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Ece Uslu and Esin Becenen 
Original work on Identical Object Distribution 
 
Theorem  1: If there are n2  identical balls, they can be put in boxes A (x many) and B (y 
many) for  yx <<0  as  

1
2
22

−=
− nn    different ways.   

 
Proof: n2  ball distribution for boxes A (first term) and B (second term):  
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 There are 1−n  states satisfying yx <<0  condition. 

 
 
Theorem  2: If there are 12 −n  identical balls, they can be put in boxes A (x many) and B (y 
many) for  yx <<0  as  

1
2

1)12(
−=

−− nn  different ways.   

 
Proof: 12 −n  ball distribution for boxes A (first term) and B (second term):  
 
 

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

−=+−

−=−+

−=−+

−=−+

12)()1(
.
.
.

12)42(3
12)32(2
12)22(1

nnn

nn
nn
nn

  There are 1−n  states satisfying yx <<0  condition. 

 
Unification of theorem 1 and 2 gives; 
 
Result 1: If there are n  identical balls, they can be put in boxes A (x many) and B (y many) 
for  yx <<0  as nb different ways. Where 
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We saw that if there are n  identical balls, they can be put in boxes A (x many) and B (y 
many) for  yx <<0  as na  different ways where 
 

01 =a , 02 =a , 13 =a , 14 =a , 25 =a , 26 =a , 37 =a , 38 =a , 49 =a , 410 =a , 511 =a , 512 =a , 
 
which is given by A004526 sequence of OEIS. 
 
 
Question: In how many different ways can 10 identical balls be put in boxes A, B and C as 
x,y and z respectively, satisfying zyx <<<0  condition? 
 
Solution: zyx <<<0  and 10=++ zyx ; 
 

A B C 

1 2 7 

1 3 6 

1 4 5 

2 3 5 
 
 
Let’s put one ball in each box. 7 remaining balls can be put in boxes B and C as 

3
2
17
=

−  from Theorem 1. 

 
Let’s put 2 balls in each box. 4 remaining balls can be put in boxes B and C as 

1
2
24
=

−  from Theorem 1. 

 
Number of possible ways = 3+1=4 
  
We can also evaluate the number of possibilities from the sequence as 10a = 41347 =+=+ bb  
 
 
Question: In how many different ways can 11 identical balls be put in boxes A, B and C as 
x,y and z respectively, satisfying zyx <<<0  condition? 
Solution:  zyx <<<0   and 11=++ zyx ; 
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 A B C 

1 2 8 

1 3 7 

1 4 6 

2 3 6 

2 4 5 
 
Let’s put one ball in each box. 8 remaining balls can be put in boxes B and C as 

3
2
28
=

−  from Theorem 1. 

 
Let’s put 2 balls in each box. 5 remaining balls can be put in boxes B and C as 

2
2
15
=

−  from Theorem 1. 

 
Number of possible ways = 3+2=5 
  

We can also evaluate the number of possibilities from the sequence as a11 = 52358 =+=+ bb  
 
Question: In how many different ways can 12 identical balls be put in boxes A, B and C as 
x,y and z respectively, satisfying zyx <<<0  condition? 

Solution:  zyx <<<0   and 12=++ zyx  

 

 A B C 

1 2 9 

1 3 8 

1 4 7 

1 5 6 

2 3 7 

2 4 6 

3 4 5 
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Let’s put one ball in each box. 9 remaining balls can be put in boxes B and C as 

4
2
19
=

−  from Theorem 1. 

 
Let’s put 2 balls in each box. 6 remaining balls can be put in boxes B and C as 

2
2
26
=

−  from Theorem 1. 

 
Let’s put 3 balls in each box. 3 remaining balls can be put in boxes B and C as 

1
2
13
=

−  from Theorem 1. 

