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In this paper, we develop dissipativity notions for dynamical systems with discontinuous
vector fields. Specifically, we consider dynamical systems with Lebesgue measurable
and locally essentially bounded vector fields characterized by differential inclusions
involving Filippov set-valued maps specifying a set of directions for the system velocity
and admitting Filippov solutions with absolutely continuous curves. In particular, we
introduce a generalized definition of dissipativity for discontinuous dynamical systems in
terms of set-valued supply rate maps and set-valued storage maps consisting of locally
Lebesgue integrable supply rates and Lipschitz continuous storage functions, respectively.
In addition, we introduce the notion of a set-valued available storage map and a set-
valued required supply map, and show that if these maps have closed convex images
they specialize to single-valued maps corresponding to the smallest available storage and
the largest required supply of the differential inclusion, respectively. Furthermore, we
show that all system storage functions are bounded from above by the largest required
supply and bounded from below by the smallest available storage, and hence, a dissipative
differential inclusion can deliver to its surroundings only a fraction of its generalized
stored energy and can store only a fraction of the generalized work done to it. Moreover,
extended Kalman-Yakubovich-Popov conditions, in terms of the discontinuous system
dynamics, characterizing dissipativity via generalized Clarke gradients and locally Lipschitz
continuous storage functions are derived. Finally, these results are then used to develop
feedback interconnection stability results for discontinuous systems thereby providing a
generalization of the small gain and positivity theorems to systems with discontinuous
vector fields.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Dissipativity theory is a system-theoretic concept that provides a powerful framework for the analysis and control design
of dynamical systems based on generalized system energy considerations. In particular, dissipativity theory exploits the
notion that numerous physical dynamical systems have certain input-output and state properties related to conservation,
dissipation, and transport of mass and energy. Such conservation laws are prevalent in dynamical systems, in general, and
feedback control systems, in particular. The dissipation hypothesis on dynamical systems results in a fundamental constraint
on the system dynamical behavior, wherein the stored energy of a dissipative dynamical system is at most equal to sum of
the initial energy stored in the system and the total externally supplied energy to the system. Thus, the energy that can be
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extracted from the system through its input-output ports is less than or equal to the initial energy stored in the system, and
hence, there can be no internal creation of energy; only conservation or dissipation of energy is possible.

The key foundation in developing dissipativity theory for nonlinear dynamical systems with continuously differentiable
flows was presented by Willems [1,2] in his seminal two-part paper on dissipative dynamical systems. In particular,
Willems [1] introduced the definition of dissipativity for general nonlinear dynamical systems in terms of a dissipation
inequality involving a generalized system power input, or supply rate, and a generalized energy function, or storage function.
The dissipation inequality implies that the increase in generalized system energy over a given time interval cannot exceed
the generalized energy supply delivered to the system during this time interval. The set of all possible system storage
functions is convex and every system storage function is bounded from below by the available system storage and bounded
from above by the required energy supply.

Dissipativity theory along with Lyapunov stability theory for feedback interconnections of dissipative systems has
been extensively developed for continuous dynamical systems possessing continuously differentiable flows [3]. However,
numerous engineering applications give rise to discontinuous dynamical systems. Specifically, in impact mechanics the
motion of a dynamical system is subject to velocity jumps and force discontinuities leading to nonsmooth dynamical
systems [4,5]. In mechanical systems subject to unilateral constraints on system positions [6], discontinuities occur naturally
through system-environment interactions. Alternatively, control of networks and control over networks with dynamic
topologies also give rise to discontinuous systems [7]. Specifically, link failures or creations in network systems result
in switchings of the communication topology leading to dynamical systems with discontinuous right-hand sides. In
addition, open-loop and feedback controllers also give rise to discontinuous dynamical systems. In particular, bang-bang
controllers discontinuously switch between maximum and minimum control input values to generate minimum-time
system trajectories [8], whereas sliding mode controllers [9,10] use discontinuous feedback control for system stabilization.
In switched systems [11,12], switching algorithms are used to select an appropriate plant (or controller) from a given
finite parameterized family of plants (or controllers) giving rise to discontinuous systems. As for dynamical systems with
continuously differentiable flows [3], dissipativity theory can play a fundamental role in addressing robustness, disturbance
rejection, stability of feedback interconnections, and optimality for discontinuous dynamical systems.

In light of the fact that energy notions involving conservation, dissipation, and transport also arise naturally for
discontinuous systems, it seems natural that dissipativity theory can play a key role in the analysis and control design
of discontinuous dynamical systems. Specifically, as in the analysis of continuous dynamical systems with continuously
differentiable flows, dissipativity theory for discontinuous dynamical systems can involve conditions on system parameters
that render an input, state, and output system dissipative. In addition, robust stability for discontinuous dynamical systems
can be analyzed by viewing a discontinuous dynamical system as an interconnection of discontinuous dissipative dynamical
subsystems. Alternatively, discontinuous dissipativity theory can be used to design discontinuous feedback controllers that
add dissipation and guarantee stability robustness allowing discontinuous stabilization to be understood in physical terms.

In [13], the authors extend the notion of dissipativity theory to impulsive and hybrid dynamical systems possessing
left-continuous flows using generalized storage functions and hybrid supply rates. The overall approach provides an
interpretation of a generalized energy balance for impulsive and hybrid dynamical systems in terms of the stored or
accumulated system generalized energy, the dissipated energy over the continuous-time dynamics, and the dissipated
energy at the resetting instants. Extensions of dissipativity theory to vector dissipativity notions using vector storage
functions and vector supply rates for analyzing large-scale interconnected systems are considered in [14]. More recently
passivity theory for switched dynamical systems described by a family of subsystems parameterized by a finite index set
are discussed in [15-18].

In this paper, we extend the results of [18] to develop dissipativity notions for dynamical systems with discontinuous
vector fields. Specifically, we consider dynamical systems with Lebesgue measurable and locally essentially bounded vector
fields characterized by differential inclusions involving Filippov set-valued maps specifying a set of directions for the system
velocity and admitting Filippov solutions with absolutely continuous curves. In particular, we introduce a generalized
definition of dissipativity for discontinuous dynamical systems in terms of set-valued supply rate maps and set-valued
storage maps consisting of locally Lebesgue integrable supply rates and locally Lipschitz continuous storage functions,
respectively. The collection of storage functions and supply rates satisfy a set of dissipation inequalities reflecting the
fact that the dissipated generalized energies of a discontinuous dissipative system are nonnegative and are given by the
difference of what is supplied and what is stored.

In addition, we introduce the notion of a set-valued available storage map and a set-valued required supply map, and
show that if these set-valued maps have closed convex images they specialize to single-valued maps corresponding to the
smallest available storage and the largest required supply of the dissipative differential inclusion, respectively. Furthermore,
we show that all system storage functions are bounded from above by the largest required supply and bounded from below
by the smallest available storage, and hence, a dissipative differential inclusion can deliver to its surroundings only a fraction
of its generalized stored energy and can store only a fraction of the generalized work done to it. Moreover, we develop
analogous results for lossless differential inclusions as well as specialize our results to switched dynamical systems.

Finally, we develop extended Kalman-Yakubovich-Popov conditions in terms of the discontinuous system dynamics
for characterizing dissipativity via generalized Clarke gradients of locally Lipschitz continuous storage functions for
discontinuous systems. In addition, using the concepts of dissipativity for discontinuous dynamical systems with appropriate
storage maps and supply rate maps, we construct nonsmooth Lyapunov functions for discontinuous feedback systems by
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appropriately combining the storage maps for the forward and feedback subsystems. General stability criteria are given
for Lyapunov, asymptotic, and exponential stability for feedback interconnections of discontinuous dynamical systems.
In the case where the supply rate map consists of supply rates involving net system power or weighted input-output
energy, these results provide extensions of the positivity and small gain theorems to discontinuous dynamical systems. The
consideration of nonsmooth Lyapunov functions for proving stability of feedback interconnections of discontinuous systems
is an important extension to classical stability theory of dissipative feedback systems since, as shown in [19], there exist
nonsmooth dynamical systems whose equilibria cannot be proved to be stable using standard continuously differentiable
Lyapunov function theory.

2. Notation and mathematical preliminaries

The notation used in this paper is fairly standard. Specifically, R denotes the set of real numbers, R" denotes the set of
n x 1real column vectors, Z, denotes the set of nonnegative integers, and ()T denotes transpose. We write 34, &, and | 5|
to denote the boundary, the closure, and the cardinality of the subset § C R", respectively. Furthermore, we write | - || for
the Euclidean vector norm on R", B.(x),a € R", ¢ > 0, for the open ball centered at o with radius ¢, dist(p, M) for the
distance from a point p to the set .M, that is, dist(p, M) £ infycy |[p — x||, and x(t) — M ast — oo to denote that the
trajectory x(t) approaches the set .M, that is, for every ¢ > 0 there exists T > tg such that dist(x(t), M) < e forallt > T.
Finally, the notions of openness, convergence, continuity, and compactness that we use throughout the paper refer to the
topology generated on R" by the norm || - ||.

In this paper, we consider differential inclusions § of the form!

x(t) € Fx(t), u(t)), x(ty) =xq, ae.t > ty, (1)
u(t) € U, (2)
y(6) € FH(x(t), u(t)), (3)

where U is a set of admissible (control) inputs consisting of Lebesgue measurable U-valued functions on the semi-infinite
interval [ty, 00), or, in the case where U = U(x), differential inclusions § of the form

x(t) € F(x(t)), x(to) = X0, a.e.t > to, (4)

y(©) € HR(D)), (3)

where F(x) 2 {f(x,u) : f(x,u) € F(x,u),u € U(x)} and F(x) £ {h(x, u) : h(x, u) € FH(x,u),u € U(x)}, and, for every
t > to,x(t) € D C R, u(t) e UC R"andy(t) € Y CR.Here ¥ : D x U - B[R") and # : D x U — B(R)
are Filippov set-valued maps that assign sets to points, where B (R?) denotes the collection of all subsets of R?. Hence, ¥
and # are mappings from D x U to subsets of R" and R/, respectively. The set & (x) captures all of the directions in R"
that can be generated at x with inputs u(-) € U. The inputs u(-) can be selected as either u : [tp,00) — U,u: & — U,
oru : [tg,00) x H — U.We assume that F (x) is an upper semicontinuous, nonempty, convex, and compact set for all
x € R™. That is, for every x € D and every ¢ > 0, there exists § > 0 such that, for all z € R" satisfying ||z — x|| < 4,
F(z) € F(x) + £81(0). This assumption is mainly used to guarantee the existence of Filippov solutions to (4) [20]. An
absolutely continuous function x : [tg, T] — R" is said to be a Filippov solution [20] of (4) on the interval [to, T] with
initial condition x(ty) = xo, if x(t) satisfies (4) for almost all t € [to, T].>3 Hence, the tangent vector to a Filippov solution,
when it exists, lies in the convex closure of the limiting values of the system vector field f(-, -) in progressively smaller
neighborhoods around the solution point. Dynamical systems of the form given by (4) are called differential inclusions in the
literature [22] and, for every state x € R", they specify a set of possible evolutions of § rather than a single one.

Since the Filippov set-valued map given by (4) is upper semicontinuous with nonempty, convex, and compact values,
and ¥ is also locally bounded [20, p. 85], it follows that Filippov solutions to (4) exist [20, Theorem 1, p. 77]. Recall that
the Filippov solution t — x(t) to (4) is a right maximal solution if it cannot be extended (either uniquely or nonuniquely)
forward in time. We assume that all right maximal Filippov solutions to (4) exist on [ty, 00), and hence, we assume that

1 Note that the differential inclusion (1) and (2) with measurable u(-) € U subsumes the standard open system x(t) = f(x(t), u(t)), where
f: D x U — R"and u(t) € U, by simply considering & (x) 2 {f(x, u) : u € U)}. In particular, the Filippov-Wazewski relaxation theorem [20] implies
that, under mild hypothesis on f (-, -), an arc x(-) satisfies (1) if and only if there exists a measurable function u(-) € U such that x(t) = f(x(t), u(t)) holds
for almost all t > tg.

2 For the closed system G given by x(t) = f(x(t)) for almost all t > t;, where f : D — R" is Lebesgue measurable and locally essentially bounded,
x : [to, ) — R" is a Filippov solution of G if x(t) satisfies the differential inclusion x(t) € F(x(t)), a.e.t € [to, 7], where F(x) = KX[f](x) £
Ms=0 (Nucsy=o O (Bs(x)) \ 8}, x € R", u(-) denotes the Lebesgue measure in R", “0” denotes convex closure, and (7,5, = 0 denotes the intersection
over all sets & of Lebesgue measure zero. Equivalently, it follows from Theorem 1 of [21] that there exists a set #; C R" of measure zero such that, for every
W C R" of measure zero, K[f](x) = coflim;, « f (i) : x; = X, x; & Ny U W}.(Since f is locally essentially bounded, X[f](-) is upper semicontinuous and
has nonempty, compact, and convex values.) Thus, Filippov solutions are limits of solutions to §. with f averaged over progressively smaller neighborhoods
around the solution point, and hence, allow solutions to be defined at points where f itself is not defined.

