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Abstract

We consider the problem of recovering the sparsest vector in a subspace S C R? with dim (S) =
n < p. This problem can be considered a homogeneous variant of the sparse recovery problem, and finds
applications in sparse dictionary learning, sparse PCA, and other problems in signal processing and machine
learning. Simple convex heuristics for this problem provably break down when the fraction of nonzero
entries in the target sparse vector substantially exceeds 1/+/n. In contrast, we exhibit a relatively simple
nonconvex approach based on alternating directions, which provably succeeds even when the fraction of
nonzero entries is Q(1). To our knowledge, this is the first practical algorithm to achieve this linear scaling.
This result assumes a planted sparse model, in which the target sparse vector is embedded in an otherwise
random subspace. Empirically, our proposed algorithm also succeeds in more challenging data models
arising, e.g., from sparse dictionary learning.

1 Introduction

Suppose we are given a linear subspace S of a high-dimensional space R”, which contains a sparse vector
xo # 0. Given arbitrary basis of S, can we efficiently recover x,? Equivalently, provided a matrix A €
R(P=m)*P can we efficiently find a nonzero sparse vector x such that Ax = 0? In the language of sparse

approximation, can we solve
min |[x[|, st. Ax=0,x#0 ? (1.1)

Variants of this problem have been studied in the context of applications to numerical linear algebra [CP86],
system control and optimizations [ZF13], nonrigid structure from motion [DLH12], spectral estimation and
Prony’s problem [BMO05], sparse PCA [ZHT06], blind source separation [ZP01], dictionary learning [SWW12],
graphical model learning [AHJK13]], and sparse coding on manifolds [HXV13]].

However, in contrast to the standard sparse regression problem (Ax = b, b # 0), for which convex
relaxations perform nearly optimally for broad classes of designs A [CT05, [Don06], the computational
properties of problem are not nearly as well understood. It has been known for several decades that the
basic formulation

m);m xll,, st xeS)\{0}, (1.2)

is NP-hard [CP86]. However, it is only recently that efficient computational surrogates with nontrivial
recovery guarantees have been discovered for some practical cases of interest. In the context of sparse
dictionary learning, Spielman et al. [SWW12] introduced a relaxation which replaces the nonconvex problem
(1.2) with a sequence of linear programs:

¢* /0> Relaxation: min [|x|,, st x;=1,x€S8,1<i<p, (1.3)
X



Table 1: Comparison of existing methods for recovering a planted sparse vector in a subspace

Method Recovery Condition Total Complexity
(1 /1> Relaxation[HD13] 0 € O0(1/\/n) O(np?)
SDP Relaxation 6 €0(1/y/n) O(p*?®)
SOS Relaxation [BKS13] p > Q(n?),0 € O(1) high order poly(p)
This work p > Q(ntlogn), € O(1) O(n®p?logn)

and proved that when S is generated as a span of n random sparse vectors, with high probability the
relaxation recovers these vectors, provided the probability of an entry being nonzero is at most ¢ € O (1//n).
In a planted sparse model, in which S consists of a single sparse vector x( embedded in a “generic” subspace,
Hand and Demanent proved that also correctly recovers x, provided the fraction of nonzeros in xg
scales as 0 € O (1/y/n) [HD13]]. Unfortunately, the results of [SWW12|, HD13] are essentially sharp: when 0
substantially exceeds 1/+/n, in both models the relaxation provably breaks down. Moreover, the most natural
semidefinite programming (SDP) relaxation of (1.I),

min [ X[, st (ATA,X) =0, trace[X] =1, X = 0. (1.4)

also breaks down at exactly the same threshold of 6 ~ 1/ \/ﬁﬂ

One might naturally conjecture that this 1/y/n threshold is simply an intrinsic price we must pay for
having an efficient algorithm, even in these random models. Some evidence towards this conjecture might
be borrowed from the superficial similarity of (I.2)-(T.4) and sparse PCA [ZHT06]. In sparse PCA, there is
a substantial gap between what can be achieved with efficient algorithms and the information theoretic
optimum [BR13]. Is this also the case for recovering a sparse vector in a subspace? Is § € O (1/+/n) simply the
best we can do with efficient, guaranteed algorithms?

Remarkably, this is not the case. Recently, Barak et al. introduced a new rounding technique for sum-of-
squares relaxations, and showed that the sparse vector x in the planted sparse model can be recovered when
p > Q(n?) and 6 = Q(1) [BKS13]. It is perhaps surprising that this is possible at all with a polynomial time
algorithm. Unfortunately, the runtime of this approach is a high-degree polynomial in p, and so for machine
learning problems in which p is either a feature dimension or sample size, this algorithm is of theoretical
interest only. However, it raises an interesting algorithmic question: Is there a practical algorithm that provably
recovers a sparse vector with 6 > 1/+/n portion of nonzeros from a generic subspace S?

In this paper, we address this problem, under the following hypotheses: we assume the planted sparse
model, in which a target sparse vector x, is embedded in an otherwise random n-dimensional subspace of R”.
We allow xq to have up to fyp nonzero entries, where 6, € (0, 1) is a constant. We provide a relatively simple
algorithm which, with very high probability, exactly recovers xo, provided that p > Q (n* log n), where the
comparison with existing results is shown in Table

Our algorithm is based on alternating directions, with two special twists. First, we introduce a special
data driven initialization, which seems to be important for achieving § = (1). Second, our theoretical
results require a second, linear programming based rounding phase, which is similar to [SWW12]. Our core
algorithm has very simple iterations, of linear complexity in the size of the data, and hence should be scalable
to moderate-to-large scale problems.

In addition to enjoying theoretical guarantees in a regime (f = €2(1)) that is out of the reach of previous
practical algorithms, it performs well in simulations — succeeding with p > € (nlogn). It also performs
well empirically on more challenging data models, such as the dictionary learning model, in which the
subspace of interest contains not one, but n target sparse vectors. Breaking the O(1//n) sparsity barrier with
a practical algorithm is an important open problem in the nascent literature on algorithmic guarantees for
dictionary learning [AGMT13| [ABGM14| [AAN13||AAJ " 13|]. We are optimistic that the techniques introduced
here will be applicable in this directionE]

This breakdown behavior is again in sharp contrast to the standard sparse approximation problem (with b # 0), in which it is possible
to handle very large fractions of nonzeros (say, § = Q(1/logn), or even § = Q(1)) using a very simple £ relaxation [CT05} Don06]
2In work currently in preparation [SQW14], we show that in the dictionary learning problem, efficient algorithms based on nonconvex



2 Problem Formulation and Global Optimality

We study the problem of recovering a sparse vector xo # 0 (up to scale), which is an element of a known
subspace S C R? of dimension n, provided an arbitrary orthonormal basis Y € RP*" for S. Our starting
point is the nonconvex formulation (1.2). Both the objective and constraint are nonconvex, and hence not
easy to optimize over. We relax by replacing the /° norm with the ¢! norm. For the constraint x # 0,
which is necessary to avoid a trivial solution, we force x to live on the unit sphere x|/, = 1, giving

min x|, st x€S, x|, =1 1)

This formulation is still nonconvex, and so we should not expect to obtain an efficient algorithm that can
solve it globally for general inputs S. Nevertheless, the geometry of the sphere is benign enough that for
well-structured inputs it actually will be possible to give algorithms that find the global optimum.

The formulation can be contrasted with (1.3), in which effectively we optimize the ¢! norm subject
to the constraint ||x|| ., = 1. Because |||, is polyhedral, that formulation immediately yields a sequence of
linear programs. This is very convenient for computation and analysis, but suffers from the aforementioned
breakdown behavior around ||xg ||, ~ p/+/n. In contrast, the sphere |x||, = 1is a more complicated geometric
constraint, but will allow much larger numbers of nonzeros in xy. Indeed, if we consider the global optimizer
of a reformulation of (2.1I):

in ||Y t. =1 2.2
min |[Yqll,, st llal, =1, (2.2)

where Y is any orthonormal basis for S, we have strong recovery guarantees as follows:

Theorem 2.1 (¢! /(% recovery, planted sparse model). There exists a constant 6y > 0 such that if the subspace S
follows the planted sparse model
S = span (x0,81,..-,8n-1) C RP, (2.3)

where g; ~i;4 N (O, %I), and Xg ~jid. ﬁBer(ﬁ) are all mutually independent and 1//n < 6 < 6y, then optimum

q* to 2.2), for any orthonormal basis Y of S, produces Yq* = £xq for some & # 0 with high probability, provided
p > Q(nlogn). Ei/

Hence, if we could find the global optimizer of (2.2), we would be able to recover x, whose number of
nonzero entries is quite large — even linear in the dimension p (¢ = €2(1)). On the other hand, it is not obvious
that this should be possible: (2.2) is nonconvex. In the next section, we will describe a simple heuristic
algorithm for (a near approximation of) the ¢! /¢ problem (2.2), which guarantees to find a stationary point.
More surprisingly, we will then prove that for a class of random problem instances, this algorithm, plus an
auxiliary rounding technique, actually recovers the global optimum — the target sparse vector xq. The proof
requires a detailed probabilistic analysis, which is sketched in Section [4.2]

Before continuing, it is worth noting that the formulation is in no way novel — see, e.g., the work
of [ZP01]] in blind source separation for precedent. However, our algorithms and subsequent analysis are
novel.

3 Algorithm based on Alternating Direction Method (ADM)

To develop an algorithm for solving (2.2), it is useful to consider a slight relaxation of (2.2), in which we
introduce an auxiliary variable x ~ Yq:

1 2
min L[ Ya - x2+ Al st flaly =1, 31)

optimization also produce global solutions, even when 6 = Q(1).
3Note that this version is much stronger and more practical than that appearing in the conference version [QSW14].



Here, A > 0 is a penalty parameter. It is not difficult to see that this problem is equivalent to minimizing the
Huber M-estimator over Yq. This relaxation makes it possible to apply the alternating direction method to
this problem. This method starts from some initial point q(), alternates between optimizing with respect to
x and optimizing with respect to q:

1 2
xFHD = argmin 3 HYq(k) - XH2 + A Ix|l , (3:2)
1 2
a0 = argmin_ ||Yq - x| st all, = 1. (33)
a

Both and have simple closed form solutions:

YTX(k+1)

(k1) _ (k) (k+1) _ -
X +1 —S,\[Yq ], q + - HYTXU{_’_DH2>

(3.4)

where S) [z] = sign(z) max {|z| — A, 0} is the soft-thresholding operator. The proposed ADM algorithm is
summarized in Algorithm

Algorithm 1 Nonconvex ADM for solving

Input: A matrix Y € R?*" with Y'Y = I, initialization q(*), threshold parameter A > 0.

Output: The recovered sparse vector %y = Yq*
1 fork=0,...,0 (n*logn) do

2. xktD = S)\[Yq(k)],

. Ral) YT xED
B A=
4: end for

The algorithm is simple to state and easy to implement. However, if our goal is to recover the sparsest
vector xg, some additional tricks are needed.

