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ABSTRACT

The traditional associatiorrule mining framework produces
mary redundantules. Theextentof redundang is alot larger
than previously suspected We presenta nev framework for
associationdasedon the conceptof closedfrequentitemset-
s. The numberof non-redundantules producedby the nev
approachis exponentially (in the length of the longestfre-
guentitemset)smallerthan the rule setfrom the traditional
approachExperimentaisingseveral “hard” aswell as“easy”
real and syntheticdatabasesonfirm the utility of our frame-
work in termsof reductionin the numberof rulespresentedo
theuser andin termsof time.

Categoriesand Subject Descriptors
H.2.8 [Database Managemeni: Applications—Data Min-
ing; 1.2.6 [Artificial Intelligence]: Learning

1. INTRODUCTION

Associatiorrule discovery, a successfuandimportantmining

task,aimsat uncovering all frequentpatternsamongtransac-
tionscomposeaf dataattributesoritems. Resultsarepresent-
edin the form of rulesbetweendifferentsetsof items,along
with metricslik e the joint andconditionalprobabilitiesof the

antecedenandconsequentp judgearule’simportance.

It is widely recognizedthat the set of associatiorrules can
rapidly grow to be unwieldy especiallyaswe lower the fre-
queng requirements.The larger the setof frequentitemsets
the morethe numberof rulespresentedo the user mary of
which areredundantThis is true evenfor sparsedatasetshut
for densedatasetst is simply not feasibleto mine all possi-
ble frequentitemsets,let aloneto generaterules, sincethey
typically produceanexponentialnumberof frequentitemsets;
finding long itemsetsof length20 or 30is notuncommor2].

Prior researcthas mentionedthat the traditional association

rule mining framawork producestoo mary rules, but the ex-
tent of redundang is a lot larger than previously suspected.
More concretelythe numberof redundantulesareexponen-
tial in thelengthof thelongestfrequentitemset.We presenta
new framework for associatiorrule mining basedon the con-
ceptof closedfrequentitemsets.Thesetof all closedfrequent
itemsetxanbe ordersof magnitudesmallerthanthe setof all
frequentitemsets gspeciallyfor real (dense)datasets At the
sametime, we don't looseary information; the closeditem-
setsuniquely determinethe set of all frequentitemsetsand
their exact frequeng. Note that using the maximalfrequent
itemsetgesultsin lossof information,sincesubsefrequeny
is not available. We shav thatthe new frameavork produces
exponentially(in the length of the longestfrequentitemset)
fewer rulesthanthe traditional approach againwithout loss
of information. Our framework allows usto mine evendense
datasetswhereit is not feasibleto find all frequentitemsets.
Finally, the rule setwe produceis a geneating set,i.e., al-
| possibleassociatiorrules can be inferred from them using
operationdik e transitvity andaugmentation.

Experimentausingseveral “hard” or dense aswell assparse
databasesonfirmthe utility of our framework in termsof re-

ductionin the numberof rules presentedo the user andin

termsof time. We shav that closeditemsetscan be found

in a fraction of thetime it takesto mine all frequentitemsets
(with improvementsof morethan100times),andthe number
of rulesreturnedo theusercanbe smallerby a factorof 3000
or more! (the gapwidensfor lower frequeng values).

1.1 RelatedWork

Therehasbeena lot of researctin developingefficient algo-
rithmsfor miningfrequenttemsetq1, 2,4,9, 15,21]. Mostof
thesealgorithmsenumeratall frequentitemsets.Usingthese
for rule generatiorproducesnary redundantules,aswe will
shaw later Somemethodsonly generatemaximal frequen-
t itemsets[2, 9]. Maximal itemsetscannotbe usedfor rule
generationsincesupportof subsetss requiredfor confidence
computation.While it is easyto make onemoredatascanto
gatherthe supportsof all subsetsye still have the problem
of mary redundantules. Further for all thesemethodsit is
simply not possibleto find rulesin densedatasetsvhich may
easily have frequentitemsetsof length20 and more[2]. In
contrastthe setof closedfrequentitemsetscan be ordersof
magnitudesmallerthanthe setof all frequentitemsetsandit
canbeusedto generateulesevenin densedomains.



In generalmostof the associatiormining work hasconcen-
tratedonthetaskof mining frequenttemsets Rulegeneration
hasreceved very little attention. Therehasbeensomework
in pruningdiscoreredassociationulesby formingrule cover
s[17]. Otherwork addressetheproblemof mininginteresting
associatiomules[8, 3,10,12]. Theapproachakenis toincor
porateuserspecifiedconstrainton thekinds of rulesgenerat-
ed or to defineobjective metricsof interestingnessAs such
theseworksarecomplimentaryto our approacthere.Further
more, they do not addresghe issueof rule redundang or of
constructinga generatingset.

A preliminarystudyof theideaof usingclosedfrequentitem-
setsto generateuleswaspresentedy usin [20]. This paper
substantiallimprovesonthoseideas.andalsopresent&xper
imentalresultsto supportour claims. IndependentlyPasquier
etal. have alsousedclosedtemsetdor associatiomining[13,
14]. However, they mainly concentrateon the discovery of
frequentcloseditemsets,and do not reportary experiments
on rule mining. We on the otherhandare specificallyinter-
estedin generatinga smallerrule set, after mining the fre-
guentcloseditemsets.Furthermoreye recentlyproposedhe
CHARM algorithm[19] for mining all closedfrequentitem-
sets.This algorithmoutperformspy ordersof magnitudethe
AClosemethodproposedy Pasquieretal [14], aswell asthe
Apriori [1] methodfor mining all frequenttemsetsin this pa-
perwe do not presenthe CHARM algorithm,sinceour main
goalis rule generationyve simply usethe outputit produces.

