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Adaptive Games for Agile Spectrum Access
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Duo Zhang, Member, IEEE, and Zhi Tian, Senior Member, IEEE

Abstract—For dynamic spectrum allocation (DSA), distributed
game has emerged as an attractive approach that enhances radio
spectrum utilization efficiency at scalable complexity in network
size. Cognitive radios act as game players to judiciously decide
their transmission power spectrum density (TPSD) based on
channel state information (CSI), which is generally estimated
independently from the DSA games and may cause large com-
putational and communication overheads. Particularly in the
presence of doubly selective fading channels, a conventional DSA
game needs to re-train the channel estimator and re-calculate
the TPSD decisions for every transmission burst. To enable DSA
intelligence at affordable costs, this paper proposes novel adaptive
DSA algorithms based on channel tracking. Under the framework
of extended Kalman filter (EKF), both the unknown CSI and the
TPSD are modeled into a state vector that is to be tracked dynam-
ically. This approach leads to EKF-based adaptive games that
jointly track the CSI and update TPSD decisions, resulting in fast
convergence and reduced communication overhead. Simulations
are performed to testify the effectiveness of the proposed DSA
algorithms, in terms of the achieved system spectrum efficiency,
communication overhead, as well as resilience to user mobility.

Index Terms—Channel tracking, distributed game, doubly selec-
tive fading, dynamic spectrum allocation, extended Kalman filter.

1. INTRODUCTION

N THE emerging wireless access paradigm of dynamic
I spectrum allocation (DSA), spectrum-agile cognitive radios
(CRs) opportunistically gain access to temporarily unused
frequency bands in order to improve the network spectral
efficiency [1], [2]. A popular approach to DSA is via distributed
games, which yield efficient radio resource allocation at scal-
able complexity in the network size [2]. CRs are self-interested
game players, each of which optimizes its local utility function
by taking action from the action space defined by available
spectrum and allowable transmission power. DSA boils down
to determining the transmission power spectral density (TPSD)
of each CR for efficient spectrum utilization.

Recent research on the game approach to DSA has focused
on the game-theoretic and information-theoretic aspects, which
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reveal the achievable rates on spectral efficiency, and enhance-
ment strategies for designing local utility functions [3]-[5].
These works rely on perfect channel state information (CSI),
and largely ignore the communication overhead incurred by dy-
namic gaming. In practice, the distributed nature of game-based
DSA gives rise to a number of implementation challenges in
terms of communication burdens, computational complexity,
and the need for fast channel acquisition. Game players make
individual TPSD decisions, broadcast messages (e.g., TPSD
decisions and/or interference prices [4]) via a common control
channel, and may iterate the process through multiple rounds
until convergence. This process causes a heavy communication
burden on the control channel, which has been recognized as a
bottleneck in implementing DSA. This problem is particularly
aggravated in high-rate mobile systems experiencing doubly
selective fading channels. DSA iterations have to converge
within the time limitation of an invariant fading block [5]. For
practical DSA schemes, it is essential to alleviate the commu-
nication burden over the control channel.

Agile spectrum access relies on spectrum sensing to obtain
knowledge of the wireless environments. A CR needs to con-
stantly monitor the dynamics of fading channels, while making
decisions on its TPSD instantaneously. Constrained by limited
power, the CR must balance its power usage between that for
channel sensing and for data transmission, and thus cannot af-
ford much computational complexity on game-oriented CSI es-
timation in practice. Furthermore, the CSI estimation errors may
impact the game outcome [6], which has to be properly ac-
counted for in order to identify practical transmission policies
and channel estimation techniques that retain the benefits of
DSA.

To cope with the aforementioned physical-layer challenges
in DSA, this paper develops adaptive DSA schemes that ac-
count for the communication needs of dynamic sensing and
gaming at practical complexity. We consider a distributed CR
network in the presence of doubly selective fading channels.
To expedite the convergence speed of DSA games in such un-
known channels, we resort to Kalman filtering (KF) to adap-
tively track the channel dynamics and then incorporate the pre-
dicted CSI into the decision making process of DSA games. The
KF techniques have been extensively studied for channel pre-
diction and estimation of frequency selective fading channels,
working well in both time domain (TD) [7] and frequency do-
main (FD) [8]. Tailoring to the need of CR applications, our goal
here is not just to estimate and track the channel information, but
to ultimately reach distributed TPSD decisions that adapt to the
varying fading channels. To this end, we propose an extended
Kalman filter (EKF) approach that incorporates the TPSD into
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its state vector. The state-space equation with respect to the
TPSD is derived from optimal water-filling power allocation
in the frequency domain [5], which is nonlinear in nature. Two
low-complexity DSA algorithms are then designed: an EKF-as-
sisted game (EKFG) and an EKF-updated game (EKFUG). Both
DSA algorithms make adaptive TPSD decisions based on new
channel updates and past decisions, which result in fast conver-
gence and thus save communication and computational over-
head.

The rest of the paper is organized as follows. Section II out-
lines the system model and provides a primitive on game-based
DSA under known CSI. Section III derives the state-space equa-
tion and measurement equation for the joint TPSD decision
and channel tracking problem. A set of adaptive DSA algo-
rithms are proposed subsequently, including EKFG, EKFUG,
as well as some variants such as frequency-domain KF game
(FDKFG). Section IV provides simulation results to compare
the proposed DSA algorithms with both the ideal game (IG)
under perfect CSI and a non-adaptive game based on linear
MMSE (LMMSEG) channel estimation [6]. Concluding re-
marks follow in Section V.

Notation: (-)*, ()T, (-)# and (- )" denote conjugate, trans-
pose, Hermitian transpose, and matrix pseudo-inverse, respec-
tively. E{-} stands for expectation. CA/(u; Y') denotes complex
Gaussian distribution with mean vector g and covariance ma-
trix Y. I, denotes the identity matrix of size M; 0p;x n and
15« n denote an M x N all-zero and all-one matrix, respec-
tively. vec(xy, . ..,xps) denotes [x7, ..., xT."]; [-], denotes
the pth entry of a vector; [X],,..., denotes a vector composed by
pth to gth entries of a vector x; and [ -], , denotes the (p, ¢)th
entry of a matrix. (X)* denotes a matrix whose (p, ¢)th entry
is max{[X], ¢,0}; The symbol ® denotes Kronecker product;
X ®Y and X © Y denote element-by-element multiplication
and division, respectively.

