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ABSTRACT
The traditional associationrule mining framework produces
many redundantrules.Theextentof redundancy is a lot larger
thanpreviously suspected.We presenta new framework for
associationsbasedon theconceptof closedfrequentitemset-
s. The numberof non-redundantrulesproducedby the new
approachis exponentially (in the length of the longestfre-
quent itemset)smaller than the rule set from the traditional
approach.Experimentsusingseveral“hard” aswell as“easy”
real andsyntheticdatabasesconfirm theutility of our frame-
work in termsof reductionin thenumberof rulespresentedto
theuser, andin termsof time.

Categoriesand SubjectDescriptors
H.2.8 [DatabaseManagement]: Applications—Data Min-
ing; I.2.6 [Artificial Intelligence]: Learning

1. INTRODUCTION
Associationrule discovery, a successfulandimportantmining
task,aimsat uncovering all frequentpatternsamongtransac-
tionscomposedof dataattributesor items.Resultsarepresent-
ed in the form of rulesbetweendifferentsetsof items,along
with metricslike thejoint andconditionalprobabilitiesof the
antecedentandconsequent,to judgea rule’s importance.

It is widely recognizedthat the set of associationrules can
rapidly grow to be unwieldy, especiallyaswe lower the fre-
quency requirements.The larger the setof frequentitemsets
the morethe numberof rulespresentedto the user, many of
which areredundant.This is trueevenfor sparsedatasets,but
for densedatasetsit is simply not feasibleto mine all possi-
ble frequentitemsets,let aloneto generaterules, sincethey
typically produceanexponentialnumberof frequentitemsets;
finding long itemsetsof length20or 30 is notuncommon[2].

Prior researchhasmentionedthat the traditional association

rule mining framework producestoo many rules,but the ex-
tent of redundancy is a lot larger thanpreviously suspected.
More concretely, thenumberof redundantrulesareexponen-
tial in thelengthof thelongestfrequentitemset.We presenta
new framework for associationrule mining basedon thecon-
ceptof closedfrequentitemsets.Thesetof all closedfrequent
itemsetscanbeordersof magnitudesmallerthanthesetof all
frequentitemsets,especiallyfor real (dense)datasets.At the
sametime, we don’t looseany information; the closeditem-
setsuniquely determinethe set of all frequentitemsetsand
their exact frequency. Note that using the maximal frequent
itemsetsresultsin lossof information,sincesubsetfrequency
is not available. We show that the new framework produces
exponentially(in the length of the longestfrequentitemset)
fewer rules than the traditionalapproach,againwithout loss
of information. Our framework allows us to mineevendense
datasets,whereit is not feasibleto find all frequentitemsets.
Finally, the rule set we produceis a generating set, i.e., al-
l possibleassociationrulescan be inferred from themusing
operationslike transitivity andaugmentation.

Experimentsusingseveral “hard” or dense,aswell assparse
databasesconfirmtheutility of our framework in termsof re-
duction in the numberof rulespresentedto the user, and in
termsof time. We show that closeditemsetscan be found
in a fractionof the time it takesto mineall frequentitemsets
(with improvementsof morethan100times),andthenumber
of rulesreturnedto theusercanbesmallerby a factorof 3000
or more! (thegapwidensfor lower frequency values).

1.1 RelatedWork
Therehasbeena lot of researchin developingefficient algo-
rithmsfor miningfrequentitemsets[1, 2,4,9,15,21]. Mostof
thesealgorithmsenumerateall frequentitemsets.Usingthese
for rule generationproducesmany redundantrules,aswe will
show later. Somemethodsonly generatemaximal frequen-
t itemsets[2, 9]. Maximal itemsetscannotbe usedfor rule
generation,sincesupportof subsetsis requiredfor confidence
computation.While it is easyto make onemoredatascanto
gatherthe supportsof all subsets,we still have the problem
of many redundantrules. Further, for all thesemethodsit is
simply not possibleto find rulesin densedatasetswhich may
easilyhave frequentitemsetsof length 20 andmore [2]. In
contrastthe setof closedfrequentitemsetscan be ordersof
magnitudesmallerthanthesetof all frequentitemsets,andit
canbeusedto generaterulesevenin densedomains.



In general,mostof the associationmining work hasconcen-
tratedonthetaskof miningfrequentitemsets.Rulegeneration
hasreceived very little attention. Therehasbeensomework
in pruningdiscoveredassociationrulesby formingrulecover-
s[17]. Otherworkaddressestheproblemof mininginteresting
associationrules[8, 3, 10,12]. Theapproachtakenis to incor-
porateuser-specifiedconstraintson thekindsof rulesgenerat-
ed or to defineobjective metricsof interestingness.As such
theseworksarecomplimentaryto ourapproachhere.Further-
more,they do not addressthe issueof rule redundancy or of
constructinga generatingset.

A preliminarystudyof theideaof usingclosedfrequentitem-
setsto generateruleswaspresentedby us in [20]. This paper
substantiallyimprovesonthoseideas,andalsopresentsexper-
imentalresultsto supportour claims.Independently, Pasquier
etal.havealsousedcloseditemsetsfor associationmining[13,
14]. However, they mainly concentrateon the discovery of
frequentcloseditemsets,anddo not reportany experiments
on rule mining. We on the otherhandarespecificallyinter-
estedin generatinga smaller rule set, after mining the fre-
quentcloseditemsets.Furthermore,we recentlyproposedthe
CHARM algorithm[19] for mining all closedfrequentitem-
sets.This algorithmoutperforms,by ordersof magnitude,the
AClosemethodproposedby Pasquieret al [14], aswell asthe
Apriori [1] methodfor miningall frequentitemsets.In thispa-
perwe do not presenttheCHARM algorithm,sinceour main
goalis rule generation;wesimply usetheoutputit produces.