Initialization. Because the problem is nonconvex, an arbitrary or random initialization is unlikely to
produce a global minimizer|*| Therefore, good initializations are critical for the proposed ADM algorithm to
succeed. For this purpose, we suggest to use every normalized row of Y as initializations for g, and solve a
sequence of p nonconvex programs by the ADM algorithm.

To get an intuition of why our initialization works, recall the planted sparse model: S = span(xg, g1, .- .,8n—1)-
Write Z = [x0 | g1 | --- | gn_1] € RP*™. Suppose we take a row z’ of Z, in which x,(4) is nonzero, then
xo(i) = © (1/1/0p). Meanwhile, the entries of g1 (i), . .. g,—1(i) are all (0, 1/p), and so have size about 1/,/p.
Hence, when 6 is not too large, x((7) will be somewhat bigger than most of the other entries in z;. Put another
way, z; is biased towards the first standard basis vector e;.

Now, under our probabilistic assumptions, Z is very well conditioned: Z'Z ~ Iﬂ Using, e.g., Gram-
Schmidt, we can find a basis Y for S of the form

Y = ZR, (3.5)

where R is upper triangular, and R is itself well-conditioned: R ~ I. Since the i-th row of Z is biased in
the direction of e; and R is well-conditioned, the i-th row ¥ is also biased in the direction of e;. Moreover,
we know that the global optimizer q, should satisfy Y q, = x¢. Since Ze; = xo, we have q, = R 'e; ~ e;.
Here, the approximation comes from R =~ I. Hence, for this particular choice of Y, described in , the i-th
row is biased in the direction of the global optimizer.

4More precisely, in our models, random initialization does work, but only when the subspace dimension n is extremely low compared
to the ambient dimension p.
5This is the common heuristic that “tall random matrices are well conditioned” [Ver10].



What if we are handed some other basis Y = YU, where U is an orthogonal matrix? Suppose q, is a
global optimizer to (2.2) with input matrix Y, then it is easy to check that, with input matrix Y, U " q, is also
a global optimizer to (2.2), which implies that our initialization is invariant to any rotation of the basis. Hence,
even if we are handed an arbitrary basis for S, the i-th row is still biased in the direction of the global optimizer.

Rounding. Let q denote the output of Algorithm [I} We will prove that with our particular initialization
and an appropriate choice of A, the solution of our ADM algorithm falls within a certain radius of the globally
optimal solution q, to (2.2). To recover q,, or equivalently to recover the sparse vector xo = £Yq, for some
& # 0, we solve the linear program

m&n IYqll;, st (r,q)=1 (3.6)

with r = q. We will prove that if q is close enough to q*, then (3.6) exactly recovers q*, and hence x.

4 Analysis

4.1 Main Results

In this section, we describe our main theoretical result, which shows that with high probability, the algorithm
described in the previous section succeeds.

Theorem 4.1. Suppose that S satisfies the planted sparse model, and let the columns of Y be an arbitrary orthonormal
basis for the subspace S. Let y', ... ,y? € R" denote the (transposes of) the rows of Y. Apply Algorithm (1| with
A = 1//p, using initializations ) = y*, ..., y?, to produce outputs @, , .. ., q,. Solve the linear program with
r=4q,...,q, toproduceqy,...,q,. Seti* € argmin; [|[Yq;|,. Then

Yqi: = xo, (4.1)

for some «y # 0 with overwhelming probability, provided

exp (n/2) /2 > p > Cn*logn, and

IN
S
IN
>

o

(4.2)

ik

Here, C and 6y > 0 are universal constants.

We can see that the result in Theorem [4.1]is suboptimal compared to the global optimality result in
Theorem 2.1|and Barak et al.’s result [BKS13] in sampling complexity. For successful recovery, we require
p > Q(n'logn), while the global optimality and Barak et al. demand p > Q(nlogn) and p > Q (n?),
respectively. Aside from possible deficiencies in our current analysis, compared to Barak et al., we believe this
is still the first practical and efficient method which is guaranteed to achieve 6 ~ O(1) rate. The lower bound
on 6 in Theorem [£.T]is mostly for convenience in the proof; in fact, the LP rounding stage of our algorithm
already succeeds with high probability when 6§ € O (1/y/n).

4.2 A Sketch of Analysis

The proof of our main result requires rather detailed technical analysis of the iteration-by-iteration properties
of Algorithm[T] In this section, as illustrated in Fig. [T} we briefly sketch the main ideas. Detailed proofs are
deferred to the appendices.

As noted in Section 3} the ADM algorithm is invariant to change of basis. So, we can assume without
loss of generality that we are working with the particular basis Y = ZR defined in that section. In order to
further streamline the presentation, we are going to sketch the proof under the assumption that

Y=[x0|gi| - |8n-1) (4.3)
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Figure 1: An illustration of the proof sketch for our ADM algorithm.

rather than the orthogonalized version Y. When p is large Y is already nearly orthogonal, and hence Y
is very close to Y. In fact, in our proof, we simply carry through the argument for Y, and then note that
Y and Y are close enough that all steps of the proof still hold with Y replaced by Y. With that noted, let
y!, ..., ¥? € R" denote the transposes of the rows of Y, and note that these are independent random vectors.
From (3.4), we can see one step of the ADM algorithm takes the form:

1 . e T
g+ = P =1Y"Sy [<q( ) yz}

H% P yiSy [(q(k))T yz}

This is a very favorable form for analysis: if q(*) is viewed as fixed, the term in the numerator is a sum of p
independent random vectors. To this end, we define a vector valued random process Q(q) onq € S, via

(4.4)

:

Q(q) = % > v'Siay’l. (4.5)
=1

We study the behavior of the iteration through the random process Q(q). We wish to show that
with overwhelming probability in our choice of Y, q(¥) converges to some small neighborhood of +e;, so
that the ADM algorithm plus the LP rounding (described in Section 3) successfully retrieves the sparse
vector xg = Ye;. Thus, we hope that in general, Q(q) is more concentrated on the first coordinate than

q1

q. Let us partition the vector q as q = } , with ¢; € Rand q2 € R"}, and correspondingly partition
2

a0 - [ 240 | e

P P
Qi(q) = % Y zuSila’y]  and  Qu(q) = % > &Si[a'y]. (4.6)
=1 =1

The inner product of Q(q)/||Q(q)||, and e is strictly larger than the inner product of q and e, if and only if

Qual _ 1Q:(ll, (4.7)
a1 lazll




In the appendix, we show that with overwhelming probability, this inequality holds uniformly over a
significant portion of the sphere, so the algorithm moves in the correct direction. To complete the proof of
Theorem 4.1} we combine the following observations, provided exp (n/2) /2 > p > Q (n*logn):

1. Good initializers. With overwhelming probability, at least one of the initializers q(*) satisfies [¢{” | >
1
4von’

2. Uniform progress away from the equator. With overwhelming probability, for every q € S"~! such

that 4\/1% < |g1| < 3V6, the bound

|Q1(a) o 1Q2(a)ll, > c

4.8
PN lal, = @np “8)

holds, for some numerical constant C' > 0. This implies that if at any iteration k of the algorithm,
FHRUIS 77 the algorithm will eventually obtain a point a*), k' > k, for which |¢{*"| > 3V, if

sufficiently many iterations are allowed.

3. No jumps away from the caps. With overwhelming probability,

|Q1(q)]
VIQ1@?] + Qa2

> 20 (4.9)

for all q € S"~! with |¢;| > 3V0.

4. Location of stationary points. The above steps imply that, with overwhelming probability, Algorithm
1 fed with the proposed initialization scheme produces at least one stopping point q € S"~! satisfying

@] > 20,

5. Rounding succeeds when |r{| > 2v/0. With overwhelming probability, the linear programming based
rounding will produce £+x,, up to scale, whenever it is provided with an input r whose first
coordinate has magnitude at least 2v/0.

Taken together, these claims imply that from at least one of the initializers q*), the ADM algorithm will
produce an output q which is accurate enough for LP rounding to exactly return xo, up to scale. As xg is the
sparsest nonzero vector in the subspace S with overwhelming probability, it will be selected as Yq;+, and
hence produced by the algorithm.

5 Experimental Results

In this section, we show the performance of the proposed ADM algorithm on both synthetic and real datasets.
On the synthetic dataset, we show the phase transition of our algorithm on both the planted sparse vector
and dictionary learning models; for the real dataset, we demonstrate how seeking sparse vectors can help
discover interesting patterns.

5.1 Phase Transition on Synthetic Data

For the planted sparse model, for each pair of (k,p), we generate the n dimensional subspace S € R? by
a k sparse vector x, with nonzero entries equal to 1 and a random Gaussian matrix G € RP*("~1) with
Gij ~i.i.a. N(0,1/p), so that one basis Y of the subspace S can be constructed by Y = GS ([xo, G]) U, where
GS (-) denotes the Gram-Schmidt orthonormalization operator and U € R"*" is an arbitrary orthogonal
matrix. We fix the relationship between n and p as p = 5nlogn, and set the regularization parameter in
(3.1) as A = 1/,/p. We use all the normalized rows of Y as initializations of q for the proposed ADM



algorithm, and run every program for 5000 iterations. We determine the recovery to be successful whenever
%0/ Ix0ll, — Yql|, < ¢ for at least one of the p programs, where ¢ = 10~2. For each pair of (k,p), we repeat
the simulation for five times.

(b) Phase Transition: Dictionary Learning Model

(a) Phase Transition: Planted Sparse Model

Sparsity k
Sparsity k

0 . .
0 500 1000 1500 2000 0 200 400 600 800 1000 1200 1400 1600 1800
Ambient Dimension p Ambient Dimension p

Figure 2: Phase transition for the planted sparse model (left) and dictionary learning model (right) using the ADM
algorithm, with fixed relationship between p and n: p = 5n log n. White indicates success and black indicates failure.

Second, we consider the same dictionary learning model as in [SWW12]. Specifically, the observation is
assumed to be Y = AyX,, where A is a square, invertible matrix, and Xy a n x p sparse matrix. Since Ay is
invertible, the row space of Y is the same as that of X. For each pair of (k, n), we generate Xy = [x1, - - , Xy, T
where each vector x; € RP? is k-sparse with every nonzero entry following i.i.d. Gaussian distribution, and
construct the observationby Y = GS (X] ) U'. We repeat the same experiment as for the planted sparse
model presented above. The only difference is that here we determine the recovery to be successful as long
as one sparse row of Xj is recovered by one of those p programs.