II. MODELING AND PROBLEM STATEMENT

A. Multi-CR System in Doubly-Selective Fading Channels

Consider a network of spectrum-agile users sharing access to
a total of By, Hz in the frequency range [f8, ff(,/]. Depending
on the frequency locations of active legacy users, the radio spec-
trum is segmented into Ny consecutive yet non-overlapping fre-
quency bands. The kth band is located at [f7, f7 ], with center
frequency fr = (ff,,+f¢)/2 and bandwidth B, = ff, - f},
k=0,...,Ny— 1
Through medium access control, active CR users may reg-
ister through a control channel and perform DSA within each
session during which the user distribution remains unchanged.
Suppose that there are N, users in the session, and the ses-
sion time is much longer than the channel coherence time. Each
cognitive user corresponds to one pair of unicast transmitting
and receiving nodes. For notational convenience, the mth CR
user, the jth transmitter, and the mth receiver are denoted as
CR.,,, Tx; and Rx,,, respectively. Focusing on the process of
DSA, this sequel adopts the following assumptions.
* The channel delay spread is bounded by 7,ax, while the
maximum Doppler frequency is f{gj ™) on the link between
Tx; and Rxy,.

» Without loss of generality, the V¢ frequency bands are
partitioned such that the PSD of the channel response is
smooth and almost flat within each band, i.e., By is no
greater than the coherence bandwidth 1/7ax, Vk. The
bandwidths {Bk} P 0_ are not necessarlly equal.

* The frequency boundaries { fk} ko are known to the CRs,
either as a priori knowledge or having been estimated via
spectral detection and classification techniques [2], [8].

e There is no central spectrum controller in the network,
mandating distributed DSA. Each cognitive receiver Rx,,,
estimates the received signal PSD, decides on the TPSD,
and feeds the decisions back to its dedicated transmitter
Tx,, via a perfect feedback channel.

To account for high-rate transmissions and user mobility, the
propagating channels are modeled as doubly selective fading
channels. Corresponding to all the (Tx;, Rx,, ) pairs, there are a
total of Ng wireless links, of which V,, are dedicated data chan-
nels and the rest are interference channels [2]. Reflecting fre-
quency selectivity, the channel impulse response between Tx;
and Rx,, is expressed by [8], [12]

Z Ry s(r —1T) (1)

Jm)

where T' = 1/Biot and L is an upper bound of the multipath
number (€.g., Tmax < (L—1)T"). The channel taps 715_];“), Vi, are
typically assumed to be low-pass zero-mean circular complex
Gaussian processes.

We adopt the commonly-used block fading model in which
the channel response is treated as invariant within each block.
We limit our treatment on time selectivity to block-by-block
slow fading. The block size is given by N, = |T,/T], where
T, is the channel coherence time. Let hU™)(¢; f) denote the
Fourier transform (FT) of 7L(jm’)(t; 7) in (1) with respect to 7.
Sampling at ¢ = nTy (n = 1,2,...) and f = fr (k =
0,...,Ny — 1), the discrete frequency-domain (FD) channel
response of the (Tx;, Rx,,) link on the kth band at the nth time
block is given by

hgm)(k) = h(jm)(nTb; fr) = fkThf;jm) )
where fj, := [1,e —j2nTfi e —j2nT fr(L— 1)]T and h(Jm) _
[hn]q’ff) . ,hgl];:)L_l] . Deﬁmng F = [fy,...,fx, 1]7 and
HI™ = [h™(0),... h™ (N; — 1)]T, we express the

channel transfer function at the nth block as

HU™ = Fhi™) 3)

In the presence of mobility-induced Doppler shifts, the
channel dynamics can be modeled by an auto-regressive (AR)
process [10]. A pth-order AR model on ™ is given by [12]

p

i=1

+ Q(jm)ug{’:) 4)

where ugf ™ jsan L x 1 complex Gaussian noise vector obeying

CN(0rx1, IL) In the time domain (TD), documented experi-
ments suggest that the AR parameters Agj ™) and QU™ can be
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Slot#1 ... Slot#N,
CR#1 { | CR#Ny, | Du
transmits | ... | ransmits | S | Each user transmits its estimated TPSD
pilots | pilots play
! | games |
Fig. 1. Transmission scheme of an NV,,-CR system: nth block.

obtained by solving a standard Yule-Walker equation based on
the correlation matrices Dg m)( -) defined by [10]

[Py -] =B {5 (R05)) '}
= ¢mAlm), )
where ¢ ff;n) is the correlation factor of the tap gain, Ag{ n), =

Jo(2m(n — ') f"™T;), and Jo( - ) is the zeroth-order Bessel
function of the first kind. The TD AR models in (4) and (5) form
the basis for accurately describing the physical channels in the
frequency domain.

We collect the TD channel taps over every p
consecutive blocks into a state vector X7 =
(W™, Y™ )T)T. Following  (4),  x¢m
obeys a state-space equation in the form

ng:'z) (I,(Jm) (Jm) +A(Jm) (Jm) (©6)
: (3m) (3m) :
where <I>(jm) = —Zy —Ay ), ZH™ =

(jm) G N Skl Dt

AY™ AT and AY™ = [(QU™)T, 01 (p-1y2] "

B. Transmission Scheme

In the distributed game approach to DSA, each CR makes de-
cisions on its own transmission power spectrum density (TPSD)
based on the CSI of all the NV,, channels sensed at its receiver. To
acquire such CSI, we adopt a pilot-based transmission scheme
depicted in Fig. 1. During each session, active CRs coarsely syn-
chronize through a control channel and start block transmission.
At the beginning of each block, CRs take turns to transmit pilots
one user at a time, while all other transmitters are silent. After
all N, users have transmitted, each of the N, receivers will
have acquired the CSI on all received channels. Multi-player
gaming is performed to determine the preferred TPSD of each
CR, which will be used in the ensuing information data trans-
mission within this block.

Suppose that each user transmits M’ pilot symbols per block,
followed by L — 1 zeros padded at the tail of the pilots to guard
against inter-user interference caused by multipath. It is thus
required that M N,, < Np, where M = M’ + L — 1. Let us
collect the pilot symbols of Tx; at the nth block by an M’ x
1 vector p&) = [p(0),...,p¥ (M’ — 1)]T. The ith pilot
symbol received at Rx,, from Tx; is given by

Jm)

Z EP R o0 (T = 1T) + w§™ (i)

N
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where E(] ) is the pilot transmission power and w is
the 0bservat10n}n01se Accordingly, the received sample vector
ygpg) = ™M = 1),..,y8™(0)]7 is related to the
unknown channel state vector ngx) by

(JM)(Z)

v =

where \Ilgéj) \/E,Sj)[[[ (j)]zu-q-L 1M [P (j)]L a7,

0rx(p—1)z] is the M x pL transmission matrix built on the
zero-prefixed vector pY) = [01x(2—1); (p%)) O1x—nl*,
and W(]m) = [w§™ (M = 1),...,w¥™(0)]7 is the complex

s Wn

Gaussmn noise obeying CN(0, ng m)).