The notion of closedfrequentsetshasits origins in the ele-
gantmathematicalframework of formal conceptanalysis(F-
CA). A numberof algorithmshave beenproposedwithin F-
CA for generatingall theclosedsetsof a binary relation[5].
However, thesemethodshave only beentestedon very small
datasets.Further, thesealgorithmsgenerateall theclosedset-
s, andthushave to beadaptedto enumerateonly thefrequent
concepts.The foundationsof rule generation(in FCA) were
studiedin [11], but noexperimentationonlargesetswasdone.
Our characterizationof thegeneratingsetof associationrules
is different,andwe alsopresentanexperimentalverification.
Otherwork hasextendedtheFCA approachto incorporatein-
crementalrule mining [6], andrecentwork hasaddressedthe
issueof extractingassociationrule bases[16].

The restof the paperis organizedas follows. Section2 de-
scribesthe associationmining task. Section3 presentsthe
notion of closeditemsets.Section4 looks at the problemof
eliminatingredundantrules. We experimentallyvalidateour
approachin Section5. Theproofsfor all theoremshave been
omitteddueto lack of space;theseareavailablein [18].

2. ASSOCIATION RULES
Theassociationmining taskcanbestatedasfollows: Let
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be a setof transactionidentifiersor tids. The input database
is a binary relation ��� ��� � . If an item  occursin a
transaction! , we write it as "# � !�$&%'� , or alternatelyas  (�)! .
Typically the databaseis arrangedas a set of transactions,
whereeachtransactioncontainsa set of items. For exam-
ple, considerthe databaseshown in Figure1, usedasa run-
ning examplein this paper. Here

�*� �)+,�.-/�102��34�.56�
, and

� � �����
	��17��189�.:��.;�� . The secondtransactioncanbe repre-
sentedas

�)- � 	��.0 � 	��
5 � 	�� ; all suchpairsfrom all transac-
tions,takentogetherform thebinaryrelation � . A set <=� �
is calledan itemset, anda set >=�?� is calleda tidset. For
conveniencewe write anitemset

�)+,�.-/�.56�
as
+@-A5

, anda
tidset

��	��18B�
:��
as
	)8�:

. Thesupportof anitemset< , denotedC "#<D$ , is the numberof transactionsin which it occursasa
subset.An itemsetis frequentif its supportC "#<D$/E minsup,
whereminsupis a user-specifiedminimumsupportthreshold.

An associationrule is anexpression
+ FGIHKJ , where

+
andJ areitemsets.Thesupportof therule is C " +ML J $ (i.e., the

joint probability of a transactioncontainingboth
+

and J ),
andtheconfidenceN � C " +�L J $�O C " + $ (i.e., theconditional
probabilitythata transactioncontainsJ , giventhatit contains+

). A rule is frequentif the itemset
+'L J is frequent. A

rule is confidentif NME �  ��P
Q���R , wherewhereminconfis a
user-specifiedminimumthreshold.
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Figure1: GeneratingFrequentItemsets
Associationrule mining consistsof two steps[1]: 1) Find all
frequentitemsets,and2) Generatehigh confidencerules.

Finding fr equent itemsetsThis stepis computationallyand
I/O intensive. ConsiderFigure 1, which shows a bookstore
databasewith six customerswho buy booksby differentau-
thors.It shows all thefrequentitemsetswith

�  ��S�T N � :)U�V
(i.e.,3 transactions).

+/-W3/5
and
-@0X5

arethemaximalfre-
quentitemsets(i.e.,notasubsetof any otherfrequentitemset).

Let Y � Y � � bethenumberof items.Thesearchspacefor enu-
merationof all frequentitemsetsis

	)Z
, which is exponential

in
�

. Onecanprove that the problemof finding a frequen-
t setof a certainsize is NP-Complete,by reducingit to the
balancedbipartitecliqueproblem,which is known to beNP-
Complete[20]. However, if weassumethatthereis aboundon
thetransactionlength,thetaskof findingall frequentitemsets
is essentiallylinearin thedatabasesize,sincetheoverallcom-
plexity in thiscaseisgivenas [\"#] � �^�_	�` $ , where Y �XY � � is the
numberof transactions,a is the lengthof the longestfrequent
itemset,and ] is thenumberof maximalfrequentitemsets.

Generatingconfident rules Thisstepis relatively straightfor-
ward; rulesof the form > FGbH < G > , aregeneratedfor all
frequentitemsets< , for all >dce< , >gf�=h , and provid-
ed NiE �  �jP
Q���R . For example,from the frequentitemset
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Figure2: GeneratingConfident Rules

+@-A5
wecangenerate6 possiblerules(all of themhave sup-

port of 4):
+lk�m nGIH -A5o�.-pn�m q1rGIH +@5o��5 n�m sGbH +@-/�1+/-tk�m nGbH5o�1+@5 k�m nGIH -

, and
-A5 n�m sGIH +

. This processis alsoshown
pictorially in Figure2. Noticethatwe needaccessto thesup-
portof all subsetsof

+@-A5
to generaterulesfrom it. To obtain

all possiblerules we needto examineeachfrequentitemset
andrepeattherulegenerationprocessshown abovefor

+@-A5
.

Figure2 shows thesetof all otherassociationruleswith con-
fidenceabove or equalto minconf= 80%.

For anitemsetof size u thereare
	�v G 	 potentiallyconfident

rules that can be generated.This follows from the fact that
we mustconsidereachsubsetof theitemsetasanantecedent,
exceptfor theemptyandthe full itemset.Thecomplexity of
therulegenerationstepis thus [\" Rw�_	�` $ , where

R
is thenumber

of frequentitemsets,and a is thelongestfrequentitemset.

3. CLOSED FREQUENT ITEMSETS
In thissectionwedescribetheconceptof closedfrequentitem-
sets,andshow that this setis necessaryandsufficient to cap-
tureall theinformationaboutfrequentitemsets,andhassmall-
er cardinalitythanthesetof all frequentitemsets.

Let "(x ��y $ be an orderedsetwith the binary relation
y

, and
let z bea subsetof x . An element

T %{x ( a�%2x ) is anupper
bound(lower bound) of z if

Soy|T
(
S E}a ) for all

S %�z .
The leastupperboundis calledthe join of z , andis denoted
as ~�z , andthegreatestlower boundis calledthemeetof z ,
andis denotedas ��z . If z � ��������� , we alsowrite

���&�
for

the join, and
�����

for the meet. An orderedset "(� ��y $ is a
lattice, if for any two elements

�
and

�
in � , the join

�&���
andmeet

���/�
alwaysexist. � is acompletelattice if ~�z and� z exist for all z���� . Any finite latticeis complete.