 
Number of possible ways = 4+2+1=7 
  
We can also evaluate the number of possibilities from the sequence as 

=12a 7124369 =++=++ bbb  
 
 
Theorem 3: If there are n6  identical balls, they can be put in boxes A, B and C as x, y and z 
respectively, satisfying zyx <<<0    
in 133 2 +− nn  different ways.   
 
 
Proof:  Lets put one ball in each box. 36 −n  remaining balls can be put in boxes B and C in 

23
2

1)36(
−=

−− nn  different ways 

 
 
 
 
 

 
Let’s put 2 balls in each box. 66 −n  remaining balls can be put in boxes B and C in 
 

43
2

2)66(
−=

−− nn  different ways.     

 
 
 
 

 
 
Let’s put 3 balls in each box. 96 −n  remaining balls can be put in boxes B and C in 
 

53
2

1)96(
−=

−− nn  different ways. 

 

A B C 

36 −n

A B C 
66 −n

A B C 
96 −n
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Let’s put 4 balls in each box. 126 −n  remaining balls can be put in boxes B and C in 
 

 

73
2

2)126(
−=

−− nn  different ways     

 
 
 

 
Let’s put (2k-1) balls in each box. )12.(36 −− kn  remaining balls can be put in boxes B and C 

in 133
2

1)]12.(36[
+−=

−−− knkn  different ways. 

 
Let’s put (2k) balls in each box. kn 66 −  remaining balls can be put in boxes B and C in 

133
2

2]66[
−−=

−− knkn  different ways. 

 
If we continue similarly... 
 
Let’s put (2n-2) balls in each box. 6)22(36 =−− nn  remaining balls can be put in boxes B 

and C in 4
2
26
=

−  different ways. 

 
Let’s put (2n-1) balls in each box. 3)12(36 =−− nn  remaining balls can be put in boxes B 

and C in 2
2
13
=

−  different ways. 

 
Sum of the situations which we put odd number of balls in each box and distribute remaining 
balls: 
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Sum of the situations which we put even number of balls in each box and distribute remaining 
balls: 
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Sum of all situations: 133
2

253
2

3 2
22

+−=
+−

+
− nnnnnn . 

 
 
 

A B C 
126 −n
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Theorem 4: If there are 36 −n  identical balls, they can be put in boxes A, B and C as x, y 
and z respectively, satisfying zyx <<<0    
in ( )213 −n  different ways.   
 
Proof:  From Theorem 2; 
 

3666366 ... bbbba nnn ++++= −−  
  

!! "!! #$
36

3666366 ...
−

++++= −−

na

nnn bbbba   

 

36366 −− += nnn aba  
 

36
2

2
136133 −+

−−
=+− na
nnn  

 
36

2 23133 −+−=+− nannn  
 

( )236 13 −=− na n . 
 
 
Theorem 5: If there are 16 +n  identical balls, they can be put in boxes A, B and C as x, y and 
z respectively, satisfying zyx <<<0    
in nn 23 2 −  different ways.   
 
Proof:  Lets put one ball in each box. 26 −n  remaining balls can be put in boxes B and C in 

 

23
2

2)26(
−=

−− nn  different ways 

 
 
 
 

 
 
Let’s put 2 balls in each box. 56 −n  remaining balls can be put in boxes B and C in 
 

33
2

1)56(
−=

−− nn  different ways.    

 
 
 
 

 

A B C 

26 −n

A B C 
56 −n
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Let’s put 3 balls in each box. 86 −n  remaining balls can be put in boxes B and C in 
 

53
2

2)86(
−=

−− nn  different ways. 

 
 
 
 

 
Let’s put 4 balls in each box. 116 −n  remaining balls can be put in boxes B and C in 
 

 

63
2

1)116(
−=

−− nn  different ways.     

