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Abstract—Phase noise causes significant degradation in the
performance of orthogonal frequency division multiplexing
(OFDM)-based wireless communication systems. The presence of
phase noise can reduce the effective signal-to-noise ratio (SNR) at
the receiver, and consequently, limit the bit error rate (BER) and
data rate. In this paper, the effect of phase noise on OFDM wireless
systems is studied, and a compensation scheme is proposed to mit-
igate the common phase error and intercarrier interference (ICI)
caused by phase noise. In the proposed scheme, the communication
between the transmitter and receiver blocks consists of two stages.
In the first stage, block-type pilot symbols are transmitted and the
channel coefficients are jointly estimated with the phase noise in
the time domain. In the second stage, comb-type OFDM symbols
are transmitted such that the receiver can jointly estimate the
data symbols and the phase noise. It is shown both by theory and
computer simulations that the proposed scheme can effectively
mitigate the ICI caused by phase noise and improve the BER of
OFDM systems. Another benefit of the proposed scheme is that the
sensitivity of OFDM receivers to phase noise can be significantly
lowered, which helps simplify the oscillator and circuitry design
in terms of implementation cost and power consumption.

Index Terms—Common phase error, compensation scheme,
equalization, intercarrier interference (ICI), orthogonal fre-
quency division multiplexing (OFDM), performance analysis,
phase-locked loop (PLL), phase noise.

1. INTRODUCTION

RTHOGONAL frequency division multiplexing (OFDM)
O is a widely recognized modulation technique for high data
rate communications over wireless links. Because of its capa-
bility to capture multipath energy and eliminate intersymbol in-
terference, OFDM has been chosen as the transmission method
for several standards, including the IEEE 802.11a wireless local
area network (WLAN) standard in the 5-GHz band, the IEEE
802.11g WLAN standard in the 2.4-GHz band, and the Eu-
ropean digital video broadcasting system (DVB-T). Also, the
OFDM-based physical layer is being considered by several stan-
dardization groups, such as the IEEE 802.15.3 wireless per-
sonal area network (WPAN) and the IEEE 802.20 mobile broad-
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band wireless access (MBWA) groups. The heightened interest
in OFDM has resulted in tremendous research activities in this
field to make the real systems more reliable and less costly in
practice.

One limitation of OFDM systems is that they are highly
sensitive to the phase noise introduced by local oscillators.
Phase noise is the phase difference between the phase of the
carrier signal and the phase of the local oscillator, and its effect
on OFDM receivers has been investigated in many previous
works, such as [2]-[5]. The distortion caused by phase noise
is characterized by a common phase error (CPE) term and an
intercarrier interference (ICI) term. The CPE term represents
the common rotation of all constellation points in the complex
plane, while the ICI term behaves like additive Gaussian noise.
Compared to the single-carrier modulation methods that can
track the fast variation in phase noise adaptively in a deci-
sion-directed manner, e.g., [6], OFDM transmits data symbols
over many low-rate subcarriers, which makes it more difficult
to track and compensate for phase noise.

A. Prior Work on Phase Noise Compensation

The high sensitivity of OFDM receivers to phase noise
imposes a stringent constraint on the design and fabrication of
oscillators and the supplementary circuitry, such that the gener-
ated phase noise level will not cause the system to fail [7]-[9].
This requirement increases the implementation cost of OFDM
receivers because impairments associated with fabrication
variations are usually either unpredictable or uncontrollable.
There have been works in the literature to mitigate the effects
of phase noise in the digital domain. This approach provides
an efficient, low-cost, and reliable solution to the phase noise
problem. Some authors have proposed methods to compensate
for the CPE term, in which the constellation rotation is esti-
mated using pilot tones embedded in OFDM symbols and then
corrected by the demodulator [10]. Since the ICI effect is either
ignored or treated as additive noise in these schemes, they
perform poorly if the phase noise varies fast in comparison to
the OFDM symbol rate. To overcome this difficulty, some ICI
compensation schemes have been proposed. The method in [11]
utilizes the pilot tones, which are sufficiently separated away
from the data tones, to transmit pilot symbols for phase noise
estimation. In the self-cancellation method presented in [12]
and [13], each data symbol is transmitted using two adjacent
subcarriers and the received symbols are linearly combined
to suppress ICI by exploiting the fact that the ICI coefficients
change slowly over adjacent subcarriers. This technique has
the advantage of low implementation complexity, but it reduces
the spectral efficiency by one half. In [14], a finite-impulse
response (FIR)-type equalizer is employed to compensate for

1053-587X/$25.00 © 2007 IEEE
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Fig. 1. Model of the OFDM system with phase noise.

phase noise and the filter coefficients are determined by the
method of least squares. Since the filter length is limited by
the number of pilot tones, it can only compensate for the ICI
that is from adjacent subcarriers. A time-domain phase noise
estimation and correction scheme is proposed in [15], where
the phase noise process is parameterized by using sinusoidal
waveforms as the bases and the parameters are estimated by the
method of least squares. However, using sinusoidal waveforms
to approximate phase noise may not be optimal, and how
to jointly estimate the model parameters and the transmitted
symbols is not addressed in [15]. Similarly, Liu and Zhu [16]
approximate phase noise by using a small number of sinusoidal
components, and it is suggested to insert some pilot tones out-
side the spectrum occupied by data transmission and estimate
the model parameters of phase noise using the received pilot
signals. This scheme requires extra bandwidth and can only
correct the ICI from adjacent subcarriers because of the ap-
proximation made in modeling. Recently, a method that utilizes
a priori information about phase noise spectrum to suppress
phase noise is presented in [17]. All these ICI compensation
schemes assume that the receiver has perfect channel state
information; however, in wireless communications, the channel
is time varying and the receiver has to estimate the channel in
the presence of phase noise, which makes the scenario more
complicated than what has been studied before. In [18], joint
channel estimation and phase noise suppression are achieved by
using the expectation—-maximization (EM) algorithm; however,
it simply models the ICI term as additive white noise. Also, Wu
and Bar-Ness [19] propose a channel estimation method with
the aid of the cyclic prefix symbols, and Kim and Kim [20]
propose a joint channel estimation scheme using soft decision
decoding. In [21], the maximum a posteriori (MAP) channel
estimator is derived for the case when both frequency offset
and phase noise are present.