Let � denotethe power set of z (i.e., the setof all subsets
of z ). Theorderedset( ��"�z�$ � � ) is a completelattice,where
themeetis given by setintersection,andthe join is given by
setunion. For examplethe partial orders "#��" � $ � �W$ , the set
of all possibleitemsets,and "#��"(��$ � �W$ , thesetof all possible
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Figure3: FrequentItemsets

tidsetsarebothcompletelattices.Figure3 shows thelattice1

of all frequentitemsetswe foundin ourexampledatabase.

Let the binary relation ��� �'� � be the input databasefor
associationmining. Let <e� � , and >���� . Themappings!�� ���H � � !�"#<D$ � ��� %{��Y�� � %�< �o� � ��� ���� �H � �  1"#>\$ � ��� % � Y�� � %{> �o� � ���
define a Galois connectionbetween ��" � $ and ��"(��$ . We
denotea < � !
"#<�$ pair as < � !
"#<D$ , anda  1"#>�$ � > pair as 1"#>�$ � > . Figure4 illustratesthe two mappings.Themap-
ping !�"#<D$ is the set of all transactions(tidset) which con-
tain the itemset < , similarly  1"#>\$ is the itemsetthat is con-
tainedin all thetransactionsin > . For example, !
" +/-A5 $ ���7)8�:

, and  1" 	)8�: $ � -@0X5 . In termsof individual elements!
"#<�$ ��������� !�" � $ , and  1"#>�$ ���������  1" � $ . For example!
" +/-A5 $ � !
" + $
 ^!
" - $� ^!
" 5 $ � ��7)8�:   ��	)7�8�:);   ��	�7)8�: ���7)8�:
. Also  1" 	)8�: $ �  1" 	 $� � 1" 8 $� 4 1" : $ � -@0X5   +@-@0X5  +@-@0�3/5 � -@0X5

. TheGaloisconnectionsatisfiesthefol-
lowing properties(where < � < k � <�¡2%���" � $ and > � > k � >�¡ -%���"(��$ ): 1) < k �¢<�¡�£¤!
"#< k $A¥'!
"#<\¡�$ , 2) > k �¦>�¡�£ 1"#> k $�¥6 1"#>�¡�$ , 3) <K�6 1"§!
"#<�$�$ and >¨�6!
"# 1"#>�$�$ . For ex-
ample,for

+@-A5 � +/-W3@5 , !�" +@-A5 $ � �
7�8�: ¥ �
7�: �!
" +/-W3/5 $ . For
	)8�: � 	)8�:); ,  1" 	)8�: $ � -@0X5 ¥ -@0 �

 1" 	)8�:�; $ . Also,
+@- �� 1"§!
" +/- $�$ �  1" �
7�8�: $ � +@-A5 .

Let z be a set. A function
P �©��"�z�$ �H ��"�z�$ is a closure

operator on S if, for all < � >p�?z ,
P

satisfiesthe following
properties:1) Extension: <ª� P "#<D$ . 2) Monotonicity: if<«�¬> , then

P "#<D$&� P "#>�$ . 3) Idempotency:
P " P "#<D$�$ �P "#<�$ . A subset< of z is calledclosedif

P "#<D$ � < . Let<­� � and >p�?� . Let
P
®°¯ "#<�$ denotethe compositionof

thetwo mappings �±�!
"#<�$ �  1"§!
"#<D$�$ . Dually, let
P ¯§® "#>\$ �!©±, 1"#>�$ � !
"# 1"#>�$�$ . Then

P�®²¯ ����" � $ �H ��" � $ and
P�¯§® ���"(�,$ �H ��"(��$ arebothclosureoperators.

Wedefineacloseditemsetasanitemset< thatis thatsameas
its closure,i.e., < � P ®°¯ "#<D$ . For exampletheitemset

+/-A5
is closed.A closedtidset is atidset > � P
¯§® "#>�$ . Forexample,k

Only meetis definedon frequentsets,while thejoin maynot exist. For exam-
ple, ³w´�µ�³w¶�·M³w´D¸�³w¶¹·�³ is frequent.But, while ³w´Dº,³w¶�·³w´&»@³w¶�·�³w´¼¶ is frequent,³w´�»@½W¾?·�³w´^½W¾ is not frequent.
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thetidset
��7)8�:

is closed.

Themappings
P�®²¯

and
P
¯¿®

, beingclosureoperators,satisfythe
threepropertiesof extension,monotonicity, andidempotency.
We alsocall theapplicationof  j±�! or !À±� a round-trip. Fig-
ure4 illustratesthis round-tripstartingwith anitemset< . For
example,let < � +/-

, thenthe extensionpropertysaythat< is a subsetof its closure,since
P
®°¯ " +@- $ �  1"§!
" +/- $�$ � 1" ��7)8�: $ � +@-A5

. Since
+@- f� P ®°¯ " +/- $ � +@-A5

, we
concludethat

+@-
is not closed.On theotherhand,theidem-

potency propertysaythatoncewemapanitemsetto thetidset
that containsit, and then map that tidset back to the set of
itemscommonto all tids in thetidset,weobtainacloseditem-
set.After this no matterhow many suchround-tripswe make
we cannotextend a closeditemset. For example,after one
round-tripfor

+@-
we obtainthecloseditemset

+/-A5
. If we

performanotherround-tripon
+@-A5

, we get
P�®²¯ " +@-A5 $ � 1"§!
" +/-A5 $�$ �  ." �
7�8�: $ � +/-A5 .