 
 
 

 
Let’s put (2k-1) balls in each box. )12.(316 −−+ kn  remaining balls can be put in boxes B 

and C in 133
2

2)]12.(316[
+−=

−−−+ knkn  different ways 

 
Let’s put (2k) balls in each box. kn 616 −+  remaining balls can be put in boxes B and C in 

knkn 33
2

1]616[
−=

−−+  different ways 

 
If we continue similarly… 
 
 
Let’s put (2n-2) balls in each box. 7)22(316 =−−+ nn  remaining balls can be put in boxes B 

and C in 3
2
17
=

−  different ways 

 
Let’s put (2n-1) balls in each box. 4)12(316 =−−+ nn  remaining balls can be put in boxes B 

and C in 1
2
24
=

−  different ways 

 
Sum of the situations which we put odd number of balls in each box and distribute remaining 
balls: 
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Sum of the situations which we put even number of balls in each box and distribute remaining 
balls: 
 

A B C 
86 −n

A B C 
116 −n
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Sum of all situations : nnnnnn 23
2
33

2
3 2

22

−=
−

+
−  

 
 
Theorem 6: If there are 26 −n  identical balls, they can be put in boxes A, B and C as x, y 
and z respectively, satisfying zyx <<<0 ,   
in 253 2 +− nn  different ways.   
 
Proof:  From Theorem 2; 
 

47562616 ... bbbba nnn ++++= −−+ . 
  

!! "!! #$
26

47562616 ...
−

++++= −−+

na

nnn bbbba   

 

262616 −−+ += nnn aba  
 

26
2

2
22623 −+

−−
=− na
nnn  

 
26

2 2323 −+−=− nannn  
 

253 2
26 +−=− nna n . 

 
 
 
Theorem 7: If there are 26 +n  identical balls, they can be put in boxes A, B and C as x, y 
and z respectively, satisfying zyx <<<0    
in nn −23  different ways.   
 
Proof:  Lets put one ball in each box. 16 −n  remaining balls can be put in boxes B and C in 

 

 13
2

1)16(
−=

−− nn  different ways. 

 
 
 
 

 
 
 
 

A B C 

16 −n
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Let’s put 2 balls in each box. 46 −n  remaining balls can be put in boxes B and C in 
 

33
2

2)46(
−=

−− nn  different ways.     

 
 
 
 

 
Let’s put 3 balls in each box. 76 −n  remaining balls can be put in boxes B and C in 
 

43
2

1)76(
−=

−− nn  different ways. 

 
 
 
 

 
Let’s put 4 balls in each box. 106 −n  remaining balls can be put in boxes B and C in 
 

 

63
2

2)106(
−=

−− nn  different ways.     

 
 
 

 
 
Let’s put (2k-1) balls in each box. )12.(326 −−+ kn  remaining balls can be put in boxes B 

and C in 233
2

1)]12.(326[
+−=

−−−+ knkn  different ways. 

 
Let’s put (2k) balls in each box. kn 626 −+  remaining balls can be put in boxes B and C in 

knkn 33
2

2]626[
−=

−−+  different ways. 

 
If we continue similarly… 
 
 
Let’s put (2n-2) balls in each box. 8)22(326 =−−+ nn  remaining balls can be put in boxes B 

and C in 3
2
28
=

−  different ways. 

 
Let’s put (2n-1) balls in each box. 5)12(326 =−−+ nn  remaining balls can be put in boxes B 

and C in 2
2
15
=

−  different ways. 

 
 

A B C 
46 −n

A B C 
76 −n

A B C 
126 −n
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Sum of the situations which we put odd number of balls in each box and distribute remaining 
balls: 
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Sum of the situations which we put even number of balls in each box and distribute remaining 
balls: 
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Sum of all situations: nnnnnn
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2
3 . 

 
 
 
Theorem 8: If there are 16 −n  identical balls, they can be put in boxes A, B and C as x, y and 
z respectively, satisfying zyx <<<0 ,   
in 143 2 +− nn  different ways.   
 
