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Abstract. The need of considering non-determinism in theoretical com-
puter science has been claimed by several authors in the literature. The
notion of non-deterministic automata as a formal model of computation
is widely used, but the specific study of non-determinism is useful, for
instance, for natural language processing, in describing interactive sys-
tems, for characterizing the flexibility allowed in the design of a circuit or
a network, etc. The most suitable structures for constituting the foun-
dation of this theoretical model of computation are non-deterministic
algebras. The interest on these generalized algebras has been growing
in recent years, both from a crisp and a fuzzy standpoint. This paper
presents a survey of these structures in order to foster its applicability
for the development of new soft computing techniques.
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1 Hyperstructures, multistructures and nd-structures

The difficulty of handling non-determinism has been sometimes avoided by sim-
ulating it using specific algorithms on deterministic automata. Nonetheless, the
need of developing a formal theory which considers non-determinism as an inher-
ent aspect of computation, instead of merely simulating it, is widely accepted.

A usual direct approach to non-determinism is the use of multialgebras [25,
41,48], also called multivalued algebras or hyperalgebras, in which the arguments
of the operations are individuals and the result is a set of possible outcomes.

Hyperalgebra, or hyperstructure theory, was introduced in [36] when Marty
defined hypergroups, began to analyze their properties, and applied them to
groups, rational fractions and algebraic functions. Nowadays, a number of dif-
ferent hyperstructures have been widely studied from both the theoretical and
applicative point of view, and for their use in applied mathematics and artificial
intelligence; note, however, that an important obstacle for the study of these
structures is the lack of consensus in the terminology. These hyperstructures
can be roughly classified as follows:
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– Generalizations of group theory. The most general hyperstructure, the hy-
pergroupoid, is just a nonempty set H endowed with a binary operation
H × H → P(H) r {∅}. Semihypergroups, quasihypergroups, hypergroups,
join spaces, etc, are different classes of hypergroupoids with different sets of
additional requirements. A theoretical study of these and other structures
and a wide survey of its applications can be found in [14], which describes
applications to geometry, graph theory, fuzzy set theory, rough set theories,
cryptography, codes, etc. Recently, several results relating hypergroups and
fuzzy set theory have been obtained, see [16,18,19,49].

– Extensions of ring theory. In this topic, the most referenced structures are
hyperrings and hyperfields, which were defined by Krasner in [30, 31] and
have been applied to geometry and number theory [11]. A weakening of
these structures (multiring and multifield) was introduced in [33].

– Lattice-related structures. A number of structures are inspired in lattice the-
ory although not all of them are proper extensions of the structure of lattice,
for instance, nearlattices [10], near lattices [43], hyperlattices [29], or super-
lattices [38].
Specially interesting, in this context, is the structure of multilattice (see
Section 2), which provides a convenient generalization of lattices both from
the algebraic and the coalgebraic points of view.

It is remarkable that most of the structures above consider that the codomain of
the operations is always a nonempty set. This restriction does not suit certain ap-
plications, and that is why we introduced the non-deterministic algebras (briefly,
nd-algebras) [34] by considering operations of type A1×· · ·×An → P(A). Thus,
a non-deterministic groupoid (or nd-groupoid) is just a hypergroupoid in which
the restriction of the images being nonempty is dropped.

Among the applications which demand nd-operations we can find a number
of them requiring partial ordered sets (posets) which are not lattices, but have
similar properties. The notion of partially ordered set has proven to be very
relevant in modern mathematics, perhaps being lattice theory one of the best
examples. Note, however, that it is not difficult to find situations in which posets
arise that are not lattices as, for example, in divisibility theory, special relativity
theory, . . . These posets, although lacking a proper lattice structure, share some
of their properties.

2 Multilattices: algebraically and coalgebraically

It was Benado [3] who firstly proposed an approach to generalizing the notion
of lattice in which the supremum and the infimum are replaced by the set of
minimal upper bounds, named multisupremum, and the set of maximal lower
bounds, named multiinfimum, respectively. This structure is called multilattice.
Notice that the operators which compute the multi-suprema and multi-infima in
a poset provide precisely nd-groupoids or, if we have for granted that at least a
multi-supremum always exists, a hypergroupoid. Although other generalizations
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of the notion of lattice have been developed so far, see above, we are focusing
our attention on multilattices because of their computational properties.

The idea underlying the algebraic study of multilattices is the development
of a new theory involving non-deterministic operators as a framework for for-
malizing key notions in computer science and artificial intelligence. For instance,
non-determinism has been considered under the combination of modal and tem-
poral logics to be used in communication systems; new results have been recently
obtained in database theory as well. A lot of effort is being put in this area, as
one can still see recent works dealing with non-determinism both from the the-
oretical and from the practical point of view [27,47].

