} into K sets,

A1, As, ..., Ax. The problem can be rephrased as
K-—1
max Z Z ri(n)
k=0 {n€A.}
s.t. #AL = my, k=0,...,K -1 (4)

where#.A4;. denotes the cardinatlity of set;..
A IS not known in advance; however, it can be estimated
based on the average SNR. For the model used in simulations
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2 Users Users

J(r) = 0.6r* X; = (Rby,/ Sozy [Hi(m)]) is used, and 1| 2] | 12 o e
ri(n) = |Hi(n)| R,/ S 25 [Hi(m)). wAl@ 23] m]ITE®

Problem (4) can be solved by the following algorithm: w|@|s 3]s 22| X160)| 3 | 5

w w

* Allocate each carrier n to the user -§#i<? - j ; .E#z? - : ;
with maximum transmission rate ri(n). g7 g” O
« While there exists some user k such that 2#5)3 4 |©@)2| £#5)3|4|©) 2
#A, > my, remove a subcarrier from user #6|(®)] 7|86 #6|(®)| 7|8 |6
k and add a subcarrier to a user [ such #7) 2 |3 |(®)] 4 #7023 |(5) 4
that #.4; < wm; using a sequence of real- #s[ 1|5 (D)7 #8115 | XD
locations: give carrier n from user k to

user ki, give carrier ny from user k; to (a) (b)
user ko,..., give carrier n, from user k,

to user l. Fig. 2. Carrier allocation by RCG algrorithm at the end of (a) stage 1 and

(b) the algorithm. The number in colunmin row n is the estimated rate of
) ) ) ) ) ] __transmission of usek on subcarriem, if it is allocated that subcarrier. The
The above algorithm is computationally intensive, since it irvircled rate has been chosen.

volves finding the shortest path throughka-node graph and

recalculating graph weights in each iteration. However, a famitsansmit at some minimum rate, and the goal was simply to max-
of suboptimal rate-craving (RC) algorithms can be found wheiiize the overall volume of data transmitted, there is a simple
algorithm RCp searches for only-stage reallocations, with algorithm which will accomplish this: For each carrierfind

p < K. In particular forp = 1 (nearest neighbors search), th¢he user: —arg max |Hy(n)| with maximum gain on that car-

algorithm can be greatly simplified. The simplified version of
the algorithm is called the RCG algorithm and is outlined iHE" Userk is aIIocated that carrier, and transmits at g,

Algorithm 2. The motivation behind the ACG algorithm (Algorithm 3) is
to use this basic idea but modify it slightly to allow individual

Algorithm 2 RCG Algorithm users to satisfy their minimum service requirements.

Ensure: my is the number of subcar- « Each user can only get;. subcarriers. Once itis allocated
riers allocated to each user, Tk(’n> — mi subcarriers, it cannot bid for any more.
O |Hk.(n)|2) is the estimated trans- » The users’ average channel gains are normalized to one, so
mission rate of user kL on subcarrier n, that users with lower power can have a fair chance when
Cp —{}, for k=0,... K-1. bidding against more powerful users. Otherwise, the re-

for each subcarrier n=0:N—1, do sults of the scheme will resemble a simple banded FDMA

scheme with the most powerful user getting the first block

.* .
k* — argmax 13(n) of subcarriers.

0<k<K-1
o ¢ The carriers are not processed in order (from subcarrier
0to N — 1), but in some random order (e.g., 4, 111, 70,
end for 35,...), to counteract correlation between adjacent subcar-
for all users k such that #Cy > my do rier gains.
while  #Cy > my do
I* «— argmin min  —rg(n) + ri(n) Algorithm 3~ ACG Algorithm
{1:#£C) <my } 0SnEN—1 Ensure: m; is the number of subcar-
n* «— argmin —7rk(n) + r-(n) riers allocated to each user Cr, < {} for
Osn<N-—1 kE=0,..., VK — 1.
Cr —Ce\{n"}, Cpo = Cp- U {n"} for each subcarrier n=0:N-1, do
end while k* « arg max |Hk(n)|2
end for 0<k<K-1

Let #C) denote the cardinality of set
Fig. 2 demonstrates an example run of the algorithm\or ¢,

8 subcarriers and¢ = 4 users which require two subcarriers \yhile (#Cj = my-) do
each. Columns represent different users, rows are different sub-

carriers. The number in row columnk represents an estimate | Hye- (n)|* =0

of the rate at which uset would transmit orw if it were al- k* — argmax |Hy(n)|”
located that carrier. The circled numbers show to whom each Osk<K-1
subcarrier is allocated. end while