 
Proof:  From Theorem 2; 
 

58461626 ... bbbba nnn ++++= −−+  
  

!! "!! #$
16

58461626 ...
−

++++= −−+

na

nnn bbbba   

 

161626 −−+ += nnn aba  
 

16
2

2
1163 −+
−−

=− na
nnn  

 
16

2 133 −+−=− nannn  
 

143 2
16 +−=− nna n . 
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We can now conclude that; 
 
Combining Theorem 3,4,5,6,7 and 8 provides us the following sequence. This sequence’s first 
5 terms are zero. This is the sequence of how many different distributions can be made with 3 
boxes (A (x balls) ,B (y balls) and C (z balls) where zyx <<<0 ) and at least 6 identical 
balls 
 

01 =a  , 02 =a , 03 =a , 04 =a  , 05 =a  and for other terms; 
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Nkknkk
Nkknkk
Nkknkk
Nkknkk
Nkknkk
Nkknnn

an

26.3
16.2.3
61.3.3
161.4.3
262.5.3
3636.3

2

2

2

2

2

2

      

 
 
Here are some terms of the sequence na : 
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
na  0 0 0 0 0 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 

 
 
n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
na  27 30 33 37 40 44 48 52 56 61 65 70 75 80 85 91 96 102 108 114 

 
 
0,0,0,0,0,1, 1, 2, 3, 4, 5, 7, 8, 10, 12, 14, 16, 19, 21, 24, 27, 30, 33, 
37, 40, 44, 48, 52, 56, 61, 65, 70, 75, 80, 85, 91, 96, 102, 108, 114, 120, 
127, 133, 140, 147, 154, 161, 169, 176, 184, 192, 200, 208, 217, 225, 234, 

243, 252, 261, 271, 280, 290, 300, 310, 320, 331, 341  
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Question: In how many different ways can 16 identical balls be put in boxes A, B, C and D as 
x, y, z and p respectively, satisfying pzyx <<<<0  condition? 

Solution:  pzyx <<<<0   and 16=+++ pzyx  

 

 A B C D 

1 2 3 10 

1 2 4 9 

1 2 5 8 

1 2 6 7 

1 3 4 8 

1 3 5 7 

1 4 5 6 

2 3 4 7 

2 4 5 6 
 
 
Let’s put one ball in each box. Using Theorem 3, 12 remaining balls can be put in boxes B, C 
and D in  

133 2
6 +−= nna n  

712.32.3 2
12 =+−=a  different ways 

 
Let’s put 2 balls in each box. Using Theorem 7, 8 remaining balls can be put in boxes B, C 
and D in  

nna n −=+
2

26 3       
211.3 2

8 =−=a different ways 
 
 
Total number of different distributions:  7+2 = 9  
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Theorem 9:  : If there are n  identical balls, they can be distributed as x, y, z, p in boxes A, B, 
C and D respectively, for pzyx <<<<0 , in nc different ways. Where 
 
(For n  identical balls, their distribution as x, y, z in boxes A, B and C respectively for  

zyx <<<0  is na ) 
 

⎪
⎪
⎩

⎪⎪
⎨

⎧

∈+=
∈+=
∈+=

∈+=

=

+
−−+

+
−−+

+
−−+

+
−−

Nkacc
Nkacc
Nkacc
Nkacc

c

kkk

kkk

kkk

kkk

n

141434

242424

343414

44444

 

 
 
Proof:  
     
Let’s put one ball from 4k balls in each box. 4k-4 remaining balls can be put in boxes B, C 
and D in 44 −ka  different ways 
 
Let’s put 2 balls from 4k balls in each box. 4k-8 remaining balls can be put in boxes B, C and 
D in 84 −ka  different ways 
 
If we continue similarly... 
 
Let’s put k-2 balls from 4k balls in each box. 8 remaining balls can be put in boxes B, C and 
D in 8a  different ways 
 
Let’s put k-1 balls from 4k balls in each box. 4 remaining balls can be put in boxes B, C and 
D in 4a  different ways 
 
 
Sum of all possibilities: 
 

4884444 ... aaaac nnn ++++= −− . 
  