T Tn

C. Preliminaries on Game-Based DSA and Problem Statement

For each CR,,, the TPSD distribution can be specified by a
vector si™ 1= [s&™(0), ..., s&™ (N; — 1)]7, where s&™ (k)
denotes the TPSD allocated to the kth band at the nth block.
LetB :=[By,...,B Nf_l]T and P(™) denote the total transmit
power of CR,,. Under a game framework, the action space of
CR,, is defined by allowable 552") subject to the power con-
straint BTs%m) = P(m) ‘When the FD CSI is known, each CR,.
locally maximizes the utility defined by its information-theo-
retic data rate over all Ny bands [2]

Np—1
max E By
S(m)

n k=0

s (k)™ (k) 2 71
n (k) + 32 55 (K) ™ (k) |2

) ©)

where n.(™) (k) is the ambient noise spectrum and the SNR gap
I" is a scalar constant [2]. Each CR makes its own decision on

™) based on 1ts own objective, but implicitly interacts with
other users via { i } jm, until reaching a Nash Equilibrium, if
existent [5].

There are a variety of game types, among which we con-
sider games of complete information. This means that all the
parameters (power constraints, channel gains, etc.) are common
knowledge to all users in the system [3]. In practice, some of
these parameters have to be measured, and the corresponding
measurements must be exchanged among the CRs. In a con-
ventional one-shot game, each CR chooses its power allocation
once and for all, which incurs minimal communication over-
head, but may not attain high sum utility. In an iterative game,
CRs take turns to make individual TPSD decisions via (9) once
per user in each iteration of the game, broadcast messages/de-
cisions via a common control channel, and repeat multiple it-
erations until convergence. DSA via iterative games enhances
the system capacity over one-shot games. However, it causes a
heavy communication burden on the control channel.

The goal of this paper is to derive optimal solutions to ac-
quiring the CSI estimates needed for DSA among mutiple CRs.
In a general setup, each CR does not know the CSI a priori, but
just knows the measurements ygf :7) that relate to TD CSI via
(8). Particularly when an iterative game is adopted for DSA in
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the presence of slowly time-varying channels, we develop adap-
tive means for joint CSI tracking and TPSD updating via ex-
tended Kalman filtering. The proposed techniques save compu-
tational load via adaptive processing, and result in fast conver-
gence via joint updating of both CSI and TPSD, which in turn
reduces the communication overhead incurred during the tran-
sient phase of iterative games.

To facilitate the CSI estimation and TPSD decision making
process, we also suggest a general transmission structure
depicted in Fig. 1. Our focus here is to identify an enabling
transmission scheme for practical multi-CR games in a gen-
eral manner, rather than to advocate a specific pilot pattern
or a transmission format for some specific system architec-
ture such as CDMA or OFDM. Nevertheless, for a specific
system (including CDMA and OFDM), once the corresponding
pilot-pattern matrix \Ilgz ) and the observation equation (8) are
formulated, our proposed DSA algorithms directly apply.

There are some other forms of games such as simultaneous
games and repeated games, which may entail different gaming
processes and communication loads. Nevertheless, the channel
tracking scheme developed in this paper is directly applicable
to other games, whenever CSI becomes relevant as in (9).

III. EKF-BASED ADAPTIVE DSA GAMES

This section presents an extended Kalman filter (EKF) ap-
proach that jointly handles channel tracking and adaptive TPSD
decisions. Frequency-domain state equation and measurement
equation are derived to form the basis of EKF games. A de-
composition strategy is introduced to reduce the computational
load of the EKF. Based on the decomposed EKF, two low-com-
plexity game-based adaptive DSA algorithms are presented, and
their computational complexities are quantified.

A. Channel Tracking via Frequency-Domain Kalman Filter

To track time-varying fading channels, time domain Kalman
filter (TDKF) has been widely used. The TD state-space (6)
and measurement (8) together define a TDKF engine for
tracking the state vector ng ™) containing TD CSI. Since
our goal here is to determine the TPSD in the frequency
domain, we want to develop an equivalent FDKF for esti-
mating FD CSI. To this end, we define an FD state vector
x9™ = [(HY™)T .. (HY™) )T]T. Note from (3) that

F.n n ’ ) n—p+1
H§jm> is nothing but the FT of hi™. Thus, it holds that
ng:@) = (Ip®F)ng;n) and ng,:f) = (L, F")x} (]m) . Defining

¥ g) = \Ilgf )( I,® FT), the FD measurement equatlon arises
from (8) as

y(T ) _ \I,(J) (Jm)+

(Jm)'

(10)

Multiplying (I, ® F) on both sides of (6), we obtain the FD
state-space equation as follows:

Xm = @UmXY™ | Al (1
where @™ = (I, @ F)®Y™ (I,  F') and AY™ := (I, ®
)A(Jm)

With (10) and (11) in place, an FD tracker for updatln the FD

CSI x% n) can be derived from the standard KF. Let 33/ F nln—1

and 3Y m‘)n denote the predicted and updated covariance ma-
trices of the predicted and updated FD CSI vectors Y m‘)n 1
and X(J ™) respectively, and K(] ™) denote the Kalman gain.

Fon|n

The followmg FDKEF procedure arlses

FDKF Algorithm for Estimating FD CSI

Predict : x%n‘)n 1—<I><Jm) ;{:)l‘n L
NH
(Gm) (Gm) s (3m) (Gm)
Z)Fj‘,n‘n—l QJ 2Fj‘n 1|n— 1((§I}{ )
- A (agm)”
(Gm) _ g gim) DN L om)
Update : HJ \I’ﬁ FJn|n 1(‘1’#) +Qr
H ) .
A(m) A(m)
XI;Zn|n X;n]n 1

F Fn|n1

_ K(F]‘ZL)‘II(F])) E(Jm)

Fn|n-1

LK (g

Egrfn = (IPNf

_gWglm) )

(Nn)

Apparently, another approach to track the FD CSIx., ” is to

first perform TDKF for updating X(T n), followed by applying

FT in the form of x;ﬁr:) = (I, ® F)xy (™) 1t can be shown
that these two approaches are equlvalent Wh11e the TDKF ap-
proach has computational advantages over FDKF. Nevertheless,
the intermediate steps in FDKF are useful in constructing en-
suing joint TPSD and channel tracking schemes that operate in
the frequency domain.