B. This Work

In this paper, we propose a new phase noise compensation
scheme for OFDM-based wireless communications with im-
proved performance. The scheme consists of a channel estima-
tion stage and a data transmission stage. In the channel esti-
mation stage, block-type pilot symbols are transmitted so that
the receiver can jointly estimate the channel coefficients and
the phase noise.! Instead of estimating the channel coefficients
and phase noise in the frequency domain, we estimate them in
the time domain by using interpolation techniques to reduce the
number of unknowns. The joint channel and phase noise esti-
mation gives a more accurate estimate of the channel than other

I All standardized OFDM systems today provide such full pilot symbols at the
beginning of every packet. Therefore, the proposed scheme does not require any
modification to the packet structure and can be applied to existing standards.

conventional methods that either ignore phase noise or simply
treat it as additive Gaussian noise. The slowly varying nature of
wireless channels allows us to use the channel estimate in the
subsequent data transmission stage for detecting the data sym-
bols. In the data transmission stage, comb-type pilot symbols,
which contain both data symbols and pilot symbols, are trans-
mitted and the data symbols and the phase noise components
are jointly estimated at the receiver in order to mitigate both the
CPE and ICI effects of phase noise. The proposed approach out-
performs other methods for two main reasons. First, instead of
approximating the ICI term as additive noise, we use the exact
data model given in Section II and treat the phase noise compo-
nents as unknown parameters to be determined over two stages.
Second, the correlation property of phase noise is exploited to
reduce the number of unknowns. This is similar to the idea of
modeling the phase noise process by the sum of several sinu-
soidal waveforms, but the use of linear interpolation in the time
domain makes our approach less sensitive to variations in phase
noise models.

This paper is organized as follows. Section II briefly describes
the system model with phase noise and formulates the effects
of phase noise on OFDM receivers. The proposed algorithm is
presented in Section III and analyzed in Section IV in terms
of the effective signal-to-noise ratio (SNR). Simulation results
and performance comparison of different algorithms are given
in Section V.

Throughout this paper, we adopt the following notations: (-)T
denotes the matrix transpose, (-)* denotes the matrix conjugate
transpose, diag{-} represents the diagonal matrix whose diag-
onal entries are determined by its argument, Tr{-} returns the
trace of a matrix, Re{-} denotes the real part of its argument,
and E{-} is the expected value with respect to the underlying
probability measure.

II. SYSTEM MODEL

An OFDM system with phase noise is illustrated in Fig. 1.
At the transmitter, the bits from information sources are first
mapped into constellation symbols, and then converted into a
block of N symbols z[k], k = 0,1,..., N — 1, by a serial-to-
parallel converter. The N symbols are the frequency compo-
nents to be transmitted using the N subcarriers of the OFDM
modulator and they are converted to OFDM symbols X [n], n =
0,1,..., N — 1, by the unitary inverse fast Fourier transform
(IFFT), i.e.,

N-1
;2mnk

X[n] = \/% Z z[kle! "N

A cyclic prefix of length P(P < N) is added to the IFFT
output in order to eliminate the intersymbol interference caused
by multipath propagation. The resulting N + P symbols are
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converted into a continuous-time baseband signal z(¢) for trans-
mission. If the continuous-time impulse response function of the
baseband channel is A(t) and the phase noise at the local oscil-
lator is ¢(¢),2 then the received baseband signal is given by

oo

Mo:aﬂﬂ/h@ma—ﬂw+w@

— 00

where w(t) is additive white Gaussian noise. Let T be the
symbol time of the system. At the demodulator, y(t) is sam-
pled at period Ts. After removing the cyclic prefix, a block of
N symbols Y[n],n = 0,1,..., N — 1, is obtained, whose ele-

ments are related to X[n],n =0,1,...,N — 1, by
Y[n] =T (X [n]® hn]) + wln]
N-1
= eI¢(nT:) X[rlh[(n = 7)n] + w[n] )]
r=0

where (® denotes circular convolution, h[n] is the discrete-time
baseband channel impulse response, (n — 1)y stands for ((n —
r) mod N), and w(n] is the additive noise component. Assume
that h[n] has length L, i.e., h[n] = 0ifn ¢ {0,1,..., L — 1}.
OFDM modulation requires P > L — 1 in order to eliminate
the intersymbol interference. The unitary fast Fourier transform
(FFT) is then performed on Y'[n],n = 0,1, ..., N —1, to obtain
ylk], k =0,1,...,N — 1. Let

1 N-1
=4 Y T i
N n=0

and

H[K =

L—1

- 2mkn
Zh[n]e ITN
n=0

It follows from (1) that

y[k] = alk]® (H[k]z[k]) + w[k]

N-1
= S o H (= ) [k — )] + wl,
r=0
k=0,1,...,N—1 3)

because multiplication in the time domain implies convolution
in the frequency domain and convolution in the time domain im-
plies multiplication in the frequency domain. Here, H [k] is the
channel response in the kth subcarrier and w[k] is the additive
noise component in the kth subcarrier. Expression (3) can be
rewritten as

N-1
ylk]= a0l H Kz k) + Y ofr1H [(k—r)n] = [(k—r) 5] +w[k]

“)
2In Appendix I, we give a brief review of the existing models for phase noise,

and derive some useful statistical measures that will be used in assessing the
performance improvement of the proposed compensation scheme in Section IV.
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where the term a[ |H[k]z[k] is called the common phase error
(CPE) and Er 1 Ya[rlH[(k — r)n]z](k — 7)n] is called the
intercarrier interference (ICI). In the absence of phase noise, we
have the traditional relation

ylk] = H[KJ[k] + w[k]

which follows by setting «[0] = 1 and «afr] = 0 for r # 0.
Using matrix notation, expression (3) can be represented as

y=AHx+w &)
where
y=[y0] yl1] - yN-1]"
x = [z[0] [1] 2N —1]]"
w=[w[0] w[1] - w[N-1]]"
I a[(lJ] a[N —1] a[;]
A aE ] ozEO] . ozE ]
Lo[N=1] o[N=2] ... af0]
FH[O] 0 ... 0
0 H[] ... 0
H= . : . : (6)
L0 0 ... HN-T]

When phase noise is not present, the matrix A in (5) is replaced
by the identity matrix.

III. PROPOSED ALGORITHM FOR PHASE NOISE COMPENSATION

If both A and H in (5) were known, then the data vector x
could be recovered, e.g., by solving [22]

= argmin ||y — AHx|.

