Ece Uslu and Esin Becenen
Original work on Identical Object Distribution

Theorem 1: If there are 2n identical balls, they can be put in boxes A (x many) and B (y
many) for O<x<y as

2n-2

=n-1 different ways.

Proof: 27 ball distribution for boxes A (first term) and B (second term):
I1+(2n-1)=2n

2+(2n-2)=2n
3+(2n-3)=2n
{ There are n —1 states satisfying 0 < x < y condition.

(n—1)+(n+1)=2n4

Theorem 2: If there are 2n -1 identical balls, they can be put in boxes A (x many) and B (y
many) for O<x<y as

@n-1)-1_ n -1 different ways.

Proof: 21 -1 ball distribution for boxes A (first term) and B (second term):

1+(2n-2)=2n-1)
2+(2n-3)=2n-1
3+(2n-4)=2n-1
{ There are n —1 states satisfying 0 < x < y condition.

(n-)+m)=2n-1
Unification of theorem 1 and 2 gives;
Result 1: If there are n identical balls, they can be put in boxes A (x many) and B (y many)

for 0<x <y as b, different ways. Where

2n—-1 s ,
—,— npositive odd integer
bn =202 i .
—,— npositive even integer



We saw that if there are n identical balls, they can be put in boxes A (x many) and B (y

many) for 0 <x <y as @, different ways where
a,=0,a,=0,a,=1,a,=1,a,=2,a,=2,a,=3,a,=3,a,=4,a,,=4.,a,,=5,a, =5,

which is given by A004526 sequence of OEIS.

Question: In how many different ways can 10 identical balls be put in boxes A, B and C as
x,y and z respectively, satisfying ) < x < y < z condition?

Solution: 0 <x<y<zand x+y+z=10;

A B |C
1 2 |7
1 3 |6
1 4 |5
2 3 |5

Let’s put one ball in each box. 7 remaining balls can be put in boxes B and C as

77_1 =3 from Theorem 1.

Let’s put 2 balls in each box. 4 remaining balls can be put in boxes B and C as

% =1 from Theorem 1.

Number of possible ways = 3+1=4

We can also evaluate the number of possibilities from the sequence as @,,=b, +b, =3+1=4

Question: In how many different ways can 11 identical balls be put in boxes A, B and C as
x,y and z respectively, satisfying ) < x < y < z condition?

Solution: 0<x<y<z and x+y+z=11;



A |B |C
1 2 |8
1 3 17
1 4 |6
2 3 |6
2 4 |5

Let’s put one ball in each box. 8 remaining balls can be put in boxes B and C as

8-2_ 3 from Theorem 1.

Let’s put 2 balls in each box. 5 remaining balls can be put in boxes B and C as

% =2 from Theorem 1.

Number of possible ways = 3+2=5

We can also evaluate the number of possibilities from the sequence as Qi =b; +b; =3+2 =5

Question: In how many different ways can 12 identical balls be put in boxes A, B and C as
x,y and z respectively, satisfying ) < x < y < z condition?

Solution: 0<x<y<z and x+y+z=12

A |B |C
1 2 19
1 3 |8
1 4 |7
1 5 |6
2 3 |7
2 4 |6
3 4 |5




Let’s put one ball in each box. 9 remaining balls can be put in boxes B and C as

E =4 from Theorem 1.

Let’s put 2 balls in each box. 6 remaining balls can be put in boxes B and C as

g =2 from Theorem 1.

Let’s put 3 balls in each box. 3 remaining balls can be put in boxes B and C as

E =1 from Theorem 1.

Number of possible ways = 4+2+1=7

We can also evaluate the number of possibilities from the sequence as
a, =by+b+b,=4+2+1=7

Theorem 3: If there are 6n identical balls, they can be put in boxes A, Band C as x, y and z
respectively, satisfying 0 <x <y <z

in 3n* -3n +1 different ways.

Proof: Lets put one ball in each box. 6n —3 remaining balls can be put in boxes B and C in
(6n-3)-1
2

= 3n -2 different ways

A B Cc)
Y
6n-3

Let’s put 2 balls in each box. 6n -6 remaining balls can be put in boxes B and C in

(61 -6)-2

5 = 3n -4 different ways.

A . B C/
Y
6n-6

Let’s put 3 balls in each box. 6n -9 remaining balls can be put in boxes B and C in

(6n-9)-1

5 = 3n -5 different ways.