2) ACG Algorithm: The aim of the ACG algorithm is to see
if an even simpler algorithm can provide comparable results
to the RCG algorithm. If the individual users do not have toend for

Ck* — Ck* U {TL*}
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TABLE | TABLE I
ORDER OF THECOMPLEXITY OF THE ALGORITHMS SYSTEM PARAMETERS
Method Order of operations Bandwidth 4 MHz
BABS O(KN) No. of subcarriers 512
ACG O(KN) Rate per subcarrier ~ 7.81 KSymbols/s
RCG O(KN + NlogN) Modulation BPSK, QPSK, 16-, 64-QAM
SSFA O(KNlogN + NK) Convolutional codes Rate 1/2, 2/3, 3/4

C. Algorithmic Complexity

In this section, the worst case performance of each algorithm
is studied as a function of the number of uséfs and the
number of subcarrierd/’.

LR: Each iteration of the LR algorithm requirds— m; in-
versions of a nonlinear function, ang, + 1 evaluations off (-)
and f'~1(-), wherem, is the number of subcarriers that is as-
signed to the user being evaluated in that iteration. While these
function evaluations may be performed using table lookup, the o
number of iterations of the algorithm can grow large particu-
larly as the number of users increases and as the users’ powers
become relatively unbalanced. The worst case cost of each iter-
ation isO(NN), but the number of iterations is much greater than
both K and N.

SSFA Algorlthm The algorithm first sorts the users’ Channehg_ 3. Two example channel profiles for parameters used.
gains, O(K Nlog(N)). The algorithm cycles through the
favorites list of each user, which requir@é iterations, with, . L . - .
at most, K comparisons in each iteration. The algorithm i%mesTl and 7 ; are distributed with exponential interarrival
O(KNlogN + KN). Imes

Channel 1

Channel 2

Subcarrier No.

BABS Algorithm: The BABS algorithm iterated times, and A —A(T=Ti 1)
. . . . p(T1|Ti—1 =Ae )
in each stage requires function evaluations an& compar- A a—Te)
isons. The algorithm i€ (K N). NI R Gt

RCG Algorithm: The initialization step requiresKk N T s of ch | i tudied
function evaluations to fine(n), and K N comparisons. The wo sets ot c ) an_ne parameters are S udied. _
second half of the algorithm, which involves the reassignment * Channel 1 is highly uncorrelated with only a single cluster

of subcarriers, can be shown to 8¢ K N + NlogN) overall. atT; = 0 anci_gay arrival parameters = 3.75 x 107,
In practice, the number of subcarriers to be reassigned is A = 3.0 X 1077, _
usually much less thav. » Channel 2is highly correlated with parametBrs- 336 x
ACG Algorithm: The ACG algorithm also iterate¥ times, 1077, 1/% = 168 x 1077, v = 286 x 1077, 1/A =
. . . = -
but with only2K comparisons in each step. It@ K N). 51 x 1077 o _
Table | compares the order of the complexity of different The channel profile is then normalized to model slow
algorithms. fading for users who are distributed with a two-dimensional

Gaussian distribution around the base station. The total
power recgived by the base station from useis given by
IV. SIMULATIONS P, = Y00 H(n)? = Podi®?, whered, is the ratio
. . _distance between the user and the base station to the cell radius.
The system under consideration has parameters givendRoosingP, = 3.578 allows an SNR> 10 dB for 75% of all
Table Il. The channel model used is based on the Salefisars. Two example channel profiles are shown in Fig. 3.
Valenzuela multipath fading model [12]. A double exponential e coding and modulation schemes used are shown in

channel model is used, with independent fading based gpje |1. Adaptive modulation is used both with and without

distance from the base station power loading of subcarriers in simulations. While power-based
oo oo loading increases the throughput, it is computationally costly
h(t) = Z Z Bra€ 1 6(t — Ty — 111) (5) and may not be used in a practical system [11].
t=1 k=0 Three classes of users are considered: data, voice, and video.

Itis assumed that 10% of the users will transmitting video, 40%
where ¢, is uniformly distributed on [0,27), Bk is  will be transmitting voice, and the remaining 50% of the users
Rayleigh distributed with mean square valu&, = will be transmitting data. Video and voice traffic are given a con-
(2(0,0)e~Ti/Te=m1/7, and the cluster and ray arrivalstant transmission rate of 64 and 16 kb/s, respectively, whereas
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°
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| = SSFA with power loading
-8~ BABS+ACG with power loading
§ -6~ BABS+RCG with power loading
) -6 BABS+RC-2 with power loading
R . ; ; : —%— LR with power loading
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Number of Users Number of Users

Fig. 4. Adaptive modulation with water filling outage probability versusrig. 5. Adaptive modulation for Channel 1 with power-based water filling,
number of users. total power transmitted versus number of users, same outage probability for all
methods.

data traffic is assumed to be exponentially distributed, with a L ; ‘ ’ ' ; !
mean of 30 kb/s.