However, in practice, neither the channel matrix H nor the phase
noise matrix A are known to the receiver. In this section, we pro-
pose a solution to deal with the situation when both A and H
are unknown at the receiver. The proposed algorithm consists
of two stages: One is the channel estimation stage and the other
is the data transmission stage. In the channel estimation stage,
we use block-type pilot symbols to jointly estimate H and A.. In
the data transmission stage, comb-type symbols are transmitted
such that x can be jointly estimated with A by using the H es-
timated in the channel estimation stage. The motivation for this
algorithm is based on the fact that wireless channels are usually
slowly time varying compared to phase noise. Since the phase
noise components may change significantly from one OFDM
symbol to another, it is harmful to use the previous estimate of
phase noise to help detect the data symbols in the subsequently
received OFDM symbols. However, we can use the channel es-
timate for a few subsequent OFDM symbols due to the slowly
time-varying nature of wireless channels. This motivates our ap-
proach to compensate for phase noise by using the joint channel
estimation (with phase noise) first and then followed by the joint
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Fig. 2. Proposed algorithm.
data symbol estimation (with phase noise). The algorithm is il-  then obtain the approximation of e/("T=) n =0,1,..., N —1,
lustrated in Fig. 2. by interpolation. Let
. . . . 1 (0 7o (0
A. Joint Channel and Phase Noise Estimation e,]d( ) . e(JN(,l)w
ed®(Ts) 63‘/’(1\4—715)
In the block-type pilot symbols, all subcarriers are used to c= . c = 8)

transmit pilot symbols. For convenience of exposition, we as-
sume that each time only one OFDM symbol is used as the
block-type pilot symbol for channel estimation. Since there are
only N pilot tones in each block-type pilot symbol, it is un-
derdetermined to directly estimate the 2N unknowns, i.e., a[k]
and H[k], k = 0,1,...,N — 1. To overcome this difficulty,
we can reduce the number of unknowns by properly modeling
the channel and the phase noise process with fewer parame-
ters as follows. Since the length L of the discrete-time base-
band channel impulse response is normally less than the OFDM

IS((N-DT.) (it (N-1)T.)

Then
c~Pc

where P is an interpolation matrix to be determined. Using (2),
we have

1
= _—_F,c~ —F,Pc
symbol size N, we canrelate H[k],k = 0,1,..., N—1,to hln], a N - N ¢ ©)
n=20,1,...,L — 1, through
where
_ /
h=F,h ) a=1[al0] afl] a[N -1]]7,
1 1
where HI0] h[0] 1 e i% =i Y
H[1] . h[1] F,=|.
h = . h' = . ,.27;(1\/71) ’»QTENfl)Q
. : 1 e J N e I N
LH[N —1] h[L —1]
Tl 1 . 1 Consequently, knowing x during training, we can estimate A
1 I % o o3 and H by solving
Fr=|. .
: 2 : 1 2 : 1 1 i — AH 2
|| mizgen _jemvoneon min [ly x|| (10)

Instead of estimating h, we can estimate h’. This reduces the
number of unknown channel coefficients from N to L.

For the phase noise, instead of estimating afk], k& =
0,1,..., N — 1, we can estimate the phase noise components
in the time domain, i.e., e/¢"7) n = 0,1,...,N — 1. In
order to reduce the number of unknowns, we can estimate
eI P mN=DTs/(M=1)) for ;p = 0,1,...,M — 1(M < N), and

where A is related to ¢’ by (9) and H is related to h’ by (7).
The estimates of A and H from (10) will have an ambiguity of
a scaling factor, which can be resolved by constraining «[0] to
be 1.If L + M < N, then (10) may have a unique solution for
¢’ and h' (with the constraint «[0] = 1). However, finding the
necessary and sufficient conditions for which (10) has a unique
solution, in general, belongs to the class of problems concerned
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with the global or local identifiability of a system [23], which is
beyond the scope of this paper.

The optimization problem given by (10) is nonlinear and non-
convex. Suppose that A is known. The optimal h’ is then given
by

h! = (FiX*A*AXF,) ' FiX*A*y

where X = diag{x}. By substituting H = diag{F,h]} into
(10), the optimal ¢’ is given by the solution to the following
nonconvex optimization problem:

c, = argmin|ly — A - diag {F,h}} ~x||2
CI

o

}y — A - diag{F), (F; X" A" AXF)) ™

= argmin
2
~FZX*A*y} XH .

In implementation, we use the two-step iterative algorithm
presented in Algorithm 1 to find a suboptimal solution to (10).
In Step 3, given a previously estimated c’, we find an optimal
h’. Expression (11) can be rewritten as

I

{1 = argmin|ly — A;_Hx]||”
= arg win|ly - A, Xh|?

= argmin||y - A, XF,h'|2.

This is because H = diag{h} and h = F,h’. The problem
is now in the form of a standard least squares problem and its
solution is

h_, = (F;X*A;.*_I&_IXF,L) FiX*A,y.

In Step 4, given a previously estimated h’, we find an optimal
c’. Expression (12) can be reformulated as

!

¢; = argmin |ly — AH,;_x|?
[

= argmin ||y — Ta||?
C/

1 2

- —TF,Pc

y N ¢

= arg min
CI

where T is the matrix whose elements are given by the vector

~

H,_x. It then follows that
¢ = N(P*F:T*TF,P) ' P*F:T"y.

It can be seen that Step 3 finds the optimal i’\l,/i_l by setting ¢’ to
be the predetermined €, _,, and hence

ly — Aim Hiix|)? < ly — A;_ Hi_ox||.

Step 4 finds the optimal ¢} by setting h’ to be the predetermined
h’_;, and hence

lly — Kiﬁi—IXHQ <lly- 1&7‘,—11?11:—1X||2~

Therefore, the objective function is decreasing withz = 1,2,...
and eventually converges to a local minimum. The obtained H
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will be used in the data transmission stage when comb-type
symbols are transmitted. In Section III-B, we assume that H
is known to be H.

Algorithm 1 Joint Channel and Phase Noise Estimation

0: Start with an initial guess ;. For example

ch=[1 1 7.

lie=1
2: repeat
3: Leta;_; = (1/N)F,Pc]_; and find the associated

optimal fl;_l by solving the following least squares problem:

Y

hj = arg min ly — A; 1 Hx]|?
where x and y are known and Ki_l is determined by a;_1
according to (6).
4: Let }A11;_1 = Fhﬁ;_l, and find the associated optimal €, by

solving the following least squares problem:

¢ = argmin [ly — AH; ;x| (12)

where ITIi_l = diag{fli_l}.
5. i =1+1

6: until there is no significant improvement in the objective
function |ly — A;H;x||*.

