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Abstract We investigate the effect of carrier frequency offset (CFO) on the performance of
downlink variable spreading factor (VSF) orthogonal frequency and code division multiple
access (OFCDM) systems when subcarrier grouping is used. An analytic expression of the
signal to interference and noise ratio (SINR) is derived for the VSF-OFCDM with CFO for
the case of maximal ratio combining (MRC) and equal gain combining (EGC) receivers.
Numerical results show that, when the total spreading factor is fixed, a system with higher
frequency domain spreading factor is more sensitive to CFO than that with lower frequency
domain spreading factor. Also, for high Eb/No, EGC has better bit error rate performance
than MRC due to the greater interference amplification present in MRC which compounds
the effect of the loss of orthogonality. Due to the adverse impact of the CFO on VSF-OFCDM
systems, we propose a correction scheme based on the maximum likelihood principle. We
then use a gradient algorithm to estimate and minimize the effect of CFO in a tracking mode.
Our results show that the BER performance in the low SINR environment can be improved
significantly with few number of iterations for different spreading factors.
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1 Introduction

Orthogonal frequency and code division multiplexing (OFCDM) system has been proposed
for future broadband wireless communications [1]. OFCDM uses data spreading in both
time and frequency domain, where each data stream is segmented into multiple substreams
and spread over multiple subcarriers and several OFCDM symbols, exploiting additional
frequency and time diversity. The variable spreading factor (VSF) concept for OFCDM was
introduced in [2], where the spreading factor (SF) in both the time and frequency domain
is varied. The total spreading factor is the product of time domain spreading factor (SFt ime)
and frequency domain spreading factor (SFf req ). One of the main characteristics of VSF-
OFCDM is that SFt ime and SFf req can be adaptively controlled according to the propagation
conditions, channel load and radio parameters [3].

One of the main drawbacks of multicarrier systems is that they suffer from performance
degradation due to carrier frequency offset (CFO). In general, OFDM systems are less sensi-
tive to time offset than single carrier systems [4]. CFO causes a reduction in the desired signal
amplitude as well as loss of orthogonality between subcarriers which results in inter-carrier
interference (ICI). The impact of frequency offset on multicarrier systems was investigated
in [5] and [6] for multicarrier code division multiple access (MC-CDMA) and group-orthog-
onal MC-CDMA, respectively and, in [7] for both uplink and downlink multicarrier direct
sequence code division multiple access (MC-DS-CDMA) systems. Recently, there are some
papers in the literature investigating the effect of frequency offset on OFCDM systems. In [8],
the BER performance of multiple antenna OFCDM systems with imperfections was studied.
In [9], the sensitivity of OFDM-CDMA systems to carrier frequency offset was investigated
for zero forcing and minimum mean square error equalizers. However, no subcarrier group-
ing was considered in their analysis, although the subcarrier grouping strategy has an impact
on the different types and amount of interference introduced with frequency offset. Also, the
effect of using variable spreading factors on the BER performance of OFCDM systems was
not investigated in their work.

In this article, the effect of the frequency offset is first analyzed by investigating the
type and the amount of interference caused by CFO in VSF-OFCDM systems with differ-
ent spreading factors. An analytic expression of the SINR for downlink VSF-OFCDM with
frequency offset is derived for the case of maximal ratio combining (MRC) and equal gain
combining (EGC) receivers [10]. In our analysis, the standard Gaussian approximation [11]
is applied to the interference and noise terms. Due to the adverse impact of frequency offset
on VSF-OFCDM systems, a reliable estimation of the frequency offset is then considered
as a basic step in the coherent demodulation process. The CFO estimation process can be
divided into two fundamental steps which are coarse acquisition and tracking. In this arti-
cle, we focus on the estimation and correction of the frequency offset in a tracking mode.
For orthogonal frequency division multiplexing (OFDM) and MC-CDMA systems, similar
algorithms have been proposed in [12] and [13], respectively. In our work, a CFO correction
scheme based on maximum likelihood (ML) estimation is proposed for OFCDM systems
with different spreading factors using MRC and EGC receivers. Our results show that the
proposed method can minimize the normalized frequency offset residual error significantly
after only few iterations. This error minimization results in noticeable improvement in the
system performance in terms of the BER.