!! "!! #$
44

4884444 ...
−

++++= −−

nc

nnn aaaac   

44444 −− += nnn cac . 
 
 
Let’s put one ball from 4k+1 balls in each box. 4k-3 remaining balls can be put in boxes B, C 
and D in 34 −ka  different ways 
 
Let’s put 2 balls from 4k+1 balls in each box. 4k-7 remaining balls can be put in boxes B, C 
and D in 74 −ka  different ways 
 
If we continue similarly… 
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Let’s put k-2 balls from 4k+1 balls in each box. 9 remaining balls can be put in boxes B, C 
and D in 9a  different ways 
 
Let’s put k-1 balls from 4k+1balls in each box. 5 remaining balls can be put in boxes B, C and 
D in 5a  different ways 
 
Let’s put k balls from 4k+1balls in each box. 1 remaining ball can be put in boxes B, C and D 
in 1a  different ways 
 
Sum of all possibilities: 
 

159743414 ... aaaaac nnn +++++= −−+ . 
  

!!! "!!! #$
34

159743414 ...
−

+++++= −−+

nc

nnn aaaaac   

343414 −−+ += nnn cac . 
 
Let’s put one ball from 4k+2 balls in each box. 4k-2 remaining balls can be put in boxes B, C 
and D in 24 −ka  different ways 
 
Let’s put 2 balls from 4k+2 balls in each box. 4k-6 remaining balls can be put in boxes B, C 
and D in 64 −ka  different ways 
 
If we continue similarly… 
 
Let’s put k-2 balls from 4k+2 balls in each box. 10 remaining balls can be put in boxes B, C 
and D in 10a  different ways 
 
Let’s put k-1 balls from 4k+2 balls in each box. 6 remaining balls can be put in boxes B, C 
and D in 6a  different ways 
 
Let’s put k balls from 4k+2 balls in each box. 2 remaining ball can be put in boxes B, C and D 
in 2a  different ways 
 
Sum of all possibilities: 
 

2610242424 ... aaaaac nnn +++++= −−+ . 
  

!!!! "!!!! #$
24

2610642424 ...
−

+++++= −−+

nc

nnn aaaaac   

 

242424 −−+ += nnn cac . 
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Let’s put one ball from 4k+3 balls in each box. 4k-1 remaining balls can be put in boxes B, C 
and D in 14 −ka  different ways 
 
Let’s put 2 balls from 4k+3 balls in each box. 4k-5 remaining balls can be put in boxes B, C 
and D in 54 −ka  different ways 
 
If we continue similarly… 
 
Let’s put k-2 balls from 4k+3 balls in each box. 11 remaining balls can be put in boxes B, C 
and D in 11a  different ways 
 
Let’s put k-1 balls from 4k+3 balls in each box. 7 remaining balls can be put in boxes B, C 
and D in 7a  different ways 
 
Let’s put k balls from 4k+3 balls in each box. 3 remaining ball can be put in boxes B, C and D 
in 3a  different ways 
 
Sum of all possibilities: 
 

3711141434 ... aaaaac nnn +++++= −−+ . 
  

!!!! "!!!! #$
14

3711541434 ...
−

+++++= −−+

nc

nnn aaaaac   

141434 −−+ += nnn cac . 
 
 
We can distribute at least 10 balls to A,B,C,D boxes with pzyx <<<<0  condition 
 
Relationship between na and nc : 
 
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
na  0 0 0 0 0 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 

nc  0 0 0 0 0 0 0 0 0 1 1 2 3 5 6 9 11 15 18 23 
 

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
na  27 30 33 37 40 44 48 52 56 61 65 70 75 80 85 91 96 102 108 114 

nc  27 34 39 47 54 64 72 84 94 108 120 136 150 169 185 206 225 249 270 297 

 
na  sequence is the sequence A211540 on OEIS 

nc  sequence is the sequence A266527 on OEIS  
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Theorem 10:  If there are n identical balls, they can be put in boxes A, B, C, D and E as x, y, 
z, p and q respectively, satisfying qpzyx <<<<<0 , in nd  different ways, where 
 