00 000 00 0
A B C
Y
6n-9




Let’s put 4 balls in each box. 6n—12 remaining balls can be put in boxes B and C in

3n -7 different ways

(6n-12)-2
‘ . . #=
o000 00 0
A B C/
Y
6n-12

Let’s put (2k-1) balls in each box. 6n —3.(2k —1) remaining balls can be put in boxes B and C
i [6n-3.2k-1)]-1

5 =3n -3k +1 different ways.

Let’s put (2k) balls in each box. 6n — 6k remaining balls can be put in boxes B and C in
[6n —6k]-2

5 =3n -3k -1 different ways.

If we continue similarly...

Let’s put (2n-2) balls in each box. 6n —3(2n —2) = 6 remaining balls can be put in boxes B

and C in = 4 different ways.

Let’s put (2n-1) balls in each box. 6n —3(2n —1) = 3 remaining balls can be put in boxes B

and C in % =2 different ways.

Sum of the situations which we put odd number of balls in each box and distribute remaining
balls:

n _ _ _ n 2 _
2[6’1 3.(22k l)] 1=2(3n—3k+1)=3.n2—3.—’1'(’1;1) +n=—3n2 &
=1 =

Sum of the situations which we put even number of balls in each box and distribute remaining
balls:

lon-3.00]-2 . (n=1)n _3n-5n+2
; > —;(3n—3k—l)—3.n.(n—l)—3. 5 -(n-1)= 5

3n2—n+3n2—5n+2_
2

Sum of all situations: 3n* =3n+1.




Theorem 4: If there are 6n -3 identical balls, they can be put in boxes A, Band C as x, y
and z respectively, satisfying O < x < y <z

in 3(n—1) different ways.
Proof: From Theorem 2;

as, =bg, s +bg, o +...+by +b,

ag, =bg, 3 +bg, ¢ +...+ b + by

dgp-3
g, = bg,_3 + g3

3n’ —311+1=M+a(m_3

3n’ -3n+1=3n-2+a,, ,

Ag, 3 = 3(n - 1)2.

Theorem 5: If there are 6n +1 identical balls, they can be put in boxes A, B and C as x, y and
z respectively, satisfying 0 < x < y <z

in 3n* - 2n different ways.

Proof: Lets put one ball in each box. 6n —2 remaining balls can be put in boxes B and C in

(6n-2)-2

5 = 3n -2 different ways

~
6n-2

Let’s put 2 balls in each box. 6n -5 remaining balls can be put in boxes B and C in

(6n-5)-1_ 3n -3 different ways.

A B C/
Y
6n->5




Let’s put 3 balls in each box. 6n -8 remaining balls can be put in boxes B and C in

(6n-8)-2 _ 3n -5 different ways.

00 000 00 0
A B C/
Y
6n-8

Let’s put 4 balls in each box. 6n—11 remaining balls can be put in boxes B and C in

(6n-11)-1 =3n -6 different ways.

[ () ]
(X K J (X X
A B C

~
6n-11

Let’s put (2k-1) balls in each box. 6n +1-3.(2k —1) remaining balls can be put in boxes B

ind C i [6141=3.2k=1)]-2

=3n -3k +1 different ways

2
Let’s put (2k) balls in each box. 6n +1- 6k remaining balls can be put in boxes B and C in
[6n+1 . Ok1=1 _ 3, _ 3k different ways

If we continue similarly...

Let’s put (2n-2) balls in each box. 6n +1-3(2n - 2) = 7 remaining balls can be put in boxes B

and C in 77_1 =3 different ways

Let’s put (2n-1) balls in each box. 6n +1-3(2n —1) =4 remaining balls can be put in boxes B

and C in

=1 different ways

Sum of the situations which we put odd number of balls in each box and distribute remaining
balls:

Non+1-3.2k-D]-2 (3n_3k+1)=3.n2_3.n.(n+1)+n=3n2—n
2 2 > ot

Sum of the situations which we put even number of balls in each box and distribute remaining
balls:



clen+1-3.020)]-1 & ) (n-1)n _3n’-3n
Z : —;(3n—3k)—3.n.(n—l)—3. S T

3nf-n 3n*-3n
+

Sum of all situations : =3n*-2n

Theorem 6: If there are 6n -2 identical balls, they can be put in boxes A, Band C as x, y
and z respectively, satisfying 0 < x < y < z,

in 3n* - 5n + 2 different ways.

