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This paper investigates iterative learning control of nonlinear discrete time non-minimum
phase systems in tracking problems. The main objective of this paper is to find an input-
to-output mapping in order to stabilize the non-minimum phase systems and to obtain an
input update law for handling uncertain systems. In conventional approaches on the tracking
of non-minimum phase systems, zero dynamics is stabilized from the system equations and
the input is calculated from the state information. For the learning of uncertain systems,
conventional approaches depend on the output-to-state and state-to-input mappings. In the
proposed method, the inverse system is stabilized using the input-to-output mapping for
nonlinear non-minimum phase systems. A new input update law is proposed based on the
relative degree and the number of non-minimum phase zeros. This makes the overall proposed
learning system have a simple structure as in the classical ILC.
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1. Introduction

Iterative learning control (ILC) has been studied to
improve tracking performance of the control system by
performing the same task iteratively over a finite control
horizon (Uchiyama 1978, Arimoto et al. 1984, Moore
1993). These conventional ILC schemes which are
based on the relative degree correspond to the inverse
mapping from desired output to input. However, for
non-minimum phase systems, this inversion brings
about instability. The input obtained by ILC may be
bounded due to the finite control horizon, but may
be too large for non-minimum phase systems to use in
practice.

In recent years, tracking a desired trajectory for
non-minimum phase systems has been widely studied.
For continuous time systems, many control
designs have been proposed using stable inversion
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(Devasia et al. 1996, Taylor and Li 2002). Several digital
controllers have also been studied for tracking problems
of discrete time non-minimum phase linear systems
(Tomizuka 1987, Choi and Choi 1998). Also a discrete
time version of stable inversion method has been pro-
posed in Zeng and Hunt (2000). All these methods
show reasonably good performance on tracking desired
trajectories if the relevant characteristics of the given
models are known.

Conventional learning approaches for non-minimum
phase systems in Roh et al. (1996), Ghosh and Paden
(2002) and Kinosita er al. (2000) are based on the
system model and can obtain only approximate
solutions. Also, the overall learning structures are
more complex than the conventional ILC methods for
minimum phase systems.

Classical ILC schemes have simple learning structures
using input update laws. Preserving the simple structure
of ILC, ILC with advanced output data was proposed
for linear discrete time non-minimum phase systems in
tracking a desired trajectory (Jeong and Choi 2002 a, b).
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Its results provided the condition for the
stability of inverse mapping of non-minimum phase
systems and an input update law which utilizes
the information on the the sum of the relative degree of
the system and the number of non-minimum
phase zeros. This learning law can be applied to
both minimum phase systems and non-minimum phase
systems.

In this paper, the results in Jeong and Choi (2002b)
are extended to nonlinear non-minimum phase systems.
In the proposed method, the inverse system is stabilized
based on the input-to-output mapping using the relative
degree and the number of non-minimum phase zeros.
Also, a learning scheme for a non-linear discrete time
system is proposed based on the mapping. The learning
structure and input update law are simple as in the
classical ILC schemes. The remainder of this
paper is organized as follows. In section 2, some of
our preliminary results on iterative learning control
with advanced output data (ADILC) for non-minimum
phase systems are described briefly. In section 3, the
results from section 2 are extended to nonlinear systems.
The boundedness of the input obtained by the
proposed method is proven. In addition, an example is
presented to illustrate the need to advance the
output in the input update law. The conclusion follows
in section 4.

2. ILC with advanced output data for linear
non-minimum phase systems

Some preliminaries and the results from Jeong and Choi
(2002b) will be briefly summarized here for proving
the results in section 3. An input update law which
depends on the relative degree and the number of non-
minimum phase zeros is considered. It can be used
for non-minimum phase systems as well as for minimum
phase systems. We assume that the number of non-
minimum phase zeros and the relative degree are
known a priori.
Let us consider the LTI systems described by

x(i + 1) = Ax(i) + Bu(i),

1

y(i) = Cx(i). M

where, ue R, x=[x,...,x,]7 € R, and y e R are
the input, the state, and the output of the system,
respectively. A, B and C are matrices of appropriate
dimensions. Let x(i), y“(i) and u“(i) represent the
state, the output and the input corresponding to the
desired trajectory. Also let the desired output
yUi),ielo,N+o—1] be given and uj:=
[u(@), ....u()", ¥y =@, ....y()]". Here, o denotes

the relative degree of the system. The transfer function
of the system is represented as

B+ 4B
4o+,

G(2) 2

Basically, the ILC based on the relative degree utilizes
the following mapping:

Yo Nto—1] = HaX(0) + Jaugo, v—1), (©)
where
H, L0 0
=% 1= J.2 / ’ ,
Hy jN JA;il jl

and H; = CA°t=!, J, = CA°*'=2B. Since the system (1)
has a relative degree o, J, is non-zero and J, is non-
singular.