B. TPSD Tracking via Extended Kalman Filter

Tailoring to DSA needs, we next expand the FDKF struc-
ture to incorporate the TPSD vector s&m) into the state
vector. By doing so, CRs will be able to make TPSD de-
cisions adaptively by tracking the expanded state vector
via KF. As we will show later, the state equation for s,({n)
turns out to be nonlinear in FD CSI, which motivates EKF.
Since EKF involves state-vector derivatives defined only for
real-valued variables, we would partition the channel state
vector into real and imaginary parts. Adopting the operator

x = [Re{x}T,Im{x}T])T, we define for each CR,, an
expanded joint state vector xg"gl = (s (m))T7(xg’2 7T,
where X%J = [(~<1_Zl)) ey (X <N“m)) |7 collects all the

FD CSI vectors related to Rx,,. Slmllarly, we collect all

the measurements received by Rx,, into a composite vector
(m) . _ (Im)\T (Num)\T1T 1 ab-
Yen = [(Yrn ) AP (Yo, )T]T. In mathematical ab

straction, we denote the mapping from state x%mz , to state

() (m) (m)

X, and the mapping from xj;  to measurements y ;; , as

xg = (1 UG,

v = (8 W) (12)

respectively, whereU(m) =[(a (1m)) ) - (ﬁ(TfV,;‘m))T]T and
m 1Im
wi = (W)

cey

(@,

EEEE) Tn
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The closed-form expressions for the mapping functions ¢( - )
and ¢( -) in (12) will be presented in Section III.C. Assuming
they are known and noting the nonlinear nature of ¢( - ), an EKF
can be directly applied to not only update all the FD CSI esti-

mates &E;"n) tracked by Rx,,, but also predict the TPSD é£{">
to be used by Tx,,. Let Tgn) (T%") = (1/2)Izn,r) and
an) denote the covariance matrices of the stacked noise vec-
tors U(Emz and W(Eﬁz, respectively. A TPSD tracker is given by
the following standard EKF steps.

EKF Algorithm for Jointly Tracking TPSD and CSI

Predict : X0,y = ¢ (K5, . uffl)) g (130
En"
) = 9¢ /0% 13b
En QS/ XE (;‘((m) ( )
En—1|n—1’
AYY = g /oU) 13
En ¢/ E.n (*(m) ( C)
Eon—1|n—1
$1(m) _ ™ (m) (m)\H
2E’,n |n—1 " (ﬁE,an,n—l | n—l((ﬁE,n)
+AETE (AT (13d)
Update : ¥ = aw/a&g")‘ - (13e)
' Xgm | n10)
I = Wi ()T + Qi 3D
K = &g (ehE@my) Tt (13g)
- Kgnil/’(‘l’grzﬁ;amg |n—1° Wg’:)) ‘w(rn,)_o
En"
(13h)
S Ky
(m) ;. (m) (m)
‘I’E,nXE,n | n—1WE,n) ‘wgn)zo
2(En?r)r.|n = (I(ZPNIL+1)Nf - K(Et:r,g‘:[’(E”'r,lf)l)E(E”'Tfrz |n—1
(13i)

C. Adaptive DSA Algorithms

The EKF algorithm in (13a)-(13i) offers a framework for
adag)tively updating the DSA decisions on the TPSD vector
é%m . The remaining issues are to define the mapping functions
¢(-) and (- ), and to solve the gradient steps in (13a)—(13i).

From Section III-A, we know that the CSI-related state-vector
element x%mg and the measurements yj(gmz are independent of
s%m); hence, the corresponding state-space functions mapping
from xgzg_l to x%";) and the measurement function mapping
from x{7) to y'7™) can be derived straightforwardly from (10)
and (11), both being linear. To define the mapping function for

the remaining state-vector element sslm), we re-visit the utility

83

function in (9). Evidently, the optimal solution to s£{") is deter-

mined by all the FD CSIrelated to Rx,,, as well as the TPSD vec-
tors of all other users. Let x( - ) denote the function expressing
the optimal s£Z”> in (9), which is given by water-filling [5]

S0 = x (O, N (D

S, s, o)

= /J,({n)]-fol_ Z |H£ij)|2®sglj)

i#m
+
+nlm | o |Hm™ |2 (14)
where n(™) := [n(™(0),...,n(™(N; — 1)]7, BTs(™

pm) | p(m) .= P=1p(m) i the effective power limit, and z2&™
is a scalar loading factor chosen to satisfy the power constraint.
The operator (- )T ensures that the TPSD allocation does not
assign negative power density to any bands. When all the ele-
ments in s%m) are positive, that is, there is no zero point in sgm),
CR,,, will transmit power over all V,, bands.

Our adaptive DSA problem boils down to the following re-
maining gluestion: how to solve the unknown predicted joint

En:n -1 the state-related matrices @%mz and Ag?g, and
(m)

the measurement-related matrices W i | , using the water-filling
solution so that the EKF Algorithm can track the TPSD? In an-
other words, how to solve (13a)—(13c), (13e) based on (14)?

Appendix A answers this question and derives the detailed
steps in the EKF (13a)—(13i). Accordingly, we design two game-
based DSA algorithms: EKF-assisted game (EKFG) and EKF-
updated game (EKFUG). Each algorithm involves a DSA game
that starts from CR; and goes through all CRs without loss of
generality. The following Lemma 1 is useful in developing these
algorithms (proof omitted for space limit).

Lemma 1: 1If there is no zero point in the updated TPSD
(éi”ri)‘*, then the power constraint BTésrllZL = P(™) is guar-
anteed automatically.

Our proposed EKFG and EKFUG algorithms using Lemma 1
are described by the following steps.

State X

Step 1) At the beginning of the nth block, set m = 1 to let
CR; start.

Step 2) CR,, employs the EKF in (13a)-(13i) to
update the TPSD ém In the prediction
step (13a), the predicted TPSD 87} _, s
computed from the x(-) function in (14)
using ég)....,égmfl)sgﬁrl),..., Eﬁ“l). Here,

{égf ) };77’:_11 are the updated TPSD vectors of the nth

block, while the rest (N,, —m) terms {sfﬁ1 ;V:m 41
are the previous TPSD from the (n — 1)th block.