B. Joint Data Symbol and Phase Noise Estimation

In each comb-type OFDM symbol, assume that () carriers
are used for pilot tones and N — () carriers for data symbols.
Similarly, instead of estimating «[k], k = 0,1,..., N — 1, we
estimate the phase noise components in the time domain, i.e.,
eI ¢(m(N=DT:/(M=1)) for ;y, = 0, 1, ..., M —1, and then obtain
e1?(nTs) p =0,1,...,N — 1, by interpolation. The estimation
problem can be formulated as

min |y — AHx|?

!
€ ,Xdata

which can be rewritten as

: 2
min “y - Apilot Hpilotxpilot - AdataHdataXdata || (13)

¢/, Xdata
where X0t 18 the subvector of x that consists of all the pilot
symbols, Aot and Hyor are its associated submatrices from
A and H, x4,:, is the subvector of x that consists of all the data
symbols, and A g.t, and Hg,g, are its associated submatrices
from A and H. Since there are N — () unknown data symbols
in Xgata and M unknown phase noise components in ¢’, then
(13) may have a unique solution if Q > M.

Since the optimization problem given by (13) is similar to the
joint channel estimation problem we just solved, we can follow
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the same procedure to solve it. If A is known, the optimal X ¢,
is given by
—1 -1
Xdata,0 = Hdata (A:lataAdata> :(iata
(y - Apilothilotxpilot)~

Then, the optimal ¢’ is given by the following nonconvex opti-
mization problem:

C; =arg II(I:I/II ||y - Apilothilotxpilot - AdataHdataxdata,o ||2
= arg Il’él/n ||y - ApilothilotXpilot
_Adata (A?{ataAdata)_l
'A:{ata (y - Apilot Hpilotxpilot) ||2 .

An iterative method for finding a suboptimal solution is pre-
sented in Algorithm 2, in which we first estimate the CPEAcoef-
ficient «[0] in order to correct the scaling ambiguity in H. Fi-
nally, the obtained Xq,t, is mapped into bits.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 11, NOVEMBER 2007
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Fig. 3. Linear interpolation.

6: until there is no significant improvement in the objective
. N N ~ 2
function “y - Apilot,inilotxpilot - Adata,inataXdata,i“ .

Algorithm 2 Joint Data Symbol and Phase Noise Estimation

0: Use the method given in [10] to estimate the CPE coefficient
a[0]. Assume that kpiiot,j, 7 = 1,2,..., Q, are the subcarrier
indices of the @ pilot tones. Then, @[0] is given by

S (Hlkpitor 1) (xlkpitor ;1) ylkpior ]

B BN T A I
Let
¢ =[ao] a[] ... ao]".
l:e =1
2: repeat

3: Leta;_; = (1/N)F,Pc,_, and find the associated
optimal Xgata i—1 by solving the following least squares
problem:

Xdata,i—1 = arg Wmin Iy — Apitot,i—1 Hpilot Xpilot
data

A 2
_Adata,i— 1 Hdataxdata ||

where A piiori—1 and Agaga ;—1 are determined by a;_q
according to (6).

4: Find the optimal ¢} by solving the following least squares
problem:

,\, . - 2
C;=arg ml,n ||y_Api10thilotxpilot _AdataHdataXdata,i— 1 || .
c

50 i=1+1

C. Selection of the Interpolation Matrix P

1) PSD of the Phase Noise is Known: If the power spectral
density (PSD) of the phase noise is known, the optimal inter-
polation matrix P, can be obtained by minimizing the mean
square error of interpolating ¢ from c’, i.e.,

P, = arg min E|c — Pc/|?

from which the optimal P, is given by

P, = Rcc’Rc_/l (14)
where R.. = E{cc’*} and R = E{c/c¢’*}.

2) PSD of the Phase Noise is Unknown: In this case, an in-
terpolation matrix Py € RV*M ig constructed from linear in-
terpolation as is illustrated in Fig. 3, and its element at the nth
row and mth column is given by (15) shown at the bottom of
the page, wheren = 1,2,...,Nandm =1,2,..., M.

It can be shown that for free-running oscillators with
linewidth v, the optimal interpolator P, is approximately equal
to the linear interpolator Py, if T < 1 (see Appendix II for
a proof). In wireless systems, 15 ~ 1 ps and v ranges from
10 Hz to at most 10 kHz, for which »1; < 0.01 makes the
assumption valid.

IV. PERFORMANCE ANALYSIS

In this section, we analyze the effect of phase noise on
OFDM receivers and the performance of different compen-
sation schemes in terms of effective SNR degradation. The
effective SNR at the receiver is an important measure to char-
acterize the system performance and can be used to predict the
bit error rate (BER) [4], [5]. The expressions of the effective
SNR are derived by assuming that the receiver has perfect

_(-n-1)

N -1
(n—1)(M-1)
N -1

Pr(n,m) = —(m—2),

. (m—=1)(N-1) m(N —1)
o~ 2N )Sn_1<<M_iN ) (15)
(m—2 -1 m—1 -1
I By Vs e
otherwise
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information about the channel matrix H. The following is
also assumed: 1) the data symbols x[k] are independent and
identically distributed with zero mean and 2) the data symbols,
the phase noise, the channel coefficients, and the additive noise
are independent of each other. Moreover, let

=E{Jwlk)}.

o2 =B {lulk*} o} =E{|HK}

A. No Compensation for Phase Noise

In this scenario, the receiver assumes no phase noise in the
system. Expression (4) can be rewritten as

ylk] = H[k]z[k] + ([0] — 1) H[K]z[k]
+ZarH —r)n]x[(k—

H{[k]z[k] is the desired signal component and the other terms
are regarded as noise. Hence, the effective SNR at the receiver
is given by

)N+ wlk]

SNRy, = 750
E{Jaf0] - 17} o302 + )5 02 yohod + 02
B SNR
(E {|a[0] - 1|2} + N2 ) SNRg + 1

(16)

where effective SNRg = 0202 /02 is the effective SNR when
there is no phase noise in the system and o2 , = E{|a[k]|?}.
For the phase noise models presented in Appehdix I, the expres-
sions for E{|a[0] — 1|2} and 3" 1" 02 , are given by (29) and
(30), respectively. 7

B. CPE Compensation Scheme

In this case, assume that the receiver has perfect information
about «[0] but has no information about a[k], k = 1,2,..., N—
1. With the CPE correction scheme, aH [k]z[k] in (4) repre-
sents the signal component and the other terms are regarded as
noise. Hence, the effective SNR is given by

2 2 9
_ Ua,OUHUz
SNRepe = =F—1 5 5 5
k=1 Cak0u0z T 0y

2
o2 ,SNRy

NCEE AT (17)

C. Ideal Compensation for Both CPE and ICI

In expression (5), if both A and H are known at the receiver,
AHx is the desired signal component and w is the noise com-
ponent. Hence

E{x*H*A*AHx)}
E{w*w}
o4 alTr {E{AA"}}
No2

()

SNR,.