For any closeditemset< , thereexistsa closedtidsetgivenby> , with the propertythat > � !�"#<D$ and < �  1"#>�$ (con-
versely, for any closedtidsetthereexistsacloseditemset).We
canseethat < is closedby thefactthat < �  ."#>�$ , thenplug-
ging > � !
"#<D$ , we get < �  1"#>�$ �  1"§!
"#<�$�$ � P�®²¯ "#<�$ ,
thus < is closed.Dually, > is closed.For example,we have
seenabove that for the closeditemset

+@-A5
the associated

closedtidsetis
��7�8�:

. Sucha closeditemsetandclosedtidset
pair < � > is calleda concept.

A concept< k � > k is a subconceptof <\¡ � >�¡ , denotedas< k � > k y <�¡ � >�¡ , if f < k �'<�¡ (if f >�¡��'> k ). Let ÁW"#��$
denotethe setof all possibleconceptsin the database.Then
theorderedset "#ÁÂ"#��$ �
y $ is a completelattice,calledtheGa-
lois lattice. For example,Figure 5 shows the Galois lattice
for our exampledatabase,which hasa total of 10 concepts.
The leastelementis

- � ��	�7�8�:�;
and the greatestelemen-

t is
+@-@0�3/5 � :

. The mappingsbetweenthe closedpairs
of itemsetsandtidsetsareanti-isomorphic,i.e., conceptswith
largecardinalityitemsetshave smalltidsets,andviceversa.

The conceptgeneratedby a single item
� % � is called an

item concept, andis given as Ã ® " � $ � P
®°¯ " � $ � !�" � $ . Simi-
larly, theconceptgeneratedby a singletransaction

� %�� is
calleda tid concept, andis given as Ã ¯ " � $ �  1" � $ � P�¯§® " � $ .
For example,the item conceptÃ ® " + $ �  1"§!
" + $�$ � !
" + $ � 1" ��7)8�: $ � ��7�8�: � +@-A5 � �
7�8�:

. Further, the tid conceptÃ ¯ " 	 $ �  1" 	 $ � !
"# 1" 	 $�$ � -@0X5 � !
" -@0X5 $ � -@0X5 � 	)8�: .

In Figure5 if we relabeleachnodewith the item conceptor
tid conceptthatit is equivalentto, thenweobtaina latticewith
minimallabelling, with item or tid labels,asshown in thefig-
ure in bold letters. Sucha relabellingreducesclutter in the
latticediagram,which providesanexcellentway of visualiz-
ing thestructureof thepatternsandrelationshipsthatexist be-
tweenitems.We shallseeits benefitin thenext sectionwhen
wetalk abouthighconfidencerulesextraction.

It is easyto reconstructtheconceptsfrom theminimal label-
ing. Considerthe tid conceptÃ ¯ " 	 $ � < � > . To obtain
thecloseditemset< , we appendall item labelsreachablebe-
low it. Conversely, to obtain the closedtidset > we append
all labelsreachableabove Ã ¯ " 	 $ . Since

5
,
0

and
-

areall
the labelsreachableby a pathbelow it, < � -@0X5

forms
thecloseditemset.Since

8
and
:

aretheonly labelsreachable
above Ã ¯ " 	 $ , > � 	)8�: ; thisgivesustheconcept

-@0X5 � 	)8�:
,

whichmatchestheconceptshown in thefigure.

3.1 FrequentClosedItemsetsvs.Frequent
Itemsets

We begin this sectionby definingthejoin andmeetoperation
ontheconceptlattice(see[5] for theformalproof): Thesetof
all conceptsin thedatabaserelation � , givenby "#ÁÂ"#��$ �
y $ is a
(complete)latticewith join andmeetgivenby

join: "#< k � > k $ � "#<\¡ � >�¡
$ � P
®°¯ "#< k L <�¡�$ � "#> k  �>�¡
$
meet: "#< k � > k $ � "#<\¡ � >�¡�$ � "#< k  �<\¡�$ � P
¯¿® "#> k L >�¡
$
For the join andmeetof multiple concepts,we simply take
theunionsandjoins over all of them. For example,consider
thejoin of two concepts," +/-@0X5 � 8�: $ � " -@0�3 � :); $ �P
®°¯ " +/-@0X5ÄLX-@0�3 $ � " 8�:   :); $ � +/-@0�3/5 � :

. On the
otherhandtheirmeetis givenas, " +/-@0X5 � 8�: $ � " -@0�3 �:�; $ � " +/-@0X5   -@0�3 $ � P
¯§® " 8�:ILW:); $ � -@0 � P
¯¿® " 8�:�; $ �-@0 � 	)8�:);

. Similarly, wecanperformmultipleconceptjoin-
s or meets;for example, " -W3 � ��7�:�; $ � " -@0 � 	)8�:�; $ �" -@0X5 � 	�8�: $ � P ®°¯ " -W3�L,-@0ML,-@0X5 $ � " ��7�:�;   	�8�:);  	)8�: $ � P
®°¯ " -@0�3/5 $ � : � +/-@0�3@5 � :

.

We define the supportof a closeditemset < or a concep-
t < � > as the cardinalityof the closedtidset > � !
"#<�$ ,
i.e, C "#<D$ � Y >2Y � Y !
"#<D$
Y . A closeditemsetor a conceptis
frequentif its supportis at leastminsup. Figure6 showsall the
frequentconceptswith minsup= 50% (i.e., with tidsetcardi-
nality at least3). All frequentitemsetscanbedeterminedby
thejoin operationonthefrequentitemconcepts.For example,
sincejoin of item concepts

0
and
3

, Ã ® " 0 $ � Ã ® " 3 $ , doesn’t
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exist,
0�3

is notfrequent.Ontheotherhand,Ã ® " + $ � Ã ® " 3 $ �+@-W3/5 � �
7�:
, thus

+43
is frequent.Furthermore,thesupport

of
+43

is givenby thecardinalityof theresultingconcept’s tid-
set,i.e., C " +Â3 $ � Y !
" +Â3 $
Y � Y ��7�: Y � 7 .

LEMMA 1. An itemset’s ( < ) supportis equalto the sup-
port of its closure, i.e., C "#<�$ � C " P ®°¯ "#<D$�$ .