3 Alternatively, we can consider Krasovskii solutions of (4) wherein the possible misbehavior of the derivative of the state on null measure sets is not
ignored; that is, X [f](x) in footnote 2 is replaced with X [f1(x) = (5., co{f (Bs(x))} and where f is assumed to be locally bounded.
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(4) is forward complete. Recall that (4) is forward complete if and only if the Filippov solutions to (4) are uniformly globally
sliding time stable [23, Lemma 1, p. 182]. An equilibrium point of (4) is a point x. € R" such that 0 € £ (x.). It is easy to see
that x is an equilibrium point of (4) if and only if the constant function x(-) = X, is a Filippov solution of (4). We denote the
set of equilibrium points of (4) by &. Since the set-valued map  (-) is upper semicontinuous, it follows that & is closed.

To develop stability and dissipativity theory for discontinuous dynamical systems of the form given by (1)-(3), we
need to introduce the notion of generalized derivatives and gradients. Here we focus on Clarke generalized derivatives and
gradients [24].

Definition 2.1 (/24,25]). Let V : R" — R be a locally Lipschitz continuous function. The Clarke upper generalized derivative
of V() at x in the direction of v € R" is defined by

1% hv) =V
Vo v) & limsup L0 M) =VO) 6)
y—x,h—0t h
The Clarke generalized gradient 9V : R" — B(R'™™) of V(-) at x is the set
oV (x) £ co {'lim VV(x) :x —> X, xi & N U 5} , (7)
1—00

where co denotes the convex hull, V denotes the nabla operator, .V is the set of measure zero of points where VV does not
exist, 4 is any subset of R" of measure zero, and the increasing unbounded sequence {x;};cz, C R" converges tox € R".

Note that (6) always exists. Furthermore, note that it follows from Theorem 2.5.1 of [24] that (7) is well defined and
consists of all convex combinations of all the possible limits of the gradient at neighboring points where V is differentiable.
In addition, note that since V (-) is Lipschitz continuous, it follows from Rademacher’s theorem [26, Theorem 6, p. 281] that
the gradient VV (-) of V(-) exists almost everywhere, and hence, VV(-) is bounded. Thus, since for each x € R", a3V (x) is
convex, closed, and bounded, it follows that 0V (x) is compact.

In order to state the main results of this paper, we need some additional notation and definitions. Given a locally Lipschitz
continuous function V : R" — R, the set-valued Lie derivative L3V : R" — B(R) of V with respect to F at x [2527] is
defined as

LzV(x) 2 [a € R : there exists v € £ (x) such that p'v = aforall p’ € 8V(x)}
< () PFw. 8)
pTedV(x)

If  is convex with compact values, then L7V (x), x € R", is a closed and bounded, possibly empty, interval in R. If V(-) is
continuously differentiable at x, then LzV(x) = {(VV(x) -v: v € F (x)}. In the case where £ £V (x) is nonempty, we use
the notation max £ £V (x) (resp., min .£ zV (x)) to denote the largest (resp., smallest) element of .£ zV (x). Furthermore, we
adopt the convention max @ = —oo. Finally, recall that a function V : R" — R is regular at x € R" [24, Definition 2.3.4] if,
forall v € R", the right directional derivative V/ (x, v) £ limy_, o+ %[V(x + hv) — V(x)] exists and V/ (x, v) = V°(x, v). V is
called regular on R" if it is regular at every x € R".

3. Dissipative differential inclusions: input-output and state properties

In this section, we extend the notion of dissipativity of dynamical systems with continuously differentiable flows
to develop the concept of dissipativity and losslessness for differential inclusions. Specifically, we extend the classical
definitions of dissipativity and losslessness [1,2] for dynamical systems with continuously differentiable flows to
discontinuous systems and develop dissipativity theory for differential inclusions in terms of integral and generalized
derivative inequalities with respect to set-valued supply rate maps. Since a special case of (1)-(3) involves switched
dynamical systems [15,16], in our definition of dissipativity and losslessness we consider multiple supply rates and multiple
storage functions. Specifically, for switched systems each subsystem can have its individual supply rate, and hence, its own
storage function. Thus, for Filippov dynamical systems, in general, and switched dynamical systems, in particular, using the
same storage function and the same supply rate for all subsystems can be very restrictive as they may be very difficult to
find or may not exist. For further details of this fact, see [15,16].

Definition 3.1. (i) The differential inclusion 4 given by (1)-(3) is weakly exponentially dissipative (resp., weakly dissipative)
with respect to the set-valued supply rate map 8, : U x Y — B(R), consisting of r locally Lebesgue integrable functions*

4 More generally, a countably infinite number of supply rates can also be considered. A similar remark also holds for the available storage, storage, and
required supply functions introduced later in the paper. This, for example, would correspond to the case where we are considering a switched dynamical
system with a countably infinite number of subsystems.
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sk : UxY — R, k € {1,...,r}, called supply rates, if there exist constants &, > 0 (resp., & = 0) such that the
dissipation inequality

t
0< / e sk (u(o),y(o))do, th <o <t, 9)
to

is satisfied for at least one si(-, -) € 4, with s,(0,0) = 0 and u(-) € U, and at least one Filippov solution x(t), t > to,
of ¢ with x(tp) = 0.

(ii) The differential inclusion § of the form (1)-(3) is strongly exponentially dissipative (resp., strongly dissipative) with respect
to the set-valued supply rate map 8, : U x Y — B(R) if the dissipation inequality (9) is satisfied with g, > 0
(resp., &k = 0) for every Filippov solution x(t), t > ty, of § with x(ty) = O by at least one s(-,-) € 4, with
s¢(0,0) =0, ke {1,...,r},andu(:) € U.

(iii) The differential inclusion 4 of the form (1)-(3) is weakly lossless with respect to the set-valued supply rate map §; :
UxY — B(R)ifg is weakly dissipative with respect to the set-valued supply rate map 4; and the dissipation inequality
(9) is satisfied as an equality for g, = 0, at least one s (-, -) € 4§, withs,(0,0) =0, k€ {1,...,r},andu(-) € U, and
with x(tp) = x(t) = 0 along at least one Filippov solution of §.

(iv) The differential inclusion § of the form (1)-(3) is strongly lossless with respect to the set-valued supply rate map 3§, :
UxY — B(R) if § is strongly dissipative with respect to the set-valued supply rate map 4, and the dissipation
inequality (9) is satisfied as an equality for &, = 0, along every Filippov solution of § by at least one si(-, -) € 4, with
s¢(0,0) =0, ke {1,...,r},and u(-) € U, and with x(ty) = x(t) = 0.

Note that every strongly dissipative (resp., strongly lossless) differential inclusion is weakly dissipative (resp., weakly
lossless); however, the converse is not true. In most cases it is sufficient to consider the notion of weak dissipativity
for a given differential inclusion. In this case, a single-valued supply rate map suffices in Definition 3.1. However, when
considering a switched dynamical system as a family of parameterized systems and the dissipativity of every system is
needed, then it is necessary to use the stronger notion of strong dissipativity, which requires that the set of all Filippov
solutions of § to be epimorphic (i.e., a surjective homomorphism) to the set-valued supply rate map 4;. That is, the mapping
from the set of all Filippov solutions of 4 to the set of supply rates 4, that takes each Filippov solution into its own supply
rate is a surjection.

Next, define the available storage functions V,, : & — R of the differential inclusion § by

T T
Va (%0) £ — inf / esi(u(t), y(t)dt = sup [— / e‘g"tsk(u(t),y(t))dt] : (10)
u(-),T=tg to u(-), T>ty to
where si(-,) € 4, k € {1,...,r}, and x(t), t > to, is a Filippov solution of § with x(t;) = X and admissible
input u(-) € U. Furthermore, define the set-valued available storage map V, : & — B(R) of the differential inclusion
g by Va(x) & {V4,(%),..., Vo (®)}, x € D.The supremum in (10) is taken over all admissible inputs u(-), all time
t > to, and all Filippov system trajectories with initial value x(ty) = Xo and terminal value left free. Note that for every
kef{l,...,r}, Vo(x) > 0forallx € D since V,, (x) is the supremum over a set of numbers containing the zero element
(T = to).
Next, define the least available storage map of the differential inclusion § by
Vais(Xo) 2 {v € Va(xg) :v = inf w} =J{veVilxg):v=— sup wy. (11)
wEVal(xo) we(—Val(xg))

Note that if B(R) is a reflexive strictly convex space’and V,(x) has closed convex images, then it follows that the least
available storage map is single-valued [28, p. 360]. We call this map the smallest available storage of the differential inclusion
6. For the remainder of the paper we assume that 8(R) is a reflexive strictly convex space. It follows from Corollary 9.3.3
of [28] that if V, : D — B(R) is a continuous set-valued map with nonempty closed convex images, then the smallest
available storage is continuous. In other words, if V,(-) is continuous and takes its values in a compact subset of a strictly
convex reflexive Banach space, then the smallest available storage V,s(xo) is continuous. In addition, it follows from (11)
that the smallest available storage of a differential inclusion § is the maximum amount of storage, or generalized stored
energy, which can be extracted from the differential inclusion 4 at any time T. In the definition of V,s(-), the infimum is
taken elementwise over all V,, (1) € V,, k € {1,...,r},since s(-, ) € &, k € {1, ..., r}, which implies that for different
elements of V,(-) the infimum is calculated separately. Moreover, note that V,5(x) > 0 for all x € D since Vy5(x), x € D, is
the infimum over a set of nonnegative numbers.

5 Recall that if B(RY) is a Hilbert space, then B(R?) is a reflexive strictly convex space; that is, for all x, y € B(RY) that are not colinear, ||x + y|| <
lIxIF =+ 1yl
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The following definitions are needed later in the paper.

Definition 3.2. A differential inclusion § is weakly (resp., strongly) completely reachable if for every X, € D C R" there
exists a finite time t; < to and an admissible input u(t) defined on [¢;, to] such that at least one (resp., every) Filippov
solution x(t), t > tj, of § can be driven from x(t;) = 0 to x(ty) = Xo. § is weakly (resp., strongly) completely null controllable
if for every xo € D C R" there exists a finite time t; > to and an admissible input u(t) defined on [ty, t;] such that at least
one (resp., every) Filippov solution x(t), t > to, of § can be driven from x(ty) = xo to x(tf) = 0.

Definition 3.3. Consider the differential inclusion § given by (1)-(3).

(i) A set-valued map Vs : D — B(R) consisting of g nonnegative definite, locally Lipschitz continuous, and regular

functions V; : D — R, i € {1, ..., q}, is called a weak set-valued storage map, if the dissipation inequality
t
VD) £ Vi) + [ s Yoo, €2 b (12)
to
is satisfied for at least one V;(-) € 7V,(x) with V;(0) = 0, wherei € {1,...,q}, at least one si(-,-) € 4§ with
sk(0,0) = 0, where k € {1,...,r}, and at least one Filippov solution x(t), t > to, of ¢ with u(-) € U. The functions

Vi() € Vs(x), i € {1,...,q}, satisfying (12) are called the storage functions of § and are denoted as Vs, (x), x € D.

(ii) A set-valued map V; : & — B(R) is called a strong set-valued storage map, if the dissipation inequality (12) is satisfied
for every Filippov solution x(t), t > ty, of § with u(-) € U, by at least one V;,(:) € Vs(x) with V;,(0) = 0, where
i=1,...,q,and at least one s, (-, -) € 4§, with s;(0,0) = 0, wherek =1, ...,r.

Note that, since fori € {1,...,q}andk € {1, ..., 1}, V;;(0) = 0, it follows that
t
/ e s (u(0), y(0))do = eV (x(t)) =0, x €D, V() € Vs(x),
to

and hence, the existence of a weak (resp., strong) set-valued storage map implies weak (resp., strong) dissipativity. Inequality
(12) is known as the dissipation inequality and reflects the fact that some of the supplied generalized energies to the system
g are stored, and some are dissipated. The dissipated generalized energies are nonnegative and are given by the difference
of what is supplied and what is stored. In addition, the amount of generalized stored energies are a function of the state of
the dynamical system.

In the remainder of the paper, we drop the adjectives “weak” and “strong” as well as the index k whenever a statement
holds for both the weak and strong cases. If Vg, (+) is locally Lipschitz continuous and regular, then an equivalent statement
for the dissipativeness of ¢ involving supply rates s (u, y) is

Vi, (x(1)) < se(u(t), y(t)), ae.t>0, (13)

or, equivalently, Vs,- (x) < si(u,y), where

V, () = %Vs,wa,x, w)| 2 limsyp LR 1) = Vs ®) (14)

t=0 h—0t h

for every x € R" such that the limit in (14) exists, denotes the upper right directional Dini derivative of V;;(x) along the
Filippov state trajectories ¥ (t, x, u) of (1) through x € D with u(-) € U att = 0. Alternatively, an equivalent statement for
exponential dissipativeness of 4 involving supply rates sy (u, y) is

Ve (X(D) + aVs, (X(1)) < seu(®), y(©)), ae.t > 0. (15)
The following lemma is needed for the next and subsequent results in the paper.
Lemma 3.1 ([25]). Let x : [to, t] — R" be a Filippov solution of the differential inclusion (1) and let V : R" — R be locally

Lipschitz continuous and regular. Then %V(X(O‘)) exists for almost all o € [ty, t] and %V(X(O‘)) € L#V(x(0)) for almost all
(NS [t(), t].