SNR;deal =

(18)
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D. Proposed Algorithm—Nonideal Compensation for CPE
and ICI

Using the proposed algorithm, we can get an estimate A of
the phase noise matrix A. Expression (5) can be rewritten as

y= AHx + (A—K)Hx—l—w.

Then, the effective SNR can be expressed as
E{x*H*A*AHx}

E {x*H*(A ~A)(A - K)Hx} + E{w*w)

SNRrop =

B o2 a2 Tr {E{;&K*}}
- 0202 1r {E {(A —A)A - ;&)*}} + No2,

___E{|A]*} -SNRy
~ E{|]a—a||2}-SNRo + 1"

Since a = (1/N)F,P¢’, we have

1

B{lal} = { 5z

1
= +E{e"P"P¥)

—C¢*P'F,F PE’}

1

where Ry, = E{c'c’*}. Moreover

)
1%}

1
Pc’||2}+NE{||Pc’—P€’

E {|la—3]?} =E {H%Fac—%FGPE’
= LB {Jle- P}
:%E {||c—Pc'—|—Pc’—P’6'
B {flo - 17}

where E{||c — Pc’ ||2} accounts for the modeling error caused

by the interpolation, E{||Pc’ — P¢’ ||2} accounts for the esti-

mation error of ¢’, and the approximation assumes that the mod-
eling error is uncorrelated with the estimation error. Letting

Rc =E{cc*} and R, -~ =E{(c'-¢)(c )"}
we have
E{|la- 3|2} ~ {Tr{RC} — 2Re {Tr{Ree P*}}

+ Tr{PR.P*} + Tr{PR_, -, }}

= % <N — 2Re {Tr{Rcc'P*}}

+ Tr{PRoP*} + Tr{PRC,_g,P*}>

because Tr{R.} = N. Therefore, we have the equation shown
at the bottom of the next page.
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To further simplify that expression, we assume that ¢’ ~ ¢/,
which gives that RA ~ R and R o =0 The effectlve
SNR can then be approx1mated by

SNRprop

+ Tr{PRc/P*}-SNR,
+ (N —2Re {Tr{Rce: P*}} + Tr{PRc/P*})-SNRo+1

~

If the interpolation matrix is given by P = P, = R C/RC, ,
then
LTr {R.oR,'RE, } - SNRg

SNRrop & .
pep LT {ReeR,'RE,}) - SNRg + 1

19)

(1-

In order to see more clearly how SNRy,,,, varies with M,
namely, the length of ¢’, we assume that ¢’ is a subvector of
c, although it is true only when N — 1 is divisible by M — 1
according to (8). Since c’ is a subvector of c, then R¢/ is a
submatrix of R../. Hence

Tr {ReeRL'Ri ) > Tr {RoRL'RE} = Tr{Ro } = M.
(20)
Combining (19) with (20) gives

+Tr{ReeR,'RE, } - SNRy
(1 - +Tr{RewR_'R{, }) - SNRg + 1

X .SNRg
>

(1- —) SNRg + 1

SNRprop &

ey

The bound given by (21) indicates that increasing M will make
the effective SNR closer to SNRg.

In Fig. 4, the theoretical effective SNR is plotted for dif-
ferent compensation schemes and for different types of phase
noise by using expressions (16)—(19). Fig. 4(a) plots the effec-
tive SNR versus effective SNR for the free-running oscillators
with linewidth v = 5 kHz, and Fig. 4(b) plots the effective SNR
versus the oscillator linewidth » when SNRy = 25 dB. It is seen
in Fig. 4(a) and (b) that SNR,,, is about —3.0 dB for free-run-
ning oscillators. This is because

{|ao]—1|} Za =2

=2 — 2Re {E {crrec(t)}}
=2.

— 2Re {E {a]0]}}

From (16), SNR,,, = 0.5 = —3.0 dB if SNRy > 1. It can be
also interpreted as follows. The power of the carrier signal is
E{|cFree(t)|?} = 1 and the variance of the carrier noise is

E {|cFree(t) - 1|2} =2 9Re {E {ere()}} = 2

which implies the —3.0-dB uncompensated SNR. In
Fig. 4(d) and (f), the phase noise variance is determined
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by the linewidth v and the loop bandwidth f, or f,, according
to expressions (23) and (25), respectively, and is measured
in decibels with respect to the carrier power, namely, dBc. In
Section V, we will compare the theoretical system performance
with the simulated system performance and discuss the obser-
vations from the plots.

V. COMPUTER SIMULATIONS

The proposed scheme is simulated in comparison with the
ideal OFDM receiver with perfect phase noise compensation,
the CPE correction scheme [10], and the ICI compensation
schemes proposed in [12], [14], and [16]. The system band-
width is 20 MHz, i.e., T, = 0.05 us, and the constellation used
for symbol mapping is 16-QAM. The OFDM symbol size is
N = 64 and the prefix length is P = 20. The channel length is
6, and each tap is independently Rayleigh distributed with the
power profile specified by 3-dB decay per tap. Two scenarios
are studied in the simulations. One scenario assumes that
the receiver has perfect channel information, while the other
scenario assumes that the receiver has to estimate the channel
using pilot symbols. Only one block-type pilot symbol is used
in the proposed scheme for each time of channel estimation,
while two are used in the CPE correction scheme. The assumed
channel length in the time domain for channel estimation is
L = 12, the length of the phase noise vector to be estimated is
M = 4 or 8, and the number of pilot tones in the comb-type
symbols is ) = 8 or 16. The phase noise generated by the
free-running oscillators and the phase-loop locked oscillators
is simulated according to the models given in Appendix I.