(For n  identical balls, their distribution as x, y, z, p in boxes A, B, C and D respectively for  

pzyx <<<<0  is nc ) 
 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

∈+=

∈+=
∈+=
∈+=

∈+=

=

+
−−+

+
−−+

+
−−+

+
−−+

+
−−

Nkdcd
Nkdcd
Nkdcd
Nkdcd
Nkdcd

d

kkk

kkk

kkk

kkk

kkk

n

151545

252535

353525

454515

55555

 

 
Proof:  
 
Let’s put one ball from 5k balls in each box. 5k-5 remaining balls can be put in boxes B, C, D 
and E in 55 −ka  different ways 
 
Let’s put 2 balls from 5k balls in each box. 5k-10 remaining balls can be put in boxes B, C, D 
and E in 105 −ka  different ways 
 
If we continue similarly… 
 
Let’s put k-2 balls from 5k balls in each box. 10 remaining balls can be put in boxes B, C, D 
and E in 10a  different ways 
 
Let’s put k-1 balls from 5k balls in each box. 5 remaining balls can be put in boxes B, C, D 
and E in 5a  different ways 
 
Sum of all possibilities: 
 

510105555 ... ccccd nnn ++++= −− . 
  

!!! "!!! #$
55

510105555 ...
−

++++= −−

nd

nnn ccccd   

55555 −− += nnn dcd . 
 
 
Similarly; 
 

1611954515 ... cccccd nnn +++++= −−+ . 
  

!!! "!!! #$
45

1611954515 ...
−

+++++= −−+

nd

nnn cccccd   

454515 −−+ += nnn dcd . 
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2712853525 ... cccccd nnn +++++= −−+ . 
  

!!! "!!! #$
35

2712853525 ...
−

+++++= −−+

nd

nnn cccccd   

353525 −−+ += nnn dcd . 
 
 
 
 

3813752535 ... cccccd nnn +++++= −−+ . 
  

!!! "!!! #$
25

3813752535 ...
−

+++++= −−+

nd

nnn cccccd   

252535 −−+ += nnn dcd . 
 
 
 

4914651545 ... cccccd nnn +++++= −−+ . 
  

!!! "!!! #$
15

4914651545 ...
−

+++++= −−+

nd

nnn cccccd   

151545 −−+ += nnn dcd . 
 
 
We can distribute at least 15 balls to A,B,C,D,E boxes with qpzyx <<<<<0  condition 
 
Relationship between nc and nd  
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
nc  0 0 0 0 0 0 0 0 0 1 1 2 3 5 6 9 11 15 18 23 

nd  0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2 3 5 7 
 
 
 

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
nc  27 34 39 47 54 64 72 84 94 108 120 136 150 169 185 206 225 249 270 297 

nd  10 13 18 23 30 37 47 57 70 84 101 119 141 164 192 221 255 291 333 377 

 
nc  sequence is the sequence A266527 on OEIS  

nd  sequence is the sequence A267094 on OEIS  
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Theorem 11:  If there are n identical balls, they can be put in boxes A, B, C, D, E and F as x, 
y, z, p, q, h respectively, satisfying hqpzyx <<<<<<0 , in ne  different ways, where 
 
(For n  identical balls, their distribution as x, y, z, p, q in boxes A, B, C, D, E respectively for  

qpzyx <<<<<0  is nd ) 
 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

∈+=

∈+=

∈+=
∈+=
∈+=

∈+=

=

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−

Nkede
Nkede
Nkede
Nkede
Nkede
Nkede

e

kkk

kkk

kkk

kkk

kkk

kkk

n

161656

262646

363636

464626

565616

66666

 

 
 
Similarly, 
 

61218126666 ... ddddde nnn +++++= −− . 
  

!!!! "!!!! #$
66

61218126666 ...
−

+++++= −−

ne

nnn ddddde   

66666 −− += nnn ede  . 
 