Figure 2|shows the phase transition between the sparsity level k and p for both models. It seems clear
for both problems our algorithm can work well into (even beyond) the linear sparsity regime whenever
p ~ nlogn. Hence for the planted sparse model, to close the gap between our algorithm and practice is one
future direction. Also, how to extend our analysis for dictionary learning is another interesting direction.
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5.2 Exploratory Experiments on Faces

It is well known in computer vision that appearance of convex objects only subject to illumination changes
leads to image collection that can be well approximated by low-dimensional space in raw-pixel space [BJ03].
We will play with face subspaces here. First, we extract face images of one person (65 images) under different
illumination conditions. Then we apply robust principal component analysis [CLMW11] to the data and get a low
dimensional subspace of dimension 10, i.e., the basis Y € R322°6x10 ' We apply the ADM algorithm to find
the sparsest element in such a subspace, by randomly selecting 10% rows as initializations for q. We judge the
sparsity in a ¢! /(% sense, that is, the sparsest vector Xo = Yq* should produce the smallest || Yq||, / || Yall,
among all results. Once some sparse vectors are found, we project the subspace onto orthogonal complement
of the sparse vectors already found, and continue the seeking process in the projected subspace. Figure
shows the first four sparse vectors we get from the data. We can see they correspond well to different extreme
illumination conditions.

Second, we manually select ten different persons’ faces under the normal lighting condition. Again, the
dimension of the subspace is 10 and Y € R32256X10, We repeat the same experiment as stated above. Figure4]
shows four sparse vectors we get from the data. Interestingly, the sparse vectors roughly correspond to
differences of face images concentrated around facial parts that different people tend to differ from each
other, e.g., eye bows, forehead hair, nose, etc.



Figure 3: Four sparse vectors extracted by the ADM algorithm for one person in the Yale B database under different
illuminations.

Figure 4: Four sparse vectors extracted by the ADM algorithm for 10 persons in the Yale B database under normal
illuminations.

In sum, our algorithm seems to find useful sparse vectors for potential applications, like peculiarity
discovery in first setting, and locating differences in second setting. Nevertheless, the main goal of this
experiment is to invite readers to think about similar pattern discovery problems that might be cast as the
problem of seeking sparse vectors in a subspace. The experiment also demonstrates in a concrete way the
practicality of our algorithm, both in handling data sets of realistic size and in producing meaningful results
even beyond the (idealized) planted sparse model that we adopt for analysis.

6 Discussion

The random models we assume for the subspace can be easily extended to other random models, particularly
for dictionary learning. Moreover we believe the algorithm paradigm works far beyond the idealized models,
as our preliminary experiments on face data have clearly shown. For the particular planted sparse model, the
performance gap in terms of (p, n, §) between the empirical simulation and our result is likely due to analysis
itself. Advanced techniques to bound the empirical process, such as decoupling [DIPG99] techniques, can be
deployed in place of our crude union bound to cover all iterates. On the application side, the potential of
seeking sparse/structured element in a subspace seems largely unexplored, despite the cases we mentioned
at the start. We hope this work can invite more application ideas.

This paper is part of a recent surge of research into provable and practical nonconvex approaches to
estimating various types of low-dimensional structures, often in large-scale settings [CLS14, [NS13} Har13,
NJS13, [YCS13]. The dominant approach is to start with a clever, problem-specific initialization, and then
perform a local analysis of the subsequent iterates. Our forthcoming work [SQW14] on dictionary learning
takes a more geometric approach, and proves global recovery via efficient algorithms, with arbitrary initial-
ization. The approach developed there may be applicable to the planted sparse model studied here, as well
as to many other interesting nonconvex problems.
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Appendices

Notes on notations. For a matrix X, x; denotes its i-th column, and x’ denotes its j-th row, all in column
vector form. So (xJ )T is the j-th row in row vector form. We will use the compact notation [k] = {1, ..., k}
for any positive integer k. We will use C or ¢, and their indexed versions to denote constants. The scope
of these constants are always local, namely within a particular lemma, proposition, or proof, such that the
apparently same constant in different contexts may carry different values. For probable events, sometimes
we will just say the event holds with “high probability” if the probability of failure is dominated by some
polynomial poly (n, p) which diminished to zero whenever n or p is large, with “overwhelming probability”
if the failure probability is dominated some exponential function exp (poly (n, p)) which diminishes to zero
whenever 7 or p is large.

A Technical Tools and Preliminaries

Lemma A.1. Let ¢(x) and ¥(x) to denote the probability density function (pdf) and the cumulative distribution
function (cdf) for the standard normal distribution:

2
(Standard Normal pdf) (x) = \/12? exp {—2} (A1)
x 2
(Standard Normal cdf) U(x) = \/% / exp {—;} dt, (A2)

Suppose a random variable X ~ N(0,02), with the pdf f,(x) = L4 (£), then for any t, > t, we have

T o

Y = U <t2) . (“) , (A3)

t o o

/tt ofo(@)ds = —o {w (?) —y (gﬂ 7 (A4)
/tt 22 f,(@)de = o [qf (f) v ("2)} o {w (f) i (2)] | (AS5)

Lemma A.2 (Taylor Expansion of Standard Gaussian cdf and pdf). Assume () and ¥(z) be defined as above.
There exists some universal constant Cy, > 0 such that

[¥(@) — [¢(w0) — 20¥ (20) (2 — z0)]| < Cp(w — m0)?, (A.6)
| () — [(x0) + ¢ (w0) (x — z0)]| < Cy(w —z0)*. (A7)
Lemma A.3 (Matrix Induced Norms). For any matrix A € RP*", the induced matrix norm from £ — 9 is defined
as
Al 0 = Sﬁlpl\lAXHq- (A8)
X p:
In particular, we have
p
_ T _ k

||A||€2—>€1 - ”fufilkZ:l |ak X‘ ) HAHZ?—MOO - 11%1]?%(1) Ha ||2a (A9)

||AB||,€P—>ZT S ||A||Z4—>£7'

Bllo g0 s (A.10)

and A and B are any matrices of compatible size.
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Lemma A.4 (Moments of the Gaussian Random Variable). If X ~ N (0,0%), then it holds for all integer m > 1
that

E[|X|™] = o7 (m — 1)!! [\/an_zkﬂ + 1m_2k] <o (m— DI, k= |m/2]. (A11)

Lemma A.5 (Moments of the x Random Variable). If X ~ x (n), i.e, X =4 ||x||2ﬂfor x ~ N (0,I). Then it
holds for all integer m > 1 that

m/2+mn/2)

E[X™] = 2m/? I < min™/? (A12)

I'(n/2)  —

Lemma A.6 (Moments of the x? Random Variable). If X ~ x2 (n), i.e., X =4 ||x||3 for x ~ N (0,1). Then it
holds for all integer m > 1 that

I'(m+n/2) 5 m!
m — m_r 0 77 = — < —_— m. .
E[X™ =2 T n/2) ;J:ll(n +2k-2)< 5 (2n) (A.13)
Lemma A.7 (Moment-Control Bernstein’s Inequality for Random Variables). Let X, ..., X, bei.i.d. real-valued

random variables. Suppose that there exist some positive number R and o% such that

!
E[|X:™] < %UiRm‘z, for all integers m > 2. (A.14)

Let S = % b1 Xk, then for all t > 0, it holds that

pt?
PIS—-E[S]| >t <2 —— . Al
15~ E18]1> 1) < 20~ 5225 ) (A1)
Lemma A.8 (Moment-Control Bernstein’s Inequality for Random Vectors). Let x1,...,x, € R be i.i.d. random

vectors. Suppose there exist some positive number R and o% such that

!
E[||xxll5"] < %U%Rm_z, for all integers m > 2. (A.16)

Lets = % b Sk, then for any t > 0, it holds that
pt’

Pllls—E >t < 2(d+1 —— . Al17
lls =Bl > < 26+ Ve (52257 ) (A17)
Lemma A.9 (Hoeffding’s Inequality). Let X1,---, X, be independent random variables such that X, takes its

values in [ay,, by almost surely forall 1 < k < p. Let S = Y 7_, (X}, — EX},), then for every t > 0,
PS> <e < 2t ) (A18)

X -5 5 5 |- .
- - P i:l(bk - ak)2

Lemma A.10 (Gaussian Concentration Inequality). Let x ~ N (0,1,). Let f : R? s R be an L-Lipschitz function.
Then we have for all t > 0 that

2
Pf(X) ~ Bf(X) > 1] < exp (;Lg) | (A.19)

6The notation =4 means equivalent in distribution.
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Lemma A.11 (Bounding Maximum Norm of Gaussian Vector Sequence). Let x1,...,x, be a sequence of (not
necessarily independent) standard Gaussian vectors in R™. Then, it holds that

P {m:ﬁ( xill, > /2logp + 2\/5} < exp <—;n> . (A.20)
1E|P.

Proof. Since the function ||-||, is 1-Lipschitz, by Gaussian concentration inequality, for any i € [p], we have

t2
P Il — VEIll > ¢] < Pllll, ~ Elill > 1 < exp (-5 ) (a21)

for all £ > 0. Since E ||x; |5 = n, by a simple union bound, we obtain

2
P {r_na[u]( x| > v/n+ t} < exp (_2&2 + logp) (A.22)

1€(p
forall t > 0. Taking t = v/2Iogp + y/n and simplifying the terms gives the claimed result. O

Lemma A.12 (Covering Number of a Unit Ball). Let B = {x € R | ||x||, < 1} be a unit ball. For any ¢ € (0,1),
there exists some € cover of B w.r.t. the normal R™ metric, denoted as N, such that

wi(1+2) < (2)" am

3

Lemma A.13 (Spectrum of Gaussian Matrices, [Verl0l). Let A € RP*™ (p > n) contain i.i.d. standard normal
entries. Then for every t > 0, with probability at least 1 — 2 exp (—t?/2), one has

\/ﬁ - \/ﬁ_t < Umin(A> < Umax(A) < \/ﬁ+ \/ﬁ‘f' t. (A24)

Lemma A.14. Forany e € (0, 1), there exists a constant C (€) > 1, such that provided ny > C (¢) na, the random
matrix ® € R"*"2 ~,; ;1 N (0,1) obeys

2 2
(1—¢) \/;nl %[, < [[®x], < (1+¢) \/;nl x|, forallx e R"2, (A.25)

with probability at least 1 — 2 exp (—c () ng) for some ¢ () > 0.

Geometrically, this lemma roughly corresponds to the well known almost spherical section theorem [FLM77,
GG84], see also [GMO03]. A slight variant of this version has been proved in [Don06], borrowing ideas
from [Pis99].

Proof. By homogeneity, it is enough to consider all x with unit norms. For a fixed x, with ||xo|, = 1,

®xy ~ N (0,I). SOE ||®x||; = \/gnl. By concentration of measure for Gaussian vectors,

2
B (| @x], — E [|[®x]|,]| > 1] < 2exp (22) (A26)

for any t > 0. For a fixed 6 € (0,1), S"2~! can be covered by a -net N; with cardinality #Ns < (1+2/5)".