Fig. 5 shows the simulated system performance when the
phase noise is generated by a free-running oscillator. The
phase noise spectrum for v = 5 kHz is plotted in Fig. 5(a).
Fig. 5(b)—(e) compares different schemes in terms of the effec-
tive SNR and the uncoded BER for the phase noise spectrum
with v = 5 kHz. Compared to the CPE correction scheme,
the proposed scheme can achieve 5-8 dB more improvement
in the effective SNR for the high SNR regime (more than
20 dB). Fig. 5(f) and (g) shows the system performance in
terms of the effective SNR for different oscillator linewidth.
The larger the linewidth, the more random the phase noise is,
and consequently, the more difficult it is to compensate for
the phase noise. It can be seen that the proposed algorithm
with Q@ = 16 and M = 8 can improve the effective SNR by
about 5 dB if perfect channel information is available (i.e., no
channel estimation) and 8 dB if the receiver has to estimate the
channel. In other words, the proposed algorithm can reduce the
sensitivity of OFDM receivers to phase noise by about 8 dB.
Moreover, the simulated system performance displayed here is
consistent with the theoretical performance shown in Fig. 4. It
is also demonstrated in Figs. 6 and 7 that the proposed scheme

SNRprop =

+Tr{PR; P*} - SNRg

1 (N — 2Re {Tr{Ree P*}} + Tr{PRo/P*} + Tr{PR

c/—c’

AP*}) "SNRy + 1
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Fig. 4. Plots of theoretical effective SNR by using (16)—(19). (a) and (b) Plots for the free-running oscillators. (c) and (d) Plots for the first-order phase-locked
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can significantly improve the effective SNR and uncoded BER
for the phase-loop locked oscillators. The improvement in the
effective SNR can be more than 8 dB. In order to further improve
the effective SNR and uncoded BER, we can add more pilot
tones to increase ) and M ; however, this reduces the data rate
and spectral efficiency.

In Fig. 8, the proposed phase noise compensation scheme is
compared with the self-cancellation scheme proposed in [12],
the frequency-domain FIR-type equalizer proposed in [14], and
the ICI suppression method using sinusoidal approximation
proposed in [16]. For fairness, we assume that the receivers
have perfect channel information, without worrying about the
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Fig. 6. Simulation results when the phase noise is generated by a first-order PLL oscillator. (b)—(e) Effective SNR and uncoded BER versus SNRo when v = 5 kHz
and f;, = 50 kHz. (f) and (g) Effective SNR versus the phase noise variance when SNRq = 25 dB and f;, = 50 kHz. (a) PSD of phase noise with = 5 kHz and
fr = 50kHz. (b) Effective SNR with perfect channel information. (c) Uncoded BER with perfect channel information. (d) Effective SNR with estimated channel
information. (e) Uncoded BER with estimated channel information. (f) Effective SNR versus phase noise variance with perfect channel information. (g) Effective

SNR versus phase noise variance with estimated channel information.
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overhead introduced by channel estimation.3 The phase noise
is generated by a first-order phase-loop locked oscillator with
v = 5 kHz and f; = 50 kHz. It is shown in the figure that
the FIR-type equalizer4 and the ICI suppression method using
sinusoidal approximation do not perform well for this type of
fast-changing phase noise because they can only compensate for
the ICI from adjacent subcarriers. The self-cancellation scheme
works as well as the proposed method since it uses two subcar-
riers to transmit one data symbol, which brings the benefit of di-
versity gain as in multiple-input-multiple-output (MIMO) com-
munications. However, the self-cancellation method reduces the
spectral efficiency by one half. In the simulation, each OFDM
symbol can transmit N — ) = 48 data symbols in the pro-
posed scheme but only N/2 = 32 symbols in the self-cancella-
tion scheme, which demonstrates that the proposed method can
achieve 50% more spectral efficiency than the self-cancellation
method.

The channel estimation and data symbol estimation steps re-
quire the solution of two least squares problems iteratively. In
the simulations, less than ten iterations are required to guarantee
convergence. Solving a general least squares problem of size NV
has computational complexity O(N?). Thus the complexity of
the proposed scheme is about O(K N?), where K denotes the
number of iterations. By exploiting the circulant structure of the
phase noise matrix A and the sparse structure of the interpola-
tion matrix P, the complexity can be reduced.

VI. CONCLUSION

In this paper, a phase noise compensation scheme is proposed
for OFDM-based wireless communications. The proposed
scheme consists of two phases. One phase is the joint channel
and phase noise estimation, and the other phase is the joint

3The block-type pilot symbols used for channel estimation are only required
at the beginning of each packet, because wireless channels are usually slowly
time varying. If the packets are long enough, then the overhead caused by the
block-type symbols is negligible.

4In the simulations, the length of the FIR-type equalizer is 9.

data symbol and phase noise estimation. The simulations show
that the proposed scheme can effectively improve the system
performance in terms of the effective SNR and the uncoded
BER. It is demonstrated that the proposed algorithm can reduce
the sensitivity of OFDM receivers to phase noise by about 8
dB. Since oscillators with ultralow phase noise usually have
the disadvantage of high implementation cost and high power
consumption, the improvement will significantly reduce the
cost and power consumption from the perspective of hardware
designers.

APPENDIX |
MODELING OF PHASE NOISE

There are mainly two types of oscillators used in practice,
depending on whether or not they are used in a PLL [5]. The
so-called free-running oscillators operate without a PLL and
the generated phase noise is modeled as the accumulation of
random frequency deviations and hence has unbounded vari-
ance. On the other hand, in a PLL oscillator, the closed-loop
control mechanism tracks the phase variations of the carrier
signal, and consequently, the generated phase noise has finite
variance.