Although Benado’s original motivation was purely theoretical (he used mul-
tilattices to work with Dedekind connections, Schreier’s refinement theorem and
evaluation theory) multilattices (and relatives such as multisemilattices) have
been identified in several disparate research areas: (1) in the field of automated
deduction, specifically when devising a theory about implicates and implicants
for certain temporal logics during the development of automated theorem provers
for those logics [13]; (2) unification for logical systems, whose starting point was
the existence of a most general unifier for any unifiable formula in Boolean logic:
Ghilardi [22] proved that there are no most general unifiers in intuitionistic
propositional calculus but a finite set of maximal general unifiers instead; and
(3) multilattices play important roles in computation, for instance the set of
words builded from an alphabet by considering the “be a subword” ordering.

As stated above, the notions of ordered and algebraic multilattice were intro-
duced by Benado in [3]. An alternative algebraic characterization was introduced
by Hansen in [24] and, later, Johnston studies ideals and distributivity on this
algebras [26]. However, the first applicable algebraic characterization is relatively
recent, Mart́ınez et al. [34], and it reflects much better the corresponding clas-
sical theory about lattices than those given previously. Moreover, this algebraic
characterization allows natural definitions of related structures such as multi-
semilattices and, in addition, is better suited for applications. For instance, [46]
shows several examples in process semantics where the carrier set has the struc-
ture of multilattice, and Medina et al. [37] developed a general approach to fuzzy
logic programming based on a multilattice as underlying set of truth-values for
the logic.

Certain abstract structures can be thought of both algebraically and coalge-
braically. The context and the aims of the work usually indicates which frame-
work one should consider; for instance, when non-deterministic behavior is as-
sumed, the coalgebraic framework is generally preferred because it appears to
fit more naturally, since coalgebras are becoming an ideal framework for for-
malization in diverse branches of computer science (Kripke structures, labeled
transition systems, various types of non-deterministic automata, etc).

Following this trend, we started a research line consisting in the development
of a coalgebraic view of several mathematical structures of interest for the han-
dling of non-determinism, in particular, for multilattices. In [8], we have defined
a suitable class of coalgebras, the ND-coalgebras, and developed a thorough anal-

3



ysis of the required properties in order to achieve a convenient coalgebraic char-
acterization of multilattices which complements the algebraic one given in [35].
The class of ND-coalgebras can be regarded as a collection of coalgebras under-
lying non-deterministic situations, and creates a setting in which many other
structures could be suitably described.

3 Congruences, homomorphisms and ideals on
non-deterministic structures

In traditional mathematics, congruences, homomorphisms and ideals are usually
considered as different views of the same phenomenon, as stated by the so-called
isomorphism theorems. Note, however, that in the realm of nd-structures there
are several plausible generalizations of these notions which do not necessarily
preserve the existing relationships in the classical case.

The study of congruences is important both from a theoretical standpoint
and for its applications in the field of logic-based approaches to uncertainty.
Regarding applications, the notion of congruence is intimately related to the
foundations of fuzzy reasoning and its relationships with other logics of uncer-
tainty [21]. More focused on the theoretical aspects of computer science, some
authors [2, 40] have pointed out the relation between congruences, fuzzy au-
tomata and determinism. There have also been studies on qualitative reasoning
about the morphological relation of congruence. A spatial congruence relation
is introduced in [15] which, moreover, provides an algebraic structure to host
relations based on it.

3.1 Crisp approaches

To begin with, a discussion on the most suitable extension of the notions of con-
gruence and homomorphism on a given nd-structure is needed. In [6], we consider
the notion of homomorphism on nd-groupoids and how it preserves the different
subhyperstructures. Likewise, in this general framework, the relation between
nd-homomorphisms and crisp congruences on a hyper-structure is investigated.
In [4], we dealt with congruences on a hypergroupoid or nd-groupoid. Specifi-
cally, the set of congruences on an nd-groupoid need not be a lattice unless we
assume some extra properties. This problem led us to review some related liter-
ature and, as a result, we found one counter-example even in the context of crisp
congruences on a hypergroupoid. The previous example motivated the search for
a sufficient condition which granted the structure of complete lattice for the set
of congruences on a hypergroupoid and, by extension, on an nd-groupoid; this
property turned out to be that the underlying nd-structure should be a certain
sort of multisemilattice.