The article is organized as follows: Sect. 2 gives a brief description of the OFCDM trans-
mitter and receiver. In Sect. 3, the BER of VSF-OFCDM is derived in the presence of CFO for
MRC and EGC receivers and then numerical results are presented. In Sect. 4, the likelihood
function for VSF-OFCDM system with CFO is derived and then the gradient method is used
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Fig. 1 VSF-OFCDM transmitter

to correct the CFO. Numerical results are presented there as well. Finally, conclusions are
given in Sect. 5.

2 VSF-OFCDM System Model

2.1 VSF-OFCDM Transmitter

In this work, an OFCDM system with K simultaneous users is considered. The total spec-
trum is divided into G groups; each group has M non-contiguous subcarriers that are equally
spaced throughout the spectrum. A block diagram of the VSF-OFCDM transmitter is shown
in Fig. 1. Each data symbol is spread in the time domain with N chips, where N is equal
to SFt ime, and in the frequency domain with SFf req chips which is equal to the M sub-
carriers in each group g. Therefore, totally SF(= SFt ime × SFf req ) spread chips per data
symbol are involved in the 2-D spreading. The 2-D code assigned to the kth user is denoted
as [cT (k), cF(k)], where cT (k) is the time domain spreading code of length N and cF(k) is the
frequency domain spreading sequence of length M .

At the transmitter, the bit stream of the kth user during the j th signal element, bk
j , is first

encoded and then mapped into symbols by the data modulator. A symbol interleaver [14] is
employed to separate successive symbols to non adjacent subcarriers to randomize the deep
faded symbols due to frequency selective fading. Interleaved data symbols are then serial-to-
parallel (S/P) converted into G substreams. After S/P conversion, 2-D spreading is carried
out, where each data symbol is first spread into chips in time domain with the spreading code
cT (k) and then the time-domain spread signal is duplicated into M copies and each copy is
multiplied by a chip of the frequency domain spreading code cF(k). The spread signals from
different users are added together by the multiplexer. An adaptive subcarrier selector block
is then used that allows subcarriers to be selected adaptively based on the channel condi-
tions. The parameters used by this block are determined by the adaptive subcarrier allocation
algorithm proposed in [15]. The resultant signals are then up-converted into the selected
subcarriers using an L point inverse fast Fourier transform (IFFT) [16], where L is a power
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of 2. After IFFT, the OFCDM symbol is obtained. Then, a guard interval is inserted between
OFCDM symbols to prevent intersymbol interference (ISI). Finally, the complete OFCDM
symbol passes through a pulse shaping filter, which gives rise to the baseband transmitted
signal.

Therefore, assuming BPSK modulation, the transmitted signal for the kth user can be
written as:

s(k)(t) = √
2P

∑

j

G∑

g=1

b
(k)
j,g

M∑

l=1

v
(k)
j,l,gc

F(k)
j,l cos(ωl,gt)

N∑

n=1

c
T (k)
j,l,np(t − (jN + n)Tc), (1)

where P is the transmitted power on one subcarrier. The bit stream of the kth user on the
gth group during the j th signal element, b

(k)
j,g , is equal to ±1. c

T (k)
j,l,n is the nth chip in the

time domain spreading code on the lth subcarrier and c
F(k)
j,l is the lth chip in the frequency

domain spreading sequence of length M during the j th transmitted symbol. The parameter
v

(k)
j,l,g = 1, if the lth subcarrier of the gth group is assigned to the kth user by the adaptive

subcarrier allocation algorithm. If the lth subcarrier of the gth group is not assigned to user
k, user k does not transmit data over this subcarrier and v

(k)
j,l,g = 0. p(t) is the waveform of

the pulse shaping filter and it is defined on the interval [0, Tc], where Tc is the chip duration
of the time domain spreading code, and it can be written as:

p(t − (jN + n)Tc) =
{

1, (jN + n)Tc ≤ t ≤ (jN + n + 1)Tc;
0, elsewhere.