Now consider the event
. 2 2
8{(15) \/;n1§||<1>x||1§(1+§) \/;nl VxeNl}. (A.27)
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A simple application of union bound yields

2 2
P[E°] < 2exp (—5 Moy ny log (1 + 5)) . (A.28)
s
Choosing § small enough such that
(1-35)(1—-68)"">1—ecand (1+6)(1-68)""' <1+e, (A.29)

then conditioned on £, we can conclude that

2 2
(1—¢) \/;nl <||®x||; < (1 +¢) \/;nl Vxe Sl (A.30)

Indeed, suppose € holds. Then it can easily be seen that any z € S™>~! can be written as
z=» Mxp,  with [\ <% x; € Ny forall k. (A.31)
k=0

Hence we have

o0 o0 _ 2
[®zll, = |[@ > Aexi|| <D 6" [@xpll, < (1+6)(1-08)""y/=m. (A.32)
k=0 1 k=0 g
Similarly,
= 2 2
| ®zll, = [|[® Nexp| > [1 —6—6(140)(1— 5)*1} \fnl =(1-38)(1-06)"" \fnl. (A.33)
7T ™
k=0 1

Hence, the choice of § above leads to the claimed result. To make [P [£°] small, it is enough to choose C' such
that

C6* /7 > log <1 + ?) . (A.34)

Setting C' = 2log (1 + 2) 7/62 completes the proof. O

Lemma A.15. Suppose ny < 3 exp (ns/2). Fixe € (0,1). Then for any & such that €2 > 2log (1 + 2¢). The random
matrix ® € R" "2 ~,; ; . N (0,1) obeys

1
|®x||. < %_E:WTQHXHQ forall x € R™, (A.35)

with probability at least 1 — exp (—ny (£2/2 — log (1 + 2¢))).
Proof. Again for a fixed x¢ € S"271, ®xy =4 v ~ N (0,I). For any fixed 3 > 0 to be decided later,

B vl = B |8 max 0| =B |tog max exp (31| < 1ogE [max exp(310)] (430
< logE lz exp (8 |>] — logmiE fexp (8 |un])] < log2m exp (87/2) . (A37)
i=1

Hence

log 2n1 exp (ﬁ2/2)

Eflviie] < 3

(A.38)
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Taking 8 = /21log (2n1), we obtain
E[|v]] < v/2log(2n:). (A.39)

Because the mapping v — ||v||  is 1-Lipschitz, by concentration of measure for Gaussian vectors, we obtain

2
P(|x], — E[|®x].] > 1] < exp (—’;) . (A.40)

Taking t = £,/n2, and consider an e-net A/ that covers S"2~! with cardinality V| < (1 +2/¢)"?, we have
the event

€= {|®x]|,, < (1+) ¥ xe N} (A41)

holds with probability at least 1 — exp (—&*n2/2 + ng log (1 + 2¢)). Conditioned on &, we have

sup [|®z] < sup ||[®Z'| + sup [[Pe|, = sup [Pz +e sup |Pe| - (A.42)
[|z]|,=1 z' €N el|,<e z' N, llel,=1
Hence we have
1 1+
sup [|®z| < sup || ®z'|| = —g na, (A.43)
|1zl =1 1—¢ewen 1-
completing the proof. O

B The Random Basis vs. Its Orthonormalized Version
We consider Y obeying the planted sparse model:
Y = [xo | G] € RP*" (B.1)
with
X0 ~i.id. —_Ber (0),G ~iia N (0, 1) : (B.2)
Vop p

One “natural/canonical” orthonormal basis for the subspace spanned by columns of Y is

—1/2
Y/:[ X0 |PXULG(GT7?XOLG) ] (B.3)

%ol

~1/2
We also write G’ = Pyt G (GTPxé G) for convenience. In this section, we want to show that the intuition

Y’ well approximating YE] can be made rigorous. These results are needed when we prove Theorem for
the global optimality of the natural ¢? constrained formulation (2.1), as well as when we translate the results
for Y to quantitative statements about Y’ in Appendix|F.4

For any realization of xo, let the support (index set of nonzero elements) of x, be Z. By Hoeffding’s
inequality in Lemma we have the event

1
o= {300 <171 < 209} (B4

holds with probability at least 1 — 2 exp (—p6?/2). Moreover, we show the following:

7When n and p are large, Y has nearly orthonormal columns.
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Lemma B.1. The bound

-] < ©
holds with probability at least 1 — 2 exp (—p6?/2) — 2exp (—2nlogp).
Proof. Because E [||x0 ||§] = 1, by Hoeffding’s inequality in Lemma we have
P [[lixol} — E [Ixoll3] > ¢[] =P [[Ixoll3 — 1] > ¢] < 2exp (~26%1%) (B.6)
for all t > 0, which implies
P lllxoll, — 1| (lxolly + 1) > ] < 2exp (—26%pt?) . (B.7)

On the intersection with &, ||xoll, + 1 < v2 +1 < 5/2, and setting t = "é‘)%, we obtain

2 [nlo
PWMM—H>M/W?]S%WF%MM) (B.8)

So we obtain that with probability at least 1 — 2 exp (—pb?/2) — 2exp (—2nlogp),

’ _ | B ollyl  2v2 nlggp’ (B.9)
lIxoll, lIxoll, 5 3p
as desired. 0
~1/2
Next, let M = (GTPXOL G) ,then G’ = GM — ﬁ‘;’:ﬁi GM, we show the following results hold:
2
Lemma B.2. Provided p > Cn > 2 for some large enough constant C, it holds that
<2 IM-Tj <4/ (B.10)
with probability at least 1 — ¢ exp (—c”’n) for some positive constants ¢’ and ¢’
Proof. First observe that
—1/2 -1
M| = (gmin (GTPXOL G)) - (omm (Pxé G)) . (B.11)

Now suppose B is an orthonormal basis spanning x3 . Then it is not hard to see the spectrum of Py Gis the
same as that of BTG € RP~1D*x("=1) in particular,

Omin Py @) = 0uin (BTG). (B.12)

Since G ~; ;.q. N (0, %), and BT has orthonormal rows, BTG ~, ; 4 N (O, 1%), we can invoke the spectrum
results for Gaussian matrices in Lemma[A.13]and obtain that

\/p_l —2\/“_1 < Omin (BTG) < 0oy (BTG) < \/p;1 +2\/"_1 (B.13)

D p—1 p—1
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with probability at least 1 — ¢; exp (—con) for some ¢y, ca > 0. Thus, when p > Cin for some large constant
C4, we have

-1

= (-0 /20 < (B.14)

-1
IT = M| = max (| (M) — 1], [oyin (M) — 1]) < Qﬂ_i (W;l - zﬁ‘ i) < 4\/? (B.15)

with probability at least 1 — ¢; exp (—can). O

Lemma B.3. There exists a constant C' > 0, such that when p > Cn, the following

Y2 <3/, (B.16)

Y%l 2y < Tv/20p, (B.17)
¥z~ ¥yl < 5 /08D, (B.18)
IG = G|l 2 < 8V, (B.19)
1Y =Yl < 5 V/Togp (8.20)

hold simultaneously with probability at least 1 — ¢’ exp (—c'n) — 2exp (—pb?/2) for some positive constants ¢’ and
.

Proof. First of all, we have

XoX(—)r

2
o %ol [0 GM| oo = =5 [Ixolly [|x¢ G (B.21)

>~ ;
0251 HX0||2 ||X0H2 2

2
||X0||2

where in the last inequality we have applied the fact | M|| < 2 from Lemma Now xj G isani.i.d. Gaussian
2

vectors with each entry distributed as V' (0, %), where ||X0H§ = L)—Ipl. So by measure concentration

inequality for Gaussian vectors, we have

%0 G, < 211xoll, \/j (B.22)

with probability at least 1 — exp (—n/2). On the intersection with &, this implies

T
X0Xg
=070 GM
Ixoll3

<47 \/Z < 4v/20n, (B.23)

0201

with probability at least 1 — exp (—n/2) — 2exp (—p#?/2). Moreover, when intersected with &, Lemma
implies that when p > Q (n),

1Gllpzeyr < VP 1G22y < V/20p (B.24)

with probability at least 1 — ¢; exp (—can) — 2exp (—p92 / 2), for some positive constants ¢, co. So when
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p>Q(n),

-
XoX,
1G = G20 <IG = GM| 2,0 + =0 5 GM <NGllpp [T =M +4v20n < 8y/n, (B.25)
|| 0”2 02 541
Y[z < %ol 01 + Gz < [Ix0lly + /P < 24/0p + /D < 3/p, (B.26)
T
XX
IG Nl < IGIM|po_ypn + || 5 GM <Gzl (M| +4V20n < 6+/26p, (B.27)
HXOHQ 02301
XoX,
IGz — Gl S NG (T =M)||poypr + || -5 GM <NGzll 2 [T = M| + 4v20n < 8V20n,
H 0”2 02 501
(B.28)
% ™
Wilomo <[ 25| 16 < 220 6205 < 720 529
0”2 02 501 H H2

with probability at least 1 — c5 exp (—can) — 2 exp (—pb?/2) for some positive constants cs, ¢4, where we have
used the above estimates and the results in Lemma Finally, by Lemma [B.T] we obtain

1 10
Y =Yl < |1 oIl 416 - 6l e < 3 vTop (8.:30)
Tolls
1 10
”YI - Y/I”ﬁ—)ﬂ < ‘1 - ||XOH ”XOHl + HGI - G/IH€2—>€1 < ? V nlogp, (B31)
2

holding with probability at least 1 — c5 exp (—cgn) — 2exp (—p§?/2) for some positive constants cs, cg. O

Lemma B.4. Provided Cn < p < exp (n/2) /2 for some constant C' > 0, the following

/' n
||G/H624),€00 S 16 %7 (B32)

32n
G —G)2spoe < — (B.33)
H He —L \/ép

hold simultaneously with probability at least 1 — ¢’ exp (—c"'n) — 2exp (—pf?/2) for some positive constants ¢’ and

c".

Proof. First of all, we have

X0 X(T

%ol

1
< T2 ” 0||/2—>i°° H X0 M’|g2_>gz =5 2 ” O”oc H X0 Hz’ (B.34)
e %ol 1% H
where at the last inequality we have applied the fact | M|| < 2 from Lemma Similar to the proof to

Lemma we have that ||xJ G||, < 2|lxo|l, \/n/p with probability at least 1 — exp (—n/2). So on the
intersection with &,, we obtain that

X0Xg <% §<4\/% (B.35)
ol e~ ol V2™ Vo

holds with probability at least 1 —exp (—n/2) —2exp (—p#?/2). Now taking £ = 2and ¢ = 1/2in Lemma
we have that
n
1G g2y < 6\/; (B.36)
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with probability at least 1 — exp (—n (2 — log 2)). Combining with results in Lemma we obtain

’ XOX(—)F
||G ||€2_>[oo S ||GM||€2_>€OO + G'M
|| OHQ 02y po0
44/2 4 2
<G e M + 220 < 1p [T V2R g (.37)
Vop fp op’
XX, 24n 4\/%
IG = Gl poe NGl poe 1= M| + || =5 GM <t \f (B.38)
|| O||2 02 _y oo p p

with probability at least 1 — ¢y exp (—cgn) — 2exp (—p92 / 2) for some positive constants cz, cs.