In simulations, the sensible greedy algorithms, BABS
with ACG subcarrier assignment (BABS-ACG), BABS with
RCG subcarrier assignment (BABS-RCG), and BABS-RC-2,
described in Section lll, are compared to the SSFA and the
LR algorithm described in Section II-A. To speed up the
LR algorithm, the nonlinear function inversion have been
implemented through table lookup, and constraints relaxed to
pr(n) € {0,1/2,1} during iterations, but only integer values
are retained in the final solution [1]. As in [1], all algorithms

Total Transmission Power (F1'.)

3

Cieeeeees T —+ SSFA w/o power loading

are followed by running the single-user power allocation o e 5~ BABS+ACG wio power loading

. . . . R . ) -6- BABS+RCG w/o pcwerloadqg
algorithm for each user. A slightly modified version of the RCG & BABSIRC 2 wo powerloading
algorithm, which searches all two-step reallocation procedures 0 2 @ @ 0 & 70 8% % 10

Number of Users

as well as the one-step reallocations searched by RCG was
also implemented. This algorithm is labeled RC-2, and sin€®.6. Adaptive modulation for Channel 1 without power-based water filling,
it is closer to the full search required by the RCG algorithm, ﬁ?talhp?jwertransmitted versus number of users, same outage probability for all
results in a better subcarrier distribution. methods.

The algorithms are compared based on three criteria: the —— T
probability that a usek is transmitting less thaR” . bits per BRI ’
unit time, the total transmission powé¥-, and the computa-
tional complexity used in central processing unit (CPU) cycles.
A total of 1x10* frames are simulated, each with a different i R
channel response and user profile.

The outage probability is about the same for all channel
and subcarrier loading strategies used. The probability for
Channel 1, with power loading is shown in Fig. 4. As shown,
the outage probability of LR is 2—3 times that of BABS and
SSFA. The relaxation of thg.(n) parameter causes a problem

Total Transmission Power (E',)

<
T

here, and a user which attains its rate by sharing subcarriersmay (=~ o BABSYACG wi power acing

-©- BABS+RCG with power loading
| - BABS+RC-2 with power loading

end up with too few when the integer constraint is tightened. : &~ BABSHRC-2 i s
The outage probability of the greedy algorithms depends only T R T T
on the number of subcarriers allocated to each user in the BABS umerof ises

algorithm, since there is no constraint on power. While thgy. 7. Adaptive modulation for Channel 2 with water filling, total power
outage probability of SSFA is higher, the total number of bitsansmitted versus number of users, same outage probability for all methods.
transmitted per unit time is the same for SSFA and the BABS

algorithms. By isolating resource assignment from subcarrierThe discrepancy between the outage probabilities makes it
assignment, the BABS algorithm allows the system designerdificult to compare different methods based on total power
decide whether to drop users or reduce rates, and who to dreguirements, since the LR algorithm simply “drops” users
based on fairness and other requirements. with high power requirements, resulting in much lower total
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<
T

Total Transmission Power (PY)

<

—»— SSFA w/o power loading —*— SSFA
-8- BABS+ACG w/o power loading -8- BABS+ACG
-o- BABS+RCG w/o power loading 10 -6- BABS+RCG
7| <o~ BABS+RC-2 w/o power loading . : ~6- BABS+RC-2
—*— LR w/o power loading : : ; : -+ LR .

L T T T
60 70 80 90 100 20 40 60 80 100 120

50
Number of Users Number of Subcarriers

) i L L
10 20 30 40

Fig. 8. Adaptive modulation for Channel 2 without water filling, total powerig. 10. Adaptive modulation with water filling, average CPU time required
transmitted versus number of users, same outage probability for all methodgersus number of subcarriers (ten users).