Here, ωl,g is the frequency of the lth subcarrier of the gth group and it can be written as

ωl,g = ωc + 2π(g + (l − 1)G)

Tc

,

where ωc is the carrier frequency and 1/Tc is the frequency spacing between two adjacent
subcarriers. The impulse response of the channel for the kth user and the lth subcarrier of
the gth group is described as [17]:

h
(k)
l,g (t, j) = α

(k)
l,g (t, j)e

i
(
φ

(k)
l,g

)

, (2)

where α
(k)
l,g are independent identically distributed (i.i.d.) Rayleigh random variables for the

kth user on the lth subcarrier of the gth group during the j th transmitted OFCDM symbol.
The phase, φ(k)

l,g , is a uniformly distributed random variable over the interval [0, 2π), which is
independent for each symbol, subcarrier and user. Furthermore, the channel fading and phase
shift variables are considered to be constant over a chip duration Tc. The received signal is a
sum of all the K users’ signals transmitted during the j th signal element. These signals are
all corrupted by independent fading conditions, as well as Additive White Gaussian Noise
(AWGN). Consequently, the received signal is expressed as

r(t) =
K∑

k=1

s(k)(t) ∗ h(k)(t) + n(t), (3)

where h(k)(t) represents the total impulse response across all subcarriers for user k, n(t) is
the AWGN with zero mean and double-sided power spectral density N0/2 and (∗) denotes
the convolution process.

Various adaptive subcarrier allocation algorithms were proposed for MC-CDMA and
MC-DS-CDMA systems [18]. Many of these algorithms outperform the corresponding
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Fig. 2 VSF-OFCDM receiver for user k

non-adaptive systems in terms of the BER performance. An adaptive subcarrier allocation
algorithm was proposed to maximize the overall BER performance under different spreading
factors in [15] and we use this algorithm in our work. In this algorithm, the total spectrum is
separated into small groups of non-contiguous subcarriers to maximize frequency diversity
gains and minimize MAI. The users are assigned to subcarriers based on the instantaneous
SINR characteristics of each subcarrier such that the average SINR of the system is maxi-
mized while minimizing the interference caused to other users simultaneously.

2.2 VSF-OFCDM Receiver

The VSF-OFCDM receiver block diagram is shown in Fig. 2. The received signal is given
by (4) where Kg is the total number of users in group g.

r(t) = √
2P

∑

j

G∑

g=1

Kg∑

k=1

b
(k)
j,g

M∑

l=1

α
(k)
l,g c

F(k)
j,l cos

(
ωl,gt + φ

(k)
l,g

)

×
N∑

n=1

c
T (k)
j,l,np(t − (jN + n)Tc) + n(t), (4)

Assuming that the guard interval is larger than the maximum path delay spread, there is no
ISI in the received signals. Without loss of generality, we aim to recover the data transmitted
to user 1 in group 1. We first convert the received signal into parallel format using the serial-
to-parallel converter and then multiply by the subcarrier allocation coefficients for user 1,
v

(1)
j,m,1. This ensures that only the allocated subcarriers are detected at the receiver. After the

fast Fourier transform (FFT) block, the received signal is correlated with the synchronized
time and frequency domain spreading sequences for user 1, [cT (1), cF(1)]. The signal on
the mth subcarrier is first correlated with the synchronized time domain spreading sequence
for user 1, cT (1). The output of each time domain correlator is then multiplied by a chip
from the frequency domain spreading code of user 1, cF(1), to remove the frequency domain
spreading. The output is then combined at the frequency domain despreader and multiplied
by the path weight for the corresponding subcarrier. The receiver uses the MRC algorithm to
maximize the SINR at the output of the correlator. In this combining algorithm, the weight
given to the mth subcarrier in group 1 is equivalent to the fading gain on this subcarrier,
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α
(1)
m,1. EGC is identical to MRC except that a gain of unity is applied to each subcarrier. After

parallel-to-serial (P/S) conversion, the output is demodulated, decoded and sampled to yield
the decision variable for the kth user at the j th transmitted signal. The decision variable for
user 1 in group 1 is given by (5) where φ̂

(1)
m,1 denotes the estimated phase of the mth subcarrier

of group 1 during the j th transmitted bit to user 1.

z
(1)
j,1 =

M∑

m=1

N∑

n=1

1

Tc

(jN+n+1)Tc∫

(jN+n)Tc

α
(1)
m,1c

F(1)
j,m c

T (1)
j,m,nr(t) cos

(
ωm,1t + φ̂

(1)
m,1

)
dt, (5)

3 Effects of CFO

The effect of the frequency offset is analyzed by investigating the type and the amount of
interference caused by CFO in VSF-OFCDM systems with different spreading factors when
subcarrier grouping is used.