The notion of closedfrequentsetshasits originsin the ele-
gantmathematicaframework of formal conceptanalysis(F-

CA). A numberof algorithmshave beenproposedwithin F-

CA for generatingall the closedsetsof a binary relation[5].

However, thesemethodshave only beentestedon very small
datasetsFurther thesealgorithmsgeneratall the closedset-
s, andthushave to be adaptedo enumeratenly the frequent
concepts.The foundationsof rule generation(in FCA) were
studiedin [11], but no experimentatioron large setswasdone.
Our characterizatiomf the generatingsetof associatiorrules
is different,andwe alsopresentan experimentalverification.
Otherwork hasextendedthe FCA approactto incorporaten-

crementakule mining [6], andrecentwork hasaddressethe
issueof extractingassociatiorrule baseg16].

The restof the paperis organizedasfollows. Section2 de-
scribesthe associatiormining task. Section3 presentghe
notion of closeditemsets. Section4 looks at the problemof
eliminating redundantules. We experimentallyvalidate our
approachn Section5. The proofsfor all theoremshave been
omitteddueto lack of spacetheseareavailablein [18].

2. ASSOCIATION RULES
Theassociatiomrmining taskcanbe statedasfollows: LetZ =
{1,2,--- ,m} beasetof items,andlet 7 = {1,2,--- ,n}
be a setof transactioridentifiersor tids. The input database
is a binary relationd C Z x 7. If anitem ¢ occursin a
transactiort, we write it as(i,t) € 4, or alternatelyasidt.
Typically the databasds arrangedas a set of transactions,
where eachtransactioncontainsa set of items. For exam-
ple, considerthe databaseshawvn in Figure 1, usedasa run-
ning examplein this paper HereZ = {A,C, D, T, W}, and

T = {1,2,3,4,5,6}. Thesecondiransactiorcanbe repre-
sentedas{Cé2, D§2, W §2}; all suchpairsfrom all transac-
tions,takentogetherform the binaryrelationd. A setX C 7
is calledanitemsetandasetY C T is calledatidset For
corveniencewe write anitemset{ A, C, W} asACW, anda
tidset{2,4, 5} as245. The supportof anitemsetX, denoted
o(X), is the numberof transactionsn which it occursasa
subset.An itemsetis frequentf its supports (X) > minsup
whereminsupis a userspecifiedminimumsupportthreshold.

An associatiorrule is an expression4 -2, B, whereA and
B areitemsets.The supportof theruleis o (A U B) (i.e.,the
joint probability of a transactioncontainingboth A and B),

andthe confidence = o(A U B)/a(A) (i.e.,theconditional
probabilitythatatransactiorcontainsB, giventhatit contains
A). A ruleis frequentif the itemsetA U B is frequent. A

rule is confidentif p > minconf, wherewhereminconfis a
userspecifiedminimumthreshold.
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Figure 1: Generating Frequentltemsets
Associationrule mining consistsof two stepg[1]: 1) Find all
frequentitemsetsand2) Generatéigh confidenceules.

Finding frequentitemsetsThis stepis computationallyand
1/0 intensie. ConsiderFigure 1, which shavs a bookstore
databasavith six customersvho buy booksby differentau-
thors. It shaws all thefrequentitemsetswith minsup = 50%
(i.e.,3transactions)ACTW andC DW arethemaximalfre-
guentitemsetqi.e.,notasubsebf ary otherfrequenttemset).

Let|Z| = m bethenumberof items. Thesearcrspacdor enu-
merationof all frequentitemsetsis 2™, which is exponential
in m. Onecan prove thatthe problemof finding a frequen-
t setof a certainsizeis NP-Complete py reducingit to the
balancedipartite clique problem,which is known to be NP-
Completg20]. However, if we assumehatthereis aboundon
thetransactiorlength,thetaskof finding all frequentitemsets
is essentiallflinearin thedatabassize,sincetheoverallcom-
plexity in thiscaseis givenasO(r-n-2'), where| T| = nisthe
numberof transactions] is the lengthof the longestfrequent
itemset,andr is thenumberof maximalfrequentitemsets.

Generating confidentrules This stepis relatively straightfor
ward; rulesof theformY 25 X — Y, aregeneratedor all
frequentitemsetsX, forall Y ¢ X, Y # @, andprovid-
edp > minconf. For example,from the frequentitemset
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Figure 2: Generating Confident Rules

ACW we cangeneraté possiblerules(all of themhave sup-

portof 4): A RSN cw,C 267 AW, W 28, AC,AC 5

W, AW 10 C,andCW 2% A. This processs alsoshavn

pictorially in Figure2. Noticethatwe needaccesgo the sup-
portof all subset®f ACW to generateulesfromit. To obtain
all possiblerules we needto examine eachfrequentitemset
andrepeatherule generatiorprocesshovn aborefor ACW .

Figure2 shaws the setof all otherassociatiorruleswith con-
fidenceabove or equalto minconf= 80%.

For anitemsetof sizek thereare2® — 2 potentiallyconfident
rules that can be generated.This follows from the fact that
we mustconsidereachsubsedf theitemsetasanantecedent,
exceptfor the emptyandthe full itemset. The compleity of
therule generatiorstepis thusO( f-2'), wheref is thenumber
of frequentitemsetsand! is thelongestfrequentitemset.