For minimum phase systems, u“(/) can be uniquely
determined from y, y,,—y and x%0). The inverse
mapping from yy, vy, i to up y-1 is stable. However,
for non-minimum phase systems, the inverse mapping
from yj, yy,—1) tO up, y-1) is unstable.

To consider the ILC with advanced output data, we
set the input horizon to [0,N+d—1] with
u(Ny=---=u(N+d—1)=0 and the output horizon
to [0,N+o+d—1],0 <d <n—o. The desired trajec-
tory y? is given in [0, N+ o0 —1]. To compare the
result with that of the conventional ILC later, we set
Y N+0),....(N+o+d—1) to some appropriate
constants.

In this case, the following equation can be obtained in
a manner similar to (3),

Yiotd, N+ot+d—1] = Hex(0) + Jeupo, y-1, 4)

where

H. = [(Hu)',.. .,(HN+d)T]T

Jar1 Ju 0

Jayz  Jan 0
J. =

Intd INta—1 o Jan

The time interval for the output of interest is
[c+d, N+o+d—1] for some integer 0 <d<n—o
in (4) whereas it is [0, N4+ o —1] in (3), but the
time interval for the input of interest is [0, N — 1] in
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both (3) and (4). Let d, be the number of non-minimum
phase zeros of G(z). If we set d=dy, the inverse
mapping is stable for non-minimum phase systems as
well as for minimum phase systems. For minimum
phase systems, we can set d=0, which is equivalent
to the conventional ILC based on the relative degree.
At every iteration, we set x%(0)=x%0) and
@) =uli)=0,N<i<N—-1+d.

To analyse the stability of the inverse mapping, some
assumptions are needed.

(A1) The system is stable, controllable and observable.
(A2) The matrix A4 is invertible.
(A3) B, #0in (2).

(A4) The matrix J. is non-singular.

An input update law which updates the input with
advanced output data is

kel ok k
U N_1) = U v—1] +S€oii Niora—1)y 0=d=n—o, (5)
k o k
where e[ﬁd’ N+o+d—1] = Y[J+d’ N+o+d—1] — y[a+d, N+o+d-1]"

From the above, the results on the stability of the
inverse mapping and its convergence analysis can be
derived.

Lemma 1 (Jeong and Choi 2002b): The inverse

mapping from Y, g ioia-1y 10 Wo -y is stable for
d=dy in (4).

Lemma 1 shows that the inverse mapping from
Vi id Niordyy O Ul vy is stable for non-minimum
phase systems if d = dy. In the next lemma, it will be
shown that the input u’[’”0 N—1] converges to uf& N—1] s
k — oo using the input update law (5). It is noted that
this inverse mapping is stable.

Lemma 2 (Jeong and Choi 2002b): The uncertain
system (1) satisfies (A1)—(A4). If the condition

II=SJll<p<1 (6)

holds, the input uﬁ) N—1] converge to ufg N-1] GS k — oo.

Note that the input update law (5) is a generalization of
iterative learning control from the minimum phase
systems to the non-minimum phase systems by setting
d=dy.

3. ILC with advanced output data for nonlinear
non-minimum phase systems

In this section, the results presented in section 2 are
extended to nonlinear systems. The basic idea is the
same as in the linear systems.

Consider a class of discrete time SISO nonlinear non-
minimum phase systems

x(i 4 1) = flx(D) + g(x(D)u(i)
W(@) = h(x(D)).

The functions f, g and & are f: RN" — R", gt R — N”
and h : " — R, analytic and £(0) = 4(0) = 0. The rela-
tive degree r is defined for continuous time systems
(Isidori 2002) and the similar notion in discrete-time
systems is the characteristic number p (Nijmeijer and
Schaft 1990). We will define the relative degree o for
discrete time systems as o=p+ 1. If (9/0u)hx
(f/(f+gu)=0,j <o —1 and (3/dwh(f*~"(f+gu)) is
non-singular, the relative degree of the system is o.
This is consistent with the relative degree in linear
systems which is defined as the difference between the
orders of the numerator and denominator polynomials
of the transfer function. It is assumed that the
relative degree of the system and the number of the
non-minimum phase zeros, dy, are known a priori.
As in the linear case, we set the input horizon to
[0,N+d—1] with u(N)=---=u(N+d—1)=0 and
set the output horizon to [0,N+o+d—1],
0<d<n—o. The desired trajectory y? is given in
[0,N+o—1] and we set P (N+o),...,17x
(N +0+4d—1) to some appropriate constants.