This theorem(independentlyreportedin [13]) statesthat al-
l frequentitemsetsare uniquely determinedby the frequent
closeditemsets(or frequentconcepts).Furthermore,thesetof
frequentcloseditemsetsis boundedabove by the setof fre-
quentitemsets,and is typically muchsmaller, especiallyfor
densedatasets.For very sparsedatasets,in the worst case,
thetwo setsmaybeequal.To illustratethebenefitsof closed
itemsetmining, contrastFigure3, showing the setof all fre-
quentitemsets,with Figure 6, showing the set of all closed
frequentitemsets(or concepts).We seethat while thereare
only 7 closedfrequentitemsets,in contrastthereare19 fre-
quentitemsets.This exampleclearlyillustratesthebenefitsof
mining theclosedfrequentitemsets.2

4. RULE GENERATION
Recall that an associationrule is of the form < k FGIH <\¡ ,
where < k � <�¡�� � . Its supportequalsY !
"#< k L <�¡�$
Y , andits
confidenceisgivenasN � x\"#< ¡ Y < k $ � Y !
"#< k L < ¡ $
Y OBY !
"#< k $
Y .
We are interestedin finding all high supportandhigh confi-
dencerules.It is widely recognizedthatthesetof suchassoci-
ationrulescanrapidlygrow to beunwieldy. In thissectionwe
will show how theclosedfrequentitemsetshelpusform agen-
eratingsetof rules,from which all otherassociationrulescan
be inferred. Thus,only a small andeasilyunderstandableset
of rulescanbepresentedto theuser, who canlaterselectively
derive otherrulesof interest.

Beforeweproceed,weneedto formally definewhatwe mean
by a redundantrule. Let Å ® denotetherule < ®k F
ÆGbH < ®¡ . We
say that a rule Å k is more generalthan a rule Å ¡ , denoted

¡
Onepossibleobjectionthat canbe raisedto the closeditemsetframework is

thatasmallchangein thedatacanchangethenumberof closeditemsets.How-
ever, the frequency requirementmakestheframework robust to small changes,
i.e., while the setof closeditemsetcanstill change,the setof frequentclosed
itemsetsis resilientto change.

Å kAÇ Å/¡ providedthat Å@¡ canbegeneratedby addingaddi-
tional itemsto eithertheantecedentor consequentof Å k , i.e.,
if < kk �È< ¡k and < k¡ �È< ¡¡ . Now let É � � Å k ���
�
��� Å/Ê �
bea setof rules,suchthatall their confidencesareequal,i.e.,N ® � N � �b . Thenwe saythata rule Å�Ë is redundant if there
existssomerule Å ® , suchthat Å ® Ç Å Ë . Thenon-redundant
rulesin thecollection É arethosethataremostgeneral.

Wenow show how toeliminatetheredundantassociationrules,
i.e., rules having the samesupportand confidenceas some
moregeneralrule. In thelastsection,we showedthatthesup-
port of anitemset< equalsthesupportof its closure

P�®²¯ "#<D$ .
Thusit sufficesto considerrulesonlyamongthefrequentcon-
cepts.In otherwordstherule < k FGIH < ¡ is exactly thesame
astherule

P ®°¯ "#< k $ FGIH P ®²¯ "#< ¡ $ .
Anotherobservation that follows from the conceptlattice is
that it is sufficient to considerrulesamongadjacentconcepts,
sinceotherrulescanbeinferredby transitivity, thatis:

LEMMA 2. Transitivity: Let < k � <�¡ � <�Ì befrequentclosed
itemsets,with < k �¦<\¡��¢<\Ì . If < k FGbH <\¡ and <�¡«ÍGbH<\Ì , then < k F ÍGbH <\Ì .
In thediscussionbelow, we considertwo casesof association
rules, thosewith 100% confidence,i.e., with N � ��Î U

, and
thosewith N�Ï ��Î U .
4.1 Ruleswith Confidence � 100%

LEMMA 3. An associationrule < k k�m nGbH < ¡ has confi-
denceN � ��Î U if andonly if !�"#< k $��M!
"#<�¡�$ .
This theoremsaysthat all 100% confidencerules are those
thataredirectedfrom asuper-concept( < k � !
"#< k $�$ to asub-
concept( <\¡ � !
"#<\¡�$ ),i.e., down-arcs,sinceit is in precisely
thesecasesthat !�"#< k $Â�Ð!�"#< ¡ $ (or < k �Ñ< ¡ ). Considerthe
item conceptsÃ ® " 5 $ � -A5 � ��	�7)8�:

and Ã ® " - $ � - ���	)7�8�:�;
. Therule

5 k�m nGIH -
is a 100%confidencerule. Note

that if we take the itemsetclosureon both sidesof the rule,
we obtain

-A5 k�m nG�H -
, i.e., a rule betweencloseditemsets,

but sincetheantecedentandconsequentarenotdisjoint in this

case,we preferto write therule as
5 k�m nGbH -

, althoughboth
rulesareexactly thesame.Figure7 shows someof theother
rulesamongadjacentconceptswith 100%confidence.
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Wenoticethatsomedown-arcsarelabeledwith morethanone
rule. In suchcases,all ruleswithin a box areequivalent,and
we prefertherule that is mostgeneral.For example,consider

the rules
3/5 k�m nGbH +��Ò3@5 k�m nGIH +/-

, and
-W3@5 k�m nGbH +

.3/5 k�m nGbH +
is moregeneralthanthe latter two rules. since

the latter two areobtainedby addingone(or more) itemsto

either the antecedentor consequentof
3/5 k�m nGIH +

. In fact,
we cansaythat the additionof

-
to eitherthe antecedentor

the consequenthasno effect on the supportor confidenceof
the rule. Thus, accordingto our definition, we say that the
othertwo rulesredundant.

THEOREM 1. Let É � � Å k �
�
����� Å Ê � be a setof rules
with100%confidence(N ® � ��Î UB� �b ), such that Ó k � P
®°¯ "#< ®k L< ®¡ $ , and Ó ¡ � P ®°¯ "#< ®¡ $ for all rules Å ® . Let ÅWÔ denotethe

100%confidencerule Ó k k�m nGIH Ó ¡ . Thenall therules Å ® f� Å/Ô
are more specificthan Å Ô , andthusare redundant.