3. CLOSED FREQUENT ITEMSETS

In thissectionwe describeheconcepbf closedfrequentitem-
sets,andshav thatthis setis necessarandsuficient to cap-
tureall theinformationaboutfrequenttemsetsandhassmall-
er cardinalitythanthe setof all frequentitemsets.

Let (P, <) be anorderedsetwith the binary relation<, and
let S beasubseof P. An elementu € P (I € P) isanupper
bound (lower bound of S'if s < u (s > ) forall s € S.

Theleastupperboundis calledthejoin of S, andis denoted
as\/ S, andthe greatestower boundis calledthe meetof S,

andis denotedas\ S. If S = {z,y}, wealsowrite z Vv y for

thejoin, andz A y for the meet. An orderedset (L, <) is a

lattice, if for ary two elementsz andy in L, thejoin z V y

andmeetz Ay alwaysexist. L is acompletdatticeif \/ S and
A\ S existfor all S C L. Any finite latticeis complete.

Let P denotethe power setof S (i.e., the setof all subsets
of S). Theorderedset(P(S), C) is acompletelattice,where
the meetis given by setintersectionandthe join is given by
setunion. For examplethe partial orders(P(Z), C), the set
of all possibleitemsetsand(P(7), C), thesetof all possible
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Figure 3: Frequentltemsets

tidsetsareboth completdattices. Figure 3 shaws the lattice *
of all frequentitemsetswe foundin our exampledatabase.

Let the binaryrelationd C Z x 7T bethe input databasdor
associatiommining. Let X C Z, andY C 7. Themappings
t:ZTT, t(X)={yeT| VreX, zdy}
i:TwZ (Y)={ze€l| Vyev, zdy}

define a Galois connectionbetweenP(Z) and P(7). We
denotea X, t(X) pairasX x t(X), andai(Y),Y pair as
1(Y) x Y. Figure4 illustratesthe two mappings.The map-
ping ¢(X) is the setof all transactiongtidset) which con-
tain the itemsetX, similarly ¢(Y") is the itemsetthatis con-
tainedin all thetransactionsn Y. For example t(ACW) =
1345, andi(245) = CDW. In termsof individual elements
tH(X) = Nyex t(x), andi(Y) = (), i(y). For example
t(ACW) = t(A)Nt(C)Nt(W') = 1345N123456N12345 =
1345. Also4(245) = i(2)Ni(4)Ni(5) = CDWNACDWN
ACDTW = CDW. TheGaloisconnectiorsatisfieghefol-
lowing properties(where X, X1, X» € P(Z) andY, Y1, Y>-
€EP(T)): 1) X1 C Xy = t(X1) Dt(X2),2)Y1 C Yy =
(Y1) D i(Y2), 3) X C i(¢(X)) andY C ¢(i(Y)). For ex-
ample,for ACW C ACTW, t(ACW) = 1345 D 135 =
t(ACTW). For 245 C 2456, i(245) = CDW D CD =
1(2456). Also, AC C i(t(AC)) = i(1345) = ACW.

Let S beaset. A functionc : P(S) — P(S) is aclosue
opefator on Sif, for all X, Y C S, ¢ satisfiesthe following
properties: 1) Extension: X C ¢(X). 2) Monotonicity: if
X C Y, thene(X) C ¢(Y). 3) Idempoteng: c(c(X)) =
¢(X). A subsetX of S is calledclosedif ¢(X) = X. Let
X C ZandY C T. Letc;(X) denotethe compositionof
thetwo mappingsi o ¢(X) = i(¢(X)). Dually, let ¢;s(Y) =
toi(Y) = t(i(Y)). Thenciy : P(Z) — P(Z) andey; :
P(T) — P(T) arebothclosureoperators.

We defineacloseditemsetasanitemsetX thatis thatsameas
its closure,i.e., X = ¢;:(X). For exampletheitemsetACW
isclosed.A closedtidsetis atidsetY = c;;(Y). Forexample,

1Only meetis definedon frequentsets while thejoin may not exist. For exam-
ple, AC AN AT = AC n AT = A isfrequent.But, while AC v AT =
AC U AT = ACT isfrequent AC U DW = ACDW isnotfrequent.
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Figure4: A) Galois Connection,B) Closedltemset: Round-Trip

thetidset1345 is closed.

Themappingsc;: andc:;, beingclosureoperatorssatisfythe
threepropertieof extension,monotonicity andidempotenyg.
We alsocall the applicationof ¢ o ¢ or ¢ o ¢ around-trip. Fig-
ure4 illustratesthis round-tripstartingwith anitemsetX. For
example,let X = AC, thenthe extensionpropertysaythat
X is a subsetof its closure,sincec;: (AC) = i(t(AC)) =
i(1345) = ACW. Since AC # cit(AC) = ACW, we
concludethat AC is not closed.On the otherhand,theidem-
poteng propertysaythatoncewe mapanitemseto thetidset
that containsit, and then map that tidset back to the set of
itemscommonto all tidsin thetidset,we obtaina closeditem-
set. After this no matterhov mary suchround-tripswe malke
we cannotextend a closeditemset. For example, after one
round-tripfor AC' we obtainthe closeditemsetACW . If we
performanotherround-tripon ACW, we getc;:(ACW) =
i(t(ACW)) = 4(1345) = ACW.