Proposition 3.1. Consider the differential inclusion g given by (1)-(3) and let V : R" — R be a locally Lipschitz continuous
and regular function such that V(x) > 0 for all x € R" and V(0) = 0. Assume there exist a Lebesgue measurable function
s:R™ x R' — Rand a scalar ¢ > 0 (resp., ¢ = 0) such that

max LzV(x) < —eV(x) +su,y), aauecU. (16)

Then § is strongly exponentially dissipative (resp., strongly dissipative) with respect to the set-valued supply rate map 4§, =

{su, )}
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Proof. It suffices to show that if (16) holds, then (12) holds on the interval [fy, t]. To see this, let x : [fo, ] — R" be a
Filippov solution of (4) with initial condition x(0) = Xo. Now, since by Lemma 3.1V (x(0)) < max LV (x(c)) for almost all
o € [t, t], it follows from (16) that V(x(c)) < —eV(x(0)) + s(u(o), y(o)) for almost all o € [ty, t], and hence,

e (V(x(0)) + eV(x(0))) < €7s(u(0).y(0)), ae.o €[ty t]. (17)
Now, integrating (17), where the integral is a Lebesgue integral, it follows that (12) holds with ¢ > 0 (resp.,,e =0). O

Example 3.1. Consider the controlled discontinuous dynamical system § representing a mass sliding on a horizontal surface
subject to a Coulomb frictional force. During sliding, the Coulomb frictional model states that the magnitude of the friction
force is independent of the magnitude of the system velocity and is equal to the normal contact force times the coefficient
of kinetic friction. The application of this model to a sliding mass on a horizontal frictional surface gives

x(t) = —sign(x(t)) + u(t), x(0) =xp, ae.t>0, (18)
y(t) = x(t). (19)
Eq. (18) can be rewritten in the form of (1) with ¥ (x, u) = KX[f](x) + u so that
x(t) € X[f1x(t)) + u(t), x(0) =xp, ae.t>0, (20)
where the Filippov set-valued map KX [f] : R — B(R) is given by
-1, x>0,
JC[f](X)ﬁ{[—l,ll, x=0, (21)
1, x < 0.

Let Vs, (x) = x* and Vs = {V;, (x)}. Since

Ve, (%) € L5V (x) = 3V () (K[f1(x) + 1)

2xK[f1(x) + 2xu

= —[x| + 2uy

< 2uy, (22)

it follows that max £+ Vs, (x) < 2uy for all Filippov solutions, which, by Proposition 3.1, implies that § is strongly dissipative
with respect to the single-valued supply rate map 4§, = {2uy}.
Next, let Vs, (x) = [x| and Vs = {V;, (x)}. Since

{—1 +sign(x)u, x#0,

Ve, (®) € L5Vs,(0) = 1, o

= —1+usign(y), x#0, (23)

it follows that max £# Vs, (x) < usign(y) for almost all x € R and all Filippov solutions, which, by Proposition 3.1, implies
that g is strongly dissipative with respect to the single-valued supply rate map 4, = {usign(y)}.

Alternatively, if we choose Vs = {V;, (x), Vs, (x)} and &, = {2uy, usign(y)}, then it follows that § is strongly dissipative
with respect to the set-valued supply rate map 4;. O

Next, we show that all of the available storage functions of § are finite and zero at the origin if and only if  is weakly
(resp., strongly) dissipative.

Theorem 3.1. Consider the differential inclusion § given by (1)-(3) and assume that § is weakly (resp., strongly) completely
reachable. Then § is weakly (resp., strongly) dissipative with respect to the set-valued supply rate map 8. : U x Y — B(R) ifand
only if the available storage functions V,, (xo) given by (10) are finite and V,, (0) = 0 forall xo € D, somek € {1, ...,r}, and at
least one (resp., every) Filippov solution of §. Moreover, if V,, (0) = 0 and V,, (xo) are finite for allxy, € D, somek € {1,...,1},
and at least one (resp., every) Filippov solution of §, then V, : D — B(R) is a weak (resp., strong) set-valued storage map for
§. Finally, all storage functions Vs, () € Vs(x), i € {1, ..., q}, for § satisfy

0<Vi(® < Vs(x), x€D. (24)

Proof. Suppose V,, (0) = 0 and V,, (xo), Xo € D, are finite for some k € {1, ..., r}. Now, it follows from (10) (with T = t;)
that V,, (xo) > Oforallx, € O and some k € {1, ..., r}. Next, let x(t), t > to, be a Filippov solution to (1) with admissible
input u(t), t € [to, T]. Since —V,, (xo), X0 € D and k € {1, ..., r}, is given by the infimum over all admissible inputs u(-)
in (10), it follows that for all admissible inputs u(-) € U, T > tg,andk € {1,...,r1},

T t T

f
Seu(t), y(O)de + f (o), y(O)d,

tf

¥, ((to)) < /

to

sk(u(t), y(t))dt = /

to
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which implies

te T
Vo) — [ s yonde = [ s, yone
to te
Hence,
tr T
Va (x(to)) + / sk(u(t), y(£)dt = — u )ian>t / sk(u(t), y(©))dt = Vo (x(t)) = 0, ke{l,...,r}, (25)
to D= S
which implies that
tf
[ syt = Vo, ke i, (26)
to
Thus, since by assumption V,, (0) = 0 for some k € {1, ..., r}, the dissipation inequality (9) holds. Hence, it follows from
Definition 3.1 that § is weakly dissipative with respect to the set-valued supply rate map 4, : U x Y — B(R). Furthermore,
Va(¥), x € D, k € {1,...,r},is a storage function for §. Hence, by Definition 3.3, V, : & — B(R) is a weak set-valued
storage map for §.
Alternatively, if V,, (0) = 0 and V,, (xo), X0 € D, k € {1,...,r}, is finite for all Filippov solutions to §, then it follows

from (26) that the dissipation inequality (9) is satisfied for all Filippov solutions to 4, and hence, by Definitions 3.1 and 3.3,
g is strongly dissipative with respect to the set-valued supply ratemap §, : U XY — B(R)and V, : & — B(R) is a strong
set-valued storage map for §G.

Conversely, suppose 4 is weakly dissipative with respect to the set-valued supply rate map §; : U xY — B(R). Since 4 is
weakly completely reachable it follows that for every xo € D such that x(ty) = Xo, there exist t <t < ty and an admissible
input u(-) € U defined on [f, ty] such that x(f) = 0 and x(ty) = xo. Now, since § is weakly dissipative with respect to the
set-valued supply rate map 4; : U x Y — B(R) and x(f) = 0, it follows that for some se(u,y) € 8, ke {1,...,r},and at
least one Filippov solution of 4,

T
/:Sk(u(t)s.)’(t))dtZO, T >,
t

or, equivalently,

T to
f si(u(t), y(t)dt > —f se(u(t), y(t)de, T > to,
£ t

0

which implies that there exist functions Wy, : D — R such that

T
f sp(u(t), y(t)dt > Wi(xg) > —oo, T >tg, ke {l,...,r}. (27)
to
Now, it follows from (27) that for all x € O and some k € {1, ...,1},
T
Vo ¥) = — inf / se(u(t), y(£)dt < —Wi(x),
u(-), T>to to
and hence, the available storage function V,,(x) < oo for allx € ® and some k € {1, ..., r}. Furthermore, with x(ty) = 0,
it follows that for all admissible inputs u(t), t > tp,and some k € {1, ..., r},

T
/ SO, y(O)dE = 0, T > to,

to

which implies that

T
sup [— / w(u(r)y(r))dr} <o,

u(-), T>to to
or, equivalently, V,, (x(tp)) = V,,(0) < 0 forsome k € {1, ..., r}. However, since V, (x) > 0, x € Dand k € {1,...,r},it
follows that V,, (0) = 0, k € {1, ..., r}. Moreover, it follows from (25) that V,, (x), x € D and k € {1, ..., r}, is a storage

function for §. Thus, V, : D — B(R) is a weak set-valued storage map for §.

Alternatively, if § is strongly completely reachable and strongly dissipative with respect to the set-valued supply rate
map 4; : U x Y — B(R), then the above analysis holds for all Filippov solutions to 4. Hence, V, : & — B(R) is a strong
set-valued storage map for §.
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Finally, let V;;(x) for allx € £ and some i € {1, ..., q} be a storage function for §. Then it follows from (12) that, for all
T > tpand xg € D, some si(-,-) € 4, ke {1,...,r}, i € {1,...,q},and at least one Filippov solution of g,
T T
Vs, (x0) > V5, (x(T)) —/ sk(u(t), y(t))dt > —/ se(u(t), y())dt,
to to
which implies
T
Vs, (o) > sup [—/ Sk(U(t),y(t))dt] = Vi, (x0) = Vas(%0), (28)
u(), T=to to

yielding (24). O

The following theorem provides sufficient conditions for guaranteeing that all of the storage functions of a given
dissipative differential inclusion are positive definite. For this result we require the following definition.

Definition 3.4. A differential inclusion § is weakly (resp., strongly) zero-state observable if u(t) = 0 and y(t) = 0 implies
x(t) = 0 for at least one (resp., every) Filippov solution of §.

Theorem 3.2. Consider the differential inclusion § given by (1)-(3), and assume that G is weakly (resp., strongly) completely
reachable and weakly (resp., strongly) zero-state observable. Furthermore, assume that § is weakly (resp., strongly) dissipative
with respect to the set-valued supply rate map &, : U x Y — B(R) and there exist functionsxy : Y — U, k € {1, ..., 1}, such
that k,(0) = 0 and si(kx(¥),y) < 0,y # 0, k € {1,...,r}. Then the storage functions V;(x), x € D, i € {1,...,q}, are
positive definite, that is, Vs, (0) = 0and Vs, (x) > 0, x € D, x# 0, ie{1,...,q}.

Proof. Suppose § is weakly dissipative with respect to the set-valued supply rate map 4; : U x Y — B(R). Then it follows
from Theorem 3.1 that the available storage functions V,, (x) for allx € £ and some k € {1, ..., r} are storage functions of
§. Next, suppose there exists X € D, X # 0, such that V,, (x) = 0 forsome k € {1, ..., r}. Since, by assumption, there exist
functions ki : Y — U such that «,(0) = 0 and s (k¢ (y),y) < 0, y # 0, it follows that for some k € {1, ..., r},

T T
0= sup [—/ sk(u(t),y(t))dt] > sup [—/ Sk(Kk(Y(t))sY(t))df] >0, ae.tz=>t,
£ £

u(-),T>tgy 0 T>ty 0
and hence,
sk (v(0)), y() =0, aet>t, ke{l,...,r}.
Since k(0) = 0 and s (kx(¥),¥) <0, y #0, k € {1,...,r},it follows that y(t) = 0 almost everywhere t > ty5. Now, since
g is weakly zero-state observable it follows that X = 0, and hence, V,, (x) = 0, k € {1, ..., r},ifand only if x = 0. The result

now follows from (28).

Alternatively, if § is strongly zero-state observable and strongly dissipative with respect to the set-valued supply rate
map 4; : U x Y — B(R), then the above analysis holds for all Filippov solutions to §. Hence, it follows from (24) that all
Vs, (1) € Vs(x), i €{1,...,q},are positive definite. O

Next, we consider a special case of the differential inclusions (1)-(3) involving switched dynamical systems. Specifically,
consider the nonlinear dynamical systems given by

x(t) = fox(t)) + Gp(x(O))up(t),  x(to) = X0, € = to, (29)

Yp(t) = hp(x(1)), (30)
where, forevery t > to, x(t) € & S R", f, : R" - R, G, : R" — R"™™ and h, : R" — R! are locally Lipschitz continuous
functions, and p € » = {1, ..., d} is a finite index set. The family of nonlinear dynamical systems (29) and (30) can be
rewritten as the switched dynamical system §,, [15,17,18] given by

x() = fo iy X)) + Goy XUy (1), o(-) € X,  x(to) =%, t>to, (31)

Yoy () = ho@y (x(F)), (32)

wherex(t) e D CR", t > to, f, : R" > R", G, : R* - R™™ h, :R" - R!, o : [ty, 00) — & is a piecewise constant
switching signal, and X denotes the set of switching signals. The switching signal o effectively switches the right-hand
side of (31) and (32) by selecting different subsystems from the parameterized family {f, (x) 4+ G,(x)up and hy(x) : p € £}.
We denote by t;, i = 1, 2, ..., the consecutive discontinuities of o which we call the switching times of (31) and (32). Our
convention here is that o (-) is left-continuous, that is, o (t ) = o (t), where o (t ) £ lim;_,o- (t + h).