O
C Proof of /' //*> Global Optimality
Proof. We will first analyze a canonical version, in which the input basis is Y
min [Y'qll;, st llaf, =1 (C1)
Let q = [¢1; 92]. For any fixed support Z of x¢, we have
IY'qll; = [Yzall; + [ Yzeal,
> ol | = |~ 1G], + Gqall
lI%oll2 1l
2 ol | oz || ~ 16zl =116z = 67) el + [Gz-cell, = /(G- = Gz el
> a1 ||>:OH2 o 1Gzall; + 1Gzez2ll, = G = Gll 2y lla2ll, - (C2)

By Lemma and intersecting with &, we have that as long as p > Q (n), there exists constant ¢; > 0 such
that

26‘p

1Gza:ll, < — f lazll, = 20y/pllaz], forall gz € R", (C3)
—20p 1 n—1
|Greasl, > = laall = VB~ 20) [l forall @z € B, (C4)

hold with probability at least 1 — 2exp (—¢1ns) — 2exp (—pf?/2). Moreover, by Lemma|B.3)
IG = Gllpy <8VR (C5)

holds with probability at least 1 — ¢3 exp (—c3n) — 2exp (—ph?/2) when p > Q (n). So we obtain that

||Y Q||1 > a1

| el (3P0~ 20) 2005 5vA) o)

holds with probability at least 1 — ¢4 exp (—csn) — 2exp (—p€2 / 2) for some positive ¢4 and ¢5. Assuming &,
we observe

1

< /20p. (C.7)

\ﬁHII Xoll,

IIXOIIQ ! 2
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So in order to minimize the objective || Y'q||, ate; or —ey, i.e., ¢1 = 1, subject to the constraint ¢} + ||q2 ||§ =1,
it suffices to have

V20p < %\/p (1—20) — 20/p — 8v/n, (C.8)

which is satisfied when 6 is sufficiently small. Thus there exists a universal constant 6, > 0, such that
forall 1//n < 6 < 6y, when p > Q(n), te; are the global minimizers of with probability at least
1 — cyexp (—csn) — 2exp (—pb?/2), if the input basis is Y'. As § > 1//n by assumption, from (B4), to make
the above probability high, it is enough to make p > Q (nlogn).

Any other input basis can be written as Y'R, for some orthogonal matrix R. The program now is written

as
min [YRqll,. st [al, = L. (€9)
qeRn
which is equivalent to
min ”Y/RqH17 s.t. HRqH2 = ]-7 (ClO)
qE]R”

which is obviously equivalent to the canonical program we analyze above by a simple change of variable, i.e.,
q = Rq, completing the proof. O

D Proof of Main Result

In this appendix, we prove our main result in Theorem 4.1} In particular, we will first show that when the Y’
defined in is the input orthonormal basis, the “initialization + ADM + LP rounding” pipeline recovers
xo under the stated technical conditions. Then we will upgrade the recovery result to all orthonormal basis
by observing that all three stages are “invariant” to the input orthonormal basis Y.

Keep the notation in Section lety?!, -, y” be the transpose of the rows of Y, and let y', - - - | y'? be the
transpose of the rows of Y'. For q € S"7!, set

Qa) = }Zy’“SA [a'y*], (D.1)
p k=1

Q'(q) = 1Zy"“SA [a"y™]. (D.2)
k=1

Further, we write Q (q) = [@1 (q) ; Q2 (q)], where Q1 (q) is the first coordinate, and define similar notations
for Q' (q). In addition, forany k =1, -- , p, set

Xi(Zk) = zoxSx [a'y"] = zorSx [worar + Zi], (D.3)
g"Sx [a'y*] = &S [vorar + Zi], (D.4)

e
EAN)
N
z
I

where Z;, = q; gF ~ N(0,0?) for 0 = ||q2||, //P, and z¢x denotes the k-th coordinate of xo. Hence we
obviously have

1< 1<
Qi = -> Xi, Qu=-) X3, (D.5)
pk:l pk:l

Next we sketch the main technical pieces for establishing the recovery results for Y’ first. All detailed
proofs are deferred to later sections of the appendix. We will assume exp (n/2) /2 > p > Cn* logn for some
large constant C for all the subsequent claims.

21



1. Good initialization. Proposition [E.I|in Appendix[Ejshows that with overwhelming probability, at least

)

one of our p initialization vectors suggested in Section say qgo =y'?, obeys that

y/i 1
— e > . D.6
’<||y”||2 >‘ on (D)

2. Uniform progress away from the equator. By Proposition[F1]in Appendix[F} there exists some constant
6o > 0, such that for any 0 € (%w 00),
_ Qi@ _ Q5 1

G'(q) = > D.7
@ =" " Tal, = 0008%p (D7)

holds uniformly for all g € S*~! in the region ﬁ < |q1] < 3v/@ with overwhelming probability.

3. No jumps away from the cap. Proposition in Appendix|G|shows that for any 0 (ﬁ, 00) , with
overwhelming probability,

@) 20 (D.8)

1Q'(a)ll, —
holds for all q with |¢;| > 3v/0.

4. Location of the stationary/stopping point. The first point above ensures that with overwhelming

= 4Von’
strictly positive gap of the second point ensures that one needs to run at most O (n*log n) iterations

to first encounter an iterate q(*) such that ‘q%k) ‘ > 3/6. The third point suggests extra iterations will

probability at least one starting point q(°) will satisfy ‘q%o) ’ > —L_. As shown in Appendix|H| the

not move away from the cap area, and hence the stationary point q of the ADM algorithm will satisfy
g,| > 2V/0. If one enforces a hard stop after O (n*logn) iterations, the stopping point will similarly
stay in the region |q1| > 2V/0.

5. LP Rounding succeeds. We know that in the LP rounding stage, described in Section 3| will receive
a vector r = q with its first coordinate |r;| > 2v/0. Proposition [l.1/in Appendix || proves that with
overwhelming probability, the LP rounding (3.6) (operated on Y’) will output a solution q* = e;.

In summary, our ADM algorithm in Algorithm[T|using a smart initialization, plus an LP rounding stage (3.6),
will output q* = +e; with overwhelming probability, or Y'q* as a nontrivial scaled version of xy.

For the general case when the input is an arbitrary orthonormal basis Y = Y'R for a certain orthogonal
matrix R, the target solution is R e;. The following technical pieces are perfectly parallel to the above for
Y’

e Discussion at the end of Appendix|E|suggests with overwhelming probability, at least one row of Y

provides an initial point q(®) such that [(q¥,R"e;)| > 4\/1%.

e Discussion following Propositionin Appendixsuggests thatforall g such that . < [(q,Rer)| <
310, there s a strictly positive gap, indicating steady progress towards a point q¥) such that [(q*), RTe; )| >

3v6.

e Discussion at the end of Appendix|Glindicates once q satisfying |(q, R e;)
move far away from the target:

, the next iterate will not

(@ (a%) e
o (7],
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e Repeating the argument in Appendix [H| for general input Y shows it is enough to run the ADM
algorithm O (n*logn) iterations to cross the range ﬁ < {a,R7ep)| < 3v/6. So the above three
points together dictates that with the proposed initialization, with overwhelming probability, we finally
obtain a point q that satisfies ‘<G, RTe1>‘ > 20, if we run at least O (n*logn) iterations.

e Since the ADM returns q satisfying |(q, R e; )| > 2v/0, discussion at the end of Appendix|l|dictates
that we will obtain q* = R "e, as the optimizer of the rounding program, exactly the target solution.

We complete the proof.

E Good Initialization

Proposition E.1. Let y'* for k = 1,..., p be the transpose of the rows of the orthonormal bases Y' defined in (B.3).
If0 > 1/y/nand exp (n/2) /2 > p > Cn? for some constant C > 0, it holds that at least one of our p initialization

vectors suggested in Section |3} say ql(.o) =y'?, obeys

yli 1
e > (E.1)
melx o

with probability at least 1 — ¢’ exp (—c"n) for some positive constants ¢ and c”.

Proof. Since xg isi.i.d. Bernoulli, with probability at least 1 — (1 — )" > 1—exp (—6p), at least one component
of x¢ is nonzero. Without loss of generality (w.l.0.g.), assume the k-th component of x; is nonzero. Then

1
Tokp = ﬁ, and

1 1
v O0p VOp 1
1| = — > = . (E2)
' %ol 1yl lIxolly (IIx0/ 1%0llall 2o + 11G N2 ype ) VBP0l + %0l 1G]l 2y e

We know that with probability at least 1 — exp(—p#?/2), it holds that

1 1
wm—¢mX%g¢@x%—ﬁ. E£3)

Moreover, using Lemma, and Lemma withe = 1/16 and € = 1/2, we know when p > C;n for some
large Cy > 0, it holds that (note that | M| can be arbitrarily close to 1 for large Cy in Lemma|B.2)
4v/2n < 9 n n 4v/2n

Gl < IGls oo IIM]] + <2 <22 E4
G [l 1Glg2_y g [IM]| Voo <5\p T Vi ) (E.4)

with probability at least 1 — ¢; exp (—cen) for some positive constants ¢; and c,. Therefore with probability
atleast 1 — exp (—6p) — exp (—6%p) — ¢ exp (—can), it holds that

1 1
lgi1| > = .
1+ 20p x 2\/§ 1+2v2V60n

(E.5)

Using the fact that § > 1/y/n, we obtain |g;1| > m. It is sufficient to set p > Cyn? for some large
enough Cy > 0 to make the probability overwhelming, as desired. O

We will next show that for an arbitrary orthonormal basis Y = Y’R the initialization still biases towards
the target solution. To see this, suppose w.L.o.g. (y*) " is a row of Y’ with nonzero first coordinate. We have
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shown above that with high probability ‘ <ﬁ7 e1> ’ > ﬁ if Y’ is the input orthonormal basis. For Y’, as

xo=Y’e; = YRR e;, we know q* = R e, is the target solution corresponding to Y. Observing that
\T
T T
fren ) N, BT e (v)Te \|_
1, A\NT - T -
(%) R T H i(Y/) e,
2

corroborating our claim.

y/i 1
€1, 74 Z )
1yl 4v/nd

(E.6)

F Lower Bounding Finite Sample Gap G'(q)

We will first work with the “canonical” orthonormal basis Y'. The task is to lower bound the gap for finite
samples

G’(q) _ |Qll(q)| _ HQIZ(q)HZ (Fl)
a1 lazll, .