A. Free-Running Oscillator

The frequency deviation (t) of an oscillator is modeled as
a zero-mean white Gaussian random process with single-sided
PSD Ny = v/m, where v is called the oscillator linewidth. The
phase noise ¢pree(t) generated by a free-running oscillator is
modeled by integrating p(t), i.e.,

t

Prree(t) = 21 / H(A)dA

0

which turns out to be a Wiener process. The single-sided PSD
of Prree(t) is

v

S(j),Free(.f) = 7T_f2
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Fig. 9. Block diagram of a PLL system.

for f # 0. The carrier noise is cpreo(t) = €/ ¢rree(t) and its mean
value satisfies

E {cFrree(t)} — 0
as t — oo. The autocorrelation function of c¢pyee(t) is given by

Re Free(T) = 717! (22)

and the single-sided PSD of cpyee(t) is Lorenzian

4y

Sc,Free(f) = W

B. Oscillator With PLLs

Fig. 9 shows the block diagram of a PLL system [24]. The
phase error ¢(t) between the carrier signal and the local os-
cillator is filtered by a low-pass loop filter that is represented
by K4F(s) in Fig. 9. The resulting signal V. is used as the
input to the oscillator such that its output can actively track the
phase variations of the carrier signal. It can be shown that the
closed-loop transfer function between the carrier phase signal
6; (input) and the oscillator phase signal , (output) is given by

0,(s) _
0i(s)

where Ky K, is the open-loop gain. Thus, the transfer function
between the input phase signal #; and the phase noise ¢ is

_B(s) _bi(s) =Oo(s) _, oo\ $
T 0i(s) ;Y TR R ey

KoK4F(s)

H(s) = s+ KoKaF(s)

) _
0i(s
Different loop filters will generate phase noise with different
PSDs. In the following, we give the models for the first- and
second-order PLLs that are commonly used in practice.

1) First-Order PLL: For the first-order PLL, we have F'(s) =
1 and the closed-loop transfer function is given by

WL
s+ wr,

H(s) =

where w;, = KoK, is called the angular frequency of zero
decibel loop gain. Since the input phase signal is generated by
a free-running oscillator, we can let 0;(t) = @pree(t). After

correction by the PLL, the single-sided PSD of the phase noise
¢pLL, (t) can be expressed as

G2 f)]? S, Free(f)
= [1— H(j2r f)[?

Se.pLL, (f) =
14 12
2w (f2+ 17

where f;, = wr /27 is a measure of the loop bandwidth. The
variance of ¢prr, (t) is given by

% PLL, — /S¢,PLL1(f)df =7 (23)

2fL

and the autocorrelation function of ¢pr1, (t) can be calculated
as

oo

| s

—00

Rd),PLL] (T) = ejzﬂ'def. (24)

Although there is no simple explicit expression for Ry prr, (7),
expression (24) can be evaluated numerically and the result is
useful in analyzing the effects of phase noise on OFDM systems
as well as the performance of different compensation schemes.
The associated carrier noise is cpry, (t) = e/?Pr1 () Since
¢pLL, (t) is Gaussian distributed with mean zero and variance
03 prr, = v/(2f1), the mean value of cprr, () is given by

0o L2
1 T s
E{cprr, (t)} = ————¢ ~ #PLLi Iy
/ 2
oo 27”7¢,1>LL1
0,2
¢ ,PLLy _ v
= 6_ 2 = e afr .

By definition, the autocorrelation function of cpr,, (¢) is given
by

=E {cprr, ()cprr, (t = 7)}

—E {6j[¢PLL1 (t)—dpLL, (t—T)] }

R.pri, (T)

where ¢pr1, (t) — ¢pLr, (t — 7) is Gaussian distributed with

mean zero and

E {(¢piw, ()= drue, (t=)) } =202 prr, —2Rs pri, (7)

12
=———2R, pr1, (7).
fr
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TABLE 1

TABLE OF STATISTICAL MEASURES FOR

DIFFERENT TYPES OF PHASE NOISE

Free-running 15t-order PLL 2"d_order PLL
o2 — R — v
¢ 2fL 2v2fy
o [e ] v j27 f oo vf j2nf
Ro(7) —o mrgn &Y 2% sgtem @7
2
4 v |14 vV
Ss(f) 2 =(f2+12) =(FA+f5)
E {c(t)} —0 e L e 1Viin
Ro(r) — eR(/,_pLL](r)—ﬁ eRd)APLLz(T)_#Qf"
——— - —— —
Sel) | sy | 2 TE [ et By [T a AR [ Feriia (AT gy

Taking the expectation with respect to the distribution of
¢pLL, (t) — ¢pLL, (1 — T) gives

2 v
Reprr, (1) = efortan(MN=ohpin, = oforri (M=aip

It then follows that the single-sided PSD of cpry, (¢) can be
calculated by

SepLL, (f) =2 /

— 00

Rc,PLLl (T)e_j%rfT dT

oo
:26_ﬁ / eR¢,PLL1(T)—j27fdeT_

—00

2) Second-Order PLL: For the second-order PLL, the
closed-loop transfer function is

2nwn s + wg
§2 4+ 2nwps + w2

H(s) =

where w,, is the loop natural frequency and 7 is the damping
factor. In this paper, we assume that 7 0.707. Then, the
single-sided PSD of the phase noise ¢prr, (¢) is given by

Sp.prra(f) = 1G(27 )I? S, Free(f)
2 v _ vt

mf? w1

where f,, = w, /27 is a measure of the loop bandwidth. The
variance of ¢pr,1,,(t) can be calculated as

2
= 1 - H(j2r]) 25

2 14
0%PLL, = /5¢,PLL2(f)df =—. (25)
) 2V2fn

The autocorrelation function of ¢py,1,(¢) can be calculated by

RdLPLLz(T) = / Wf_i_fs)eﬂﬂf‘rdf.

The associated carrier noise is cprr, (£) = e/?Prr2®) and its
mean value is

E {cpLr, (1)}

/ 1
o \/ 27”’42),PLL2

2
_74,PLLy
e

2

BT S
e ¢,PLLg e]zdz

P

aV2fp

:e_

The autocorrelation function of cpyr, (¢) is given by

RepL,(7) = efterts (M=o%prL, = Mertia (D =57570
and the single-sided PSD of cppy, (t) can be calculated by

/

Serrr,(f) =2 [ Repr,(r)e %™ dr

oo
=92 2Va7n /eR‘f’»PLL?(T)_j%deT.
— 00

In Table I, we summarize the statistical measures that will be
used to compute the effective SNR for different compensation
schemes. For convenience of notation, if the phase noise model
is not specified, we use ¢(t) and ¢(t) to represent the phase noise
and carrier noise by ignoring the subscripts. It is the same for ai ,
Ry(7), Re(r). S,(f). and Sc( ).

Remark: For PLL oscillators, the phase noise ¢(¢) is usually
small. If |¢(t)| < 1, the carrier noise ¢(¢) can be approximated
by ¢(t) = ¢7*®) ~ 14 jp(t). In this case, Re(7) ~ 1+ Ry(7)
and S.(f) = Sy(f) for f # 0.