3.1 Bit Error Rate Analysis

In this section, an analytic expression of the SINR (and then BER) for downlink VSF-OF-
CDM with frequency offset is derived for the case of MRC and EGC receivers. The maximum
Doppler spread is assumed to be smaller with respect to the subcarrier spacing; therefore,
we consider the CFO caused by this spread as a common phenomenon in all the subcarriers
[5]. We also assume that each subcarrier experiences flat fading.

Taking into account the frequency offset f
(k)
d , the impulse response of the channel for the

kth user and the lth subcarrier of the gth group during the j th transmitted bit can be described
as [17]:

h
(k)
l,g (t, j) = α

(k)
l,g (t, j)e

i
(

2πf
(k)
d t+φ

(k)
l,g

)

. (6)

Therefore, the received signal with CFO, can be written as:

r(t) = √
2P

∑

j

G∑

g=1

Kg∑

k=1

b
(k)
j,g

M∑

l=1

α
(k)
l,g c

F(k)
j,l cos

(
ωl,gt + φ

(k)
l,g + ω

(k)
d t

)

×
N∑

n=1

c
T (k)
j,l,np(t − (jN + n)Tc) + n(t), (7)

If we consider MRC in our analysis, the decision variable for user 1 in group 1 is given
by (5). For simplicity of further calculations, the decision variable can be expressed as

z
(1)
j,1 = S + η + MAI + ICI1 + ICI2 + ICIg, (8)

where S is the desired signal term; η is the noise term; MAI represents the multiple access
interference imposed by the interfering users in the same group of the desired user from the
same subcarriers, where the considered subcarriers are m = 1, . . . , M; ICI1 is the self-inter-
carrier interference from the other subcarriers of the same group; ICI2 is the multiple access
intercarrier interference imposed by the interfering users in the same group of the desired
user, but associated with the subcarriers different from the considered subcarrier and ICIg is
the intergroup interference which represents the intercarrier interference from subcarriers in
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other groups. Without loss of generality, these parameters are considered for user 1 in group
1 at the j th transmitted bit. In the Appendix, the above terms are derived for the case of MRC
receiver. In our analysis, we consider downlink transmission; therefore, we can assume that
all the users suffer equal fading gain and phase shift on each subcarrier [6], which means that
α

(k)
m,g = αm,g , and we can further simplify the derived equations as follows:

σ 2
η = NN0

4Tc

M∑

m=1

(αm,1)
2, (9)

σ 2
MAI = N

P

4
(K1 − 1)

sin2(πfdTc)

(πfdTc)
2

M∑

m=1

(αm,1)
4, (10)

σ 2
ICI1

= N
P

4π2 sin2(πfdTc)

M∑

m=1

(αm,1)
2

M∑

l=1
l �=m

(αl,1)
2

(fdTc + (l − m)G)2 , (11)

σ 2
ICI2

= N(K1 − 1)
P

4π2 sin2(πfdTc)

M∑

m=1

(αm,1)
2

M∑

l=1
l �=m

(αl,1)
2

(fdTc + (l − m)G)2 , (12)

σ 2
ICIg = N

P

4π2 sin2(πfdTc)

G∑

g=2

M∑

m=1

M∑

l=1

Kg(αl,g)
2(αm,1)

2

(fdTc + (g − 1) + (l − m)G)2 . (13)

In the case of EGC receiver α
(1)
m,1 = 1 in (5) and the noise and interference terms are given

as follows:

σ 2
ηEGC

= MNN0

4Tc

, (14)

σ 2
MAIEGC

= N
P

4
(K1 − 1)

sin2(πfdTc)

(πfdTc)
2

M∑

m=1

(αm,1)
2, (15)

σ 2
ICI1EGC

= N
P

4π2 sin2(πfdTc)

M∑

m=1

M∑

l=1
l �=m

(αl,1)
2

(fdTc + (l − m)G)2 , (16)

σ 2
ICI2EGC

= N(K1 − 1)
P

4π2 sin2(πfdTc)