Step 3) If there is no zero point in the TPSD (éi’?;)ﬂ the

power constraint BTéfl"‘LZL = P js satisfied auto-
matically, which is guaranteed by Lemma I. When
zero points exist in (éSTZL)JF for power constraint
guarantee, a small water-level adjustment Ay is im-
posed by solving a standard water-filling equation
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B” (5 ("r) + Ap)t = P and then setting 8 |) =

(SEZTL + Ap)*t. The CR,, broadcasts its updated
TPSD on the control channel.

Step 4) Set m = m + 1. If m < N,, go back to Step
2). Otherwise, one game round has completed; for
EKFUG, go to Step 6); for EKFG, go to Step 5).

Step 5) After the first-round EKF, the N, users resume to
perform an iterative game and go through multiple
iterations. During iterations, CRs take turns to com-
pute the TPSD from the standard water-filling re-
sponse in (14), using the FD CSI estimated from the
first-round iteration completed in Step 4). After con-
vergence, go to Step 6).

Step 6) Each CR uses the estimated TPSD for transmitting
information data until the nth block ends. Set n =
n + 1 and go to Step 1) to start tracking and trans-
mission in the next block.

The difference between the EKFG and EKFUG procedures
lies in the additional Step 5) that EKFG performs. An iterative
game in Step 5) offers the EKFG with better spectral efficiency
at the expense of higher communication overhead, as we will
demonstrate via simulations in Section I'V.

Some remarks are due on the communication overhead in-
curred over the control channel. Corresponding to Fig. 1, during
the training phase when N, users take turns to transmit pilots,
they need to send signaling messages over the control channel
to indicate the conclusion of their pilot transmission so that the
next CR can start transmitting. During the gaming phase, in
Steps 4) and 5), each user needs to broadcasts its tentative TPSD
decision (and interference price when applicable) over the con-
trol channel. Such overhead is inherent in sequential games and
iterative games with perfect information, in exchange for better
achieved utility than one-shot games that do not involve infor-
mation exchanges.

D. Efficient Implementation of EKFG and EKFUG

The EKF offers a natural framework for designing adaptive
games. On the other hand, it incurs considerable computational
complexity because of the matrix inversion. The joint state
vector xgnr)l is of length N¢ (2N, + 1), which can be large when
N, is large. To reduce the complexity of EKEF, it is desired
to decompose the joint state vector into smaller segments and
track each segment via a small-size EKF in a parallel manner.
Lemma 2 demonstrate the feasibility of such a decomposition.

Lemma 2: Under the game framework, the EKF in
Section III.B can be decomposed into an equivalent archi-
tecture consisting of a small-scale EKF for tracking the TPSD
(EKF-TPSD) via (15a)—(15e), N,, parallel FDKFs for tracking
the FD CSI, N, complex-to-real KF mapping (C/R-KFM)
modules and a composition KF mapping (KFM) module.

Proof: See Appendix B for the proof.

Let 22] |) denote the updated covariance matrix of x% )
(which stacks all the Rx,,-related FD CSI) at the nth block,

" ) denote the residual covariance matrix of xg,, ) and K(Smn)
denote the Kalman gain for updating only the TPSD. The EKF-
TPSD algorithm is given in (15) [see Appendix B for details].

In the EKF-TPSD algorithm, each CR first makes a predicted
game-decision on the TPSD éf;r‘lzkl as in (15a). Essentially,
CR,,, makes a predicted action in response to other CRs based
on the state transition equations of all CR,,-tracked FD CSI.
Then, the predicted TPSD is updated by Kalman gain and mea-
surement residual in (15e) to yield the final TPSD. This is a
step that CR,,, modifies its predicted action based on measure-
ments of all CR,,,-tracked FD CSI. Meanwhile, the FD CSI of
each of NV, users is tracked by a small-scale FDKF as shown in
Appendix B. With such decomposition, the EKF steps can be
implemented in the proposed adaptive DSA algorithms EKFG
and EKFUG at much lower complexity.

EKF-TPSD Algorithm for Tracking TPSD

Predict : QSTZL_I
-~ (1m) » (Num)
:X(Hn\nfh 7Hn|n717 511)7' )
gim=1) gm+D) sif‘,“l)) (15a)

_ X 40 ( 8X(F’TZ )
- m ¢n—1|n-1 m
ox ;—"rz 1 ax%‘,n)—l

(15b)
oxm\
+ aX (m) XFn
au(m) E a (m)
En E.n
-1 -1
Update : (T1{7)) = (%)) (15¢)
H
(m) _ (m) M (m)\ ™
KS,TL Eun‘n 1 (@) (HE,TL)
7 (15d)
S5 =80 + K (v
1/) (‘I’gnn g:;)\n 17W§?m7)L))‘w(m) -0’
(15¢)

So far, we have presented a couple of game-based DSA al-
gorithms including EKFG and EKFUG, all implemented by the
low-complexity EKF-TPSD algorithm. Furthermore, the FDKF
algorithm for CSI tracking can also be expanded into a DSA
game, which we term as FDKFG. In FDKFG, N,, small-scale
FDKEF is performed to track the decomposed CSI at the begin-
ning of each block as in Section III-A, followed by a standard
game as in (9) and (14) of Section II-C to compute the TPSD.
The tracking procedures of all these KF-related adaptive DSA
algorithms are summarized in Fig. 2, which shows the decom-
position of EKF based on Lemma 2.

E. Comparison of Computational Complexity

It is of interest to compare the proposed adaptive DSA al-
gorithms with reference to the non-adaptive DSA counterpart.
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Composition
KFM

Fig. 2. Block diagrams of EKFG, EKFUG and FDKFG for CR.,,.

TABLE 1
COMPUTATIONAL COMPLEXITY PER CR

Algorithm | Matrix inversion | Real multiplications | Real additions
LMMSEG O, M*) O(LN ,M?) O(LN M?)
FDKFG O(N,M?) O(pLN ,M?) O(pLN, M?)
EKFG&EKFUG| O, M%) O(p(N, +DN,M?) | O(p(N,+L)N,M?)

In [6], a cognitive receiver uses an LMMSE estimator to ob-
tain the necessary TD CSI, which is then used in (9) to en-
able the standard game described in Section II-C. This proce-
dure is performed block by block, without adaptation across
blocks. We term this DSA algorithm as the LMMSE-assisted
game (LMMSEG) and use it as a reference for comparison.