The next step in this context is to study congruence relations in the more
general structure of multilattices, together with a suitable definition of homo-
morphism. In [12] the classical relationship between homomorphisms and con-
gruences was suitably adapted, as well as a proof that the set of congruences of
a certain class of multilattices is a complete lattice.

4



In a subsequent work, the focus was put on the notion of ideal. This is not a
trivial matter since several definitions have been proposed for the notion of ideal
of a multilattice: for instance, one can find the notion of s-ideals introduced by
Rach̊unek, or the l-ideals of Burgess, or the m-ideals given by Johnston [26,42].
In [7], we introduced an alternative definition more suitable for extending the
classical results about congruences and homomorphisms. This approach led to
generalize the result about the lattice structure of the set of congruences to be
applied to any multilattice.

3.2 Fuzzy approaches

The systematic generalization of crisp concepts to the fuzzy case has proven to be
an important theoretical tool for the development of new methods of reasoning
under uncertainty, imprecision and lack of information. One can find disparate
extensions of classical algebraic structures to a fuzzy framework in the literature;
moreover, recently, hyperstructures and fuzzy theory are being studied jointly,
giving rise to the so-called fuzzy hyperalgebra and, consequently, several areas
within artificial intelligence and soft computing have been benefitted from the
new results obtained [1, 32,44,50,51].

Regarding the generalization level, since the inception of fuzzy sets and fuzzy
logic, there have been approaches to consider underlying sets of truth-values more
general than the unit interval; for instance, consider the L-fuzzy sets introduced
in [23], where L is a complete lattice. Furthermore, one can even consider the
study of M -fuzzy sets where M has the structure of a multilattice.

Several papers have been published about the lattice of fuzzy congruences on
different algebraic structures [17,20,39,45]. A previous step before studying the
fuzzy congruences on multilattices and the suitable generalizations of the concept
of L-fuzzy and M -fuzzy congruence, is to define fuzzy congruence relations on
nd-groupoids.

Our generalization to the context of nd-groupoids is introduced in [5], fol-
lowing the trend initiated in [4]. Concerning the study of the lattice structure
of fuzzy congruence relations, the main result obtained is a set of conditions
guaranteeing that the set of fuzzy congruences on an nd-groupoid is a complete
lattice, since in general this is not always the case.

Unlike the development of the fuzzy versions of other crisp concepts in math-
ematics like congruence relation, the fuzzy extension of the notion of function has
been studied from several standpoints, and this fact complicates the choice of the
most suitable definition of fuzzy homomorphism: the most convenient definition
seems to depend on particular details of the underlying algebraic structure under
consideration. The definition of fuzzy function introduced in [28] is used in [6]
in order to establish the relation between fuzzy congruences and perfect fuzzy
homomorphisms, leading to a fuzzy version of the canonical decomposition the-
orem for certain class of fuzzy homomorphisms. Specifically, a given ϕ:A → B
in this class can be decomposed1 as ϕ = ι ◦ ϕ̄ ◦ π where π:A → A/ρϕ is the

1 Note that all the notions involved in the decomposition are fuzzy.
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fuzzy projection from A to its quotient set over the kernel congruence relation ρϕ
induced by ϕ, ϕ̄:A/ρϕ → Imϕ is the induced isomorphism, and ι: Imϕ → B is
the inclusion.

The previous approaches are extended to the general theory of hyperrings
in [9], where the theory of hyperrings and fuzzy homomorphisms between them
is studied. Specifically, isomorphism theorems are established which relate fuzzy
homomorphisms between hyperrings, fuzzy congruences and fuzzy hyperideals.

4 Conclusions

(Multi, hyper, nd)-algebras provide a suitable theory for the foundation of non-
determinism. Although this theory originated in 1934, currently a lot of effort has
been put on them, mostly due to its applicability, especially in computer science:
the current trend being the fuzzy extension of hyperalgebra and its relation to
soft computing.

In this work, we have reviewed a class of these structures in order to foster
its applicability for the development of new soft computing techniques. Specif-
ically, a brief survey of the most cited hyperalgebras in the literature has been
presented. Then, the notion of non-deterministic algebra (nd-algebra) is intro-
duced; this is a general notion which includes, in a common framework, algebras,
partial algebras and hyperalgebras. Later, the focus is put on two important
classes of nd-algebras: multisemilattices and multilattices. The importance of
these structures is due to the fact that they extend the classical results about
lattice theory to a wide range of partially ordered sets and they appear in several
areas in theoretical computer science. The final section is devoted to the recent
advances related to congruences (and its relatives, homomorphisms and ideals)
on non-deterministic structures, due to its intrinsic interest both from a theo-
retical standpoint and for its applications in the field of logic-based approaches
to uncertainty.
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