The pair (x, o) : [tg, 00) x X — R"is asolution to the switched dynamical system (31) if x(-) is absolutely continuous and
satisfies (31) for almost all t > t,. Here, we assume that if there are infinitely many switching times, then there exists t > 0
such that for every T > t, there exists a positive integer [ such that t;.; — t > t; > T.Whent € [t t;; 1), 0 (t) = i), that
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is, the ijth subsystem is active. Hence, the trajectory x(t) of the switched dynamical system (31) is defined as the trajectory
x;,(t) of the ijth subsystem when t € [t;, ti41).

Note that the notion of strong dissipativity for differential inclusions subsumes the notion of dissipativity for switched
dynamical systems with cross-supply rates introduced in [15]. This is due to the fact that if the switched dynamical system
is strongly dissipative, then all of its subsystems are dissipative for all time t > t, whether or not they are active.

Proposition 3.2. Consider the switched dynamical system G, given by (31) and (32) with switching times {t1, ..., t.—1}, where
te = T and ¢ < oc. Then all storage functions Vy;(-) € Vs(x), i € {1, ..., q}, for §, satisfy

c—1 -1

; Vas @) <, I0E [; Vs, (x(n))} , (33)
where

f14+1
Vas(X(fl))[t,,[M) = ke{inf " {— inf /r, sk(u(t),y(t))dt} .

1., u(),tp1=t
Proof. Since (28) holds for all storage functions Vy;(-) € Vs(x), i = 1, ..., g, it follows that over every time interval [f;, f;41)
withl € {0,...,c — 1},
ti+1
Vg (x(t)) > sup [— / s(u(), y(t))dr] = Vo X)) = Vas (D) [, (34)
u(),tip1=4 t

Now, summing both sides of inequality (34) over the switching times and the initial time ty, it follows that for every element
Vi () € Vs(®) andi € {1,...,q},

C

—1 c—1
D Vas KU < 2 Vs (W),
=0

1=0
which implies that

c—1 c—1
; Vas 6D [q.,0) <, inf [; v, (x(n))} :
yielding (33). O

Next, we introduce the concepts of a set-valued required supply map and required supply functions for the differential
inclusion §. Specifically, define the required supply functions V;, : & — R of the differential inclusion § by

to
V) £ inf [ et yonde (35)
u(),T=to J_1
wheresy (-, -) € &, k € {1,...,r},andx(t), t > —T,isaFilippov solution of § withx(—T) = 0and x(ty) = X¢. Furthermore,
define the set-valued required supply map 'V, : & — B(R) of the differential inclusion § by V. (x) = {V;, (), ..., V,(¥)}, x €
D. The infimum in (35) is taken over all Filippov system trajectories starting from x(—T) = 0 at time t = —T and ending

at x(tp) = xp at time t = ¢y, and all times t > t; or, equivalently, over all admissible inputs u(-) € U which drive the
differential inclusion 4 from the origin to xo over the time interval [—T, to]. If the system is not reachable from the origin,
then we define V;, (xo) = o0, k=1,...,r1.

Next, define the greatest required supply map of the differential inclusion § by

Vis(xo) 2 v € Vi(x0) v = sup  V(x0) . (36)
Vi, (X0)€Vr(x0)

Recall that if B(R) is a reflexive strictly convex space and V;(x) has closed convex images, then it follows that the greatest
required supply map is single-valued. We call this map the largest required supply of the differential inclusion §. It follows
from (36) that the largest required supply of a differential inclusion is the minimum amount of generalized energy that has
to be delivered to the system in order to transfer it from an initial state x(—T) = 0to a given state x(t;) = Xo.In the definition
of Vi5(+), the supremum is taken elementwise over all V;, (-) € Vi(x), k € {1,...,r}, since sg(-,-) € &, k € {1,...,1},
which implies that for different elements of V;(x) the infimum is calculated separately. Note that since, with x(ty) = 0, the
infimum in (35) is zero, it follows that V,5(0) = 0.

Next, we show that all of the required supply functions of 4 are finite and nonnegative if and only if the differential
inclusion § is weakly (resp., strongly) dissipative. Moreover, we prove that all storage functions are bounded from above by
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the largest required supply and bounded from below by the smallest available storage, and hence, a dissipative differential
inclusion can deliver to its surroundings only a fraction of its generalized stored energy and can store only a fraction of the
generalized work done to it.

Theorem 3.3. Consider the differential inclusion § given by (1)-(3) and assume that 4 is weakly (resp., strongly) completely
reachable. Then § is weakly (resp., strongly) dissipative with respect to the set-valued supply rate map 8. : U x Y — B(R) ifand
onlyif 0 <V, (x) < oo forallxy € D,somek € {1,...,r}, and at least one (resp., every) Filippov solution of §. Moreover, if
the required supply functions V,, (x) are finite and nonnegative for all x € D, some k € {1, ..., r}, and at least one (resp., every)
Filippov solution of §, then V, : D — B(R) is a weak (resp., strong) set-valued storage map for G. Finally, all storage functions
V() € Vs(x), i € {1,...,q}, for § satisfy

0 < Vi) < V5;(x) < Vis(x) <00, x€D. (37)
Proof. Suppose 0 < V;, (x) < ooforallx € £ and some k € {1,...,r}. Next, let x(t), t € R, be a Filippov solution to
(1)-(3) with admissible inputs u(t), t € R, and x(tp) = xo. Since V,, (x), x € D and k € {1, ..., r}, is given by the infimum

over all admissible inputs u(-) € U and T > tg in (35), it follows that for all admissible inputs u(-), —T < t < ty, and
kefl,...,r},

t

to to
Vi, () < f Se(u(®), y(O)dt = f 5(u(@), y(0))do + / 5u(@), y(0))do,
_ —T t

T

and hence, fork € {1, ...,r},

t to
Vi, (X0) < inf / sk(u(o), y(o))do +/ sk(u(o), y(o))do
-T t

u(-), T>t
to
= V@) + [ suu0). y0))dor. (38)
t

This inequality together with the fact that V, (0) = 0, k € {1,...,r}, shows that V, (x), x € Dandk € {1,...,r},isa
storage function for . Hence, 4 is weakly dissipative with respect to the set-valued supply rate map 4, : U x Y — B(R).
Furthermore, since V;, (x), x € D and k € {1,...,r}, is a storage function for §, V; : & — B(R) is a weak set-valued

storage map for §.
Alternatively, if 0 < V;, (x) < oo, x € O, for all Filippov solutions to §, then V,, (x), x € D, k € {1,...,1},

satisfy the dissipation inequality (12). Hence, § is strongly dissipative with respect to the set-valued supply rate map
8 :UXxY — BR)and V; : D — B(R) is a strong set-valued storage map for G.

Conversely, suppose § is weakly dissipative with respect to the set-valued supply rate map 4, : U x Y — B(R) and let
Xp € D.Since G is weakly completely reachable it follows that there exist T > to and u(t), t € [—T, to], such thatx(—T) =0
and x(tp) = xo. Hence, since § is weakly dissipative with respect to the set-valued supply rate map 4; : U x Y — B(R), it
follows that for at least one s (u,y) € 4;, k € {1, ..., r}, at least one Filippov solution x(t), and for all T > ¢y,

to
0= / se(u(t), y(t))dt,
T
and hence,
to
0< inf [ / sk(u(t),y(t))dt] ,
u(). T=to | J 1
which implies that
0<V,(x) <00, X e, kef{l,...,r}.

Furthermore, it follows from (38) that V,,
weak set-valued storage map for §.

Alternatively, if g is strongly completely reachable and strongly dissipative with respect to the set-valued supply rate
map 4§, : U x Y — B(R), then the above analysis holds for all Filippov solutions to §. Hence, 0 < V, (x) < oo for all

x), x e D, ke {1,...,r},is astorage function for 4. Thus, V, : D — BR)isa

xe D, ke{l,...,r}. Moreover, V; : D — B(R) is a strong set-valued storage map for §.
Finally, let Vg, (x), x € D,and somei € {1, ..., q} be a storage function for §. Then it follows from Theorem 3.2 that
0<Vux) <Vy;(x), x€D,ie {1,...,q}.
Furthermore, for all T > ty such thatx(—T) = 0andi € {1, ..., g}, it follows that

to

Vs (x0) < Ve (0) + / Seu(0), y(0)dt,

-T
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for some si(-, ) € 4;, k € {1,...,r}, and hence,
to
Voo = inf [ s, y(©)dt = vy () = Viti) < . (39
DIzt J 1

which implies (37). O

Next, we consider the switched dynamical system given by (31) and (32).

Proposition 3.3. Consider the switched dynamical system G, given by (31) and (32) with switching times {t1, . .., t._1}, where
te = to and ¢ < oo. Then all storage functions Vs, (-) € Vs(x), i € {1, ..., q}, for G, satisfy
c c
sup [Z Ve, (x(n))} < Ve[, (40)
Vs; (€Vs | 1= =1
where

]
Vis (D) [4_y.) = SUP}{ inf / sk(u(t),y(t))dt}-

kefl,..., uC) st Jy_ g
Proof. Since (39) holds for all storage functions V(1) € Vs(x), i € {1,...,q}, it follows that over every time interval
[ti_q, ) withl e {1,...,c — 1},
f
Vo (x() < inf / S (u(t), y(O)dt = Vi, (x(8) < Vis(x(t)) < 00, (41)
Dt-1=t Jy g

Now, summing both sides of inequality (41) over the switching times and noting t, = t, it follows that for every element
Vs.(-) € Vs(x) andi € {1,...,q},

D Vst o0y = D Vs K@),
=1 =1

which implies

Z Vrs(x(tl))[[,_l,t,) > y sup |:Z Vs,-(x(tl))i| ,
=1

s,-(‘)EVs 1=1
yielding (40). O

In light of Theorems 3.1 and 3.3 we have the following result on lossless differential inclusions.

Theorem 3.4. Consider the differential inclusion § given by (1)-(3) and assume that G is weakly (resp., strongly) completely
reachable to and from the origin. Then § is weakly (resp., strongly) lossless with respect to the set-valued supply rate map
8 : UxY — B(R) ifand only if the dissipation inequality (12) is satisfied as an equality for some V5, (:) € Vs(x), i € {1, ..., q},
and at least one (resp., every) Filippov solution of §. Furthermore, if G is weakly (resp., strongly) lossless with respect to the set-
valued supply rate map 8, : U x Y — B(R), then V,, (x) = V;, (%) forallx € D, somek € X C {1,...,r}, and at least one

(resp., every) Filippov solution of §, and hence, the storage functions Vs;(x), x € D andi € 4 C {1, ..., q}, are given by
T+ to
Vs (%) = — / sk(u(t), y()dt = / se(u(t), y(t))dt, (42)
to —T_
wherei € 4, k € X, |d| = |X]|, and x(t), t > to, is a Filippov solution to (1)-(3) with admissible u(-) € U and

X(to) = X0, X0 € D, forevery T_, T, > |to| such that x(—T_) = 0and x(T;.) = 0.

Proof. Suppose § is weakly lossless with respect to the set-valued supply rate map 4, : U x Y — B(R). Since § is
weakly completely reachable to and from the origin it follows that, for every x, € D, there exist T_, T, > |ty|, and
u(t) € U, t € [-T_,T,], such that x(—T_) = 0,x(Ty) = 0, and x(t,) = xo. Now, it follows that for at least one
sk(u,y) € 8, ke {1,...,r}, and at least one Filippov solution of §,

Ty
0 =f si(u(t), y(t))dt

T

to T4
_ f (D), y(0)dt + / Se(u(®), y(O)dt
—T—

to
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to T
> inf / sk(u(t), y(©))dt + inf / se(u(t), y())dt
u(),T=to J_1 u@), T=to Jy,
= Vrk (XO) - Vak (X()), (43)
which implies that V;, (xo) < V,,(xo) for allx, € £ and some k € {1, ..., r}. However, since, by definition, § is weakly
dissipative with respect to the set-valued supply rate map 4, : U x Y — B(R), it follows from (28) and (39) that
Vi (X0) < V5 (x0) < Vy(xo) forallxy € O andsome k € {1,...,r}andi € {1,...,q}. Hence, the storage functions

Vs, (X0), Xo € Dandi € {1,..., q},satisfy V,, (xo) = Vy;(x0) =V, (x0), Xo € D, ke X C{1,...,r}andie 4 C{1,...,q}.
Furthermore, it follows that the inequality in (43) is indeed an equality, which implies (42) and |{| = |X]|.

Next,letf, t, T > tobesuchthatf <t < T, x(T) = 0.Hence, for at least one sy (u, y) € §;, k € {1, ..., r}, corresponding
Vs,(-) € Vs, i € {1, ..., q}, and at least one Filippov solution of §, it follows from (42) that

0

T
Vi, (x(1)) +[ se(u(o), y(o))do
t

t T
v, (x(D) + / 5(u(@), y(0))do + / 5(u(0), (0))do

t
— v, + / 5(u(0), y(o))do — Vs (x(t)),
t

which implies that (12) is satisfied as an equality.