Since we can deterministically constrain |¢;| and ||qz]|, (e.g., ﬁ < |q1| < 3V0and ||qz||, > %, where the
choice of } is arbitrary here, as we can always take a sufficiently small §), the challenge lies in lower bounding
|Q1 (q)] and upper bounding ||Qj5 (q)||,, which depends on the orthonormal basis Y’. It turns out to cook up
a typical expectation-concentration style argument, the unnormalized basis Y is much easier to work with

than Y’. Hence our proof will follow the observation that

Q1 (@) > [E[Q1 (q)]] = Q1 (a) —E[Q1 (a)]| - Q] (@) — Q1 (a)], (F2)
1Q5 (@) < [E[Q2 (a)]ll; + Q2 (a) — E[Qz (@)]ll, + Q5 (a) — Q2 (a)l, - (E3)

In particular, define the set T’ = {q est . 4\/1@ <|q1| <3V0, ||az|, > i}:
o Appendixshows that the expected gap is lower bounded for all q € S"~! with |¢;| < 3v/6:
EQ: (@]  [EQa(@lll, . 1 at

G = . F4
@ == lal, = 506 (F4)
As|qi| > F’ we have
EQ @) [EQe(all, . 1 1
- > . F5
acl g1 lazl, — 800 02np (F5)

° Appendix as summarized in Proposition shows that whenever exp (n) > p > Q (n4 log n), it
holds with overwhelmingly probability that

wup 21 (@) ~E[Qi @] | 192 (@) ~E[Qs (@]l

qel 1] llazll,

< 4+/6n n 4 _ 1
= 1600005/2n3/2p ~ 1600002np  200002np”

(F.6)

24



e Appendix [F.4/shows that whenever exp (n/2) /2 > p > Q (n*logn), it holds with overwhelmingly

probability that
sup [@1@ — @1 (@), 1Q2(a) = Qs ()l
qel g1 HQ2||2
4Von 4 1
~ 160000°5/2n3/2p * 1600002np  200002np” (£7)
Observing that
g 0@ > oy (EL_ Q@) (12@-EQi @), 10:(0)-B[0: @)
qel ael |01 121, ael g1 a2l
-y (12D =G0, 1900 B (@l 5)
qerl’ la1 | a2l

we obtain the following;:

Proposition F.1. There exists some constant 6y > 0 such that, for all § € (ﬁ, 90>, when exp (n/2) /2 > p >

Cn*logn for some large constant C' > 0, we have

inf G'(q) > L

_ E
qer = 400002np’’ (£9)

with probability at least 1 — ¢’ exp (—c'n) for some positive constants ¢ and ¢”.

For the general case when the input orthonormal basis is Y = Y'R with target solution q* = R7e;, a
straightforward extension of the definition for the gap would be:

o [e(av).rTe)| [a-RTeelR)Q (a7
G(Q;YYR>‘< |(<q’R)Te1> >‘7 H(I—RTlelelTR)qHQ 2. (F.10)

Since Q’ (q; 3?) = % b RTy*S\ (q"RTy*), we have

P P
RQ'(4V) = - S RRTY S (¢ RTy") =2 3y, [(Ra) v =@ (RaY).  (R1D
k=1 k=1

Hence we have

oo ) (Q RgY) )| [[(T-ee]) Q' (Rg; Y,
G<q’Y_YR>_ [(Rq,e1)]| [(IT—-eie)Rall, (F12)

Therefore, from Proposition above, we conclude that under the same technical conditions as therein,

inf G (q; ?)
aesn 1L <|(Rq.e1)[|<3VA

(F.13)

>__ 1
~ 400002np

with overwhelmingly probability.
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F.1 Lower Bounding the Expected Gap G(q)

In this section, we provide a nontrivial lower bound for the gap

Glq) = EQi@]l  [E[Qz(a)]ll, (F.14)

\CI1| HQ2||2

More specifically, we show that:

Proposition F.2. There exists some numerical constant 6y > 0, such that for all 6 € (0, 0y), it holds that
Gla) 2 - (E.15)

forall q € S"~* with |q1| < 3/0.

Because the estimation for the gap G(q) involves dedicated estimation for E [Q1(q)] and E [Q2(q)], we
sketch the main proof in Appendix and leave those detailed technical calculations in the subsequent
subsections.

F.1.1 Sketch of the Proof

W.l.o.g., we only consider the situation that ¢; > 0, because the case of ¢g; < 0 can be similarly shown by

symmetry. By (D.5), and (D.4), we have
E[Qi(q)] = E [z0Sx [zoq1 + q;g]] ) (F.16)
E[Qz(q)] = E [g5\ [zoq1 + a5 g]] , (F.17)

where q = [q1,q; | i g~N (0, %I), and xy ~ ﬁBer(G). Let us decompose

g=g|+8u1, (F.18)

.
ﬁ‘;?ﬁg g and g, = (I — P))g. Therefore, we have

E[Qz(q)] = E[g|S [zoq1 + a3 g)]] +E [g15 [z0q1 +aJ g)]]
= E [g) S [zoq1 + a3 8]] + E[g1]E [Sx [zoq1 + a3 &]]

= LR [af g5 [rom +alg]] (F.19)
lazll;

with g = ’Png =

where we used the facts that q; g = q;gH, g1 and g are uncorrelated Gaussian vectors and therefore

independent, and E[g,] = 0. Let Z = g q2 ~ N(0,0?) with 02 = Hq2||§ /p, by partial evaluation of the
expectations with respect to =y, we get

0 q1
B(Qia)] = | 7E [sA [@ +z” 7 (F20)
_ bay q ] (1-0)qe
BlQua)] = [ E [zsA {m +z_} + LR (75,121 (E21)

Straightforward integration based on Lemma gives a explicit form of the expectations as follows

o= (Do p ()] e

E[Qz(q)] = {W\If <—2> +g {\IJ (—%) 4+ U (fﬂ}q2, (F.23)
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where the scalars o and 3 are defined as

a=-D_ 4 pg="1 _) (F.24)

Vop Vop

and ¢ (t) and ¥ (t) are pdf and cdf for standard normal distribution, respectively, as defined in Lemmal[A.1]
Plugging (F.22) and (F.23) into (F.14), by some simplifications, we obtain

0 =i b ()G (D)D) ()]
- ;1\/3 [¢ (5) —v (‘i)} ' (F.25)

With A = 1/\/pand 2 = ||qa3 /p = (1 — ¢})/p, we have

1 -1 1
a0+ B _ 9 AL (F.26)

o ,/l—q%, o ,/1—q%) o ‘/1—q%’

where § = ¢q1/V0 for q; < 3v/8. To proceed, it is natural to consider estimating the gap G(q) by Taylor’s

expansion. More specifically, we approximate ¥ (—2) and ¢ (—2) around —1 — §, and approximate ¥ (g

and ¢ (g) around —1 + §. Applying the estimates for the relevant quantities established in Lemma we

obtain
—9 -0 0
Gla) = L) - o)+ 1 Lu(- e+ 5 (i G - 1) o)t
1 o 5CTV0q} 3
+ % [1+6%—06> -0 (1+6%) /b ¢t (6) + Wﬂl (6) — Tl (§+1)°, (E.27)

where we define

®1(6) = W(—1—6)+U(—146)—20(-1), Dy(6) = W(—1+4) — U(—1-90), (F.28)

m0) = ¢Y(=1+6) —¢(-1-9), n2(0) = ¢Y(=1+6) +¢(-1-9), (F.29)

2
1

an2d C'r is as defined in Lemma Since 1 — o/p > 0, dropping those small positive terms % (1—-60)y(-1),
%1772(5), and (1 +62) (1 — o\/p) ¢¥m (8) / (20p), and using the fact that § = ¢;/v/6, we obtain

.y 2 9 Vg 3
Gla) = Lo, 0) - % [®2() — ov/Pm (9)] — % (1 = oyp)n2(9) — \ngﬁm (0) - “pfql max <9§}2, 1>
) 2 5 2 2 92 2
> 10 ) - % [@2(0) = m(9)] = T 5( ) o jge o 23¢% 4 (1) (F30)

for some constant C; > 0, where we have used ¢; < 3V# to simplify the bounds and the fact o,/p =

V1—¢q > 1— ¢? to simplify the expression. Substituting the estimates in Lemma [F.5|and use the fact
d — m (0) /6 is bounded, we obtain

1/1 1 ¢
Gp)>=-|—— 0) 6% — 2L (¢10 + c00? F.31
(p)_p<40 2\/5) Op (10 + ea") (E31)
2
q7 1 1 2
> = 9 10— o F.32
_Gp(40 \/ﬂ C1 Co ) (3)

for some positive constants ¢; and c;. We obtain the claimed result once 6 is made sufficiently small.
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F.1.2 Auxiliary Results Used in the Proof

Lemma F.3. Let § = q,//0. There exists some universal constant C'r > 0 such that we have the follow polynomial
approximations hold for all ¢, € (O7 %) :

o (-2) - 1= g0+ 02 wi-1-9)] < crator, 733)
o (2) - [1-50-v2| w6 -] < ere-17a, (£34)
w(-2) - [pe1-0 - gucr- o+ ad]| < eraatal (735)
’m (2) - w6 -1+ 506 - 166 - vl < ere-17at (F.36)
‘\If (—2) - [\I’(—D - ;w—l)q%: < Crl. (E37)
Proof. First observe that for any ¢ € (0, §) it holds that
0< 11_(]% - (1 + qj) <gqi. (F.38)

Hence we have

1
—(1+9) (1+q§+qi‘> < -

! <—(1+9) (1 " 1q%) , (£39)

2

(6 —1) (1+;qf) 353(5—1) <1+;q%+q‘f), when § > 1
(6-1) (1 + %q% - q%) < g <(6-1) (1 + ;q%> , when § < 1. (F.40)
So we have
W (—(1 +4) (1 + %q% + qi‘)) <o (-2)<v (—(1 +6) (1 + ;q%» . (F41)

By Taylor expansion of the left and right sides of the above two-side inequality around —1 — ¢ using Lemma

we obtain
o 1
’w (=2) —w(-1=9) = (0 +6) gw(-1- 6)] < Or(1+6)qf, (F42)
for some numerical constant Cr > 0 sufficiently large. In the same way, we can obtain other claimed

results. O

Lemma F.4. Forany § € [0, 3], it holds that

m(3) o Lo
— > > . .
©2(8) —m(0) 2 —5—0" 2 550 (F43)
Proof. Let us define
h(8) = ®(0) —m () — C8° (F.44)
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for some C' > 0 to be determined later. Then it is obvious that 4(0) = 0. Direct calculation shows that

4 ,(5) = L0s(5) = ma(0), e (5) = ma(8) — s (). (F.45)

Thus, to show (F.43), it is sufficient to show that »'(6) > 0 for all § € [0, 3]. By differentiating h(J) with respect
to 0 and use the results in (F.45), it is sufficient to have

B(8) = dm1(8) — 3C6% > 0 <= n1(0) > 3C9H (F.46)

for all 0 € [0, 3]. We obtain the claimed result by observing that § — 7; () /3¢ is monotonically decreasing
over ¢ € [0, 3] as justified below.
Consider the function

p(9)