M∑

m=1

M∑

l=1
l �=m

(αl,1)
2

(fdTc + (l − m)G)2 , (17)

σ 2
ICIgEGC

= N
P

4π2 sin2(πfdTc)

G∑

g=2

M∑

m=1

M∑

l=1

Kg(αl,g)
2

(fdTc + (g − 1) + (l − m)G)2 . (18)

The SINR of user 1 in group 1 during the j th bit can be expressed as

γ
(1)
j,1 = E2[S]

σ 2
MAI + σ 2

ICI1
+ σ 2

ICI2
+ σ 2

ICIg
+ σ 2

η

, (19)

where in the case of MRC receiver

E2[S]MRC = N2P

2

sin2(πfdTc)

(πfdTc)
2

(
M∑

m=1

α2
m,1

)2

, (20)
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and in the case of EGC receiver

E2[S]EGC = N2P

2

sin2(πfdTc)

(πfdTc)
2

(
M∑

m=1

αm,1

)2

. (21)

The probability of error based on the Gaussian assumption for BPSK modulation can be
expressed as

Pe = Q

(√
2γ

(1)
j,1

)
, (22)

where Q(x) = 1
2π

∫∞
x

e
−x2

2 dx.

3.2 BER Numerical Results

In this section, we consider a VSF-OFCDM system with 128 subcarriers. We assume that
each subcarrier experiences flat fading and that fading is uncorrelated between subcarriers
in the same group as a result of the subcarrier grouping strategy used. In our evaluation,
the gain on each subcarrier is independent, identically distributed Rayleigh random variable.
The update period of the adaptive subcarrier allocation algorithm is selected to be equivalent
to the coherence time of the channel to ensure that the channel is constant over the update
period [15]. In OFCDM, each data stream is segmented into multiple substreams and spread
over multiple subcarriers and several OFCDM symbols as mentioned before. The data rate
for each user in each analysis is kept constant by transmitting a number of substreams equal
to a multiple of the number of chips in the time domain spreading code N . In this evaluation,
2N substreams are simultaneously transmitted for each user.

The different spreading factors can be used to provide different levels of frequency diver-
sity, or to minimize MAI in the event of high channel loads. SFt ime is equal to the N chips in
the time domain spreading code and SFf req is equal to the M subcarriers in each group g. We
consider a VSF-OFCDM system having carrier frequency offsets of 0, 10, 20 and 30% of the
frequency spacing between adjacent subcarriers [10]. Each of the configurations uses a total
spreading factor SF = SFt ime ×SFf req of 32 to provide a suitable performance comparison.
We use a total SF of 2 × 16 to represent a case with high frequency domain spreading and
16 × 2 to represent a case with high time domain spreading, respectively. We also use a total
SF of 8×4 and 4×8 to represent cases of using moderate levels of time and frequency domain
spreading for VSF-OFCDM systems. The effect of CFO on the mean BER performance with
different spreading factors is investigated by using Monte-Carlo simulation with 1,000 runs
and with the above mentioned parametric values.

Figures 3 and 4 show the BER versus Eb/No for 16 users with total SF of 2×16 and 16×2,
respectively for the case of MRC and EGC receivers. It can be observed from these figures that,
for both MRC and EGC receivers, the degradation in BER caused by CFO is insignificant at
very low Eb/No. However, as Eb/No increases the OFCDM system makes a transition from
being noise-limited to being interference-limited, and the degree of degradation increases as
well. We can observe from the figures that the MRC receiver outperforms the EGC receiver in
the low and average SNR regions. However, for high Eb/No,Eb/No > 30 dB, EGC performs
better than MRC due to the greater interference amplification present in MRC which com-
pounds the effect of the loss of orthogonality. It can also be seen from the figures that, for both
receivers, the degradation in BER caused by the CFO increases with higher SFf req because
of the fact that more subcarriers are present in each group which increases the intercarrier
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interference. From Fig. 4, we can see that for the case of low SFf req(SFf req = 2), MAI is
the main factor that causes the performance degradation since there are fewer subcarriers in
each group which decreases the effect of the intercarrier interference due to frequency offset
than the case with higher SFf req(SFf req = 16). Although the achieved BER performance
associated with MRC and EGC will depend on the SNR as well as the number of users,
similar observations can be made on the comparison between MRC and EGC receivers and
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the effect of carrier frequency offset on their performance when the number of users are
increased from 16 to 32 users.