Alternatively, if  is strongly completely reachable to and from the origin and strongly lossless with respect to the set-
valued supply rate map 4; : U x Y — B(R), then the above analysis holds for all Filippov solutions of § with some
Va () € Va(x), Vi, (1) € Vi(x),and Vs, (1) € Vs(x), x € D, ke {1,...,r},andi€ {1,...,q}.

Conversely, if (12) is satisfied as an equality for some storage function Vi, (:) € Vs(x), i € {1, ..., q}, and at least one
Filippov solution of 4, then it follows from Definition 3.3 that § is weakly dissipative with respect to the set-valued supply
ratemap 4; : U x Y — B(R). Furthermore, for every u(-) € U, t > ty, and x(tp) = x(t) = 0, it follows from (12) (with an
equality) that for at least one s (u, y) € 4, k € {1, ...,r}, and at least one Filippov solution of 4,

t
| sutu@).yoneo =o. (44)
to
which implies that § is weakly lossless with respect to the set-valued supply ratemap 4, : U x Y — B(R).

Alternatively, if (12) is satisfied as an equality for some storage functions Vs, (-) € Vs(x), i € {1, ..., r}, and all Filippov
solutions of 4, then (44) holds for some s, (u,y) € 4, k € {1,...,r}, and hence, § is strongly lossless with respect to the
set-valued supply ratemap 4, : U x Y - B(R). O

4. Extended Kalman-Yakubovich-Popov conditions

In this section, we show that dissipativeness, exponential dissipativeness, and losslessness of discontinuous nonlinear
affine dynamical systems § of the form

x(t) = f(x(®) + Gx(®)u(t),  x(tg) =%, ae.t>to, (45)
y(t) = h(x(t)) 4+ Jx()u(t), (46)

where x(t) € & C R", D isanopenset with0 € D,u(t) e U C R"y(t) e Y CR,f: D - R".G: D —
R™™ h:D — Y,and] : D — R™™ can be characterized in terms of the system functions f(-), G(-), h(-), and J(-).
We assume that f(-), G(-), h(-),andJ(-) are Lebesgue measurable and locally essentially bounded. Since the nonlinear maps
characterizing the system dynamics (45) and (46) are assumed to be locally essentially bounded, it follows from the classical
existence theorem for differential inclusions [22, p. 97] that a Filippov solution to (45) exists, and hence, (45) and (46) can
be represented as (1)—(3).

Note that (45) and (46) include piecewise continuous dynamical systems as well as switched dynamical systems as
special cases. For example, if f(-), G(-), h(-), and J(-) are piecewise continuous, then (45) and (46) can be represented as a
differential inclusion involving Filippov set-valued maps of piecewise-continuous vector fields given by # (x) = K [f]1(x) =
co{lim;_, o f (x;) : X; = X, X; & 8¢}, where &; has measure zero and denotes the set of points where f is discontinuous [21],
and similarly for G(-), h(-), and J(-). Here, we assume that # has at least one equilibrium point so that, without loss of
generality, 0 € (0).

For the next set of results, we concentrate on weakly dissipative (resp., lossless) systems so that single-valued supply rate
and storage function maps suffice. In addition, we consider the special case of dissipative systems with supply rate maps
consisting of quadratic supply rates [2,3]. Specifically, set D = R, U = R™, Y = R, letQ € S',R € S™,and S € R*™ be
given, and assume {s(u, y)} = {y"Qy + 2y"Su + u"Ru}, where S? denotes the set of g x q symmetric matrices. Furthermore,
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we assume that there exists a function « : R — R™ such that « (0) = 0 and s(x (), y) < 0, y # 0. Next, define
LeVs(x) 2 {qg € R™™ : there exists v € &(x) such that p'v = g for all p” € dVi(x)},

where &(x) £ (5., ﬂ“w):o co{G(B;s(x)) \ 8}, x € R", and ﬂu(5)=0 denotes the intersection over all sets $§ of Lebesgue
measure zero. For notational convenience, in the remainder of the paper we write .£;V(x) and £L¢Vs(x) for the sets
L Vs(x) and L Vs (x), respectively. Furthermore, we assume that the smallest available storage map of § is locally Lipschitz
continuous and regular. Finally, for the results of this section, we assume that the set £V (x) is single-valued® for almost
all x € R" modulo £L5Vs(x) # 2.

Theorem 4.1. Let Q € S',S € R*™, R e S™, and let § be weakly zero-state observable and weakly completely reachable. If
there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such that Vs(-) is
locally Lipschitz continuous, regular, and positive definite, V;(0) = 0, and, for almost all x € R",

0 = min £;Vs(x) + eVs(x) — h"(x)Qh(x) + €7 (x)£(x), 47
0= %occvs(x) — W@ +9) + WX, (48)
0=R+ST®) +J XS+ Y X) — W )W), (49)
[£() + WEUI'ER) + WE)u] = max L7Vs(x) — min £;Vs(),  u € R™, )

then § is weakly exponentially dissipative (resp., weakly dissipative) with respect to the supply rate map {s(u,y)} = {y"Qy +
2y"Su+ u"Ru}. Conversely, if G is weakly exponentially dissipative (resp., weakly dissipative) with respect to the supply rate map
{s(u, y)}, then there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such
that Vs(+) is locally Lipschitz continuous, regular, and positive definite, Vs(0) = 0, and, for almost all x € R", (47)-(49) hold.

Proof. First, suppose that there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 such
that Vs(-) is locally Lipschitz continuous, regular, and positive definite, and (47)—(50) are satisfied. Then, for every admissible
input u(t) € R™, t > 0, it follows from (47)-(50) that

ty 5]
/ ets(u(t), y(t))dt = / e [y"(OQy(t) + 2y"(0)Su(t) + u' (t)Ru(t)] dt

t 5]

= / et [T (u(£) Qh(x(0)) + 2K (x() (S + QJ (x(E)))u(t)

t

+u" () JTx(E)Q (x()) + ST (x(£)) +J (x(£))S + Ryu(t)] dt
t;
= / e [min £, Vi (x(t)) 4 eVs(x(1)) + L6Vsx(O)u(t) + £ (x(£))(x(t))
f
+ 26T x(E) WEO))u(t) + u" ()W (x(t) Wx(£))u(t)] de

= / ’ et [min LeVs(x(t)) + LcVs(x())u(t) + eVs(x(t))

5]

+ LX) + WERO)UOTTLX®) + WHE)u®)]] de

> /2 et [max Ly Vs(x(t)) + LVs(x(D)u(t) + eVi(x(t))] dt, (51)

t

where x(t), t > 0, satisfies (45).
Next, using the sum rule for computing the generalized gradient of a locally Lipschitz continuous function [21] it follows
that

°Cf+GuVs(X) - eﬁfvs(x) + LeuVs(x)

6 The assumption that £¢V;(x) is single-valued is necessary for obtaining Kalman-Yakubovich-Popov conditions for (45) and (46) with Lebesgue
measurable and locally essentially bounded system functions f(-), G(-), h(-), and J(-), and with locally Lipschitz continuous storage functions V;(-).
Specifically, as will be seen in the proof of Theorem 4.1, the requirement that there exists z € «£cVs(x) (resp., z € £;Vs(x)) such that, for all
u € R™, max[£LcVs(x)u]l = zu (resp., min[LsVs(x)u] = zu) used in the proof of Theorem 4.1 holds if and only if £5Vs(x) is a singleton. To see this,
letq, r € LGV (x), with g # r, and assume, ad absurdum, the required Z exists. Then, either  —Z # 0orr —Z # 0. Assumeq —Z # Oand letu" = q — Z.
Then, qu —Zu = (g — 2)u = (¢ —2)(q — 2)" = ||g — Z||3 > 0. Hence, qu > Zu, which leads to a contradiction. A similar construction shows the result for
z € LcVi(x).
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for almost all x € R". Now, it follows from Lemma 3.1 that %Vs(x(t)) € LipauVsx(t)) S L5Vs(x(t)) 4+ Ly Vs(x(t)) for
almost all t > 0. Hence,

%VS(X(t)) < max Ly Vs(x(t))

< max [L{Vs(x(1)) 4 LVs(x(0)u(t)]
= max Ly Vs (x(t)) + LVs(x(t)u(t), ae.t>0, u(-) e U. (52)
Next, note that
t
e Vs (x(t)) ZeS‘OVs(X(to))Jr/ i(es"Vs(X(U)))do, (53)
o do

where the integral in (53) is the Lebesgue integral.
Using (52) and (53), it follows from (51) that

/ze“s(u(t),y(t))dt > /ze“

5] t

|:§tvs(x(t)) + EVS(X(I))] dt

2 d et d
/cl 3¢ (€ Vsx(®)dt

e 2V (x(ty)) — eV (x(t7)), ae.t >0, u(-) € U.

The assertion now follows from Definition 3.3.
Conversely, suppose that § is weakly exponentially dissipative with respect to the supply rate map {s(u, y)}. Now, it
follows from Theorem 3.1 that the smallest available storage map V,s(x) of § is finite for all x € R", V,5(0) = 0, and

5]
e“2Vys(x(ty)) < e1Vas(x(t1)) + / e's(u(t), y(t))dt (54)
f
for almost all t; > t; and u(-) € U. Dividing (54) by t, — t; and letting t, — t; it follows that
d
avas(x(t)) + eVas(x(t)) < s(u(t), y(t)), ae.t>0, (55)

where x(t), t > 0, is a solution satisfying (45) and %Vas(x(t)) = lim supy,_, g+ [Vas (x(t + h)) — Vas(x(t))]/h. Now, with t = 0,
it follows from (55) that

d
aVas(Xo) + SVaS(Xo) = S(U» y(O)), ue Rm'

Next, letd : R" x R™ — R be such that

d(x,u) £ _%Vas(x) —&Vas(x) +s(u, y). (56)

Now, it follows from (55) that d(x, u) > 0,x € R", u € R™. Since %Vas(x) € L5Vas(X) + Ly Vas(x) for almost all x € R”, it
follows that

d
avas(x) > min LV, (x) + LoVas(X)u, ae.x € R, u e R", (57)

and hence, it follows from (56) and (57) that
— [min £{Vys(x) + L6Vas(u + eVas(x)] + s(u, h(x) +J(x)u) > d(x,u) >0, ae.xeR" ueR™ (58)
Since the left-hand side of (58) is quadratic in u, there exist functions £ : R" — RP and W : R" — RP*™ such that
[£(x) + W(x)u]T[E(x) + Wul = —[min £ Vas(x) + LVas(X)u + eVas ()] + s(u, h(x) + J(x)u)
= —[min £5Vas(¥) + LVas )t + eVas (0] + [h(0) +J (x)u]"
x Q[h(x) + J()u] + 2[h(x) + J(x)u]"Su + u"Ru.

Now, equating coefficients of equal powers yields (47)-(49) with Vi(x) = V,(x) and with the positive definiteness of
Vs(x), x € R", following from Theorem 3.2.
Finally, the proof for the weakly dissipative case follows by using an identical construction withe = 0. O
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Remark 4.1. Note that if WT(x) W(x) is invertible for all x € R", then inequality (50) can be equivalently written as
LX) — W (W )W) W L@ LX) — WER(W )W) ™ W (0)£(x)]
> max L7 Vs(x) — min Ly Vs(x), x € R", (59)
which is free of u € R™. This follows from the fact that (50) holds if and only if
min[£(x) + WX u]"[£(x) + W(X)u] > max L;Vs(x) — min LVs(x), x € R", (60)
u
holds. A similar expression to (59) involving generalized inverses also holds in the case where WT(x) W(x) is singular for
some x € R".
The following result gives sufficient conditions for weak dissipativity and weak exponential dissipativity of ¢ based on

max L5 Vs(-).

Theorem 4.2. Let Q € S',S € R*™, R e S™, and let § be weakly zero-state observable and weakly completely reachable. If
there exist functions Vs : R" — R, £ : R" — RP,and ‘W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such that Vs(-) is
locally Lipschitz continuous, regular, and positive definite, V(0) = 0, and, for almost all x € R",

0 = max L Vs(x) + eVs(x) — h' (x)Qh(x) + €T (x)£(x), D
0= %eCch(X) — @@ E +95) + W), (©2)
0=R+ST® +J"0S +J" QUK — W) WX), ©

then § is weakly exponentially dissipative (resp., weakly dissipative) with respect to the supply rate map {s(u, y)} = {y"Qy +
2y"Su + u"Ru}.