Proof: From Theorem 2;

Qg =bs, 0 + b5, 5 +...+D, + b,

Agpoy =g, o + b5, s +...+b, + b,

()
Agpar =Dy + A,

3n’ =2n = M A, »

3n°-2n=3n-2+a,, ,

a,,_,=3n"=5n+2.

Theorem 7: If there are 6n + 2 identical balls, they can be put in boxes A, B and C as x, y
and z respectively, satisfying O < x < y <z

in 3n* —n different ways.

Proof: Lets put one ball in each box. 6n —1 remaining balls can be put in boxes B and C in

w =3n -1 different ways.




Let’s put 2 balls in each box. 6n -4 remaining balls can be put in boxes B and C in

(bn-4)-2 = 3n -3 different ways.

(| X ) [ X ) o0
A B C
6n-4

Let’s put 3 balls in each box. 6n -7 remaining balls can be put in boxes B and C in

(6n-7)-1

5 = 3n -4 different ways.

00 (X X (X X
A . B C/
6n-7

Let’s put 4 balls in each box. 6n—10 remaining balls can be put in boxes B and C in

(6n-10)-2 _

3n -6 different ways.
00 | (o000 2

Let’s put (2k-1) balls in each box. 6n + 2 —3.(2k —1) remaining balls can be put in boxes B
on+2-3.2k-1)]-1
2

and C in [

=3n -3k + 2 different ways.

Let’s put (2k) balls in each box. 6n + 2 — 6k remaining balls can be put in boxes B and C in
[6n+2—-6k]-2

5 =3n -3k different ways.

If we continue similarly...

Let’s put (2n-2) balls in each box. 6n + 2 —3(2n - 2) = 8 remaining balls can be put in boxes B

and C in % =3 different ways.

Let’s put (2n-1) balls in each box. 6n+2 —3(2n—1) =5 remaining balls can be put in boxes B

and C in % = 2 different ways.



Sum of the situations which we put odd number of balls in each box and distribute remaining
balls:

n(n+1) 2n_3112+n

2 l6n+2-3.2k-1)]-1

) 2(3;1 3k+2)=3n"-3.——=

Sum of the situations which we put even number of balls in each box and distribute remaining
balls:

n-1 _ _ n-1 —_ 2 _
2[6n+ 3.20)]-2 _ 2(3”_%) _ 3.”(”_1)_3'(74 D _3n’=3n

- 2 - 2 2
Sum of all situations: 3n22+ "y 3n” =3 =3n"-n.

Theorem 8: If there are 6n —1 identical balls, they can be put in boxes A, B and C as x, y and
z respectively, satisfying 0 < x < y < z,

in 3n° — 4n +1 different ways.

Proof: From Theorem 2;

Ag,y =bg,  +b,, 4 +... + D + b,

Agpir =bg, | + D5, 4 +...+ by + b,

o p-1

Agpar = D,y + gy

2
3n"-n=3n-1+a,,

a,, =3 —dn+l.

10



We can now conclude that;

Combining Theorem 3,4,5,6,7 and 8 provides us the following sequence. This sequence’s first
5 terms are zero. This is the sequence of how many different distributions can be made with 3
boxes (A (x balls) ,B (y balls) and C (z balls) where 0 < x < y < z) and at least 6 identical

balls

a;

0,a,=0,a,=0,a,=0,a,=0 and for other terms;

(377 —6n+3

3k*=5k+2 n=6k-2
3k —4k+1 n=6k-1

n=06k-3

3k*-3k+1 n=6k
3k°-2k n=6k+1
3k -k n=6k+2

kEN®

kEN"”
kEN”

kEN™
kEN™®
kEN"

Here are some terms of the sequence a,:

n |1 (2 |3 |4 |5 |6 |7 |8 |9 [10|11 12|13 /1415|1617 181920
a, |0 10 (0 |0 O 1T |1 |2 |3 (4 |5 |7 |8 1012 14|16 19|21 24

n_ | 21222324 |25|26|27 282930 |31|32/33/34/35/36/37/38 [39 |40
a, | 2730333740 |44 48|52 |56 61|65 70| 75|80 85 91|96 |102 108|114
0,0,0,0,0,1, 1, 2, 3, 4, 5, 7, 8, 10, 12, 14, 16, 19, 21, 24, 27, 30, 33,

37, 40, 44, 48, 52, 56, 61, 65, 70, 75, 80, 85, 91, 96, 102, 108, 114, 120,

127, 133, 140, 147, 154, 161, 169, 176, 184, 192, 200, 208, 217, 225, 234,

243, 252, 261, 271, 280, 290, 300, 310, 320, 331, 341
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Question: In how many different ways can 16 identical balls be put in boxes A, B, C and D as
X, Yy, z and p respectively, satisfying 0 < x < y < z < p condition?