For ary closeditemsetX, thereexistsa closedtidsetgivenby
Y, with the propertythatY = ¢(X) and X = i(Y) (con-
versely for ary closedtidsetthereexistsacloseditemset).We
canseethatX is closedby thefactthatX = i(Y"), thenplug-
gingY = ¢(X), wegetX = i(Y) = i(t(X)) = ci(X),
thus X is closed.Dually, Y is closed.For example,we have
seenabove that for the closeditemsetACW the associated
closedtidsetis 1345. Sucha closeditemsetandclosedtidset
pair X x Y is calledaconcept

A conceptX; x Yi is asubconcepbdf X, x Y3, denotedas
X1 xY: S X X YQ, iff X1 g X (Iff Y, g Yl). LetB(zS)

denotethe setof all possibleconceptsn the databaseThen
theorderedset(B(4), <) is acompletelattice, calledthe Ga-

lois lattice. For example, Figure 5 shavs the Galois lattice
for our exampledatabasewhich hasa total of 10 concepts.
The leastelementis C' x 123456 and the greatestelemen-
tis ACDTW x 5. The mappingsbetweernthe closedpairs
of itemsetsandtidsetsareanti-isomorphicj.e., conceptswith

large cardinalityitemsetshave smalltidsets,andvice versa.

The conceptgeneratedy a singleitem z € Z is calledan
item concept andis givenasC;(z) = cit(z) x t(z). Simi-
larly, the conceptgeneratedy a singletransactiory € 7T is
calledatid conceptandis givenasC:(y) = i(y) x cti(y).
For example,the item conceptC;(A4) = i(t(A4)) x t(A) =
1(1345) x 1345 = ACW x 1345. Further thetid concept
C:(2) =14(2)xt(i(2)) = CDW xt(CDW) = CDW x245.

In Figure5 if we relabeleachnodewith the item conceptor
tid concepthatit is equivalentto, thenwe obtaina latticewith
minimallabelling, with item or tid labels,asshawvn in thefig-
urein bold letters. Sucha relabellingreducesclutter in the
lattice diagram,which providesan excellentway of visualiz-
ing thestructureof the patternsandrelationshipshatexist be-
tweenitems. We shall seeits benefitin the next sectionwhen
we talk abouthigh confidenceulesextraction.

It is easyto reconstructhe conceptsrom the minimal label-
ing. Considerthe tid conceptC;(2) = X x Y. To obtain
thecloseditemsetX, we appendall item labelsreachablde-
low it. Corversely to obtainthe closedtidsetY we append
all labelsreachableabore C:(2). SinceW, D andC areall
the labelsreachableby a pathbelav it, X = CDW forms
thecloseditemset.Since4 and5 aretheonly labelsreachable
abore(C:(2), Y = 245; thisgivesustheconceptC DW x 245,
which matcheghe conceptshavn in thefigure.

3.1 FrequentCloseditemsetsvs. Frequent

Itemsets
We begin this sectionby definingthe join andmeetoperation
ontheconceptattice (seg[5] for theformal proof): Thesetof
all conceptsn thedatabaseelationd, givenby (B(4), <) isa
(complete)atticewith join andmeetgiven by

join: (X1 X Yl) \Y% (X2 X Yz) = Cig(X1 UXQ) X (Yl ﬂYz)
meet: (X1 X Yl) A (Xg X YQ) = (X1 ﬂXz) X Cn‘(Yl UYQ)

For the join and meetof multiple conceptswe simply take
the unionsandjoins over all of them. For example,consider
thejoin of two concepts(ACDW x 45) V (CDT x 56) =

cit(ACDW UCDT) x (45N56) = ACDTW x 5. Onthe
otherhandtheir meetis givenas,(ACDW x 45) A (CDT x

56) = (ACDWNCDT) x ¢4;(45U56) = CD x ¢4;(456) =

CD x 2456. Similarly, we canperformmultiple concepfoin-

s or meets;for example, (CT x 1356) V (CD x 2456) V

(CDW x 245) = ¢ (CTUCDUCDW) x (13562456 N

245) = ¢;:(CDTW) x 5 = ACDTW x 5.

We define the supportof a closeditemsetX or a concep-
t X x Y asthe cardinality of the closedtidsetY = #(X),
i.e,o(X) = |Y| = |t(X)]. A closeditemsetor a conceptis
frequenif its supports atleastminsup Figure6 shavsall the
frequentconceptawith minsup= 50% (i.e., with tidsetcardi-
nality at least3). All frequentitemsetscanbe determinedoy
thejoin operationonthefrequentitem conceptsFor example,
sincejoin of item conceptsD andT’, C;(D) V C;(T"), doesnt
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Figure5: Galois Lattice of Concepts

exist, DT is notfrequent.Ontheotherhand C; (A) VC;(T) =
ACTW x 135, thusAT is frequent.Furthermorethesupport
of AT is givenby thecardinalityof theresultingconcepts tid-
set,i.e.,oc(AT) = |t(AT)| = |135| = 3.

LEMMA 1. Anitemsets (X) supportis equalto the sup-
portofits closue, i.e., o(X) = o(cit(X)).