Let’sapplythistheoremto thethreerulesweconsideredabove.
For the first rule

P ®²¯ " 3@5ÕL�+ $ � P ®²¯ " +Â3/5 $ � +@-W3/5 .
Similarly for theothertwo rulesweseethat

P
®°¯ " 3/5ÖLÂ+@- $ �P
®°¯ " +/-W3/5 $ � +@-W3/5 , and
P�®²¯ " -W3@5¦L�+ $ � P
®°¯ " +@-W3/5 $ �+@-W3/5

. Thusfor thesethreeruleswe get thecloseditemsetÓ k � +@-W3/5 . By thesameprocesswe obtain Ó�¡ � +@-A5 .
All threerulescorrespondto the arc betweenthe tid conceptÃ ¯ " ���.7 $ andthe item conceptÃ ® " + $ . Finally

3/5 k�m nGIH +
is

themostgeneralrule,andsotheothertwo areredundant.

A setof suchgeneralrulesconstitutesa generating set, i.e., a
rule set,from which all other100%confidencerulescanin-
ferred. Notethat in this paperwe do not addressthequestion
of eliminatingself-redundancy within this generatingset,i.e.,
theremaystill exist rulesin thegeneratingsetthatcanbede-
rived from other rules in the set. In other words we do not
claimanythingabouttheminimality of thegeneratingset;that
is the topic of a forthcomingpaper. See[7, 11, 16] for more
informationon generatinga baseset (or minimal generating

set)of rules.

Figure7 shows thegeneratingsetin boldarcs,which includes

the 5 most generalrules
��3/5 k�m nGIH +��1+×k�m nGIH 5o�15 k�m nGbH-/�Ø3Kk�m nGbH -/�10ªk�m nGIH -,�

(thedown-arcsthathavebeenleft out
producerulesthat cannotbe written with disjoint anteceden-
t and consequent.For example,betweenÃ ¯ " 	 $ and Ã ® " 0 $ ,
the mostgeneralrule is

0X5 k�m nG�H 0
. Sincethe antecedent

andconsequentarenot disjoint, asrequiredby definition,we
discardsuchrules). All other100%confidencerulescanbe
derivedfrom thisgeneratingsetby applicationof simpleinfer-

encerules. For example,we canobtaintherule
+Ùk�m nGIH -

by

transitivity from thetwo rules
+«k�m nG�H 5

and
5 k�m nGbH -

. The

rule
0X5 k�m nGbH -

canbeobtainedby augmentationof thetwo

rules
5 k�m nGIH -

and
0 k�m nGIH -

, etc.Onecaneasilyverify that
all the18 100%confidencerulesproducedby usingfrequent
itemsets,asshown in Figure2, canbegeneratedfrom this set
of 5 rules,producedusingtheclosedfrequentitemsets!

4.2 Ruleswith Confidence Ï 100%
We now turn to the problemof finding a generatingset for
associationruleswith confidencelessthan100%. As before,
weneedto consideronly therulesbetweenadjacentconcepts.
But this time the rules correspondto the up-arcs,insteadof
thedown-arcsfor the100%confidencerules,i.e., therulesgo
from sub-conceptsto super-concepts.

ConsiderFigure 8. The edgebetweenitem conceptsÃ ® " - $
and Ã ® " 5 $ correspondsto

- n�m s ÌGbH 5
. Rulesbetweennon-

adjacentconceptscanbederivedby transitivity. For example,
for
- FGIH +

we can obtain the value of N using the rules- Í.Ú�Û�Ü qGIH 5
and
5KÝ ÚjÞ1Ü
ÛGbH +

. Wehave N �Ðß ] � : O ;/�
8 O : �	 O 7 � UBÎ ;�à .
THEOREM 2. Let É � � Å k �
������� ÅWÊ � be a setof rules
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Figure8: Ruleswith Confidence Ï �
U�U�V
with confidenceN�Ï ��Î U , such that Ó k � P
®°¯ "#< ®k $ , and Ó�¡ �P ®°¯ "#< ®k L < ®¡ $ for all rules Å ® . Let Å/Ô denotetherule Ó k FGbHÓ�¡ . Thenall therules Å ® f� Å Ô aremorespecificthan Å Ô , and
thusare redundant.

This theoremdiffersfrom thatof the100%confidencerulesto
accountfor theup-arcs.Considertherulesproducedby theup-
arcbetweenitemconceptsÃ ® " 5 $ and Ã ® " + $ . Wefind thatfor
all threerules, Ó k � P�®²¯ " 5 $ � P�®²¯ " -A5 $ � -A5 , and Ó�¡ �P ®°¯ " 5áLA+ $ � P ®°¯ " 5�LA+@- $ � P ®°¯ " -A5áLA+ $ � +@-A5 . The
supportof therule is givenby Y !
"#Ó k L Ó�¡
$
Y � Y !
" +/-A5 $
Y � 8 ,
andtheconfidencegivenas Y !
"#Ó k L Ó�¡�$
Y O9Y !
"#Ó k $
Y � 8 O : � U�Î â .
Finally, since

5 n�m sGbH + is themostgeneralrule,theothertwo
are redundant. Similarly for the up-arcbetweenÃ ® " + $ and

Ã ¯ " ���.7 $ , we get thegeneralrule
+ n�m r ÛGbH 3

. Theother8 rules
in thebox areredundant!

Thesetof all suchgeneralrulesformsageneratingsetof rules
from which otherrulescanbe inferred. The two bold arrows
in Figure8 constitutea generatingsetfor all ruleswith

U�Î âXy
N�Ï ��Î U . Due to the transitivity property, we only have to
considerarcswith confidenceat leastminconf=

U�Î â
. No other

rulescanbeconfidentat this level.

By combiningthegeneratingsetfor ruleswith N � ��Î U , shown
in Figure7 andthe generatingsetfor ruleswith

��Î U�ã N*EUBÎ â
, shown in Figure 8, we obtain a generatingset for al-

l associationruleswith minsup= 50%, andminconf= 80%:��3/5 k�m nGIH +,�1+ k�m nGIH 5o�.5 k�m nGIH -/�Ø3 k�m nGIH -/�10 k�m nGbH-/�.5än�m sG�H +���-�n�m s ÌGIH 5��
.