We first evaluate the comparative computational complexity.
For Kalman-type filters, the filtering complexity is dominated
by the matrix-inversion operation, compared to multiplication
and addition operations. Suppose that a standard inversion tech-
nique is used which costs O(M?) operations for an M x M ma-
trix. The complexities of FDKFG, EKFG and EKFUG are listed
in Table I, along with that of LMMSEG. It is shown that EKFG
and EKFUG cost almost the same complexity as FDKFG and
LMMSERQG, since they all have the same complexity of matrix
inversion. Compared with LMMSEG, the EKFG and EKFUG
algorithms do incur a slight increase in complexity from their
multiplications and additions, but the increase is trivial since a
small p is sufficient for accurate AR modeling. It is worth em-
phasizing that the computational load of EKFG and EKFUG is
made to be comparably small to that of LMMSEG through the
decomposition steps that we introduce in Lemma 2. As such,
the performance advantage of joint tracking of TPSD and CSI
in our adaptive DSA comes at little complexity overhead com-
pared with the separate processing in LMMSEG.

IV. SIMULATIONS

A. System Setup

Simulation examples are performed on a two-user CR net-
work operating over the frequency range of [901,910] MHz,
where [901, 902] MHz is allocated to licensed mobile communi-
cation system as regulated by US FCC and [902,910] MHz be-
longs to license-free amateur radios. The [902,910] MHz range
is divided into four bands each of 2 MHz bandwidth. Thus,
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Biot = 9MHz and B = [1,2,2,2,2]7 MHz. The sampling
interval is T' = 1/Biot = 0.111 ps.

In all simulations, p = 1 is employed, which has been shown
to lead to effective tracking algorithms [10], [11]. The multipath
channel adopted has two taps with un-correlated tap gains, i.e.,
L =2and & ;» = &, which has been extensively used [13]. In
the channel covariance matrix, the direct-channel gain is 3 dB
stronger than the cross-channel gain.

The channel Doppler spread is caused by the two receivers
moving at 30 km/h for CR;y and 50 km/h for CRo, which are
typical speeds specified in ITU Veh-A. The channel coherence
time is 7, = 1 ms to yield channel time-correlation agj ™ e
[0.98, 1), which falls within the permissible range for KF-based
tracking to work. The block size is N, = T;,/T = 9000, and
the pilot arrangement is M = 8 [8]. _

The observation noise is assumed to be white, i.e., ngm) is
in the form of (o™ )2 ;. The measurement SNR of the pilots
is given by SNR{™ ES™ E{|nSmm™ ||2}/gm(gm))2,
and the data-transmission SNR is SNREm =
P B[ ™2 (0 ntm) (k) By) 7. To
initialize the EKF, hojrg is generated randomly from
CN(0,Di™(0)), and BTV = DE™(0), ¥j,m € [1, N,].
The KFs are trained for Ny, = 10 blocks after initialization to
avoid possible unstable states [8]. Simulation results after the
N, th block are collected to assess the performance metrics of
interest, including the data rate loss, the communication burden
and the TPSD estimation errors. Each test case generates 1000
channel realizations.

B. System Performance Versus SNR,

The total system-rate of the game at the nth block is de-
fined as the summation of all the CRs’ data rates at the nth
block. This quantity is indicative of the spectrum utiliza-
tion efficiency, which is the motivating factor for DSA. The
baseline for comparison is the total system-rate R%IG) of the
ideal game (IG), which relies on the perfect CSI to make

decisions on the TPSD. The system-rate of the EKFG is de-

noted by R%EKFG), while the system-rate loss is defined as
Rfi?iG) =1- R%EKFG) / R%IG). The mean system-rate loss is

defined as RZ5FY) — g RD — RIFKFOL i RIN Atan
outage probability P,,, the outage system-rate loss is defined
as REFFS) = arg o (Pr(REXTS) < R) = P,y ). Similarly,
R(LMMSEG)  p(LMMSEG)  p(EKFUG) 4 p(EKFUG)

loss ’ out ’ loss out

defined for LMMSEG and EKFUG, respectively.

Fig. 3 depicts the mean and outage system-rate losses versus
the observation SNR (SNR,,) for all the proposed DSA algo-
rithms. For various SNR, values, the mean loss of EKFUG
is better than LMMSEG and worse than EKFG. For example,
EKFUG’s mean system-rate loss over the ideal game is about
1.1%, falling between EKFG’s 0.7% and LMMSEG’s 1.9% at
SNR, = 10 dB. Its outage loss shows a similar trend, showing
2.6% at SNR, = 10 dB while whose those of EKFG and
LMMSEQG are 2.1% and 3.7%, respectively. An interesting ob-
servation is that FDKFG performs worse than EKFUG, in terms
of the outage system-rate loss. Their outage difference is small

are
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Fig. 3. Mean and outage system-rate losses versus observation SNR, SNR; =
5 dB, vy = 30 km/h, vo = 50 km/h.

at low SNRs and becomes large at high SNRs, and their mean
difference shows a larger gap than their outage difference.

Another point of interest is the communication load of the
proposed DSA algorithms. We suppose that the communication
load for one user to announce its TPSD s,(zm) once is ) bits. In
an N,-CR game, one iteration is defined as one round in which
every CR takes action once in a sequential manner. Thus, if the
game needs N, iterations to converge, the average commu-
nication burden of the game on the control channel is given by
(NuE{Niter } Q)/(Ty) bits/s, since each user broadcasts its up-
dated TPSD once per iteration on the control channel. Appar-
ently, the communication burdens of these DSA games are re-
flected in the number of iterations performed.

Fig. 4 compares the communication burdens (on the control
channel) of various algorithms normalized by that of IG. The
number of iterations is determined by how fast the estimated
TPSD approaches that of the IG, indicated by the system mean
square error (MSE) defined for EKFG as

_— N. E {HégEKFG,m) _ S%IG,m)H}

m=1

The system MSEs of EKFUG and LMMSEG are similarly
defined. An iterative game stops when the corresponding
MSErpsp is less than 1073, It is shown in Fig. 4 that the
EKFUG algorithm has the lowest normalized burden at around
19% for various SNR,, whereas EKFG incurs a burden of
about 75% and FDKF about 95% close to that of LMMSEG.