As in the linear case, the following mapping is
considered.

(7

Vi v vrorat = FOOLub o). ®)

Here F is a nonlinear mapping obtained from the system
equation (7).

Linearization of (7) around (x(i), u(i)) = (0,0) results
in the linear system

x(i + 1) = Ax(i) + Bu(i) } ©)

(@) = Cx(i),
where

_A(x(@) + g(x(0)u(@))
- ax(i)

_A(x() + g(x()u(@))
n ou(i)

A

5

x(1)=0, u(i)=0

B

>

x(i)=0, u(i)=0

_ oh(x(0)
€= ox(i)

X(1)=0
Then (7) becomes

X(i + 1) = Ax(i) + Bu(i)
+ [f(x()) — Ax(0) + (g(x(1)) — B)u(i)]
y(i) = Cx(0) + [A(x(D)) — Cx(D)].
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Note that for the system (9), the mapping (8) can be
represented as (4).

The following assumptions are needed for further
development:

(A1") The system (7) is stable. Also, the relative degree
of the system (17) is o and is well defined
V(x,u) € R"™"! with respect to u(i).

(A2) For the system (7), I¥{, 4 yiosa_yll < ¢1, YN and
[Ix(0)|| < ¢, for some constants ¢; and c.

(A3) The linearized system (9) is stable and satisfies the
assumptions (A1)—(A4).

(A4’) For any realizable output trajectory yff, . Ntotd—1]
that corresponds to a given initial condition x%(0),
F is a one-to-one and continuous mapping.

It is noted that yﬁ),d +d-17 1s not taken into consideration
since we consider the mapping (8). In the following
lemma, the boundedness of uﬁ)q N—1] is shown.

Lemma 3:  Let us assume that the system (7), the desired
trajectory and the initial condition satisfy (A1 )—(A4'). Let
us set d = dy, where dy is the number of non-minimum
phase zeros. Then the desired trajectory uﬁ’)’ N-1] IS
bounded.

Proof: From the mapping (4) and the desired trajec-
tory yff7 +d Ntota—1p the desired input upg y—1) for the
linearized system (9) can be obtained as

o, N-1) = I [V wrora—r) — HXO)]:

If the inverse mapping (4) is unstable, the magnitude of
ujo, y—1] can be very large even though yffﬂrd’ Netotd—1] is
very small. From (A3’) and Lemma 1, the inversion of
(4) is stable and ujp, x—;) is bounded from above, i.e.,
there exists a constant c3 such that |[uj, y—1jl| < 3, VN.

Substituting uj, y—1j into (8), the following mapping is
obtained:

Yiotd Ntot+d—11 = Fx(0), upo, n—1)).

Since the system is stable from (A1) and x(0) and
up, v—1) are bounded, Y,y nioiq—1) 18 also bounded,
1.6, I¥otd Ntota—nll < ca for some constant c¢g. It
should be noted that if d # d,, the boundedness of
up, v—1] and Y44 niora—1 Cannot be guaranteed as
N — oo.

With the help of (A2'), the following inequality holds.

- d
1¥o-+d, N+o+d—11 — Yiotd N+o+d—11]

. d
= Wiotd, Nvota—11ll + ¥ [ora, Ntora—
<cq4 4.

Since F~! is continuous from (A4), llugo, N—17—
d d .
ujo vyl = ¢s for some constant c¢s and wuf y_ is
bounded as lluf, y—yyll < ¢5+ ¢3.

Lemma 3 shows that if d = d,, the boundedness of
“flo, ~—1y 18 guaranteed under (A1’)-(A4') even though
N — oo. It should be noted that if d # dj, the bounded-
ness of u[do’ ~—1) cannot be guaranteed. For later use, it is
necessary to derive a lemma that can relate the output
error with the initial state and the input.

Lemma 4 (Jeong and Choi 2002a):  For the system (7),

d _ vk
Yio+d Nvot+d—1] ~ Yio+d N+tot+d—1]

ok (10)
= Hj5x"(0) + Jjdufy y_y;.