Figure 5 shows the BER of the MRC receiver versus the normalized frequency offset with
respect to the subcarrier spacing for different spreading factors with Eb/No = 20 dB. From
Fig. 5, it can be observed that at high Eb/No, higher SFf req performs better than higher
SFt ime for a fixed SF of 32 when there is no frequency offset since the frequency diversity
allows the system to achieve higher absolute performance. However, as the frequency offset
increases, higher SFt ime gives better performance as the effect of the intercarrier interference
becomes dominant. From Fig. 5, we can also see that, when the frequency offset is higher
than 10% (normalized frequency offset = 0.1), the BER performance starts to deteriorate,
compared to the case of no offset, for the higher SFf req(SF = 2 × 16). However, for lower
SFf req(SF = 16 × 2), the BER performance starts to degrade when the carrier frequency
offset exceeds 20% of the frequency spacing between adjacent subcarriers. These results
suggest that for a fixed total spreading factor, increasing SFt ime with respect to SFf req will
decrease the sensitivity of the VSF-OFCDM system to the effect of the frequency offset.
Therefore, increasing SFt ime with respect to SFf req for a total fixed SF of 32 will result in an
overall better performance of the OFCDM system in the presence of considerable frequency
offset.

Figures 6 and 7 show the BER of the MRC receiver versus Eb/No with 128 subcarriers
having carrier frequency offsets of 0 and 30% for different number of users with total SF of
2 × 16 and 16 × 2, respectively. It can be observed from these figures that as the number of
users increases, the degradation in performance increases as well for both spreading factors.
This is to be expected since the intercarrier interference terms ICI2 and ICIg are proportional
to the number of users. From Fig. 6, we can see that, for SF = 2×16, the effect of increasing
the frequency offset from 0 to 30% for 16 users is almost similar to doubling the number of
users from 16 users to 32 users in terms of the degradation of the BER performance. From
Fig. 6, we can see that, as the number of users increases from 16 to 32 users, the degradation
of the BER performance due to the increase of frequency offset from 0 to 30% increases from
approximately 0.29 × 10−2 to 3.7 × 10−2. In Fig. 7, for SF = 16 × 2, as the number of users
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Fig. 6 BER of MRC receiver versus Eb/No with 128 subcarriers and SF = 2 × 16 for different number of
users at frequency offsets of 0 and 30%
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Fig. 7 BER of MRC receiver versus Eb/No with 128 subcarriers and SF = 16 × 2 for different number of
users at frequency offsets of 0 and 30%

increases from 16 to 32 users, the degradation of the BER performance due to the increase
of frequency offset from 0 to 30% increases from approximately 0.5 × 10−3 to 3 × 10−3.
From these results, we can see that, the degradation due to increasing the number of users is
more pronounced with the higher SFf req since we have more subcarriers in each group.
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4 CFO Estimation and Correction

Due to the adverse impact of frequency offset on VSF-OFCDM systems as seen in the pre-
vious section, a reliable estimation of the frequency offset is considered as a basic step in
the coherent demodulation process. The carrier frequency offset estimation process can be
divided into two fundamental steps which are coarse acquisition and tracking. In this work,
we focus on the estimation and correction of the frequency offset in a tracking mode and
a CFO correction scheme based on the maximum likelihood (ML) estimation principle is
proposed. ML is chosen in our analysis as it is known to provide a consistent approach to
parameter estimation problems and becomes minimum variance unbiased with the increase
in the sample size [19].

4.1 Likelihood Function for Estimation

The log likelihood function considered in our analysis is given by [20]:

� = 2

No

∫

To

Re
{
r(t )̃r∗(t)

}
dt, (23)

where To is the observation period and it should satisfy To ≥ Tc.
We can write the received signal in (7) as

r(t) =
∑

j

G∑

g=1

Kg∑

k=1

b
(k)
j,g

M∑

l=1

αl,gc
F(k)
j,l ei(2π(fl,g+fd )t+φl,g)

N∑

n=1

c
T (k)
j,l,np(t−(jN + n)Tc) + n(t),

(24)

where r̃(t) is the estimate of r(t) and is given by

r̃(t) = ∑
j

G∑
g=1

Kg∑
k=1

b
(k)
j,g

M∑
l=1

αl,gc
F(k)
j,l ei(2π(fl,g+f̃d )t+φl,g)

N∑
n=1

c
T (k)
j,l,np(t − (jN + n)Tc),

(25)

with f̃d being estimate of the offset frequency fd . A perfect estimation of the fading amplitude
and phase is considered for each subcarrier.