Solution: O<x<y<z<p and x+y+z+p=16

Let’s put one ball in each box. Using Theorem 3, 12 remaining balls can be put in boxes B, C
and D in

a,, =3n" -3n+1

a, =3.2° =3.2+1="7 different ways

Let’s put 2 balls in each box. Using Theorem 7, 8 remaining balls can be put in boxes B, C
and D in

gy, =307 =1

a, =3.1> =1 = 2 different ways

Total number of different distributions: 7+2 =9

12



Theorem 9: : If there are n identical balls, they can be distributed as x, y, z, p in boxes A, B,
C and D respectively, for 0 < x < y <z < p, in ¢, different ways. Where

(For n identical balls, their distribution as x, y, z in boxes A, B and C respectively for
O<x<y<zisa,)

Cyp = Capa+lyyy KENT
Chprt = Capz +ay_3 KENT
Chprr = Capr + gy, KENT
Cips = Capy + gy KENT

Proof:

Let’s put one ball from 4k balls in each box. 4k-4 remaining balls can be put in boxes B, C
and D in q,,_, different ways

Let’s put 2 balls from 4k balls in each box. 4k-8 remaining balls can be put in boxes B, C and
Din q,, . different ways

If we continue similarly...

Let’s put k-2 balls from 4k balls in each box. 8 remaining balls can be put in boxes B, C and
D in a4 different ways

Let’s put k-1 balls from 4k balls in each box. 4 remaining balls can be put in boxes B, C and
D in a, different ways

Sum of all possibilities:

Cip =CQyy g+ 0y, g +...+ag+a,.

Cap = ypg ¥y g+ + g+,

C4n-4

Cap =y g TCyyy.
Let’s put one ball from 4k+1 balls in each box. 4k-3 remaining balls can be put in boxes B, C
and D in q,, , different ways

Let’s put 2 balls from 4k+1 balls in each box. 4k-7 remaining balls can be put in boxes B, C
and D in q,, , different ways

If we continue similarly...

13



Let’s put k-2 balls from 4k+1 balls in each box. 9 remaining balls can be put in boxes B, C
and D in a, different ways

Let’s put k-1 balls from 4k+1balls in each box. 5 remaining balls can be put in boxes B, C and
D in a; different ways

Let’s put k balls from 4k+1balls in each box. 1 remaining ball can be put in boxes B, C and D
in q, different ways

Sum of all possibilities:

Cape1 =Aypz F Ay, 7+t o +as+a,.

Cppa1 = Ay 3+ Ay, 7 +..+ay+a5+q

C4n-3

Capg = Q4,3 TCyy 3.

Let’s put one ball from 4k+2 balls in each box. 4k-2 remaining balls can be put in boxes B, C
and D in q,, , different ways

Let’s put 2 balls from 4k+2 balls in each box. 4k-6 remaining balls can be put in boxes B, C
and D in q,, , different ways

If we continue similarly...

Let’s put k-2 balls from 4k+2 balls in each box. 10 remaining balls can be put in boxes B, C
and D in g, different ways

Let’s put k-1 balls from 4k+2 balls in each box. 6 remaining balls can be put in boxes B, C
and D in q, different ways

Let’s put k balls from 4k+2 balls in each box. 2 remaining ball can be put in boxes B, C and D
in a, different ways

Sum of all possibilities:

Copir =y, +ay, »,+...+a,+a,+a,.

Cappr =y T Ay, ¢+...+0a,+d;+a,

Can-2

Cansa =gy TCyy s

14



Let’s put one ball from 4k+3 balls in each box. 4k-1 remaining balls can be put in boxes B, C
and D in q,, , different ways

Let’s put 2 balls from 4k+3 balls in each box. 4k-5 remaining balls can be put in boxes B, C

and D in q,, , different ways

If we continue similarly...