HE =[5, )T, D)™
JZ+1,1 J§+1,2 0

k k
Jd+2,1 Jd+2,2 T 0

k k
JN +d,1 JN +d,d+2 Ji](\erd,N

8x*(0) = x*(0) — x%(0),

k k d
Sup y_1] = U, y—1] — Ujo, N—1]-

HereHﬁ‘andJ’? d+1<i<N+d, j<i are

/A

HE = 1 (x(i, /()
x :lj{f%x"(/), Y1) + g (). ),
JE = W(x(i. /()
x [il‘l[{f/(xd(l), (1) + g (D). x"(l))uf’(l)}]
%

x g(x*(j — 1),
where

[ £ (x(i, o (1))
1), xR (i) = : :
7 (x (i, (i)

— 11
g, (x(i, BL(i))) (n

g, ¥ (i) =

FACOH0))
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Here

Ton(ox(, ek () = £ ek (Dx () + (1 — o ()" (i),
(i, By (D)) = & m(By,(DX(0) + (1 — BL()X* (i),
W (x(i, YA () = (X)) + (1= Y (D)),
0 < o (i), B5.30), V" () < 1, Vi, ke, m.

m

The following input update law with advanced output
data is proposed:

Lk k.d
o' no1y = Yo, v—1) T S €otay, Nrordo—10 (12)
where

k _ o ok gk
Clotdy, N+ot+do—1] = Y[o+dy, N+o+dy—1] ~ Y[o+dy, N+o+dop—1] >
is a learning gain matrix of dimension N x N.

Theorem 1: The system (7) satisfies (A1) ~(A4') and the
system dynamics may not be known completely. If the
condition

I1—SkIEI < p <1, forall k (13)

is satisfied, the input “f(o, n—1] Which can be computed
by (12), converges to bounded u[%’ N—1] GS k — oo.

Proof: From x?(0) — x*(0) = 0 and Lemma 4,

ujo v-1) = “ﬁf}v—u
= “ﬁ), No1] “ﬁ) No1] Skeﬁwrd, Nto+d—1]
=l v_1) — U, y_1) — STHESX"(0) + Jydufy y_y)]
= [1 = S* I, y_yy — uy yp)]- (14)

Taking norms of both sides of (14) and using (13),
d k+1 d k
||“[0,N71] - “[oTN—1]|| = p”u[O,Nfl] - u[O,Nfl]”'

Hence, limy_, o ||uﬁ)’ No uﬁ)’ yoyll =0.
The boundedness of u[‘{]’ y—1) comes from Lemma 3.

Using (12), the stabilized input to track the desired
trajectory can be obtained using Lemma 3 and
Theorem 1. As in the linear case the input update law
(12) is a generalization from the minimum phase systems
to the non-minimum phase systems if d = d.

In the well-known stable inversion approach, the
input is calculated in the horizon (—oo0,+00) and is
truncated to make it causal. Also, it uses the input-
to-state mapping and the state-to-output mapping.
On the other hand, the proposed method utilizes the
input-to-output mapping and it is possible to obtain
an input that provides perfect tracking of the desired
output on the output horizon except [0,0 + d — 1].

In practice, we need to have a good model of the
system in order to find the learning gain matrix S¥
which satisfies the condition (13). U

Example: Let us consider the following nonlinear
discrete time non-minimum phase system:

x1(i+ 1) = xa2()

xXa(i + 1) = x3(i) — sin’(xa(0))

w3+ 1) = 0.1x3(0) + 2.5 sin*(x2(0)) + u(i)
y(i) = x1(0) + 2.5x2(7) + x3(i).

(15)

Since o =1, let us set z; = y,z, = x1,z3 = X3, then
z(i) = (p(D), x1(Q), x2(i)) = ®(x(7)). Using this relation,
the system is transformed into

2i(i+ 1) 26 =26 —557[z1()
i+ |=| 0 0 1 z5(i)
(i + 1) 1 =1 =251 z:0)
0 1 (16)
+ 0 +1 0 |u().
— sin*(z3(i)) 0
(i) = z100).

The zero dynamics of the system is governed by

z 0 1 z 0
[z§:|:|:—1 —2.5i||:z§i|+|:—sin2(23(i))i| an

and it has one non-minimum phase zero and one
minimum phase zero around the origin.
The desired trajectory is given as follows:

w0, =01
Y= {0.2sin(0.05n(i—2)), 1<i<2 18

Let us find the inputs that can track y“(i) by the stable
inversion method and the proposed method.

Stable inversion method (Zeng and Hunt 2000): Let us
assume that the system is completely known. From (16),
the following equation can be obtained:

@@+ | 0 1 z5(i) 0
[zim 1)] = [—1 —25“5(1‘)} * [y"a)] (19)

By transforming

0 1
QZ[—I —2.5}
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into the Jordan canonical form, i.e., D = T~'QT, (19)
becomes

0
ﬁ(i+1)=T‘lz(i+1)=Dﬁ(z‘)+T“[ o ]
y(i) — sin*(z3(7))
where
T 0.8944 —0.4472 D —-0.5 0
T | —0.4472 0.8944 |’ o 0 -2.0 |

Based on the following Picard iteration, the 7 can be
obtained

Mo(i) =0

()= > @i —k)

-1
r [yd(k -

The input is calculated using 7. Figures 1 and 2 show the
output and input using the stable inversion method.
In figure 3, the output error is shown. Since the input
is truncated to be causal, the truncated error exists on
the whole output interval.