Proof. Suppose that there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 such that
Vs(+) is locally Lipschitz continuous, regular, and positive definite, and (61)-(63) are satisfied. Then, for every admissible
input u(-) € U, it follows from (61)-(63) and (52) that

ty 5]
/ ets(u(t), y(t))dt = / et [y (OQu(t) + 2y"(O)Su(t) + u' (H)Ru(t)] dt

t t

5]
= f e [ (x(1))Qh(x(t)) + 2h" (x(1))(S + Q (x(£)))u(t)

t

+u" ()T &)Y x(D) + STT(x(D) + ] (x(D))S + Ryu(t)] dt

t:
= / ! et [max LrVs(x(t)) + LVs(x(D))u(t) + eVs(x(t))

t

+[Lx(D) + WEOUOT L) + WHB)u®)]] de

t;
> / ’ e [max Ly Vi (x(t)) + LVs(x(D)u(t) + eVi(x(t))] dt

t

5]
> / e [st(X(t)) +5Vs(x(t)):| dt
. dt

= eV, (x(6)) — EMV(x(t), aet =0,

where x(t), t > to, is a solution satisfying (45). The result is now immediate from Definition 3.3. The proof for the weak
dissipative case follows an identical construction by settinge = 0. O

Finally, we provide necessary and sufficient conditions for the case where § given by (45) and (46) is weakly lossless
with respect to the supply rate map {s(u, y)} = {y"Qy + 2y"Su + u"Ru}.

Theorem 4.3. Let Q € S',S € R™*™, R € S™, and let § be weakly zero-state observable and weakly completely reachable. If
there exists a function Vs : R" — R such that V() is locally Lipschitz continuous, regular and positive definite, Vs(0) = 0, and,
for almost all x € R",

0 = min £ V;s(x) — h' (x)Qh(x), (64)

0= %iGVS(x) - X QX +9), )
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0=R+STX +J"®S +JT®)QY (), (66)
max L Vs(x) = min £y Vs(x), (67)

then § is weakly lossless with respect to the supply rate map {s(u,y)} = {y"Qy + 2y"Su + u"Ru}. Conversely, if G is weakly
lossless with respect to the supply rate map {s(u, y)}, then there exists function V5 : R"™ — R such that Vs(-) is locally Lipschitz
continuous, regular, and positive definite, Vs(0) = 0, and, for almost all x € R", (64)-(66) hold.

Proof. The proof is analogous to the proof of Theorem 4.1 and, hence, is omitted. O

Next, we provide several definitions of nonlinear discontinuous dynamical systems which are dissipative or exponentially
dissipative with respect to supply rate maps of a specific form.

Definition 4.1. A differential inclusion § of the form (1)-(3) with m = lis weakly (resp., strongly) passive if § is weakly (resp.,
strongly) dissipative with respect to the set-valued supply rate map 4§, consisting of supply rates of the form s(u, y) = 2u'y.

Definition 4.2. A differential inclusion § of the form (1)-(3) is weakly (resp., strongly) nonexpansive if § is weakly (resp.,
strongly) dissipative with respect to the set-valued supply rate map 4, consisting of supply rates of the form s(u,y) =
y2u'u — yTy, where y > 0is given.

Definition 4.3. A differential inclusion 4 of the form (1)-(3) with m = [ is weakly (resp., strongly) exponentially passive if §
is weakly (resp., strongly) exponentially dissipative with respect to the set-valued supply rate map 4; consisting of supply
rates of the form s(u, y) = 2u'y.

Definition 4.4. A differential inclusion § of the form (1)-(3) is weakly (resp., strongly) exponentially nonexpansive if § is
weakly (resp., strongly) exponentially dissipative with respect to the set-valued supply rate map 4; consisting of supply
rates of the form s(u, y) = y?u"u — y'y, where y > 0is given.

The following results present the nonlinear versions of the Kalman-Yakubovich-Popov strict positive real lemma (resp.,
positive real lemma) and strict bounded real lemma (resp., bounded real lemma) for weakly exponentially passive (resp., weakly
passive) and weakly exponentially nonexpansive (resp., weakly nonexpansive) discontinuous systems, respectively.

Corollary 4.1. Let 4 be weakly zero-state observable and weakly completely reachable. If there exist functions Vs : R" — R,
£:R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such that V() is locally Lipschitz continuous, regular, and
positive definite, Vs(0) = 0, and, for almost all x € R",

0 = min £;Vs(x) + eVs(x) + £ (x)€(x), (68)
0= %occvs(x) —h'x) + )W), (69)
0=J +J'(x) — W®Wk), (70)
[(x) + WE)u]T[L(x) + W(x)u] > max £{Vs(x) — min L{Vs(x), ueR", (71)

then § is weakly exponentially passive (resp., weakly passive). Conversely, if G is weakly exponentially passive (resp., weakly
passive), then there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such
that Vs(-) is locally Lipschitz continuous, regular, and positive definite, Vs(0) = 0, and, for almost all x € R", (68)-(70) hold.

Proof. The result is a direct consequence of Theorem 4.1 withl = m, Q = 0,S = I,;,and R = 0. Specifically, withk (y) = —y
it follows that s(x (y), y) = —2y'y < 0, y # 0, so that all the assumptions of Theorem 4.1 are satisfied. O

Example 4.1. Consider the harmonic oscillator ¢ with Coulomb friction given by [19]
mX(t) + bsign(x(t)) + kx(t) = u(t), x(0) = X, x(0) = %9, ae.t>0, (72)
1,
y(t) = Ex(t)’ (73)
or, equivalently,
. X2 (t) 0
["1(”} - b +| 1 |uo, [Xl(o)} = [Xw] . aet>0, (74)

%(t) ——x;(t) — — sign(x,(t)) — %(0) |~ [ X2
m m m

1
y(0) = Sx(), (75)
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where m, b, k > 0. Next, consider the continuously differentiable storage function V;(x) = %kxf + %mx% and note that, for
almost all x € R?, LrVs(x) = {—blx2|} and LVs(x) = {x2}, which implies that min £Vs(x) = max LrVs(x) = —b|x,|.
Now, with £(x) = £./blxa| and W(x) = 0, (68)-(71) are satisfied. Hence, it follows from Corollary 4.1 that 4 is weakly
passive. 0O

Example 4.2. Consider a controlled smooth oscillator with nonsmooth friction and uncertain coefficients given in [25]
represented by the differential inclusion § given by

x(t) € XIf1(x(0) + Gu(t),  x(0) =xo, ae.t>0, (76)
1
y(t) = Exz(t), (77)

where G = [0, 11T and X[f] : R? — B(R?) is given by

[—2% — 1, —x, — 1] X {x1}, (x1,%) € R? 1%, > 0,x, > 0,

{—x; — sign(x1)} x {x1}, (x1,X2) € R\ {(0,%) : x, € R} U {(X1,%2) : X1 > 0,x, > 0},
KIF1x) 2 3 [=2% — 1, =x, + 1] x {0},  (X1,%) € R :xp > 0,%; = 0,

[—x, — 1, —x, + 1] x {0}, (X1,%) €ER? 1%y < 0,%; =0,

[—1, 1] x {0}, (%1, %2) = (0, 0).

Next, consider the continuously differentiable storage function Vs(x) = %(x% + xg) and note that for almost all x € R?,

{[=1,00x1% — X1}, (x1,%) € R* 1 x; > 0,%, > 0,

LV = =kl (x1,%2) € B2\ {(0,%2) : %2 € R}U {(1, %) 1 %1 > 0,%2 > 0},
f¥s {0}, (X1,%) € R? 1%, #£0,%, =0,
{0}5 (xla XZ) = (07 O)a
LcVs(x) = {x2},
which implies that max «£;Vs(x) = 0 and min «£;Vs(x) = —|x;| for almost all x € R?. Now, it follows from (68)-(71) that
0= —|x1| + £ (x), (78)
1 1

0= S = 3% + LX) W(X), (79)
0= W), (80)
Xl < [€®) + WeouP, ueR 81)

Hence, with £(x) = £4/|x1] and W(x) = 0, it follows from Corollary 4.1 that § is weakly passive. O

Example 4.3. Consider a controlled nonsmooth harmonic oscillator with nonsmooth friction and nonsmooth output given

by [25]
x(t) = f(x(t)) + Gu(t), x(0) = xg, ae.t>0, (82)
1
() = 3 sign(x,(t)), (83)

where f(x) = [— sign(x;) — % sign(x,), sign(x7)]" and G = [0, 1]. Next, consider the locally Lipschitz continuous storage
function Vi (x) = |x1] 4 |x,| and note that

{sign(x1)} x {sign(xy)}, (X1,%) € R? 1 xy # 0, % #0,
. 2. —
3V5(X1,X2) — {51gn(x1)} X'[_la 1], (xla XZ) € Rz c X1 # O’ Xy = 0’
[—1, 1] x {sign(x2)}, (%1,%) € R":xp #0,% =0,
E{(‘la 1)3 (_17 ])7 (_15 _1)3 (17 _])}s (Xl,xz) = (07 0)
Hence,
1 2
50 (%1,%2) € R® 1 %1 # 0,% # 0,
°CfV5(X1’X2) =19, (X1,X2) € Rz L X1 # 0,x, =0,
g, (X1,X2)€R21X2¢0,X1:0,

{0}, (x1,%2) = (0, 0),
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{sign(xz)}, (x1,X2) € Ri 1X1 #0,x #0,
a, (X1,X%) €R” :x; #0,x, =0,
LcVs(x1, x2) = .
Vi1 2) = Gent)), () € R xp 2 0,x; = 0,

{0}, (%1, %) = (0, 0),
which implies that max £y Vs (x) = 0, min Ly Vs(x) = —%, and LVs(x) = {sign(x,)} for almost all x € R2. Now, it follows
from (68)-(71) that
1 2
0=—5 +£°(x), (84)
1 . 1 .
0= 3 sign(xz) — 3 sign(xz) + L) W(x), (85)
0= W), (86)
1
5 Sl + WwWxul’, ueR. (87)

Hence, with £(x) = :l:\/g and W(x) = 0, it follows from Corollary 4.1 that 4 is weakly passive. [

Corollary 4.2. Let Q € S, S € R*™ R e S™, and let  be weakly zero-state observable and weakly completely reachable. If
there exist functions Vs : R" — R, £ : R" — RP,and 'W : R" — RP*™ and a scalar ¢ > 0 (resp., ¢ = 0) such that Vs(-) is
locally Lipschitz continuous, regular, and positive definite, Vs(0) = 0, and, for almost all x € R",

0 = min L Vs(x) + eVs(x) + h'(x)h(x) + €' (x)£(x), (88)
0= %eﬁGVs(X) + ' X)J () + ' )W), (89)
0=y’In—J"(O]X) — WX WX), (90)
[e(x) + WUl [e(x) + W(x)u] > max L5Vs(x) — min L7 Vs(x), ue€R™, 91)

where y > 0, then §, is weakly exponentially nonexpansive (resp., weakly nonexpansive). Conversely, if G is weakly exponentially
nonexpansive (resp., weakly nonexpansive), then there exist functions Vs : R" — R, £ : R" — RP,and W : R" — RP*" and
a scalar ¢ > 0 (resp., ¢ = 0) such that V,(-) is locally Lipschitz continuous, regular, and positive definite, Vs(0) = 0, and, for
almost all x € R", (88)-(90) hold.

Proof. The result is a direct consequence of Theorem 4.1 withQ = —I;,S = 0,and R = y2I,,. Specifically, with x (y) = 1

T2y
it follows that s(k (y),y) = — %yTy < 0,y # 0, so that all the assumptions of Theorem 4.1 are satisfied. O
Example 4.4. Consider the controlled dynamical system § given by
x(t) = fx() + Gx(@)u(t),  x(0) =xp, ae.t>0, (92)
y(t) = x(t), (93)

where x(t) = [x1(t), x2()]", u(t) = [u1(t), u(0)1",

f(X) — |:|X1|(_X1 + |X2|)] , G(X) — |:|X01| O] .

X2(—X1 — [x2]) X2

Next, consider the locally Lipschitz continuous storage function Vs(x) = 2|x1| + 2|x»| and note that

{2sign(x1)} x {2sign(x2)}, (X1, %) € R* 1% # 0,%, # 0,
_ J{2sign(x1)} x [—2, 2], (%1, %) € R? : x4 #0,x, =0,
Vs (x1, x2) = [—2, 2] x {2sign(x)}, (X1,%) €R? 1 x, £ 0,% =0,
6{(‘17 ])» (_15 1)’ (_]7 _])» (15 _1)}7 (X], XZ) = (05 O)
Hence,

{_2X§ - 2X%}9 (xlvxz) € Rz L X1 # 05 X3 # 05
{—2x7}, (X1,%) € R® : X1 # 0,%, =0,
{—2x3}, (X1,%) €R® : X # 0,%1 =0,
{0}, (x1,%2) = (0,0),

LiVs(x1, %) =
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{2x1,21%:[1},  (%1,%) € R? 1x1 #0,%, #0,

_ J{[2xq, 01}, (x1,%) €ER*: %1 #0,%, =0,
LV =100 2poll), (nx) € B2 x £0,1 = 0,
{[05 O]}7 (X17 X2) = (05 0)7

which implies that min £ Vs(x) = max £;Vs(x) = —2x3 — 2x% and LcVs(x) = {[2x1, 2|x|]} for almost all x € R%. Now, it
follows from (88)-(91) that

0=—2x -2+ %2+ 2% + €T (0L(x), (94)
0= 51201, 20l + W, (95)
0=y’L— W)Wk, (96)
0 <[¢®x) + Wul' [€x) + Wu], ueR. (97)
Hence, with y = 1, £(x) = —[x1, |x2|]T, and W(x) = I, it follows from Corollary 4.2 that § is weakly nonexpansive. [

The following stability theorems are needed for the next result and the results of the next section. In addressing the
stability properties of a Filippov solution of a discontinuous dynamical system the usual stability definitions are valid
[3,29,30]. Here, we state the stability theorems for only the local case; the global stability theorems are similar except for the
additional assumption of properness on the Lyapunov function and nonrestricting the domain of analysis. For the remainder
of the paper, the adjective “weak” is used in reference to a stability property when the stability property is satisfied by at
least one Filippov solution starting from every initial condition in £, whereas “strong” is used when the stability property
is satisfied by all Filippov solutions starting from every initial condition in D.