Our objective is to maximize this likelihood function based on the ML estimation principle.
We will assume in our analysis that the receiver performs the coarse frequency offset cor-
rection with training sequences before data transmission and we will consider the frequency
offset in the tracking process only.

The log likelihood function depends on the data sequence and the number of subcarriers.
The data dependence can be removed by averaging the log likelihood function over all the
possible values of the data and fading parameters. In our case, we will define the dependence
on data and fading parameters during the nth chip of the j th bit as follows:

dm,g =
Kg∑

k=1

αm,gb
(k)
j,gc

F(k)
j,m c

T (k)
j,m,n. (26)

The received signal can now be written as

r(t) =
G∑

g=1

M∑

l=1

dl,ge
i(2π(fl,g+fd )t+φl,g) + n(t). (27)
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Considering the observation period to be Tc, the log likelihood function becomes

� = 2

No

Tc∫

0

Re

⎧
⎨

⎩

G∑

g=1

M∑

m=1

dm,gr(t)e
−i(2πfm,gt+φm,g)e−i(2πf̃d t)

⎫
⎬

⎭ dt

= 2

No

G∑

g=1

M∑

m=1

dm,g × Re{qm,g}, (28)

where

qm,g =
Tc∫

0

r(t)e−i(2πfm,gt+φm,g)e−i(2πf̃d )t dt,

which can be re-written as

qm,g =
G∑

ǵ=1

M∑

l=1

Tc∫

0

dl,ǵe
i
(
2π(fl,ǵ−fm,g+	fd)t+φl,ǵ−φm,g

)
dt,

where

	fd = fd − f̃d .

Therefore, we can write Re{qm,g} as in (29)

Re{qm,g} =
G∑

ǵ=1

M∑

l=1

Tc∫

0

dl,ǵ cos
(
2π(fl,ǵ − fm,g + 	fd)t + φl,ǵ − φm,g

)
dt (29)

=
G∑

ǵ=1

M∑

l=1

dl,ǵ

sin(2π(fl,ǵ − fm,g + 	fd)Tc + φl,ǵ − φm,g) − sin(φl,ǵ − φm,g)

2π(fl,ǵ − fm,g + 	fd)
.

The likelihood function is obtained as:

�̄ = e� (30)

In the case of low SINR, we can use the power series to expand the exponential. Therefore,
the likelihood function for the carrier frequency offset is given by [21]:

�̄ = 1

N2
o

⎛

⎝
G∑

g=1

M∑

m=1

dm,g × Re{qm,g}
⎞

⎠
2

. (31)

We remove the data dependence by averaging the likelihood function over all the values
of the data and fading parameters dm,g . After some calculations, we get

E[�̄] = Tc
2E[dl,ǵ

2]
4π2N2

o

G∑

g=1

M∑

m=1

G∑

ǵ=1

M∑

l=1

1 − cos(2π	fdTc)
((

	fd + fl,ǵ − fm,g

)
Tc

)2 ,

where 	fdTc is the normalized frequency offset error with respect to the subcarrier spac-
ing.Figure 8 shows the normalized mean value of the likelihood function versus the normal-
ized frequency offset error (	fdTc) with 128 subcarriers. It can be seen from the figure that
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Fig. 8 Average value of the likelihood function versus the normalized frequency offset error

the likelihood function reaches a maximum value for 	fdTc = 0 and that the acquisition
range is between −0.5 and 0.5 of the subcarrier spacing. The optimum value of f̃d is therefore
the one that maximizes the likelihood function. To find the maximum of this function, a non
linear algorithm is employed as discussed in the next section.

4.2 Correction of CFO

Due to the characteristic of the likelihood function (local convexity of the function with
respect to the normalized frequency offset error), we propose to use the gradient method
to maximize the likelihood function. The gradient method is chosen because it is easy to
implement and it requires low computational complexity [22].