It can be easily verified that all the associationrules shown
in Figure2, for our exampledatabasefrom Figure1, canbe
derived from this set. Using the closeditemsetapproachwe
produce7 rulesversusthe22 rulesproducedin traditionalas-
sociationmining. To seethecontrastfurther, considertheset
of all possibleassociationruleswe canmine. With minsup=

50%,theleastvalueof confidencecanbe50%(sincethemax-
imum supportof an itemsetcan be 100%, but any frequent
subsetmust have at least50% support; the leastconfidence
valueis thus50/100= 0.5). Thereare60 possibleassociation
rulesversusonly 13in thegeneratingset(5 ruleswith N � ��Î U
in Figure7, and8 ruleswith N{Ï ��Î U in Figure8)

4.3 Complexity of Rule Generation: Tra-
ditional vs.NewFramework

Thecomplexity of rulegenerationin thetraditionalframework
is [\" R��
	�` $ , exponentialin thelength a of thelongestfrequent
itemset(

R
is the total numberof frequentitemsets).On the

otherhandusingthecloseditemsetframework, thenumberof
non-redundantrulesis linearin thenumberof closeditemsets.
To seehow muchsavings arepossibleusingclosedfrequen-
t itemsets,lets considerthe casewherethe longestfrequent
itemsethaslength a ; with all

	 `
subsetsalsobeingfrequent.

In the traditionalassociationrule framework, we would have
to considerfor eachfrequentitemsetall its subsetsasrule an-
tecedents.Thetotalnumberof rulesgeneratedin thisapproach
is givenas å `® Ú n�æ

`®¿ç �
	 `¿è ® y å `® Ú n4æ
`®²ç �
	 ` � 	 ` å `® Ú n�æ

`®²ç �	�`I�)	)` � U " 	 ¡ ` $ .
Ontheotherhandthenumberof non-redundantrulesproduced
usingcloseditemsetsis given asfollows. Let’s considertwo
extremecases:In thebestcase,thereis only onecloseditem-
set, i.e., all

	 `
subsetshave the samesupportas the longest

frequentitemset. Thusall rulesbetweenitemsetsmusthave
100%confidence.The closeditemsetapproachdoesn’t pro-
duceany rule; it just lists thecloseditemsetwith its frequency,
with the implicit assumptionthat all possiblerulesfrom this
itemsethave 100%confidence.This correspondsto a reduc-
tion in thenumberof rulesby a factorof [\" 	 ¡ ` $ .
In the worst case,all

	 `
frequentitemsetsarealsoclosed. In

this casetherecan be no 100% confidencerules and all ( Ï



100% confidence)rules point upwards, i.e., from subsetsto
their immediatesupersets.For eachsubsetof length u wehaveu rulesfrom eachof its u G � lengthsubsetsto thatset. The
total numberof rulesgeneratedis thus å `® Ú n æ

`®²ç � "(a G  é$ yå `® Ú n æ
`® ç � a � [\"(a ��	 ` $ . Thus we get a reductionin the

numberof rulesby of a factorof [\" 	�` O�a§$ , i.e.,asymptotically
exponentialin thelengthof thelongestfrequentitemset.

5. EXPERIMENT AL EVALUATION
All experimentsdescribedbelow wereperformedona400MHz
PentiumPCwith 256MB of memory, runningRedHatLinux
6.0. Algorithmswerecodedin C++. Table1 shows thechar-
acteristicsof the real andsyntheticdatasetsusedin our eval-
uation. The real datasetswereobtainedfrom IBM Almaden
(www.almaden.ibm.com/cs/quest/demos.html).All datasetsex-
ceptthePUMS(pumsbandpumsb*)sets,aretaken from the
UC Irvine MachineLearningDatabaseRepository. ThePUM-
S datasetscontaincensusdata.pumsb*is thesameaspums-
b without itemswith 80% or moresupport. The mushroom
databasecontainscharacteristicsof variousspeciesof mush-
rooms. Finally the connectand chessdatasetsare derived
from their respectivegamesteps.Typically, theserealdatasets
areverydense,i.e., they producemany long frequentitemsets
evenfor veryhighvaluesof support.

Database # Items RecordLength # Records
chess 76 37 3,196
connect 130 43 67,557
mushroom 120 23 8,124
pumsb* 7117 50 49,046
pumsb 7117 74 49,046
T20I12D100K 1000 20 100,000
T40I8D100K 1000 40 100,000
T10I4D100K 1000 10 100,000
T20I4D100K 1000 20 100,000

Table1: DatabaseCharacteristics
Wealsochoseafew syntheticdatasets(alsoavailablefrom IB-
M Almaden),whichhavebeenusedasbenchmarksfor testing
previousassociationminingalgorithms.Thesedatasetsmimic
the transactionsin a retailing environment. Usually the syn-
theticdatasetsaresparsewhencomparedto therealsets.We
usedtwo denseandtwo sparse(the last two rows in Table1)
syntheticdatasetsfor ourstudy.

5.1 Traditional vs. ClosedFramework
ConsiderTable 2 and 3, which comparethe traditional rule
generationframework with the closeditemsetapproachpro-
posedin this paper. Thetablesshows theexperimentalresults
along a numberof dimensions:1) total numberof frequent
itemsetsvs.closedfrequentitemsets,2) total numberof rules
in the traditional vs. new approach,and 3) total time taken
for miningall frequentitemsets(usingApriori) andtheclosed
frequentitemsets(usingCHARM).

Table2 shows thatthenumberof closedfrequentitemsetscan
bemuchsmallerthanthesetof all frequentitemsets.For the
supportvalueswe look at here,we got reductions(shown in
the Ratio column)in the cardinalityupto a factorof 45. For
lower supportvaluesthe gapwidensrapidly [19]. It is note-
worthy, that CHARM finds theseclosedsetsin a fraction of

thetime it takesApriori to mineall frequentitemsetsasshown
in Table2. The reductionin runningtime rangesupto a fac-
tor of 145(againthegapwidenswith lower support).For the
sparsesets,andfor highsupportvalues,theclosedandall fre-
quentsetcoincide,but CHARM still runsfasterthanApriori.