 

1713191165616 ... dddddde nnn ++++++= −−+ . 
  

!!!!! "!!!!! #$
56

1713191165616 ...
−

++++++= −−+

ne

nnn dddddde   

565616 −−+ += nnn ede . 
 
 

2814201064626 ... dddddde nnn ++++++= −−+ . 
  

!!!!! "!!!!! #$
46

2814201064626 ...
−

++++++= −−+

ne

nnn dddddde   

464626 −−+ += nnn ede . 
 
 

391521963636 ... dddddde nnn ++++++= −−+ . 
  

!!!!! "!!!!! #$
36

391521963636 ...
−

++++++= −−+

ne

nnn dddddde   

363636 −−+ += nnn ede . 
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4101622862646 ... dddddde nnn ++++++= −−+ . 
  

!!!!! "!!!!! #$
26

4101622862646 ...
−

++++++= −−+

ne

nnn dddddde   

262646 −−+ += nnn ede . 
 
 
 

5111723761656 ... dddddde nnn ++++++= −−+ . 
  

!!!!! "!!!!! #$
16

5111723761656 ...
−

++++++= −−+

ne

nnn dddddde   

161656 −−+ += nnn ede . 
 
 
We can distribute at least 21 balls to A,B,C,D,E,F boxes with hqpzyx <<<<<<0  
condition 
 
Relationship between nd and ne ; 
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
nd  0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2 3 5 7 

ne  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 
 

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
nd  10 13 18 23 30 37 47 57 70 84 101 119 141 164 192 221 255 291 333 377 

ne  1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136 163 199 235 

 
nd  sequence is the sequence A267094 on OEIS  

ne  sequence is the sequence A267118 on OEIS  
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Theorem 12:  If there are n identical balls, they can be put in boxes A, B, C, D, E, F and G as 
x, y, z, p, q, h, j respectively, satisfying jhqpzyx <<<<<<<0 , in nf  different ways, 
where 
 
(For n  identical balls, their distribution as x, y, z, p in boxes A, B, C, D, E, F respectively for  

hqpzyx <<<<<<0  is ne ) 
 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

∈+=

∈+=

∈+=

∈+=
∈+=
∈+=

∈+=

=

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−

Nkfef
Nkfef
Nkfef
Nkfef
Nkfef
Nkfef
Nkfef

f

kkk

kkk

kkk

kkk

kkk

kkk

kkk

n

171767

272757

373747

474737

575727

676717

77777

 

 
 
Similarly, 
 
 

714147777 ... eeeef nnn ++++= −−  dir. 
  

!!! "!!! #$
77

714147777 ...
−

++++= −−

nf

nnn eeeef   

77777 −− += nnn fef   
 
 
 

18151376717 ... eeeeef nnn +++++= −−+ . 
  

18151376717

67

... eeeeef
nf

nnn +++++=

−

−−+ !!! "!!! #$   

676717 −−+ += nnn fef   
 
 
 

29161275727 ... eeeeef nnn +++++= −−+ . 
  

!!!! "!!!! #$
57

29161275727 ...
−

+++++= −−+

nf

nnn eeeeef   

575727 −−+ += nnn fef   
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310171174737 ... eeeeef nnn +++++= −−+ . 
  

!!!! "!!!! #$
47

310171174737 ...
−

+++++= −−+

nf

nnn eeeeef   

474737 −−+ += nnn fef  . 
 
 

411181073747 ... eeeeef nnn +++++= −−+ . 
  

!!!! "!!!! #$
37

411181073747 ...
−

+++++= −−+

nf

nnn eeeeef   

373747 −−+ += nnn fef  . 
 
 
 

51219972757 ... eeeeef nnn +++++= −−+ . 
  

!!!! "!!!! #$
27

51219972757 ...
−

+++++= −−+

nf

nnn eeeeef   

272757 −−+ += nnn fef  . 
    