. m(9) P+ 1> e’ — e*‘s' (F47)

1
30 3van P ( 2 5

To show it is monotonically decreasing, it is enough to show p’ (9) is always nonpositive for § € (0, 3), or
equivalently

g(6) = (66 + 6_6) 0 — ((52 + 1) (65 — 6_6) <0 (F.48)
for all § € (0, 3), which can be easily verified by noticing that g (0) = 0 and ¢’ (6) < 0 forall 6 > 0. O

Lemma F.5. Forany ¢ € [0, 3], we have

(1= 0)1(5) — 5 [2(5) ~ mi(5)] > (410 - jﬂe) . (F.49)
Proof. Let us define
90) = (1= 0)81(5) — 5 [22(6) ~ m ()] ~ co (6) 5 (£50)

where ¢ (6) > 0is a function of 6. Thus, by the results in (F.45) and L'Hospital’s rule, we have

. Do(6) . _ . m(0)
lim —= = lim 7z (§) = 2¢(-1), lim ==

= lim [12(6) — 71 (8)] = 20(—1). (F51)
6—0

Combined that with the fact that ®;(0) = 0, we conclude g (0) = 0. Hence, to show (F.49), it is sufficient to

show that ¢/(6) > 0 for all 6 € [0, 3]. Direct calculation using the results in (F.45) shows that

§(0) = 55 [92(6) ~ 11 (5)] — 6 (5) — 200 (6) 6. (£52)

Since 71 (9) /9 is monotonically decreasing as shown in Lemma we have that for all § € (0, 3)

1 (8) 2

<dli < ——o. .
Using the above bound and the main result from Lemma|F.4|again, we obtain
"(6) > ié - LG(S — 2¢96 (F.54)
I =90 Van o '
Choosing co (#) = 45 — =0 completes the proof. O
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F.2 Finite Sample Concentration

In the following two subsections, we estimate the deviations around the expectations E(); and EQy, i.e.,
|Q1 — EQ1|and || Q2 — EQ2||,, and show that the total deviations fit into the gap G/(q) we derived in Appendix
Our analysis is based on the scalar and vector Bernstein’s inequalities with moment conditions. Finally,
in Appendix we uniform the bound by applying the classical discretization argument.

F.2.1 Concentration for Q;

Lemma F.6 (Bounding |Q1 — E [Q1(q)]|). Foreach q € S"~!, it holds for all t > 0 that

PQ1() — E[@:(a)]] = 1] < 2exp (— il ) . (E55)

8 + 4pt
Proof. By (D.3) and (D.5), we know that

P

1
== ZXliv X, = 2oxSx [Torqy + Z] (F.56)
k=1

where Z;, ~ N (O, |\q;|\§ ) Thus, for any m > 2, by Lemma we have

) =) x4

|
(o) 50) () e

IN

2,

) E ) ) oo ()

m!

2"<r2 (&)

m! 2 m! 4 2\ ™2
< —0(—) =—— (= .
-2 ’ (9p) 2 Op? (Gp) (E57)

let 0% = 4/(0p?) and R = 2/(0p), apply Lemma[A.7] we get

2T

IN

P(Q1(q) - _ e
1(@) —E[Qi(a)]| > t] < 2exp S apt) (E.58)

as desired. ]

F.2.2 Concentration for Q-
Lemma F.7 (Bounding || Q2 — E [Q2]||,). Foreach q € S"~*, it holds for all t > 0 that
PlIQe(a) - B Qulal, > < 200+ Desp (~ 0 ). (759)
128n + 16/ 0npt
Before proving Lemma [F.7, we record the following useful results.

Lemma F.8. For any positive integer s, > 0, we have

e I+s)! 2,/n)’
& [le* s lale| ] < L aull (< VQ F60)
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In particular, when s = 1, we have
! ! il 1 {(4/n :
E (et} laf ] < 5 laalh (127) (E6D)

Proof. LetP | = |<‘12q”22 and Pg1 = (I ”q ez 9292 ) denote the projection operators onto g and its orthogo-
2
nal complement, respectively. By Lemma @ we have

=l liladel] < B[([Pys], + [Puset],) lalet)

> (Ve[ [Pae ] e[ latel [Pye]; ]

=0

- > (e[ [Pue) 2

IN

M T k|l+sfi] 1

A =
- 2|13
< [la Hli ) 8" T (I+s—i—1) (F.62)
= AID) yars i a; 5 \/ﬁ .
Using Lemmaand the fact that HP ig ‘ , we obtain

2 |le]; laf "] < ”qQ"ZZ; () (‘/fi)’ (%)H (+s—im1n

ot () 2 (5 )

I+ s)! 2/n)°
< 5 sl < \F)H (F.63)
(vP)
O
Now, we are ready to prove Lemma
Proof. By (D.5) and (D.4), note that
1~ w2 2 _ k
=-> "X}, X} =g"S\[zorq + Zi] (F.64)

where Z, = qg g*. Thus, for any m > 2, by Lemma [F.8 we have

(Il < ok I8 | o + af e ]+<1—9>E[ugku;"rq;gkr”}
m—1
<o (M)ellarel 181 | + -0 [Igt); aT el
=0

o) S () 4] 0o e (5

<ot (A2 (Rl N4 - el (20) (765)
< m? (%\[/;) . (F.66)
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Taking 0% = 64n/(0p®) and R = 8y/n/(v/0p) and using vector Bernstein’s inequality in Lemma we
obtain

- S/
PlIQz(a) ~ E[Qu(@ly 2 1] < 2(n+ Dexp |~ B ) (E67)

as desired. O

F.3 Union Bound

Proposition F.9 (Uniformizing the Bounds). Suppose that 0 > - Givenany § > 0, there exists some constant
C (&), such that whenever exp (n) > p > C (£) n*logn, we have

Q@) ~EQi(a)]| < G (F68)
Qe(a) - E[Qu(allly < g (£69)

hold uniformly for all q € S™~*, with probability at least 1 — ¢’ exp (—c''n) for some positive constants ¢’ and ¢’

Proof. We apply the standard covering argument. For any ¢ € (0, 1), by Lemma[A.12} the unit hemisphere of
interest can be covered by an e-net N of cardinality at most (3/¢)". For any q € S"!, it can be written as

=q +e (F.70)
where g’ € M. and [|e||, < . Let y* = [zox, 8"] " bearowof Y, by (D-3) and (D-5), we have
Q1(a) — E[Q1(a)]]

P

S s [0 )]~ oy [<yk,q'+e>m]

k=1
< 1 > oSy [(y*. o +e)] — ];ZJJOkSA y*.d) Zﬂfozc&\ y",d')] = E[zoSx [(y, )]

k=1
+ [E[2oSx [(y,d)]] = E[zoSx [(y,d' +e)]]l. (E71)

Using Cauchy-Schwarz inequality and the fact that Sy [-] is a nonexpansive operator, we have

Q1(a) —E[Qi(q)]] <[Qi(d) —E[Q:(d)]] + <; > lworl [[y*[l, +E [lzol IIYI|2]> llell (F.72)

k=1

1 1
< "Y—E N+ 2e—= ( ax > F73
<1@i(@) - E[@u(@)]l + 26 7 | o + max g (E73)
By Lemma and the assumption that p < exp (n), we have that maxy.c/, || " || , < 4y/n/p with probability
at least 1 — exp (—n/2). Taking t = £6~°/2n73/2p~! in Lemma [F.6|and applying a union bound, setting
e = &0?n"2/10 and combining with the above estimate, we obtain that

¢ €1 5y _ %
QU@ ~ EQ@II < o + 2 o ﬁz < gty (F.74)

holds for all q € S"~!, with probability at least 1 — exp (—n/2) — exp ( 614(5)” +c2 (&) nlog n) for some

n3
numerical constants ¢; (§) and ¢ (£).
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Similarly, by (D.3) and (D.5), we have

1Qz2(a) — E[Q2(q)]ll, = 1Z {g"S\ [(v".d +e)] —E[g"S\ [(y".d' +¢)]]}

pk:l 2
< 1Qs(d) — E(Qu(@)]l, + ( S 1l +E Ol }) el
< IIQz(q’)—E[Qz(q’)]Hz+2€gé?;§|lg’“||2 (;e—p max ax ||g¥ |, > (E75)

Ap ,»and taking t = £07*n"'p~" in Lemmaﬂand applying a
union bound, then setting ¢ = £0~2n =2/ 40 we obtain that

£ S n( 1 n 2¢
1Q2(q) — E[Qz(aq)]ll, < 2np + 2092”24\/; (\/% + 4\/;> < Pnp (F.76)

holds for all q € S"~!, with probability at least 1 — exp (—n/2) — exp (— P 4 ¢y (&) nlog n)

Overall, it is enough to take p > Cn*logn for some large C to make the above events to hold with
overwhelming probability, as desired. O

F4 Q/(q) approximates Q(q)

Proposition F.10. Suppose 0 > ﬁ For any £ > 0, there exists some constant C (§), such that whenever

exp (n/2) /2 > p > C (£) n*log n, the following bounds
£

!/
q:él},)_l Q1(a) — Qi(a)] < EENEIE E77)
£
5(aq) — < E7
S 1Q:x(0) — Qa(@ll, = 75— (E78)
hold for all q € S"~!, with probability at least 1 — ¢’ exp (—c’'n) for some positive constants ¢ and .
Proof. First, for any q € S" 1, from we know that
Q1(a) — Qi (q)l
€T
= mecSA q'y" —fz 28 [a "y
* [0l
1 1~ ok
< |- xoch/\ la'y*] - - ZIOkS,\ [a'y™]| + Z%k&\ RAEEDY Sx[a'y™]
P P P = IIxoll;
1< .
< ];Z lwok! |Sx [a"y*] - y* |+ = Z |zo| |1 XoH ‘ |Sx [a"y™*]] (F.79)
2

Let 7 = supp(xop). Conditioned on the support, using the facts that S,[-] is a nonexpansive operator, we
obtain

1
sup [@u(a) ~ @i(a )|<* e > froel la” (v ”“)Hz*‘l_llll 5 .S D leol |4y
aesn™ ' kez Xolla | P qesn—1 o7
1
\/g 3/2 <|| Y/I||€2~>Zl + ’1 - HXOH ||Y/I||€2*>Z1> . (FSO)
2
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By Lemma [B.T|and Lemma[B.3]in Appendix[B] we have the following holds

1 10 2\/5 nlogp 16
nl 7V20p | < ———+/nl F.81
q:gﬁJQl(Q) Qi (q)] < NEE ( nlogp 5 3 X p) = e nlogp, ( )

with probability at least 1 — ¢; exp (—can) for some positive constants ¢; and c;. Since the above holds
uniformly for any support pattern Z, we conclude that