Table3 shows that thereductionin thenumberof rules(with
all possibleconsequentlengths)generatedis drastic,ranging
from afactorof 2 to morethan3000times! Incidentally, these
ratiosareroughly in agreementwith the complexity formula
we presentedin Section4.3. For example,considerthemush-
room dataset.At 40% support,the longestfrequentitemset
haslength7. Thecomplexity figurepredictsa reductionin the
numberof rulesby a factorof

	 r O à � ��	�â O à � ��â , which
is closeto the ratio of 15 we got empirically. Similarly for
20% support,we expecta reductionof

	 k Û O ��: � 	��
â�: , and
empiricallyit is 3343.

Wealsocomputedhow many singleconsequentrulesaregen-
eratedby the traditionalapproach.We thencomparedthese
with thenon-redundantrule setfrom our approach(with pos-
sibly multiple consequents).Thetablealsoshows thatevenif
we restrictthetraditionalrule generationto a singleitem con-
sequent,thereductionwith thecloseditemsetapproachis still
substantial,with uptoa factorof 66 reduction(onceagain,the
reductionis morefor lower supports).It is worth notingthat,
eventhoughfor sparsesyntheticsetstheclosedfrequentitem-
setsis not muchsmallerthanthe setof all frequentitemsets,
we still getuptoa factorof 5 reductionin thenumberof rules
generated.

Theresultsabovepresentall possiblerulesthatareobtainedby
settingminconfequalto theminsup. Figure9 shows theeffect
of minconfon the numberof rules generated.It shows that
mostof theruleshaveveryhighconfidence;asthekneeof the
curvesshow, the vastmajority of the ruleshave confidences
between95 and100percent!This is a particularlydistressing
resultfor the traditionalrule generationframework. Thenew
approachproducesa rule setthat canbeordersof magnitude
smaller. In generalit is possibleto mine closedsetsusing
CHARM for low valuesof support,whereit is infeasibleto
find all frequentitemsets. Thus,even for densedatasetswe
cangeneraterules,whichmaynotbepossiblein thetraditional
approach.

6. CONCLUSIONS
This paperhasdemonstratedin a formal way, supportedwith
experimentson several datasets,the well known fact that the
traditionalassociationruleframeworkproducestoomany rules,
mostof which areredundant.We proposeda new framework
basedon closeditemsetsthat candrasticallyreducethe rule
set,andthatcanbepresentedto theuserin asuccinctmanner.

Thispaperopensalot of interestingdirectionsfor futurework.
For examplewe plan to usetheconceptlattice for interactive
visualizationandexplorationof a largesetof minedassocia-
tions. Keepin mind that thefrequentconceptlattice is a very
conciserepresentationof all thefrequentitemsetsandtherules
thatcanbegeneratedfrom them.Insteadof generatingall pos-
siblerules,weplanto generatetheruleson-demand,basedon
theuser’s interests.Finally, thereis the issueof developinga



Numberof Itemsets RunningTime
Database Sup Len #Freq #Closed Ratio Apriori CHARM Ratio
chess 80% 10 8227 5083 1.6 18.54 1.92 9.7
chess 70% 13 48969 23991 2.0 213.03 8.17 26.1
connect 97% 6 487 284 1.7 19.7 4.15 4.7
connect 90% 12 27127 3486 7.8 2084.3 43.8 47.6
mushroom 40% 7 565 140 4.0 1.56 0.28 5.6
mushroom 20% 15 53583 1197 44.7 167.5 1.2 144.4
pumsb* 60% 7 167 68 2.5 11.4 1.0 11.1
pumsb* 40% 13 27354 2610 10.5 847.9 17.1 49.6
pumsb 95% 5 172 110 1.6 19.7 1.7 11.7
pumsb 85% 10 20533 8513 2.4 1379.8 76.1 18.1
T20I12D100K 0.5% 9 2890 2067 1.4 6.3 5.1 1.2
T40I8D100K 1.5% 13 12088 4218 2.9 41.6 15.8 2.6
T10I4D100K 0.5% 5 1073 1073 1 2.0 1.1 1.8
T10I4D100K 0.1% 10 27532 26806 1.03 32.9 8.3 4.0
T20I4D100K 1.0% 6 1327 1327 1 6.7 4.8 2.6
T20I4D100K 0.25% 10 30635 30470 1.01 32.8 10.7 3.1

Table2: Number of Itemsetsand Running Time (Sup=minsup, Len=longestfr equentitemset)

All PossibleRules Ruleswith oneConsequent
Database Sup Len #Traditional #Closed Ratio #Traditional Ratio
chess 80% 10 552564 27711 20 44637 2
chess 70% 13 8171198 152074 54 318248 2
connect 97% 6 8092 1116 7 1846 1.7
connect 90% 12 3640704 18848 193 170067 9
mushroom 40% 7 7020 475 15 1906 4.0
mushroom 20% 15 19191656 5741 3343 380999 66
pumsb* 60% 7 2358 192 12 556 3
pumsb* 40% 13 5659536 13479 420 179638 13
pumsb 95% 5 1170 267 4 473 2
pumsb 85% 10 1408950 44483 32 113089 3
T20I12D100K 0.5% 9 40356 2642 15 6681 3
T40I8D100K 1.5% 13 1609678 11379 142 63622 6
T10I4D100K 0.5% 5 2216 1231 1.8 1231 1.0
T10I4D100K 0.1% 10 431838 86902 5.0 90350 1.04
T20I4D100K 1.0% 6 2736 1738 1.6 1738 1.0
T20I4D100K 0.25% 10 391512 89963 4.4 90911 1.01

Table3: Number of Rules(all vs.consequentof length 1) (Sup=minsup, Len=longestitemset)

theoryfor extractinga base,or a minimal generatingset,for
all therules.
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