 

61320871767 ... eeeeef nnn +++++= −−+ . 
  

!!!! "!!!! #$
17

61320871767 ...
−

+++++= −−+

nf

nnn eeeeef   

171767 −−+ += nnn fef . 
 
 
We can distribute at least 28 balls to A,B,C,D,E,F,G boxes with jhqpzyx <<<<<<<0  
condition 
 
Relationship between ne and nf ; 
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
ne  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

nf  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 
 

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
ne  1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136 163 199 235 

nf  0 0 0 0 0 0 0 1 1 2 3 5 7 11 15 21 28 38 49 65 
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ne  sequence is the sequence A267118 on OEIS  

nf  sequence is the sequence A267120 on OEIS  
 
 
Theorem 13:  If there are n identical balls, they can be put in boxes A, B, C, D, E, F, G and H 
as x, y, z, p, q, h, j, m respectively, satisfying mjhqpzyx <<<<<<<<0 , in ng  
different ways, where 
 
(For n  identical balls, their distribution as x, y, z, p, q, h, j in boxes A, B, C, D, E, F, G 
respectively for  jhqpzyx <<<<<<<0  is nf ) 
 

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

∈+=

∈+=

∈+=

∈+=

∈+=
∈+=
∈+=

∈+=

=

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−+

+
−−

Nkgfg
Nkgfg
Nkgfg
Nkgfg
Nkgfg
Nkgfg
Nkgfg
Nkgfg

g

kkk

kkk

kkk

kkk

kkk

kkk

kkk

kkk

n

181878

282868

383858

484848

585838

686828

787818

88888

 

 
 
Similarly, 
 
 

816168888 ... ffffg nnn ++++= −− . 
  

!!! "!!! #$
88

816168888 ...
−

++++= −−

ng

nnn ffffg   

88888 −− += nnn gfg  . 
 
 

19171587818 ... fffffg nnn +++++= −−+ . 
  

!!!! "!!!! #$
78

19171587818 ...
−

+++++= −−+

ng

nnn fffffg   

787818 −−+ += nnn gfg . 
 
 
 

210181486828 ... fffffg nnn +++++= −−+ . 
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!!!! "!!!! #$
68

210181486828 ...
−

+++++= −−+

ng

nnn fffffg   

686828 −−+ += nnn gfg . 
 
 

311191385838 ... fffffg nnn +++++= −−+ . 
  

!!!! "!!!! #$
58

311191385838 ...
−

+++++= −−+

ng

nnn fffffg   

585838 −−+ += nnn gfg  . 
 
 

412201284848 ... fffffg nnn +++++= −−+ . 
  

!!!! "!!!! #$
48

412201284848 ...
−

+++++= −−+

ng

nnn fffffg   

484848 −−+ += nnn gfg  . 
 
 

513211183858 ... fffffg nnn +++++= −−+ . 
  

!!!! "!!!! #$
38

513211183858 ...
−

+++++= −−+

ng

nnn fffffg   

383858 −−+ += nnn gfg  . 
 
 

614221082868 ... fffffg nnn +++++= −−+ . 
 

!!!! "!!!! #$
28

614221082868 ...
−

+++++= −−+

ng

nnn fffffg  

282868 −−+ += nnn gfg . 
 
 
 

71523981878 ... fffffg nnn +++++= −−+ . 
 

!!!! "!!!! #$
18

71523981878 ...
−

+++++= −−+

ng

nnn fffffg  

181878 −−+ += nnn gfg . 
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We can distribute at least 36 balls to A,B,C,D,E,F,G, H boxes with 
mjhqpzyx <<<<<<<<0  condition 

 
Relationship between ne and nf ; 
 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
nf  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

ng  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 
 

n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
nf  0 0 0 0 0 0 0 1 1 2 3 5 7 11 15 21 28 38 49 65 

ng  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2 3 5 
 
nf  sequence is the sequence A267120 on OEIS  

ng  sequence is the sequence A267121 on OEIS  
 