This theorem(independentlyreportedin [13]) statesthat al-

| frequentitemsetsare uniquely determinedby the frequent
closeditemsetdqor frequentconcepts) Furthermorethe setof

frequentcloseditemsetsis boundedabore by the setof fre-

quentitemsets,andis typically much smaller especiallyfor

densedatasets. For very sparsedatasetsjn the worst case,
thetwo setsmaybe equal. To illustratethe benefitsof closed
itemsetmining, contrastFigure 3, shaving the setof all fre-

quentitemsets,with Figure 6, shaving the setof all closed
frequentitemsets(or concepts). We seethat while thereare
only 7 closedfrequentitemsets,in contrastthereare 19 fre-

guentitemsetsThis exampleclearlyillustratesthe benefitsof

mining the closedfrequentitemsets?

4. RULE GENERATION

Recall that an associatiorrule is of the form X; -2 X,
whereX;, X, C Z. Its supportequals|t(X: U X»)|, andits

confidenceas givenasp = P(X2|X1) = [¢(X1UX2)|/[t(X1)].

We areinterestedn finding all high supportand high confi-
dencerules. It is widely recognizedhatthe setof suchassoci-
ationrulescanrapidly grow to beunwieldy In this sectionwe
will shawv how theclosedfrequenttemsetshelpusform agen-
eratingsetof rules,from which all otherassociationulescan
beinferred. Thus,only a smallandeasilyunderstandablset
of rulescanbepresentedo the user who canlaterselectvely
derive otherrulesof interest.

Beforewe proceedwe needto formally definewhatwe mean

by aredundantule. Let R; denotetherule X} 2% Xi. We
saythata rule R, is more generalthana rule R,, denoted

20ne possibleobjectionthat canbe raisedto the closeditemsetframework is
thata smallchangen the datacanchangethe numberof closeditemsets How-
ever, the frequeny requiremenmalkesthe framewvork robustto small changes,
i.e., while the setof closeditemsetcanstill change the setof frequentclosed
itemsetss resilientto change.
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Figure 6: FrequentConcepts

R; < R, providedthat R, canbe generatedy addingaddi-
tional itemsto eitherthe antecedentr consequentf Ry, i.e.,
if X{ C X7 andX; C X3. Now let R = {R1,---,R.}
beasetof rules,suchthatall their confidencesreequal,i.e.,
pi = p, Vi. Thenwe saythatarule R; is redundantif there
exists somerule R;, suchthatR; < R;. Thenon-redundant
rulesin thecollectionR arethosethataremostgeneral.

We now shav how to eliminatetheredundanassociatiomules,
i.e., rules having the samesupportand confidenceas some
moregenerakule. In thelastsection we shavedthatthe sup-
portof anitemsetX equalsthe supportof its closurec;:(X).

Thusit sufiicesto considerulesonly amongthefrequentcon-
cepts.In otherwordstherule X; - X is exactly thesame
astherulecit (X1) -2 cit(Xo).

Another obsenation that follows from the conceptlattice is
thatit is sufficientto considerulesamongadjacentconcepts,
sinceotherrulescanbeinferredby transitvity, thatis:

LEMMA 2. Transitivity: LetX, X2, X3 befrequentlosed
itemsetswith X; C X, C Xs. If X1 -2 X, and X, —%»
X3, thenX; 2% X;.

In the discussiorbelow, we considertwo casef association
rules, thosewith 100% confidencej.e., with p = 1.0, and
thosewith p < 1.0.

4.1 Ruleswith Confidence= 100%

LEMMA 3. An associationrule X, 19 X2 has confi-
dencep = 1.0 if andonlyif t(X;) C ¢(X3).

This theoremsaysthat all 100% confidencerules are those
thataredirectedfrom a superconcept(X; x t(X1)) toasub-
concept{X» x t(X>)),i.e.,down-arcs,sinceit is in precisely
thesecaseghatt(X;) C t(X2) (or X1 C X3). Considerthe
item conceptC; (W) = CW x 12345 andC;(C) = C x

123456. Therule W X% C is a 100%confidenceaule. Note
thatif we take the itemsetclosureon both sidesof the rule,
we obtainCW +% C, i.e., arule betweencloseditemsets,
but sincethe antecederendconsequenarenotdisjointin this
case,we preferto write therule asW 19 C, althoughboth

rulesareexactly the same.Figure7 shavs someof the other
rulesamongadjacentonceptwith 100%confidence.
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Figure 7: Ruleswith 100% Confidence

We noticethatsomedown-arcsarelabeledwith morethanone
rule. In suchcasesall ruleswithin a box areequivalent,and
we prefertherule thatis mostgeneral.For example,consider

the rulesTW ~% ATW L% Ac, andeTw =% A.

T™W =% Ais more generalthanthe latter two rules. since
the latter two are obtainedby addingone (or more)itemsto

eitherthe antecedenbr consequentf TW 2% A In fact,
we cansaythatthe additionof C to eitherthe antecedentr
the consequenhasno effect on the supportor confidenceof
the rule. Thus, accordingto our definition, we say that the
othertwo rulesredundant.

THEOREM 1. LetR = {Ri,---,R,} bea setof rules
with 100%confidencégp; = 1.0, Vi), sudithatl; = c;:(XiU
X5), andI> = cu(X3) for all rules R;. Let Ry denotethe
100%confidenceule I; — I,. Thenall therules R; # Rr
are mote specificthan Ry, andthusare redundant

Let’'sapplythistheorento thethreeruleswe considerecbove.
For thefirst rule ¢;: (TW U A) = cuu(ATW) = ACTW.
Similarly for theothertwo ruleswe seethatc;.(TW U AC) =
cit(ACTW) = ACTW ,andc;:(CTWUA) = ¢;:(ACTW) =
ACTW. Thusfor thesethreeruleswe getthe closeditemset
I, = ACTW. By thesameprocessve obtainl, = ACW.
All threerulescorrespondo the arc betweenthe tid concept

C:(1,3) andtheitem conceptC;(A). Finally TW 1% Ais
themostgenerakule, andsothe othertwo areredundant.