Overall, EFKUG has much less communication overhead,
while its performance is quite close to that of IG and better than
LMMSEG. Therefore, EFKUG is competitive for applications
constrained by low-rate control channels. As for EKFG, it has
the best system-rate performance while saving about 35% com-
munication burden over the infeasible IG. Practically, EKFG at-
tains the highest data-transmission rate, and hence the best spec-
trum efficiency, among all the DSA algorithms. Thus, EKFG is
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Fig. 4. Normalized communication burden versus observation SNR, SNR, =
5 dB, v1 = 30 km/h, vo = 50 km/h.
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Fig. 5. Normalized MSE of TPSD versus observation SNR, SNR; = 5 dB,
vy = 30 km/h, vo = 50 km/h.

suitable for high data-rate applications that tolerate some mod-
erate rate burden on the control channel.

Fig. 5 illustrates how close the proposed DSA schemes reach
the ideal TPSD decisions. As in (16), the system MSE of a game
is defined as the summation over the normalized MSEs of all the
N,, TPSD decisions with reference to IG. As verified by Fig. 5,
the greater the observation SNR is, the less the estimation error
is, and thus the less the capacity loss of EKFG and EKFUG is. It
can be observed that the system MSE performance of EKFUG
lies in between that of LMMSEG and EKFG, consistent with
the trend in their comparative system-rate loss performances.

The EKFUG algorithm makes decisions in only one itera-
tion, while the rest games repeat multiple iterations until con-
vergence. Therefore, the EKFUG is most economical in terms
of saving communication burdens, compared with LMMSEG,
FDKFG, and EKFG.
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The proposed EKFG algorithm, being an iterative game,
also entails less communication burden than LMMSEG and
FDKFG. This is because it converges faster to the steady
state, thanks to the KF-based channel tracking mechanism that
memorizes history of past blocks. The FDKFG algorithm can
be shown to converge to the same TPSD decisions as EFKG
and thus yield the same data dates, but EKFG causes less
communication burden than FDKFG by faster convergence.

C. Communication Burden Versus SNR;

Fixing SNR,, used during the training phase, Fig. 6 depicts
the communication burden versus data-transmission SNR
(SNRy). For the practical SNRs, EKFUG incurs the least
communication burden while maintaining a moderately small
system-rate loss over IG.

D. System Performance Versus Mobility

Fig. 7 evaluates the impact of CR speed on the performance.
For convenience it is assumed that both CRs have the same
speed varying from 10 km/h to 50km/h. For SNR, = 5,10
dB and SNR; = 5 dB, the system-rate loss and the commu-
nication burden are depicted in Fig. 7. At various speeds, sim-
ulations show that EKFUG suffers from smaller system-rate
loss than LMMSEG. For example, the outage loss of EKFUG
is merely 0.15% greater than that of EKFG, while LMMSEG
has the highest loss of 1.4%, for a moderate speed 30 km/h,
SNR, = 10 dB and SNR; = 5 dB. On the other hand, EKFUG
enjoys the lowest communication burden, being only 19.6%
of EKFG and 12.7% of LMMSEG. These results confirm that
EKFUG is a low-complexity competitive DSA algorithm with
the lowest communication burden, whereas EKFG offers the
highest data rate at comparably low complexity and a moderate
communication burden.

V. CONCLUSION

To enable practical DSA in CR networks, this paper presents
Kalman filter solutions for tracking channel state informa-
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Fig. 7. Outage system-rate loss and communication burden versus CR speed,
SNR, = 5,10 dB, SNR; = 5 dB.

tion in doubly selective fading channels. Coupling with the
channel tracking procedure, adaptive DSA algorithms are
developed using EKF-based games, which lead to improved
network spectrum utilization efficiency. The DSA decisions
on the TPSD are incorporated into the state vector of an EKF,
and the state-space equation is derived from the nonlinear
water-filling power allocation function. The proposed EKF
games, including EKFG and EKFUG, are able to jointly track
the channel dynamics and update the TPSD decisions based on
predicted channel information. Such a joint adaptive processing
leads to improved convergence rate for iterative games, which
in turn reduces the communication and computational over-
heads incurred by game-based DSA. The EFKUG algorithm
has low communication burden and is particularly suited for
applications with low-rate control channels, while the EKFG
algorithm offers high spectrum utilization efficiency and is
thus recommended for high-data-rate applications tolerating
moderate communication overhead.

APPENDIX A
DERIVATIONS OF THE EKF ALGORITHM (13A)—(13C), (13E)

Using (14) into (13a), we can compute (13a). To solve
(13c¢), (13e), we define a sign vector 0£Lm) as [H(m)]k = 1,if

n

[énnrn_l]k > 0; otherwise, [8U™)];, = 0.
_ (Re{-} —Im{-}
Define 7( - ) := (Im{~} Re{-} . From (13c), we can
obtain:
OJ\foNf 8(877—2%
(m) _ XFn—1
By, = oxir) (72)
02n; N, x2N) N, o
Ix ’
(‘)u(mz o
oul”)
(17b)
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where (9x"))/(Ox5)_ ) )=diag{n(®3"™), ...
(Ox N ougr)=diag{n(AZ™), .
J(0x7) = diag{n(®R), ... 7
(10) and (11).

To completely determine (17a)—(17b), the expressions for
(8)()/(8fo7271) and (8x)/(8ugr2) are needed, which we
derive as follows:

(@5 ")}
N.,m

n(Ay")}, and (99)

(\II%N“))} are derived from

By defining B = B © ©4™ and Byo, = BT 1y, 1, the TPSD
can be solved from (14) as

sglm) - (P(m)ét_f)%lexl — (I, — Bt—o%leXIBT)