Let’s put k-2 balls from 4k+3 balls in each box. 11 remaining balls can be put in boxes B, C

and D in ¢, different ways

Let’s put k-1 balls from 4k+3 balls in each box. 7 remaining balls can be put in boxes B, C

and D in a, different ways

Let’s put k balls from 4k+3 balls in each box. 3 remaining ball can be put in boxes B, C and D
in a, different ways

Sum of all possibilities:

Capes =gy + Ay +et 0y +a; + 0.

Cppiz =Qy, T4y, s +...+a,+a,+a,

Cansz = Ay T Cy -

We can distribute at least 10 balls to A,B,C,D boxes with 0 <x < y <z < p condition

C4n-1

Relationship between a, and c,:

n (1 (2 (3 (4|56 |7 |8 |9 |10]|11 121314 |15]16 |17 18|19 |20

a, |0 (0 |0 |0 O 1T 1T 2|3 |4 |5 (7 |8 |10(12]14]16 19|21 |24

¢, |0 (0|0 |0 |0 0 0|0 O 2 |3 |5 (6 (9 (1115|1823
21 (2223124125126 |27(28(29|30 |31 |32 |33 |34 (35 |36 (37 |38 |39 |40
27 |30 |33 |37 |40 |44 | 48 | 52 | 56 | 61 65 [70 |75 |80 |85 |91 96 | 102 | 108 | 114
27 |34 |39 |47 |54 |64 |72 | 84 |94 | 108 | 120 | 136 | 150 | 169 | 185 | 206 | 225 | 249 | 270 | 297

a, sequence is the sequence A211540 on OEIS

c, sequence is the sequence A266527 on OEIS
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Theorem 10: If there are n identical balls, they can be put in boxes A, B, C, Dand E as x, y,
z, p and q respectively, satisfying 0 < x < y <z < p <gq, in d, different ways, where

(For n identical balls, their distribution as X, y, z, p in boxes A, B, C and D respectively for
O<x<y<z<piscg,)

[(dy =cys+dys kENT
A =Cspatdsy KEN'
d,=ds.,=cy+ds 3 KEN"
dsjys =Cspp +ds, KENT
d

.
skea =Csp +tds KEN

Proof:

Let’s put one ball from 5k balls in each box. 5k-5 remaining balls can be put in boxes B, C, D
and E in q,,_, different ways

Let’s put 2 balls from 5k balls in each box. 5k-10 remaining balls can be put in boxes B, C, D
and E in g, , different ways

If we continue similarly...

Let’s put k-2 balls from 5k balls in each box. 10 remaining balls can be put in boxes B, C, D
and E in g, different ways

Let’s put k-1 balls from 5k balls in each box. 5 remaining balls can be put in boxes B, C, D
and E in a; different ways

Sum of all possibilities:

d, =C5, s +Cs, 1o+t Cp +Cs.

ds, =Cs, 5 +Cs,_ g+t Cpp +Cs

dSn—S
dSn = cSn—S + dSn—S .
Similarly;
A, =Csy 4+ CspoFtC+Co+C.

Ay, =Cs, 4+ Csp gt et C+C+ ¢

dS n-4

d

snel = Cspg T s,y

16



d5n+2 =C5, 3+ Cs, g +...+C, +C; + G,

ds, ) =Cs, 3+ Cs, g+t €y +C; 6,

dSn—}

ds, 0y =Cs,3+ds, 5.

ds, 3 =Csp p+Csp g Fot 03+ +C5

A,y =Csp 5 +CspqFotC3 +C 6

Vv
dSn—Z

ds, 3 =Cs, 0 +ds, ;.

dg, .y =Cs, | +Cs, o+t Cy+Cot+c,y.

ds, .y =Cs, 1 +Cs, 6+ tCy+Co+Cy

v
dSn—l

ds,q = Cs, +ds, .