Theorem 4.4 ([25,30]). Consider the differential inclusion § given by (4). Let x. be an equilibrium point of  and let D C R" be
an open and connected set with x. € D.If V : D — R is a positive definite, locally Lipschitz continuous, and regular function
such that max L£;V(x) < 0 (resp., max LV (x) < 0,x # x¢) for almost all x € D such that LV (x) # @, then x. is strongly
Lyapunov (resp., strongly asymptotically) stable. If, in addition, max £;V (x) < —e < 0 for almost allx € D, x # X., such that
L5V (x) # @, then x. is strongly finite-time stable. Finally, if there exist scalars o, B,y > 0andp > 1,suchthat V : & — R
satisfies o || x—xe |[P < V(x) < Bllx—xe |’ and max L;V (x) < —y |lx—x.||P foralmostallx € D, x # X, such that £L;V (x) # o,
then x. is strongly exponentially stable.

The following definitions are needed for the statement of the next result. We say a set M is weakly positively invariant
(resp., strongly positively invariant) with respect to (4) if, for every x, € M, M contains a right maximal solution (resp., all
right maximal solutions) of (4) [25].

Theorem 4.5 ([25,30]). Consider the differential inclusion § given by (4). Let x. be an equilibrium point of 4, let D C R" be an
open strongly positively invariant set with respect to (4) such that x, € D, andlet V : D — R be locally Lipschitz continuous and
regular on D. Assume that, for every x € D and every Filippov solution v (-) satisfying vy (to) = x, there exists a compact subset
D, of D containing ¥ (t) forallt > 0. Furthermore, assume that max Ly V (x) < 0 for almost all x € D such that £;V (x) # @.
Finally, define R 2 {x € D : 0 € LV (x)} and let .M be the largest weakly positively invariant subset of RND.If x(ty) € D,
then x(t) — M ast — oo. If, alternatively, R contains no invariant set other than {x.}, then the solution x(t) = x. of 4 is
strongly asymptotically stable for all Xy € D..

In light of the above definitions and theorems the following result is immediate.

Proposition 4.1. Consider the differential inclusion § given by (1)-(3). Then the following statements hold:

(i) If g is strongly passive with a locally Lipschitz continuous, regular, and positive definite storage function V,(-), then the zero
solution x(t) = 0 of the undisturbed (u(t) = 0) system . is strongly Lyapunov stable.

(ii) If 4 is strongly exponentially passive with a locally Lipschitz continuous, regular, and positive definite storage function V;(-),
then the zero solution x(t) = 0 of the undisturbed (u(t) = 0) system §, is strongly asymptotically stable.

(iii) If G is strongly zero-state observable and strongly nonexpansive with locally Lipschitz continuous, regular, and positive
definite storage function Vi(-), then the zero solution x(t) = 0 of the undisturbed (u(t) = 0) system § is strongly
asymptotically stable.

(iv) If ¢ is strongly exponentially nonexpansive with a locally Lipschitz continuous, regular, and positive definite storage function
Vs(+), then the zero solution x(t) = 0 of the undisturbed (u(t) = 0) system § is strongly asymptotically stable.

Proof. Statements (i)-(iv) are immediate and follow from (13)-(15) using Lyapunov and invariant set stability arguments
given by Theorems 4.4 and 4.5, respectively. O
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Fig. 1. Feedback interconnection of  and ..
5. Stability of feedback interconnections of dissipative discontinuous dynamical systems

In this section, we consider feedback interconnections of dissipative discontinuous dynamical systems. Specifically, using
the notions of dissipativity and exponential dissipativity for discontinuous dynamical systems, with appropriate set valued
storage maps and set-valued supply rate maps, we construct (not necessarily smooth) Lyapunov functions for interconnected
discontinuous dynamical systems by appropriately combining the set-valued storage maps for each subsystem.

We begin by considering the nonlinear discontinuous dynamical system § given by

x(t) = f(x(t)) + Gx(t))u(t), x(0) =xg, ae.t>0, (98)
y(©) = hx(0) +Jx(©))u(t), (99)

wherex e R u € R™", y e R, f : R" > R", G: R* - R™™ h:R" - R, andJ : R* — R™™ with the nonlinear
feedback discontinuous system 4. given by

Xc(t) = fe(xc(£) + Ge(uc(t), xc(£))uc(t), X.(0) =X, ae.t>0, (100)
Ye(®) = he(ue(t), x (b)) + Je(uc(t), xc(t))uc(t), (101)

where x. € R, u. € R, y. € R™, f, : R — R™, G, : R x R — R"™* h.: R x R — R™ and ], : R! x R — R™*,
We assume that f (), G(-), h(-), J(-), fc(+), Ge(+), he(+, -), and J. (-, -) are Lebesgue measurable and locally essentially bounded,
(100) and (101) has at least one equilibrium point, and the required properties for the existence of solutions of the feedback
interconnection of § and G are satisfied. Note that with the negative feedback interconnection given by Fig. 1, u. = y and
Y. = —u. We assume that the negative feedback interconnection of ¢ and 4 is well posed, that is, det[I;, +Jc (¥, xc)J (x)] # 0
for all y, x, and x..

The following results give sufficient conditions for Lyapunov, asymptotic, and exponential stability of the feedback
interconnection given by Fig. 1. For the remainder of the paper, we assume that the forward path ¢ and the feedback path
4. in Fig. 1 are strongly dissipative systems that admit single-valued supply rate maps and storage maps. This assumption
holds when the closed-loop system (98)-(101) admits a unique solution and is only made for notational convenience. Similar
stability results hold for the more general case wherein 4 and 4. admit set-valued storage and set-valued supply rate maps.
Finally, we also note that the obtained stability results also hold for the case where § and 4. are weakly dissipative. In this
case, however, the set-valued Lie derivative operator should be replaced with the upper right Dini directional derivative in
the proofs of the stability theorems.

Theorem 5.1. Consider the closed-loop system consisting of the nonlinear discontinuous dynamical systems § and . with
input-output pairs (u,y) and (uc, y.), respectively, and with u. = y and y. = —u. Assume 4 and G are strongly zero-state
observable, strongly completely reachable, and strongly dissipative with respect to the supply rate maps {s(u, y)} and {sc(uc, yc)}
and with locally Lipschitz continuous, regular, and radially unbounded storage functions Vs(-) and Vi (-), respectively, such that
Vs(0) = 0 and Vi (0) = 0. Furthermore, assume there exists a scalar ¢ > 0 such that s(u,y) + osc(uc,yc) < 0, for all
ueR™yeR, u eR!, y. € R"suchthat u. = y and y. = —u. Then the following statements hold:

(i) The negative feedback interconnection of G and G is strongly Lyapunov stable.
(i) If G is strongly exponentially dissipative with respect to supply rate map {s.(uc, y.)} and rank [G¢(uc, 0)] = m, u. € R,
then the negative feedback interconnection of 4 and §. is globally strongly asymptotically stable.
(iii) If g and G. are strongly exponentially dissipative with respect to supply rate maps {s(u, y)} and {s.(uc, y.)}, respectively,
and V,(-) and Vg (-) are such that there exist constants «, a., 8, and B. > 0 such that

alx|* < Vi) < BlIxI*, xeR", (102)
acllxell® < Vie(xe) < Bellxell®,  xc € R™, (103)
then the negative feedback interconnection of ¢ and G. is globally strongly exponentially stable.

Proof. (i) Note that the closed-loop dynamics of the feedback interconnection of § and §. is given by

[k(t)} _ [ﬁ(x(t),xc(t)) X(to)}

ko] = fz<x(r),xc<t>>]éf (KO, x(0)). |:Xc(to) :[XO]’ ae.t =t (104)

Xco
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Now, consider the Lyapunov function candidate V (x, x.) = V5(x) + o Vs (xc). Since £fV(x, x.) C £fV5 x) + GQCfVSC(xc) for
almost all (x, x.) € R" x R™, it follows that

max £fV(x, x) < max{Ly Vs(X) + oLy, Vsc (o)}

IA

max £y, Vs(x) + o max Ly, Vsc(xc).

Next, since s(u, y) + osc(uc,y.) < 0,forallu € R™,y € R, u. € R, y. € R, %Vs(x(t)) € Ly Vs(x(t)),ae.t > 0,and
%Vsc(xc(t)) € L Vie(xc(t)),a.e. t > 0, there existu’, y’, ul and y. such that

max L7V (x, x.) < max L5, Vs(x) + 0o max L, Vsc(xc) < s, y)+oscu,y) <0

for almost all x € R" and x. € R™. Now, it follows from Theorem 4.4 that the negative feedback interconnection of § and
. is strongly Lyapunov stable.
(ii) If g is strongly exponentially dissipative it follows that there exist u’, y’, u, and y, and a scalar & > 0 such that

%V(X, Xc) < max £fV(x, Xc)
< max L5, Vs(X) + o max Ly, Vsc (Xc)
< —oecVsc(x) + s, y) + osc(ug, yp)
< —oeVsc (%), ae. (x,x) € R" x R™,

Now, let R 2 {(x,x.) € R" x R : %V(x, x) =0 € £fV(x, Xc)} and, since Vi.(x.) is positive definite, note that
%V(X, x.) = 0if and only if x. = 0. Now, since rank[G.(uc, 0)] = m, u. € R/, it follows that on every invariant set M
contained in R, u.(t) = y(t) = 0, and hence, by (101), u(t) = 0 so that x(t) = f(x(t)). Now, since § is strongly zero-state
observable it follows that M = {(0, 0)} is the largest strongly positively invariant set contained in [R. Hence, it follows from
Theorem 4.5 that dist(y(t), M) — 0ast — oo for all Filippov solutions v (-) of (104). Now, global strong asymptotic
stability of the negative feedback interconnection of ¢ and §. follows from the fact that V,(-) and V(-) are, by assumption,
radially unbounded.

(iii) Finally, if § and g are strongly exponentially dissipative it follows that there exist v’, y’, u and y,, and scalarse > 0
and . > 0 such that

max OCfV(x, Xo) < max Ly, Vs(x) + o max Ly, Vse(xc)

<
< —eVs(x) — oecVe(x) + s(u’, y/) + GSC(u/c7 y/c)
< —min{e, &}V (x, X)), (X, x) €R" x R™,

Hence, it follows from Theorem 4.4 that the negative feedback interconnection of § and §. is globally strongly exponentially
stable. O

The next result presents Lyapunov, asymptotic, and exponential stability of dissipative discontinuous feedback systems
with supply rate maps consisting of quadratic supply rates.

Theorem 5.2. Let Q € S, S € R*™ R e S™, Q. € S™,S. € R™! and S. € S\ Consider the closed-loop system consisting
of the nonlinear discontinuous dynamical systems G given by (98) and (99) and G. given by (100) and (101), and assume G
and G are strongly zero-state observable. Furthermore, assume § is strongly dissipative with respect to the supply rate map
{su,y)} = {y"Qy + 2y"Su + u"Ru} and has a locally Lipschitz continuous, regular, and radially unbounded storage function
Vs(+), and §. is strongly dissipative with respect to the supply rate map {sc(uc, ¥o)} = {(¥'Qcyc + 2y Scuc + ulR.uc} and has a
locally Lipschitz continuous, regular, and radially unbounded storage function V(). Finally, assume there exists ¢ > 0 such that

62| Qtok —S+0oS;
" |=ST4+0S. R+0Q

Then the following statements hold:

(i) The negative feedback interconnection of § and §. is strongly Lyapunov stable.
(ii) If G is strongly exponentially dissipative with respect to supply rate map {s.(uc, y.)} and rank[G.(uc, 0)] = m, u. € R},
then the negative feedback interconnection of § and G is globally strongly asymptotically stable.
(iii) If 4 and G are strongly exponentially dissipative with respect to supply rate maps {s(u, y)} and {sc(uc, yc)} and there exist
constants o, 3, ¢, and B, > 0 such that (102) and (103) hold, then the negative feedback interconnection of 4 and G is
globally strongly exponentially stable.