Step 2 is not very large, and the algorithm executes much more
quickly than could be expected. The two methods were coded in
C, the platform for implementation was an AMD Duron-based
R personal computer running Linux with 42.9 SPECint_95 and
29.4 SPECfp_95 ratings. The algorithms were tested on the
same 300 channel conditions and rate requirements. Plots of the
required CPU time show that both greedy algorithms perform
an order of magnitude faster than the iterative LR algorithm,
but BABS-ACG performs about twice as fast as BABS-RCG,
demonstrating that the worst case performance is a pessimistic
lower bound for the RCG algorithm. The SSFA algorithm
= axpswace is about twice as slow as the others, and has about the same

-©- BABS+RCG

3 BRBSTRC2 computational complexity as BABS-RC-2.

T
. 50 60 70 80 90 100
Number of Users

10 20 30 40

V. CONCLUSION
Fig. 9. Adaptive modulation with water filling, average CPU time required . . . .
versus number of users (128 subcarriers). Fast and efficient multiple-access algorithms allow mobile

networks to adapt quickly to changes in the environment. In
... this paper, a computationally efficient class of algorithms for

first to determine the rates that the algorith Id r‘ﬁllocating subcarriers and power among users in a multicar-
was run first to determine the rates that the aigorithm cou Sﬁrér system has been described. Dividing the problem into two

Isty. Thenf SSH': A, BABS;]ACG’ IBAB;.RCG’,[ a?d BABtSt'hRC'Zstages enabled the design of algorithms with low computational
were run for the same channel condaitions, to transmit the sa%Efnplexity, which operate well under realistic channel and data

rates (Figs. 5-8). The LR and RC-2 algorithms require lowﬁ%lﬁic assumptions. This approach allows efficient use of system

sower. ][n certain Cﬁses, RhQ -2 finds a better allgc:;:tlonﬁthan ¢ sources in terms of transmission power, bandwidth efficiency,
ue to factors such as a highi parameter, and the effect o and computational time. Simulations show that the algorithms

first _allciwmg _us?rs to sh%r]e %itgesrthggn alllloc_?glngf_th; sharg Id low outage probability and low power requirements at rea-
carrier to a single user. ine ) aigoritnm finds goog,n4pe complexity, showing that a good resource allocation

allocations for channels with low subcarrier correlation, but nQ rategy can be achieved by efficient algorithms in a practical
Eéghalnne_lhz, vyhere t?]e nearhest nelgrr]]b;rs siearch usE_d bif Stem. The feasibility of the algorithms will depend on factors
algorit rITI] IS n_ot t OLougAggolgg 2 Iy a sc;] searfl: f,mg Qich as how quickly the channel varies, the accuracy and over-
twc;)—stage reI? oc?tlons_,ﬂt_] € | R&-ca gBO ”tth rg :g S '/2 CsGﬁead of the channel estimation algorithm, and the latency in the
subcarner aflocation With Very low power. 50 ) multiple-access protocol. The interaction of power and rate con-

and_ BABS-RCG do considerably better Fhan SSFA. _ trol protocols with such factors is a course for further study.
Figs. 9 and 10 compare the computational complexity of the

algorithms. These plots aid the comparison in two respects.
First, the number of iterations required by the LR algorithm is
difficult to predict, and thus, a theoretical comparison is not
possible. Second, while the upper bound for the number ofAssumption: (my+1)f(RE . /(m+1))—my f(RE . /my)
iterations the RCG algorithm requires@ KN + NlogN), is a negative definite, monotonically increasing functiomof
in practice, the number of subcarrier reassignments requiredan all usersk.

APPENDIX A
PROOFTHAT THE BABS ALGORITHM IS OPTIMAL
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Let {m;} be the distribution of carriers found by the Form a list of subcarriersS(,,.) and users{r): Start with

algorithm, define Gr(m) = (m/Hy)f(RE, /m). As-
sume that there exists another distributi¢n,} such that
SR Grlng) < SR G (my.), which differs from{my, } in
at least one term. Thetp, ¢ such that, > m, andn, < m,.
By assumption(, (mq+1) — G,(mg) > G4(ng+1)—Gy(ny)

Scar = {} @and Sy = {n1}. Let kpext = T'(n1,2). Find an
occurrence ok« in column 1 (rowns). Add ns to S, and
knext 10 St1. Let kpext = T'(n2,2), and continue untik,ex; =
T(nl, 1)

The lists,S...,- andS, are ordered so that..,.(k) € Asy (k)

andG,(m,) — Gp(m, — 1) < Gp(ny) — Gp(n, — 1). Scar(k) € Bsy(kt+1), and Su(k) # Su(k + 1), for k

Since distribution{n,} is optimal if a carrier is reassignedl, ... N’. Since every: must appear in both columns at least
from userp to usery, the total power will increase, i.€z,(n,+ once andA # B, N’ > 2.
1) — G4(ng) > Gp(ny) — Gp(n, — 1). Thus,Gy(mg + 1) — Lemma 2: Let.A° denote the partition at the end of Stage 1.
Gy(my) > G,(m,) — Gp(m, —1). But at some stage in the al-The updated graph after theth iteration of the second step,
gorithm, usep was allocated one final carrier, and at that stagé(.A*) does not contain any circuits with negative weight.
userp hadm, = m, carriers and userhadm, < m, carriers. As a result, a standard shortest path algorithm, such as the
By virtue of the algorithm and the assumption Ford—Bellman algorithm, will find the minimum weight path
from nodek to a nodd such that#.A4; < m;.