A setof suchgeneralrulesconstitutesa genemting set i.e., a
rule set,from which all other 100% confidencerules canin-
ferred. Notethatin this paperwe do not addresshe question
of eliminatingself-redundangcwithin this generatinget,i.e.,
theremay still exist rulesin the generatingsetthatcanbede-
rived from otherrulesin the set. In otherwordswe do not
claimarything aboutthe minimality of the generatinget;that
is the topic of a forthcomingpaper See[7, 11, 16] for more
information on generatinga baseset (or minimal generating

set)of rules.

Figure7 shawvs thegeneratingetin bold arcs,whichincludes
the 5 mostgeneralrules {TW L0 A A L9 W, W L5

C,T L5 C,D L5 C} (thedown-arcsthathave beerleft out
producerulesthat cannotbe written with disjoint anteceden-
t and consequent.For example, betweenC;(2) and C;(D),

the mostgeneralrule is DW L% D. Sincethe antecedent
andconsequenarenot disjoint, asrequiredby definition, we
discardsuchrules). All other100% confidencerulescanbe
derivedfrom this generatingetby applicationof simpleinfer-

encerules. For example,we canobtaintherule A ¢ by
transitvity from thetwo rules A 2% W andw 25 C. The
rue DW ~% ¢ canbe obtainedby augmentatiorof the two

rulesW =% C andD X5 C, etc. Onecaneasilyverify that
all the 18 100% confidenceules producedby usingfrequent
itemsetsasshavn in Figure2, canbe generatedrom this set
of 5 rules,producedisingthe closedfrequentitemsets!

4.2 Ruleswith Confidence< 100%

We now turn to the problemof finding a generatingset for
associatiorruleswith confidencdessthan100%. As before,
we needto consideronly therulesbetweeradjacentoncepts.
But this time the rules correspondo the up-arcs,insteadof
thedawn-arcsfor the 100%confidenceaules,i.e.,therulesgo
from sub-conceptt superconcepts.

ConsiderFigure 8. The edgebetweenitem conceptC;(C')

andC;(W) correspondgo C 2% Ww. Rulesbetweennon-

adjacentonceptxanbe derived by transitvity. For example,
for C -+ A we canobtainthe value of p usingthe rules
0 “=24° W andw "=4° A. Wehaep = qr = 5/6 - 4/5 =
2/3 =0.67.

THEOREM 2. LetR = {Ri,---,R,} bea setof rules
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Figure 8: Ruleswith Confidence< 100%

with confidencey < 1.0, sud thatI; = ¢;¢(X3%), and I,
cit (X1 U X3) for all rules R;. Let Ry denotetherule I -2
I,. Thenall therulesR; # R; aremore specifichanR;, and
thusare redundant

Thistheoremdiffersfrom thatof the 100%confidenceulesto
accounfor theup-arcs.Considetherulesproducedy theup-
arcbetweeritem concept<’; (W) andC;(A). We find thatfor
all threerules,I; = ¢it(W) = ¢x(CW) = CW, andl, =
Cit(WUA) = cit(WUAC) = Cit(CWUA) = ACW.The
supportof theruleis givenby |t(I; U I)| = [t(ACW)| = 4,
andtheconfidencegivenas|t(I1 U I)|/|t(I1)| = 4/5 = 0.8.

Finally, sinceW 28 4 isthemostgeneratule, the othertwo

are redundant. Similarly for the up-arcbetweenC;(A) and

C:(1, 3), we getthegeneralrule A %78 7. Theother8 rules

in thebox areredundant!

Thesetof all suchgenerafulesformsageneratingetof rules
from which otherrulescanbe inferred. The two bold arrons
in Figure8 constitutea generatingsetfor all ruleswith 0.8 <
p < 1.0. Dueto the transitvity property we only have to
considerarcswith confidenceatleastminconf=0.8. No other
rulescanbe confidentat this level.

By combiningthegeneratingetfor ruleswith p = 1.0, shavn
in Figure7 andthe generatingsetfor ruleswith 1.0 > p >
0.8, shawvn in Figure 8, we obtain a generatingset for al-
| associatiorrules with minsup= 50%, and minconf= 80%:
fTw 2% 4,4 22 ww =% o7 2% o,p 25
w25 4,0 8wy

It canbe easily verified that all the associatiorrules shavn
in Figure 2, for our exampledatabasdrom Figure 1, canbe
derived from this set. Using the closeditemsetapproachwe
produce? rulesversusthe 22 rulesproducedn traditionalas-
sociationmining. To seethe contrastfurther, considerthe set
of all possibleassociatiorruleswe canmine. With minsup=

50%,theleastvalueof confidencecanbe50% (sincethemax-
imum supportof an itemsetcan be 100%, but ary frequent
subsetmusthave at least50% support;the leastconfidence
valueis thus50/100= 0.5). Thereare60 possibleassociation
rulesversusonly 13in thegeneratinget(5 ruleswithp = 1.0
in Figure7, and8 ruleswith p < 1.0 in Figure8)

4.3 Complexity of Rule Generation: Tra-

ditional vs. New Framework

Thecomplity of rule generationn thetraditionalframewvork
is O(f - 2'), exponentialin thelengthl of thelongestfrequent
itemset(f is the total numberof frequentitemsets). On the
otherhandusingthe closeditemsetframenork, the numberof
non-redundantulesis linearin thenumberof closeditemsets.
To seehow muchsavings are possibleusing closedfrequen-
t itemsets lets considerthe casewherethe longestfrequent
itemsethaslength’; with all 2! subsetslsobeingfrequent.