Let us consider the learning of the non-minimum
phase systems by the proposed method.

0
1) — sin*(—0.44727, + 0.89447),) ]

Proposed method: The exact linearized model of (15)
around (0, 0) is as follows:

x1(i+ 1) = x209)
x2(i 4+ 1) = x3()
x3(i 4+ 1) = 0.1x3(0) + u(i)
y(i) = x1(i) 4 2.5x2(i) 4 x3(0).

(20)

02}
0.15]
[2]
£ o1}
o
5
o)
0.05 |
yd N
0 = Stable inversion
0 5 10 15 20

i

Figure 1. Output using the stable inversion.

It is difficult to have the linearized model when the
system equation is unknown. It is assumed that we
only have the following linear model with modelling
error terms compared to (20).

x1(i4+ 1) = 1.2x2(0) + 0.2x3(i)
X0+ 1) = —=0.1x;(7) + x3(0)
x3(i+ 1) = 0.4x3(0) + u(i)

3(0) = x1() + 2.5%2(0) + x3(0).

21

We want to show that the desired input can be obtained
despite the modeling errors as long as we can find S¥
which satisfies the convergence condition. We set
»23) =0, u(22) =0, u°(i) =0,i=0,...,21. To deter-
mine S, JY is estimated from the above model and
denote it as Jd Since the model is linear, Jd can be

0.04
0.035

0.03 |
0.025
0.02 |

0.015 |
0.01
0.005

Inputs

Stable inversion

-0.005
-0.01
0

5 10 15 20
i

Figure 2. Input using the stable inversion.

0.005

Stable inversion

0004 Proposed method k= 10~ .
f Proposed method k = 50 -

0.003 13 |

o

o

S

o
‘

Output error
o
o
<

0 L
-0.001}
—0.002f
~0.003 : : : :
0 5 10 15 20
i
Figure 3. Output error.
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0.2

0.15

0.1

Outputs

0.05

0 5 10 15 20
i

Figure 4. Outputs using the proposed method.

0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0
—0.005

-0.01 : ‘ ‘ :
0 5 10 15 20

i

Inputs

Figure 5. Inputs using the proposed method.

obtained from J. in (4) with d=1. We set S = 0.5 x jdl
and use the input update law (12).

Figures 4 and 5 show the outputs and inputs for
different values of k, respectively. The output error
l74(1) — y*(1)|| converges to 0.0035 and yf‘l 2] converges
to YEfz,zz] almost  perfectly for k=10 with
Y20 — Yoy ll3 < 2.6916 x 1075, As can be seen in
figure 3, the output error yf,, — ¥j,, can be made
arbitrarily small by the proposed method.

Let us consider convergence condition in this
example. If the system is unknown, it is impossible to
check the convergence condition. Generally, the conver-
gence condition is given by using system equation.

Likewise, we use the system equation only to
check the convergence condition. However, it is difficult
to calculate J§ in (10). Instead, we define

k
- Y otd, N+o+d—1]
Ay F—)

x
oy 1)

which can be computed by using (15), and approxima:[%
Jy as J,. When uf \ ; approaches to ufy \ .. J,
approaches to Jf;. Therefore ||/ —SJ || can beia good
indicator of || — SJ’;,H. We found that ||/ —SJ,|| <0.7
for all k and the convergence condition is more likely
satisfied.

This example shows a way of obtaining the gain
matrix S¥ from a linear model even if the model has
modeling error terms.

4. Conclusion

This paper investigated the iterative learning control for
discrete time nonlinear non-minimum phase systems.
A new tracking method based on the input to output
mapping was proposed extending the results of linear
discrete time non-minimum phase systems.

By properly advancing the output data, it was shown
that it is possible to perfectly track the desired output
except at the beginning and that the inverse mapping
from the output to the input is stable. Also, a learning
scheme for handling uncertain systems was proposed
based on the result. Similar to the conventional ILC
schemes using the relative degree, the proposed
method has a simple structure based on the information
of the relative degree and the number of non-minimum
phase zeros. This approach is the generalization of
iterative learning control from the minimum phase
systems to the non-minimum phase systems. The
simulation results show that the proposed method
tracks the desired output better than the well-known
stable inversion method.
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