We can distribute at least 15 balls to A,B,C,D,E boxes with 0 < x < y <z < p < ¢ condition

Relationship between ¢, and d,

1 [2 03456 7 [8[otolti]12]13]14[15]16]17[18]19]20
] 0 [0]0o o ][oo]o]o0]1 5 (6 |9 18|23
d, 00 [0 5 7

n | 21[22]23|24[25]26|27 282930 |31 |32 |33 |34 [35 |36 |37 |38 |39 |40
c |27 47 | 54 | 64 94 | 108 | 120 169 | 185 | 206 270 | 297
d |10 23 | 30 | 37 70 | 84 | 101 164 | 192 | 221 333 | 377

c, sequence is the sequence A266527 on OEIS
d, sequence is the sequence A267094 on OEIS
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Theorem 11: If there are n identical balls, they can be put in boxes A, B, C, D, E and F as x,
Yy, Z, p, q, h respectively, satisfying O0<x< y<z < p<g<h,in e, different ways, where

(For n identical balls, their distribution as x, y, z, p, q in boxes A, B, C, D, E respectively for
O<x<y<z<p<gqisd))

( +
€ =dg_steys KEN
N
€ =dgsteus KEN
N
€y =dgy_4+ €y KEN
N
" Core3 =dg3+€5_3 KEN
.
Coroa =gy 2+ €, KEN

.
Cotrs =i e KEN

Similarly,

e, =dg, o+d ,+..+dg+d,+d,.

n

€y = eyt gy +otdig+dy +dg

€6n-6

€, =g, + €, -

€ =g, s+dg, | +..td+d,+d, +d,.

Conpt = dgps +dg, 11+ +dy+d s +d; +d,

€6n-5

Conet = gs + €,

€y =g, 4 +dg, o+ tdyy+d, +ds+d,.

Conpr = gpy +dg, 1o+t dyy+d, +dy+d,

Con-4

Coniz = Agn_g + Copy-

€3 =g, 3 +de, o +..+dy +ds+d, +d;.

€y =g, 3 +dg, o +..td, +d s +dy+d,

€6n-3

Cons = Agpz + €, 3.

18



€opos =dg, ,+dg, o +..+d,y+d +d,+d,.

Copes =dgup +dg, g+ +dy +d g +d+d,

v
€6n-2

Conea = Agns + s

e()n+5 = dén—l + d6n—7 to.t d23 + d17 + dll + dS'

Cones =gy +dg, 7+t dyy+d; +d) +d;

€6n-1

Cones = Agpy + €6,

We can distribute at least 21 balls to A,B,C,D,E,F boxes with O<x<y<z<p<g<h

condition

Relationship between d and e ;

n [1[2[3 456789 10][11][12][13][14]15]16]17]18]19]20
d, 0 0 0 [0 [0 [1 2 |3
e |0 [0 fo]o[o oo [o]o]o oo o]o]o 0
n [21[22]23]24[25]26]27]28]29[30 [31 [32 [33 [34 [35 [36 [37 [38 |39 |40
d, 10 18 | 23 37 | 47 70 | 84 119 | 141 192 | 221 291 | 333
e, 1 2 |3 7 11 20 | 26 44 | 58 90 | 110 163 | 199

d, sequence is the sequence A267094 on OEIS
e, sequence is the sequence A267118 on OEIS
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Theorem 12: If there are n identical balls, they can be put in boxes A, B, C, D, E, F and G as
X,Y,Z P, q, h, j respectively, satisfying O<x<y<z<p<g<h<j,in f, different ways,
where

(For n identical balls, their distribution as x, y, z, p in boxes A, B, C, D, E, F respectively for
O<x<y<z<p<g<hise,)

[ fri=enq+ fu, KENT
Joa=€net+ [ KEN'
S =eus+fys KENT
f;, =<ﬁk+3 =e7k—4+ﬁk_4 kEN+
Srwa =€yt fys KENT
Srws =€t fry KENT
\f‘7k+6 =e, +fy, KEN"

Similarly,

Son =€yt 14 +..te, +e, dir

S =€, + Crpag ot €y + &
f7n—7

f7n = e7n—7 + f7n—7

Soni =€ T3t teste e

Som =Ce T3t teste+e

~
f7n—6

Jrnet =Ce + Jrnss

Sz =€ s+e, pt..te e te,.

Soner =€t €, p ton ke + € +e,

g
f7n—5

f7n+2 = e7n—5 + f7n—5
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Sonez = €4 ¥+t e+ +es.

Soms =€ v, +ote; ey +e
f7n—4

f7n+3 = e7n—4 + f7n—4 :

Jrnes = €3 F g+t ety e

Somea =€ te, ot tegte, +e,
f7n—3

Sinea =€z * fruss -

Srnes = €70 ¥ €9+t e+, +es.