In the traditionalassociatiorrule framevork, we would have
to consideffor eachfrequentitemsetall its subsetasrule an-
tecedentsThetotalnumberof rulesgeneratedh thisapproach
.. 1 —i 1 1
isgivenasy>;_, (;) 27 <300, (j) 2 =2' 200, () =
2'- 2 = 0(2%).

Ontheotherhandthenumbermf non-redundantulesproduced
usingcloseditemsetsis given asfollows. Let's considertwo

extremecasesin the bestcasethereis only onecloseditem-

set,i.e., all 2 subsetshave the samesupportas the longest
frequentitemset. Thusall rules betweenitemsetsmusthave

100% confidence.The closeditemsetapproachdoesnt pro-

duceary rule; it justliststhecloseditemsetwith its frequeny,

with the implicit assumptiorthatall possiblerulesfrom this

itemsethave 100% confidence.This correspondso a reduc-
tion in thenumberof rulesby afactorof O(2%).

In theworstcaseall 2! frequentitemsetsarealsoclosed. In
this casetherecanbe no 100% confidencerulesand all (<



100% confidence)ules point upwards, i.e., from subsetgo

theirimmediatesupersetsi-or eachsubseof lengthk we have
k rulesfrom eachof its £ — 1 lengthsubsetgo thatset. The
total numberof rulesgenerateds thus3>;_; () - (I — i) <

o () -1 = 0(-2". Thuswe geta reductionin the
numberof rulesby of afactorof O(2' /1), i.e.,asymptotically
exponentialin thelengthof thelongestfrequentitemset.

5. EXPERIMENTAL EVALUATION

All experimentsiescribedelon wereperformecona400MHz
PentiumPC with 256MB of memory running RedHatLinux
6.0. Algorithmswerecodedin C++. Table1 shavs thechar
acteristicsof the real and syntheticdatasetaisedin our eval-
uation. The real datasetsvere obtainedfrom IBM Almaden
(www.almaden.ibm.com/cs/quest/demos.htil).datasetex-
ceptthe PUMS (pumsband pumsb*)sets,aretaken from the
UC Irvine MachineLearningDatabas&epository The PUM-
S datasetzontaincensudata. pumsb*is the sameas pums-
b without itemswith 80% or more support. The mushroom
databaseontainscharacteristicef variousspeciesof mush-
rooms. Finally the connectand chessdatasetsare derived
from theirrespectie gamesteps.Typically, theserealdatasets
arevery densej.e., they producemary long frequentitemsets
evenfor very high valuesof support.

Database # Items | RecordLength | # Records
chess 76 37 3,196
connect 130 43 67,557
mushroom 120 23 8,124
pumsb* 7117 50 49,046
pumsb 7117 74 49,046
T20112D100K| 1000 20 100,000
T4018D100K 1000 40 100,000
T1014D100K 1000 10 100,000
T2014D100K 1000 20 100,000

Table 1: DatabaseCharacteristics
We alsochoseafew syntheticdatasetgalsoavailablefrom IB-

M Almaden),which have beenusedasbenchmarkéor testing
previousassociatioimining algorithms.Thesedatasetsnimic
the transactionsn a retailing environment. Usually the syn-
thetic dataset@re sparsevhencomparedo the real sets.We
usedtwo denseandtwo sparseg(the lasttwo rows in Table 1)
syntheticdataset$or our study

5.1 Traditional vs. ClosedFramework
ConsiderTable 2 and 3, which comparethe traditional rule
generatiorframevork with the closeditemsetapproachpro-
posedin this paper Thetablesshavs the experimentakesults
along a numberof dimensions:1) total numberof frequent
itemsetsvs. closedfrequentitemsets2) total numberof rules
in the traditional vs. new approach,and 3) total time taken
for mining all frequentitemsetgusingApriori) andtheclosed
frequentitemsetqusingCHARM).

Table2 shavs thatthe numberof closedfrequentitemsetscan
be muchsmallerthanthe setof all frequentitemsets.For the
supportvalueswe look at here,we got reductions(shavn in
the Ratio column)in the cardinality upto a factorof 45. For
lower supportvaluesthe gapwidensrapidly [19]. It is note-
worthy, that CHARM finds theseclosedsetsin a fraction of

thetime it takesApriori to mineall frequentitemsetsasshavn
in Table2. The reductionin runningtime rangesupto a fac-
tor of 145 (againthe gapwidenswith lower support).For the
sparsesets,andfor high supportvalues theclosedandall fre-
guentsetcoincide,but CHARM still runsfasterthanApriori.

Table 3 shaws thatthe reductionin the numberof rules(with

all possibleconsequenkengths)generateds drastic,ranging
from afactorof 2 to morethan3000times! Incidentally these
ratiosareroughly in agreementvith the compleity formula
we presentedn Section4.3. For example,considerthe mush-
room dataset. At 40% support,the longestfrequentitemset
haslength7. The compl«ity figure predictsareductionin the
numberof rulesby a factorof 27/7 = 128/7 = 18, which
is closeto the ratio of 15 we got empirically Similarly for

20% support,we expecta reductionof 2'° /15 = 2185, and
empiricallyit is 3343.