x ((Z IR 05D +n) 0 |H5:”m>|2)> S

Jj#Em
_Ox (19)
ax(m)
F,n—1 . . . .
’ Taking the first-order derivative on (19), it follows
9sm) 9s(m) that (see (20) at t(he )bottom of the page). The term
= . " (jm)|2 gm) y -
5 ‘H,(.le) ‘2 5 "HgN“m) ‘2 (O™ )/(8f2ie{xF,n_1 ) in (18a) can be obtained as
o[ Tt i
X dlag —_— jm
8Re{x%h:zl , ORe {XFn 1}
’ .02 2
(1m)|2 (Num)|2 8’7‘[(’7”)‘ a‘ufgm)‘
oM™ ‘9‘7{ um| - { (1)} v { (G )}
, ORe s H)T ORe s H,’™
Olm {X(F{Tzl} aRe { g\n ml)} ? Uy =o
(Num)|2 (21a)
o] o
(Num) S R R
otm {x{) | ot (<27}
(18a) 5 5
dx o[y o[y
(m) - S -
g, ot {H) L ot [
(m) (m) U=
_ | ost . s\, 2 (21b)
o™ o i) ) . , o)
) where Z{/™=[ A}’ AT (QHT™ )/ (Re{HY ™))
. 8‘7{(1’”)‘ | <m):0:_2Re{dlag{H§j|’,j‘ HEZU™)* Y, and (AHG™2)/
- diag § — 71—
ORe{ul ™}, (aIm{H(J"’>}| ) g ——QIm{dlag{Hn|n JHEG™)*y,
(1m) |2 (Num) |2 Equations (18a) (200 and (21a)—(21b)  solve
Z \Hn \ 9 \H ‘ \ (0x)/(0x¢)_ ). Meanwhile, for (9x)/(u%")), we
A have
OIm {uf " oRe {ulNm 1
‘ " ‘ —_— = 2Re {diag {fifj;”ll}}
(N.m) Re {u(f’“)}
otm {u:™ } T J | g
(18b) (22a)
8s$Z”>
o™
diag {0,(]”)} (In,xn; — Bt_O%leNBT) -diag {(Z#m |7'l,(fm)|2 osd + n(™) o |’H£me)|4} . j=m; 0)
—ding {65} (L v, = Briln,aB) - diag(si @ [HI™) 2}, j#m
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9 ‘Hgm)‘z (o Gm)
alm{T’s)} . = 2Im {dlag {’Hnjln_l}} .
" (22b)

Equations (22a)~(22b) and (18) solve (9x)/(dul")).
Putting all the above equations together, the EKF algorithm
in (13a)—(131) can be performed.

APPENDIX B
DECOMPOSITION OF EXTENDED KALMAN FILTER

To complete the decomposition, there are two steps.
The first step is to decompose the EKF into a small-scale
EKF and a standard KF based on x%mrz In the EKF Al-

gorithm, we can rewrite f)gig_l‘n_l as EAJ(E”?z_lm_l =
2A)(SM)1| 1 A(m)1| 1 &(m)
(ﬁ)(””) ﬁ](””) ), where Y 1)n and
Tln—1|n-1 ¢,n—1|n-1
22"7? {|n_1 are the updated covariance matrices of (™)
and x;’j;j_l, respectively. Similarly, we rewrite ﬁ]g’lz‘n_l as
$(m) s (m)

g(m) — ( Sn|n—1 u,n|n—l)

E,n|n—1 $:(m) $:(m) :

Based on (17al)f2717};) in gfﬁ'}%ﬁclhx A, we can obtain the
following predictions on covariance matrices: Plugging (23)
(shown at the bottom of the page) into (13a)-(13i), we can
obtain

H
m) _ 9% sm) 9 (m)
Fn F.n
(m)
(m) KS,n (24b)
E,n (KEWTLL) )
. (m) ’
XE,n|n
égrn)—1 + ng;) (y%mg -9 (‘I’(énﬁﬁgm_u
(m)
wE,n) w(:")=0>
xn) + KO (v — o (@i
(m)
WE’”) W(Tn):O
(24c)
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5~ ()
2E’,n‘n
S (m) (m)
2A}(m) Eu,n|n—1 - KS,n
S,n|n ._9Y 2 (m)
o) ~Gnln=1
- (I2N1,fo2NuNf —Ké’fl) o ()
oy )2(%@) Einln
o) ) Slinin—1
(244d)
where K{7 = S (00)/(0xm)) @),
K7 = B0 (@0)/0xg) P ()=, 50,
20— K§0)/(oxg)B, , and B =

(Ion, Ny x2N, Ny — Kéﬁ)(aw)/((?X%mﬁ))ﬁ?E"iﬂn_l
Based on (23) and (24a)~(24d), and letting I1{") = IT{") it

can be verified that x%@_l 17 x%”_?ln_ 1 xg,mrf‘n. ™ Ké”;) )

’ Cyn b
ﬁ)g"y?_ Ln_1s ﬁ}énzl)ln_ , and ﬁ]g’?ln form a standard linear KF in

term of the state vector X, that only consists of CR,,,-tracked
CSs. ’

Summarizing, the EKF having x(bl”,{ as the state vector (cf.
Section III-B) has been decomposed into two parts: a standard
linear KF based on xj.., for channel tracking (similar to that
in Section III-A) and a nonlinear EKF that updates the TPSD
allocation s%m) according to (15a)—(15e) in Section III-D.

It is worth pointing out that (ng:l))_l used in updating s™
has already been computed inherently within the KF for up-
dating x%mg . Therefore, the EKF for TPSD does not involve
any matrix inversion, and thus costs much lower computational
complexity than a general EKF with a same-size state vector.

The second step is to decompose the KF for x%mg into N,
FDKFs. Note that xg,m) is formed by N,, independent real-value

1n .
state vectors xgz) = ~§,ﬁ,’:). According to KF theory, it can

be decomposed into N,, real-value KFs, each having xgzz) as
its state vector, 7 = 1,...,N,. The composition KF mapping

(KFM) from N,, real-valued KFs to the KF for x%mg is given by
the first equation at the top of the next page. Converéely, the com-
plex-to-real KF mapping (C/R-KFM) from the complex-valued
FDKEF Algorithm to real-valued KFs for {xg?} can be derived
as shown in the second equation at the top of the next page.

In all, the EKF in the game for jointly tracking CSI and TPSD,
is equivalent to a EKF for TPSD, a composition KFM, N,, C/R-
KFMs, and N,, FDKFs.
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c _ ~(1m) ~(N,m) S (m) BT S(1m) S(Num)
Predict :  (p njn—1 = vec (XR,n|n717 ey R,n|n71) ’EC -1 = diag {ER,n|n71’ ceey R,n|n—1}
-1 1
Update : E.”ZL) = diag { (H(lm)) (H(N“m)) } ,K(r’rr? = diag {ngs), .. K(N“m)}
_ (1m) (N m)\ s(m) _ $Im) (Num)
Caynjn = VeC (XRn|n’ o Xpnin ) ’Ec,nl dlag{ Ronjn? - ERn|n }

. ~(jm % (9) S(gm S(gm
Predict : xgn\)n 1= an|” 1 gnfn 1= 277 (E(Fj,n|)n 1)
Update : K§2) = (K&, (n@m)) " =2 ((H“"”) ) G, =y B = 4 (20
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