16
sup [Q1(a) — Q1(a)| < W\/ nlogp (F.82)

with probability at least 1 — ¢1 exp (—can). Now it is sufficient to let p > C (£) n* log n for some C (£) > 0 to
obtain the claimed result.
Similarly, by Lemma [B.3|and Lemma [B.4]in Appendix[B} we have

sup [Qz(q) — Qz(q)ll,

qesSn—1

1 . k Tk 1 g 1k Tk
= sup |- g"Si[a’y"] - - g*S\[ay"]
aes || P 5 Pz 2

1 - k Tk 1 z 1k T,k 1 - 1k T,k 1 . 1k Tk
< sup =) g"Si[a'y]-=> g*Si[ay =Y S [a'y"] - =) g*Sy [aTy"]
aes" ' || P25 P , P2 P 2

1 1 P
<]; sup > g — g™, la"y* [+~ sup Y [lg"],la" (vF v
Sn lk} 1 quS" lk:

- (IIG = G2 poe 1Y llpzyor + NG N2 spoe 1Y =Y [l 0)
32n 192n+/log p
gp (f X 3yp+16,/— x W) N (F.83)

holds conditioned on any support pattern Z, with probability at least 1 — ¢3 exp (—c4n) for some positive
constants c3 and ¢4, which similarly implies the bound holds uniformly, regardless of the support, with the
same probability. It is sufficiently to have exp (n/2) /2 > p > C5 (£) n* logn to obtain the claimed result. [

G Large |¢ | Iterates Staying in Safe Region for Rounding

Proposition G.1. There exists a constant 6y > 0, such that for any 0 € (ﬁ, 90> , whenever exp (n) > p > Cn*logn
for some large constant C > 0, we have

)
Q> 2" b

forall q € S"~* satisfying |q1| > 3V/0, with probability at least 1 — ¢’ exp (—c"'n) for some positive constants ¢’ and
.

Proof. For notational simplicity, w.l.0.g. we will proceed to prove assuming ¢; > 0. The proof for ¢; < 0is
similar by symmetry. It is equivalent to show that

Qs @ll, [T
Qi “Va b (G2)
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which is implied by

IEQ2(a)ll2 + Q(q) ~ EQa(q)ll2 [T
EQ: (@) — 1@, (@) —EQ, (@] ~Vag ! (G3)

for any q € S"~! satisfying ¢; > 3v/0. Recall from (F-22) that

EQi(q) = ﬁ{ {a\lf (f%) +pW (f)] to [w <f> ) (j)} } (G4)

L(q) =

where
o= (Lar), 5= (L-1) o= lal/vp (G5)
= > \/g R \f \f = Q2] b :
Noticing the fact that
B o
NORIER
By _ L S 19
W(a)_‘D(M(ﬂ 1))2\1/(2)220 for ¢1 > 3V6, (G.7)
we have

RO RO R OR T

Moreover, from (F23), we have

5Q @, = el { 22w (<2) + 2w (<2) wu (2]} G9)
<200y, g [W(-1)+1] < %W(—l) +g < % + g’ (G.10)

where we have used the fact that —\ /o < —1 and —a/o < —1. Moreover, from results in Proposition and
Proposition in Appendix[F, we know that

! ’ 1
q:§81 |Q1(a) —EQ1(q)| < q:ggl 1Q1(a) — Qi(aq)| + qesunp ) |Q1(a) —EQ1(a)| < 30006521572’ (G.11)
Sop 1Q'(a) - EQ(q)|l, < S 1Q (@) — Q(a)l + o, 1Q(a) ~ EQ(a)ll, = 55507, (G.12)

hold with probability at least 1 — ¢’ exp (—¢'n) for some positive constants ¢’ and ¢’ when p > € (n*logn).
Hence, with overwhelming probability, we have

+ + 8000927117 5
Llq) < Qi _ 1 = 18\/ 3\f (G.13)

10 p 800005/2n3/2p

whenever 6 is sufficiently small. This completes the proof. O

Now, keep the notation in Appendix [ for general orthonormal basis. For any current iterate g € S*~!
that is close enough to the target solution, i.e., RTe1>‘ = |(Rq,e1)| > 3v/6, we have

(@ («¥).RTer)| [(RQ (€Y) )| @ (Ra:Y"),e) (G14)

QG el @R

35



where we have applied the identity proved in (F.I1). Taking Rq € S™~! as the object of interest, by Proposi-
tion [G.T} we conclude that

|<Q/(Rq7Y/)’e1>| 9 G15
@ ®Ra Y, > 2V° (G-15)

with overwhelming probability.

H Bounding Iteration Complexity

Proposition H.1. Thereisa constant 6y > 0, such that for any 6 € (f’ ) with probability at least 1—¢’ exp (—c'n)
(¢ and " are positive constants), the ADM algorithm in Algorithml 1| with any initialization q(*) € S"~" satisfying
will produce some iterate q with |g,| > 3+/0 at least once in at most O(n* logn) iterations, provided

i
exp (n) > p > Cn*logn for some large constant C.

Proof. Recall from Proposition [F.1)in Appendix|[F| the gap

sy Q@] 1Q5(a)] 1
G'(q) = ol Hq||22 2400092np (H.1)

holds uniformly over q € S"~! satisfying ﬁ < |q1| < 3v/@ with probability at least 1 — ¢; exp (—con) for
positive constants ¢; and c,, provided p > Q (n*logn). The gap G’(q) implies that

~ . 1Q1(a) lg1] 1Q%(a)lly 1]
Q1 ()| = > + (H2)
! 1Q (az)lly, ~ llall; Q' (a)ll, ~ 40000%np Q' (q)l|,
~ \Ql |Q1\
= |0 ()] > 1-|Qi(a j (H.3)
D] o, 00082 [ Q (),
~ laz|3
— |3 @] =10l 1+ . (H.4)
1] 2o 400026*n2p? | Q' (q) |2
Now we know that
sup Q' (q)|l, < sup|Q] (a)] +sup [|Q5 (q)ll, (H.5)
qel qel qerl
1 <& 1 <&
=sup |- ZJTOkSA [zokq1 + ag gF]| +sup ||~ ngS,\ [zorq1 + a; 8" (H.6)
qel pk*l qel’ k=1 2
1
<- (Supz |zox! |zora + as & +SUPZ ", [zorar + as g \) (H.7)
p ael ;. qel’ ;)
<2 4 sup g, ) sup {121 4wl s [, (H3)
\/% ke(p) qel’ \/97
1 2
<2 —=+ sup ||g" . (H.9)
(5 2

From Lemma we know that supyc(, ||€*||, < v2logp/\/p + 2/n/\/p with probability at least 1 —
exp (—n/2). Then provided p < exp (n) and 6 > 1/+/n, we obtain

50n
sup Q' ()l < — (H.10)
qel’ p
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So we conclude that

‘éll(q)’ >\/1 L— 9 H.11
ol V' 20002 % 502 x gind (H11)
Therefore, starting with any q € S"~! such that |¢;| > ﬁ, we will need at most
2log (3v0/ 7 21og (120 21og (120
_ (3v0/ ) w20V g0V

1-96 B 1-96 = (log?2) - 1=96
log (1 + 40002><502><04n4) log (1 T 10002x502 ><04n4> (log 2) zom5mc507

steps to arrive ataq € S"=1 with |q;| > 30 for the first time, where C' > 0 is a numerical constant, and we
assume 6y < 1/9 and used the fact that log (1 + =) > (log2) z for « € [0, 1] to simplify the final result. O

I Rounding to the Desired Solution

For convenience, we will assume the notations we used in Appendix|[B| Then the rounding scheme can be
written as

m(in [Y'Rq|,, st. (q.q) =1, (L1)
for some orthogonal matrix R. We will show the rounding procedure get us to the desired solution with
overwhelming probability, regardless of the particular orthonormal basis used.

Proposition L.1. Suppose the input basis is Y' defined in (B:3) and the ADM algorithm produces q € S"~* with
G, > 2V/0. Then there exists some constants C, 0y > 0, such that when p > Cn? and 6 € (ﬁ, 90>, the rounding

procedure with v = q returns the desired solution e, with probability at least 1 — cexp (—c'n) for some numerical
constants c,c’ > 0.

Proof. The rounding program can be written as
inf 1Y'dll,, st q1q1 + (@, q2) = 1. (1.2)
Consider its relaxation

inf IY'ally, st @11 + [@lly lazll, = 1. (L3)

It is obvious that the feasible set of contains that of ([2). So if e; is the unique optimal solution (UOS) of
([L3), it is also the UOS of ([.2). Let Z = supp(xo), and consider a modified problem

inf

1 a1 = IGzazll, + Gzl st G1g1 + [[Qall; a2lly > 1. (L4)

1

[[x0ll
The objective value of ([.4) lower bounds the objective value of (L.3), and are equal when q = e;. Soif q = e;
is the UOS to (L.4), it is also UOS to (L.3), and hence UOS to (I.2) by the argument above. Now

—IGZazll;, + IGZeazll, = — [Gzazll; + [|Gzeazll, — (G — G') 2|, (L5)
> =Gzl + |Gzeqell; = IG = Gl 2 llazll, - (L6)

When p > Q (n?), by Lemma and Lemma we know that
= 1Gzaz|l; + [IGzeqzl, = |G = G'[l ;21 a2l

6 /2 24 |2 .
>0 2ol + 222 (- 20) vl ~ vl = el (7)
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holds with probability at least 1 — ¢; exp (—can) for some positive constants ¢; and cz. Thus, we make a
further relaxation of problem by

lal + Cllazlly, st 7igr + [[@lls lazll, = 1, (L8)

mf H
%ol I

oll2

whose objective value lower bounds that of (.4). By similar arguments, if 1 is UOS to (L), itis UOS to (L.2). At
the optimal solution to ([.8), notice that it is necessary to have sign(q;) = sign(q, ) and g, ¢1 + ||z, [|az2]], = 1.
So is equivalent to

mf
[y

la| + Cllazlly s st gign + (@l lazll, = 1. (L9)

oll2 lly

which is further equivalent to

mf

1-|g 1
g 1I+CM7 st g1 £ = (1.10)
1 HQQHQ |Q1|

H 1ol

Notice that the problem in ( is linear in |¢; | with a compact feasible set, which indicates that the optimal
solution only occur at the boundary points |¢1] = 0 and |¢1| = 1/ [g|. Therefore, q = e; is the UOS of ([.10)
if and only if
1
2]

¢
1 a2,

X0

HXO||2

(L.11)

Since H EN H < v/26p conditioned on &y, it is sufficient to have

2\f \/>\f< —79—7 Z) (L12)

Therefore there exists a constant §, > 0, such that whenever § < 6y, the rounding returns e;, completing the
proof. O

When the input basis is Y'R for some R # I, if the ADM algorithm produces some q = R" ¢/, such that
¢, > 2V/0. Ttis not hard to see that now the rounding is equivalent to

min [Y'Rqll,, st. (d,Rq)=1. (L.13)
a

Renaming Rq, it follows from the above argument that at optimum q* it holds that Rq* = e; with over-
whelming probability.
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