(iv) If Q < 0, then the negative feedback interconnection of 4 and . is globally strongly asymptotically stable.
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Proof. Statements (i)-(iii) are a direct consequence of Theorem 5.1 by noting that

T
S(Usy) +USC(uC7yC) = [}i] Q [;’C] ’

and hence, s(u, y) + osc(uc, yo) < 0.
To show (iv) consider the Lyapunov function candidate V (x, x.) = Vs(x) 4+ o Vs(xc). Now, since ¢ and §. are strongly
dissipative it follows that there exist u’, y’, u/ and y, withu, =y’ and y. = —u’ such that

d V(x, xc)
—V(x, X,
de ¢

IA

max £fV(x, Xc)
max Lg, Vs(x) + o max Ly, Vsc(xc)

s(u,y) + osc(uc, yo)
= y'Qy + 2y"Su + u"Ru + o (y'Qeye + 2yIScuc + ulReuc)

-] o[}]

<0, ae. (x,x)€R"xR"™,

IATA

which implies that the negative feedback interconnection of ¢ and §. is strongly Lyapunov stable. Next, let R £ {(x, x.) €
R" x R" : %V(x, x)=0¢ £fV(x, Xc)} and note that %V(x, xc) = Oifand only if (y, y.) = (0, 0). Now, since § and §, are
strongly zero-state observable it follows that M = {(0, 0)} is the largest strongly positively invariant set contained in R.
Hence, it follows from Theorem 4.5 that dist(y(t), M) — 0ast — oo for all Filippov solutions ¥ (-) of (104). Finally, global
strong asymptotic stability follows from the fact that V;(-) and Vi.(-) are, by assumption, radially unbounded, and hence,
V(x,x.) = ooas ||[(x,x)]| = oco. O

The following corollary is a direct consequence of Theorem 5.2. Note that if a nonlinear discontinuous dynamical system
g is strongly dissipative with respect to a supply rate map {s(u,y)} = {u'y — eu'u — &y'y}, where ¢, # > 0, then with
k(y) = ky, where k € R is such that k(1 — gk) < &,s(u,y) = [k(1 — k) — &]y"y < 0, y # 0. Hence, if § is strongly
zero-state observable it follows from Theorem 3.2 that all storage functions of § are positive definite.

Corollary 5.1. Consider the closed-loop system consisting of the nonlinear discontinuous dynamical systems § given by (98) and
(99) and g, given by (100) and (101), and assume § and G are strongly zero-state observable. Then the following statements
hold:

(i) If g is strongly passive, . is strongly exponentially passive, and rank[G.(uc, 0)] = m, u. € R, then the negative feedback

interconnection of § and §. is strongly asymptotically stable.

(ii) If ¢ and G are strongly exponentially passive with storage functions V,(-) and Vi (-), respectively, such that (102) and
(103) hold, then the negative feedback interconnection of 4 and G is strongly exponentially stable.

(iii) If G is strongly nonexpansive with gain y > 0, G is strongly exponentially nonexpansive with gain y. > 0, rank[G.(uc, 0)]
=m, uc € R}, and y y. < 1, then the negative feedback interconnection of 4 and . is strongly asymptotically stable.

(iv) If ¢ and G are strongly exponentially nonexpansive with storage functions V() and Vs (-), respectively, such that (102) and
(103) hold, and with gains y > 0 and y, > O, respectively, such that yy. < 1, then the negative feedback interconnection
of G and G is strongly exponentially stable.

Proof. The proof is a direct consequence of Theorem 5.2. Specifically, (i) and (ii) follow from Theorem 5.2 with Q = Q.
0,S =S, = I;,and R = R, = 0, whereas (iii) and (iv) follow from Theorem 5.2 withQ = —I;,S = 0, R = y?I,, Q.
—I.,Sc =0,and Rc = y2ly.. O

Example 5.1. Consider the nonlinear mechanical system § with a discontinuous spring force given by

X(t) 4+ sign(x(t)) = u(t), x(0) = X, x(0) = x, ae.t>0, (106)
1
y(t) = 5>’<(t), (107)
or, equivalently,
x1(t) =x(t),  x1(0) =xq0, ae.t>0, (108)
X (t) = —sign(x1(t)) +u(t),  x(0) = Xy, (109)

1
y@) = Exz(f), (110)
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Fig. 2. Phase portrait of the nonsmooth harmonic oscillator.
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Fig. 3. State trajectories of the closed-loop system versus time for the full-order controller.

and the continuous nonlinear second-order dynamic controller . given by
. 1
X1 (t) = —5Xa () — Xc2(8), Xc1(0) = Xc10, t >0, (111)
X2(0) = Xc20, (112)
(113)

X (£) = —10x, () — 10x2 () + 5uc(t),

yc(t) = IOXCZ(t)-
Furthermore, consider the feedback interconnection of (108)-(113) givenby u = —y.and u. = y. Next, let Vs(x) = |x1]|+ %xg

and note that, for almost all x € R?,
_ Jisign(x)} x (%2}, (x1,%) € R® 1 x; #0,

Va1, 22) = {[—1, 1] x {x2}, (x1,%) € R? : x; = 0.
Hence, £yVs(x1, x) = {0} and LVs(x1, x2) = {X2}, which implies that min £;V;(x) = max £L;Vs(x) = 0 for almost all
x € R%. Now, withQ = 0,S = 1,and R = 0, (64)-(67) are satisfied. Hence, it follows from Theorem 4.3 that § is weakly

lossless with respect to the supply rate map {2yu}.
Next, note that with Vic(x.) = 10x%, + 2x%,, ¢ € (0,2], £(x) = :I:\/IOXZ‘1 (2 —¢)+2x%(20 — ¢), and W(xc) = 0, it

follows from Corollary 4.1 that §. is exponentially passive. Furthermore, rank[G(u¢, 0)] = 1, u. € R. Now, it follows from

(ii) of Theorem 5.2 that the negative feedback interconnection of § and 4. is globally asymptotically stable. Fig. 2 shows the
phase portrait of the open-loop (u(t) = 0) nonsmooth harmonic oscillator, whereas Fig. 3 shows the state trajectories of

the closed-loop system versus time for x(0) = [2, —2]" and x.(0) = 0.
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Fig. 4. State trajectories of the closed-loop system versus time for the reduced-order controller.

Alternatively we consider the reduced-order dynamic controller . given by

X (£) = —10x(t) + 20uc(t),  %(0) =X, t >0, (114)
Ye(t) = 12x(t). (115)

Note that with Vi .(x.) = %xg & = 20, £(x.) = 0,and W(x.) = 0, it follows from Corollary 4.1 that 4. is exponentially
passive. Moreover, rank[G.(u¢, 0)] = 1, u. € R. Hence, it follows from (ii) of Theorem 5.2 that the negative feedback
interconnection of § and §. is globally asymptotically stable. Fig. 4 shows the state trajectories of the closed-loop system
versus time for x(0) = [2, —2]T and x.(0) = 0. O

6. Conclusion

In this paper, we extended the notion of dissipativity theory for continuous dynamical systems with continuously
differentiable flows to discontinuous dynamical systems characterized by Filippov set-valued maps. Specifically, using
set-valued supply rate maps and set-valued storage maps, dissipativity properties for discontinuous dynamical systems
were developed. Furthermore, extended Kalman-Yakubovich-Popov conditions in terms of the discontinuous system
dynamics for characterizing dissipativity via generalized Clarke gradients of locally Lipschitz continuous storage functions
for discontinuous systems were developed. In addition, using the concepts of dissipativity for discontinuous dynamical
systems with appropriate set-valued storage maps and set-valued supply rate maps, general stability criteria for
feedback interconnections of discontinuous dynamical systems were given. Future extensions will focus on using these
results to develop control design protocols for dynamical networks with switching topologies involving state-dependent
communication links for addressing information link failures and communication dropouts.

Acknowledgments

The authors would like to thank Dr. VijaySekhar Chellaboina and Professor Arkadi Nemirovski for several fruitful
discussions. This research was supported in part by the Air Force Office of Scientific Research under Grant FA9550-12-1-

0192.

References

[1] J.C. Willems, Dissipative dynamical systems. Part I: general theory, Arch. Ration. Mech. Anal. 45 (1972) 321-351.
[2] J.C. Willems, Dissipative dynamical systems. Part II: quadratic supply rates, Arch. Ration. Mech. Anal. 45 (1972) 359-393.
[3] W.M. Haddad, V. Chellaboina, Nonlinear Dynamical Systems and Control: A Lyapunov-Based Approach, Princeton Univ. Press, Princeton, NJ, 2008.
[4] B. Brogliato, Nonsmooth Mechanics, second ed., Springer-Verlag, London, UK, 1999.
[5] F. Pfeiffer, C. Glocker, Multibody Dynamics with Unilateral Contacts, Wiley, New York, 1996.
[6] G.AS. Pereira, M.F.M. Campos, V. Kumar, Decentralized algorithms for multi-robot manipulation via caging, Int. J. Robot. Res. 23 (2004) 783-795.
[7] Q.Hui, W.M. Haddad, S.P. Bhat, Finite-time semistability, Filippov systems, and consensus protocols for nonlinear dynamical networks with switching
topologies, Nonlinear Anal. Hybrid Syst. 4 (2010) 557-573.
[8] A.A. Agrachev, Y. Sachkov, Control Theory from the Geometric Viewpoint, Springer-Verlag, New York, 2004.
[9] V.I Utkin, Sliding Modes in Control and Optimization, Springer-Verlag, New York, 1992.
[10] C.Edwards, S.K. Spurgeon, Sliding Mode Control: Theory and Applications, Taylor and Francis, New York, 1998.
[11] M.S.Branicky, Multiple Lyapunov functions and other analysis tools for switched and hybrid systems, IEEE Trans. Automat. Control 43 (1998) 475-482.
[12] J.P. Hespanha, Uniform stability of switched linear systems: extensions of LaSalle’s invariance principle, IEEE Trans. Automat. Control 49 (2004)

470-482.



108 W.M. Haddad, T. Sadikhov / Nonlinear Analysis: Hybrid Systems 8 (2013) 83-108

[13] W.M. Haddad, V. Chellaboina, S.G. Nersesov, Impulsive and Hybrid Dynamical Systems: Stability, Dissipativity, and Control, Princeton Univ. Press,
Princeton, NJ, 2006.

[14] W.M. Haddad, S.G. Nersesov, Stability and Control of Large-Scale Dynamical Systems: A Vector Dissipative Systems Approach, Princeton Univ. Press,
Princeton, NJ, 2011.

[15] J. Zhao, D.J. Hill, Dissipativity theory for switched systems, IEEE Trans. Automat. Control 53 (2008) 941-953.

[16] M. Zefran, F. Bullo, M. Stein, A notion of passivity for hybrid systems, in: Proc. IEEE Conf. Decision Control, Orlando, FL, 2001, pp. 768-773.

[17] J. Zhao, D.J. Hill, A notion of passivity for switched systems with state-dependent switching, J. Control Theory Appl. 4 (2006) 70-75.

[18] W.M. Haddad, Q. Hui, Dissipativity theory for discontinuous dynamical systems: basic input, state and output properties, and finite-time stability of
feedback interconnections, Nonlinear Anal. Hybrid Syst. 3 (2009) 551-564.

[19] D. Shevitz, B. Paden, Lyapunov stability theory of nonsmooth systems, IEEE Trans. Automat. Control 39 (1994) 1910-1914.

[20] A.F. Filippov, Differential Equations with Discontinuous Right-Hand Sides, Kluwer, Dordrecht, The Netherlands, 1988.

[21] B.E.Paden,S.S. Sastry, A calculus for computing Filippov’s differential inclusion with application to the variable structure control of robot manipulators,
IEEE Trans. Circuits Syst. CAS-34 (1987) 73-82.

[22] J.P. Aubin, A. Cellina, Differential Inclusions, Springer-Verlag, Berlin, Germany, 1984.

[23] A.Teel, E. Panteley, A. Loria, Integral characterization of uniform asymptotic and exponential stability with applications, Math. Control Signals Syst.
15 (2002) 177-201.

[24] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

[25] A. Bacciotti, F. Ceragioli, Stability and stabilization of discontinuous systems and nonsmooth Lyapunov functions, ESAIM Control Optim. Calc. Var. 4
(1999) 361-376.

[26] L.C. Evans, Partial Differential Equations, Amer. Math. Soc., Providence, RI, 2002.

[27] J. Cortés, F. Bullo, Coordination and geometric optimization via distributed dynamical systems, SIAM J. Control Optim. 44 (2005) 1543-1574.

[28] ].P. Aubin, H. Frankowska, Set-Valued Analysis, Birkhduser, Boston, 1990.

[29] J. Cortes, Discontinuous dynamical systems: a tutorial on solutions, nonsmooth analysis, and stability, IEEE Control Syst. Mag. 28 (3) (2008) 36-73.

[30] Q. Hui, W.M. Haddad, S.P. Bhat, Semistability, finite-time stability, differential inclusions, and discontinuous dynamical systems having a continuum
of equilibria, IEEE Trans. Automat. Control 54 (2009) 2465-2470.