We alsocomputechow mary singleconsequentulesaregen-
eratedby the traditional approach. We then comparedhese
with the non-redundantule setfrom our approachwith pos-
sibly multiple consequents)Thetablealsoshaws thatevenif
we restrictthe traditionalrule generatiorto a singleitem con-
sequentthereductionwith thecloseditemsetapproachs still
substantialyith uptoafactorof 66 reduction(onceagain,the
reductionis morefor lower supports).lt is worth noting that,
eventhoughfor sparsesyntheticsetsthe closedfrequentitem-
setsis not muchsmallerthanthe setof all frequentitemsets,
we still getuptoafactorof 5 reductionin the numberof rules
generated.

Theresultsabove presentll possiblerulesthatareobtainedby
settingminconfequalto theminsup Figure9 shavs the effect
of minconfon the numberof rules generated.It shavs that
mostof theruleshave very high confidenceasthekneeof the
curves shaw, the vastmajority of the rules have confidences
betweerB5 and100percent! Thisis a particularlydistressing
resultfor the traditionalrule generatiorframewvork. The new
approachproducesa rule setthat canbe ordersof magnitude
smaller In generalit is possibleto mine closedsetsusing
CHARM for low valuesof support,whereit is infeasibleto
find all frequentitemsets. Thus, even for densedatasetsve
cangenerateules,whichmaynotbepossibldn thetraditional
approach.

6. CONCLUSIONS

This paperhasdemonstrateih a formal way, supportedvith
experimentson several datasetsthe well known factthatthe
traditionalassociatiomule framevork producesoomary rules,
mostof which areredundantWe proposecda new framavork
basedon closeditemsetsthat candrasticallyreducethe rule
set,andthatcanbe presentedo the userin asuccinctmanner

Thispaperopensalot of interestingdirectionsfor futurework.
For examplewe planto usethe conceptattice for interactve
visualizationand explorationof a large setof minedassocia-
tions. Keepin mind thatthe frequentconceptattice is a very
conciserepresentatioof all thefrequenitemsetsandtherules
thatcanbegeneratedrom them. Insteadof generatingll pos-
siblerules,we planto generatéheruleson-demandbasecdn
the users interests.Finally, thereis theissueof developinga



Numberof ltemsets RunningTime
Database Sup | Len | #Freq | #Closed| Ratio | Apriori | CHARM | Ratio
chess 80% | 10 | 8227 | 5083 1.6 18.54 1.92 9.7
chess 70% | 13 | 48969| 23991 | 2.0 | 213.03 8.17 26.1
connect 97% 6 487 284 1.7 19.7 4.15 4.7
connect 90% | 12 | 27127| 3486 7.8 | 2084.3 43.8 47.6
mushroom 40% 7 565 140 4.0 1.56 0.28 5.6
mushroom 20% | 15 | 53583| 1197 | 44.7 | 1675 1.2 144.4
pumsb* 60% 7 167 68 25 11.4 1.0 11.1
pumsb* 40% | 13 | 27354| 2610 | 105 | 847.9 17.1 49.6
pumsb 95% 5 172 110 1.6 19.7 1.7 11.7
pumsb 85% | 10 | 20533| 8513 24 | 1379.8 76.1 18.1
T20112D100K | 0.5% | 9 2890 | 2067 14 6.3 5.1 1.2
T4018D100K | 1.5% | 13 | 12088| 4218 2.9 41.6 15.8 2.6
T1014D100K | 0.5% | 5 1073 1073 1 2.0 1.1 1.8
T1014D100K | 0.1% | 10 | 27532| 26806 | 1.03 | 32.9 8.3 4.0
T2014D100K | 1.0% | 6 1327 1327 1 6.7 4.8 2.6
T2014D100K | 0.25% | 10 | 30635| 30470 | 1.01 | 32.8 10.7 3.1

Table 2: Number of Itemsetsand Running Time (Sup=minsup, Len=longestfr equentitemset)

All PossibleRules Ruleswith oneConsequent

Database Sup | Len | #Traditional | #Closed| Ratio | #Traditional Ratio
chess 80% | 10 552564 27711 20 44637 2
chess 70% | 13 8171198 | 152074 | 54 318248 2
connect 97% 6 8092 1116 7 1846 1.7
connect 90% | 12 3640704 18848 | 193 170067 9
mushroom 40% 7 7020 475 15 1906 4.0
mushroom 20% | 15 | 19191656 | 5741 | 3343 380999 66
pumsb* 60% 7 2358 192 12 556 3
pumsb* 40% | 13 5659536 13479 | 420 179638 13
pumsb 95% 5 1170 267 4 473 2
pumsb 85% | 10 1408950 44483 32 113089 3
T20112D100K| 0.5% | 9 40356 2642 15 6681 3
T4018D100K | 1.5% | 13 1609678 11379 | 142 63622 6
T1014D100K | 0.5% | 5 2216 1231 1.8 1231 1.0
T1014D100K | 0.1% | 10 431838 86902 | 5.0 90350 1.04
T2014D100K | 1.0% | 6 2736 1738 1.6 1738 1.0
T2014D100K | 0.25%| 10 391512 89963 | 4.4 90911 1.01

Table 3: Number of Rules(all vs. consequentof length 1) (Sup=minsup, Len=longestitemset)

theoryfor extractinga base,or a minimal generatingset, for
all therules.
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