C. Statistical Characteristics of a[k]

Given the previous phase noise models, the mean and au-
tocorrelation of «[k] can be derived from expression (2) as
follows:

E {c(t k=0
mlal) = {5 b=,y e
) 1 N_l N_l 7 70
E {afk] (aka)} = 1 Re((m = na)T2)
n1=0n,=0
o 27r(k'1—n,llv—k'2'n,2) o7

forky =0,1,...,N—landky = 0,1,..., N—1.Inparticular,
the following expressions derived from (26) and (27) are useful
in evaluating the performance of different phase noise compen-
sation schemes:

1 N—-1 N-1
0'210 :W Z ZRC((nl_,n/Q)TG)
77,1:0?7,2:0
1 N—-1 N-1
2
E{laf0]-1} =55 D D Re((m—n2)T2)
n1=0n2=0

—9Re {E {c(t)}}+1

(28)

(29)
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an—t pmtt (m—1)(N—-1) < 1< m(N — 1)
- n— e
(1=02)bm=1 (1 =10b2)ar1’ M-1 - M-1
P'(n,m) = pm—1 an—1 gM=2N-1) - (m-1(N-1)
(1—=06%)ar1 (1 -=0b2)pm=3’ M-1 - M-1
0, otherwise
Nl 5 5 Consider an arbitrary integer p with 1 < p < N and let g be
Tak =1=00,0 the associated integer such that ((¢ — 1)(N — 1)/(M — 1)) <
k=1 N1 N1 p—1<(¢(N—=1)/(M —1)). The pth row of R’ is given by

N2 > ) R((ni—n2)T.)  (30)

ny= 0n2_0
where 02 ;= E{|a[k][?} is the average power of a[k], k =
0,1,..., N — 1. Here, (28) follows from (27) by setting k
ko = 0, (29) follows from (28) and (26), and (30) follows from
(28) by noting that

szoi =§E{ 1} = {§|a[k1|2}
—E Ng 2}:1.

APPENDIX II
P, ~ P, FOR FREE-RUNNING OSCILLATORS IF 1T < 1

Proof: Recall that

eJ Prree (0)

JRTRN0)
. N—1)Ts
e] PFree ( ( M 7)1 )

eJ Prree (Ts)

pitEree((N=1)T.) pibEres((N=1)T.)

Leta = e~ and b = ¢~ (v(N=DT:/(M=1)) Tt follows from
expression (22) that the element of R at the nth row and mth
column is given by

Ree (n,m) =E {c(n)c'(m)"}
H(N—1)T,

—E {ej¢Frno((n_1)Ts)e_j¢Froe (WT) }
ifn—1> m=DWO=1)

ifn—1< EE ) LNV 1)

—7n/| (n—1)Ts— (’m,—l[)v(N—l)TS

an—lb—(m—1)7
af(nfl)bmfl7

wheren =1,2,...,Nandm = 1,2,..., M. Also, we have
1 b b2 bAJ—l
b 1 b pM—2
RC, _ E{C/ /*} o b2 b 1 b]\f73
b]\rl.—l bl\/f.—Z bM—g . 1

Teo p = |:a1)—1 -1yt gp-lp—(a=1) —(-1)pa

q~(P=Dpatl a—(p—l)bM—1:| .

Denote the gth and (¢ + 1)th rows of Res by rer ¢ and res g41,
respectively, i.e.,

Teg =71 0772 b1 b b2 L BV
rorgr1 =7 b0 L B2 b 1 b L. b
It is easy to verify that
aP~!
Fee's = (= gyt (e ~ DTt o)
b4
’ W< a1 = breg)
b(l+1
{ 1—b2)ba—t (1 - bQ)aP—l} Te'q
b? aP=1
i {(1 —b?)ar-1 (1— b2)bq—2} Tegt1 - G

which implies that each row of R/ can be expressed as a linear
combination of two consecutive rows of R./. Hence

RCC’ = PIRC’

where the elements of P’ can be determined from expression
(31), i.e., as shown in the equation at the top of the page, for
n=12,....,N—1landm = 1,2,..., M.It then follows from
(14) that

P, =Re.oR;' =P'R.R;' =P".

In the following, we are going to show that P, ~ P if
vTs < 1. Using the following approximations:

mv(m — 1)(N — 1)T,
~1-— -1 Ts
mv(n )Ts + M—1
bm_i _ rv(n=1)T, -z =T
an—
mv(m —1)(N — 1)T;
~1+mv(n —1)Ts —
M-—1
9 2w (N—=1)Tg
L+ =1+e” " 77 =2
Lo p? o -yt 2mv(N = DT,

M-1
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(n—1)(M-1)
N -1 ’
(n—1)(M - 1)

N -1

P,(n,m) =P'(n,m) =~

0,

—(m—-2), if
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m(N — 1)

M-1
(m—1)(N-1)

M-1

(m—1)(N —1)
- <n-1
o ~2)(N >_n )
m—2)(N -1
-~~~ <n-1
M—-1  =""°'<
otherwise

if

we then have

an—l bm+1
(1—b2)bm—1 - (1—b2)an—1
1 an—l B b2
1—-62 pm-1 1-p2 gn-1
1
T <1—7r1/(n—1)Ts+7rV(m
b2
C1-b?
1+b2

2
T 2au(N-D)T,

bm—l

J(N-1)
M-1
_1)(N_1)Ts
)
Wu(m—l)(N—l)Ts>

M-1
3 WV(m—l)(N—l)TS)
M-1

T

Q

wv(m

<1+7r1/(n—1)Ts—

~1 <7r1/(n—1)TS
M

(n—1)(M — 1)
N-1

an—l

(1—b2)an—1 - (1—b2)bm—3
1 bm—l b2 an—l
1-62 g7t 1-0p%2 b1

b <1+7r1/(n— HTs— mj(m_];[)g\l[_ D

bm—l

1-b2

T
2 -
b ! <1—7ry(n—1)Ts+7W(m 1)(N

2l 1>Ts>

y(m_1)(N_1):/;>

12
147
152

2

27v(N-1)T,
M-1

_ (=1)(M-1)
=N MY

1
+ M-1

_wu(m—l)(N—l)Ts>

<7ru(n—1)TS _

~ 1+ (wu(n—l)Ts

M-1

Thus, the equation shown at the top of the page holds, which is
identical to (15). Therefore, P, =~ Py,. [ |
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