Proof (by Induction): ConsiderG(.A°). A link connecting

11 toly will have weightr;, (n)—r, (n), which is strictly positive
because the algorithm is greedy. Since no ling{m°) can have
Thus, there is a contradiction. The BABS algorithm finds a miregative weight, no circuit can have negative total weight.

imum power subcarrier allocation for flat-fading channels. Assume that after the/ — 1th iteration of Step 2, the graph
does not contain any circuits with negative weight. TiHéh it-

eration of the algorithm chooses the p&h= (r1,72,...,7R).
Assume there exists a circuit = (c1,¢2,...,¢c,c¢1) ON
G(AM) with negative weight. Sinc€ is not onG(AM~1),

A particular interpretation of the problem and the pseudocodes € (R N C). Without loss of generality, assumg = c;.
in Section I11-B1 is used to derive the RCG algorithm. In thi€arriern is assigned fromy_; to ¢; in R, and frome; to c;
section, this algorithm is described and proven to find the alli C.

Gp(myp) — Gp(my — 1) 2Gy(my + 1) — Gp(my)
>Gy(mg + 1) = Gy(my).

APPENDIX B
OPTIMAL RATE-CRAVING ALGORITHM

cation with maximum transmission rate. R is the minimum weight path fromr fto rg
Let .A be a partition of subcarriergl,..., N} into K sets by definition of the algorithm. But consider the
Ai,..., Ak (an allocation ofN subcarriers ta&k users). De- path RUC = {ris . rq—1.c2, .. cosc1,Tgq1 )

fine G(A) = (V, E(A)) to be a directed graph with’ nodes Rate(R UC) =Rate(R) + Rate(C) < Rate(R). This raises
and K (K — 1) edges. Each noderepresents a set,, of the a contradiction.

partition (a user). Each edge ; represents taking some sub-  Proof of the Theorem:Suppose a partitios maximizes
carrier n. from nodek and reassigning it to nodeand has Rate(B) > Rate(AM) and3 ny € A}, whereny ¢ Bi.
weight w(ey ;) :Tg}‘l re(n) — 7(n), since this is the rate Then, by Lemma 13P subcarriersyy, . .., np such that, €

1 5
lost if the reallocation is carried out. Any path through thié“k

andny, € By, wherell(k) # k. SinceB has the max-
graph is denoted by a string of nodks k-, ..., kp. Define

Rate(A) =300 Y e, 7k(n).

Theorem: The following algorithm results in the partition of

N subcarriers intd sets.4; such that each sed; contains
exactlym;, subcarriers an®Rate(.A) is maximized.

1) Initialize the partition4 by assigning subcarrierto user
k* =argmax ri(n).

2) While th]ére exists a node (usérsuch thatt A, > my,
follow the minimum weight reassignment §(.4) from
nodek to any nodd such that#.A4; < m;, updateG(A).

Lemma 1: For any two partitionsd andB of N subcarriers

into K sets such tha#. A, = #B;. Vk, if 3n; € Ay such that
ny ¢ By, thenthere exis® < P < K subcarriersi, € A, and

ng € By fork =1,2,..., P, wherell is some permutation

of (1,2,..., P) such thafll(k) # k.

Proof (by Construction):Construct a table wittV rows,
and two columns. The first column of rowcontainsk 4 such
that subcarrier € A;,; the second column contairtg; such
thatr € Bg,. Let T(n,q) denote the element in row and

columng. Cross out all rows of the table which have the same

numberk in both columns.

Imum rate

P

k=1

P
> rngy (k) > (6)
k=1

ConsiderG(AM), where M is the last iteration of Step 2.
From (6), ni,(n1), TO(II(n1)),..., I(I(...II(ny)...))
form a circuit with negative weight on this graph. But by
Lemma 2, a circuit with negative weight cannot exists. Thus,
there is no subcarrier allocation which has a higher rate than
AM
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