Sones =€run t € g+t te, +e
f7n—2

ﬁn+5 = e7n—2 + ]p7n—2 :

Sonee =€y T g tont ey te; e

Srnee =€ + €n-3 T.o..+€+e€;+¢E

2 g
f7n—1

f‘7n+6 = e7n—1 + f‘7r1—1 .

We can distribute at least 28 balls to A,B,C,D,E,F,G boxes with 0<x<y<z<p<g<h<j

condition

Relationship between ¢ and f, ;

n |1 (2 [3 |4 |56 |7 |89 [10]11]12]13]|14]|15|16|17 1819120

e, 0 0 ({0 [0 (O |O |O 0 [0 (O |0 |0

f101{0(0/0{0 |00 0|00 O 0|0 |0 0|0 |0 0 |O0]|O
n | 212212324 |25|26[27]28|29]30 |31 |32 [33 |34 |35 [36 |37 |38 |39 |40
e, 1 1 5 |7 (11|14 |20 44 |58 |71 |90 | 110 199 | 235
f, 0 [0 0 (0 [0 |1 1 5 7 11 |15 |21 49 | 65
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e, sequence is the sequence A267118 on OEIS
/. sequence is the sequence A267120 on OEIS

n

Theorem 13: If there are n identical balls, they can be put in boxes A, B, C, D, E, F, G and H
as X, y, z, p, q, h, j, m respectively, satisfying O<x<y<z<p<g<h<j<m,in g,
different ways, where

(For n identical balls, their distribution as x, y, z, p, g, h, j in boxes A, B, C, D, E, F, G
respectively for O<x<y<z<p<g<h<jis f,)

[ g = fars + 8uus KEN'

Gspn = Ssir + &un KENT
Zerir = Ssio t s KENT
Zers = Jais ¥ &8s KENT

Gsiva = Sia + &ua KENT
Saies = fois + 8y KENT
v = Ssia * &y KENT
Csier = Ssio * &y KENT

En =9

Similarly,

Gsn = Sons + Ssnoo oot S16 + fx-

Gsn = Seng + Ssnois oot S16 + I

88n-8
sy = Jsns + &sus -
Gsnat = Jsnog + Sanaas Tt Sir+ fo+ 11

Gsnet = Jsnog + Jspas Hoot frz + fo+ )

88n-7

g8n+l = fén—7 + g8n—7 .

Gsner = Ssnos * Senara T ¥ fig + Fro + Son
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Gsnir = Jonoo + Jspoa +ot g+ Fro + 13

88n-6
Gsner = Ssnos T snes-
8sniz = fxn—s +f8n—13 +~~'+f19 +f11 +f3'
Gsnes = Jsnos ¥ Sons oot fro ¥ J11 + /5

88n-5

g8n+3 = fén—S + g8n—5 :

Gsnea = Jsnoa + Sanoa Tt Soo + 2 ¥ So-

Gsnea = Jen-a ¥ Jono ¥t fog + f12 + 1,

88n-4

snes = Sens T snos -

Gsnes = Sans + Jou1 Tt o+ fi3+ S5

Gsnes = Jsns ¥ Souy ¥t o1 + f13 + /s

88n-3

Ganes = Sans T &sns -

Gsnee = Ssnoa * Sanato Tt S+ fra+ fo-

Gsnee = Senoa + Sono t oot S+ fra + Jo

8sn-2

Ganes = Sana T snoa-

8sne7 = Ssna ¥ Ssnoo oot [+ fis +f7'

Gsne1 = Jena + Jono ot [rs+ fis+ 1

88n-1

g8n+7 = fi‘%n—l + g8n—l'
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We can distribute at least 36 balls to A,B,C,D,E,F,G, H boxes with
O<x<y<z<p<g<h<j<m condition

Relationship between ¢ and f, ;

n 1 (2 (3 (415 (6 (7 (89 [10|11 121314 |15|16|17|18]19]20

f, 0 0 0 (0 |0 0 (0 [0 (0 |O

g, 100,00 /000 0|0O|O O O |0 O O |0 |0 OO0 O
n |21[22|23]24|25[26|27[28|29|30 |31 |32 |33 |34 |35 |36|37|38 |39 |40
fn 0O {0 [0 (0O (O |O |O 1 2 3 5 7 11 15 28 | 38 49 65
g, 0O {0 [0 (O (O |O |O 0 0 0 0 0 0 0 1 2 3 5

f, sequence is the sequence A267120 on OEIS

g, sequence is the sequence A267121 on OEIS
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