Averaging on data and fading parameters and then taking the derivative of the likelihood
function in (31) with respect to f̃d to obtain the ML estimation, we get

∂�̄

∂f̃d

= 2C

N2
o

G∑

g=1

M∑

m=1

Re{qm,g}∂Re{qm,g}
∂f̃d

= 2C

N2
o

G∑

g=1

M∑

m=1

Re{qm,g} × pm,g, (32)

where

pm,g = ∂Re{qm,g}
∂f̃d

.
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Fig. 9 BER versus normalized frequency offset at Eb/No = 10 dB for different SF

By differentiating (29), we get

pm,g = 2π

G∑

ǵ=1

M∑

l=1

⎡

⎣dl,ǵ

Tc∫

0

t sin
(
2π(fl,ǵ − fm,g + 	fd)t + φl,ǵ − φm,g

)
dt

⎤

⎦ , (33)

pm,g = 2π

G∑

ǵ=1

M∑

l=1

dl,ǵ

[ [−Tc cos (2π	fdTc + φl,ǵ − φm,g)]
2π(fl,ǵ − fm,g + 	fd)

+[sin(2π	fdTc + φl,ǵ − φm,g) − sin(φl,ǵ − φm,g)]
(2π(fl,ǵ − fm,g + 	fd))2

]
. (34)

For the estimation of the frequency offset, we use the gradient method and hence,

f̃dr+1 = f̃dr + kεr ,

where k is a positive constant, f̃dr and f̃dr+1 are the estimation of fd at the rth and (r + 1)th
iteration, respectively and εr is given by the following expression:

εr =
G∑

g=1

M∑

m=1

Re{qm,g} × pm,g. (35)

4.3 Numerical Results

In this section, we use the same simulation parameters as in Sect. 3.2. Since we are interested
in the low SINR region, we represent the results when using MRC receiver since it outper-
forms the EGC receiver in this region. Figure 9 shows the BER of the VSF-OFCDM system
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Fig. 10 CFO correction results versus number of iterations for different values of k and SF = 2 × 16
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Fig. 11 CFO correction results versus number of iterations for different values of k and SF = 16 × 2

versus the normalized (with respect to the subcarrier spacing) frequency offset (fdTc) for dif-
ferent spreading factors (SF = SFt ime × SFf req ) at Eb/No = 10 dB. This figure shows that
for example, for a BER of 10−2, the performance starts to deteriorate at fdTc = 0.1, 0.2, 0.25
and 0.3 for a total SF of 2 × 16, 4 × 8, 8 × 4 and 16 × 2, respectively. This means that if we
can mitigate the frequency offset to less than that level for the different SFt ime and SFf req ,
we can improve the system performance significantly.
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Fig. 12 BER performance improvement with different number of iterations and SF = 2 × 16

We first investigate the convergence speed and the sensitivity of the gradient method with
different spreading factors with 16 users simultaneously using the channel. In Figs. 10 and 11,
the number of iterations are plotted versus the square of the normalized frequency offset error.
In Fig. 10, we use a total SF of 2 × 16 which represents a case with high frequency domain
spreading and we change the constant k to be k = 100 × 10−9, k = 5.8 × 10−9 and
k = 4 × 10−9. The same is done in Fig. 11 but with a total SF of 16 × 2 and the constant
k takes the values k = 10 × 10−11, k = 1.2 × 10−11 and k = 0.8 × 10−11. From Figs. 10
and 11, we notice that with different values of the constant k, the algorithm converges to the
same floor of the normalized frequency offset error (	fdTc) which is around 10−8 but at
different convergence speeds. Also, different constants will result in different error variances
after reaching the error floor. This is because different values of k result in different step
sizes of converging to the optimal value (when there is no frequency offset) which affects
the rapidity of convergence. If the constant is too large, the algorithm will fluctuate the fre-
quency around the correct value. Smaller values of k will result in smaller error variance but
the algorithm will require more iterations to converge to the optimal value. Similar figures
can be obtained for the different spreading factors for different values of k. From Figs. 10
and 11, it is clear that different SF in the time and frequency domain will require different
step sizes to converge at the same speed.

Figures 12 and 13 show the BER vs. the number of users with 128 subcarriers and ini-
tial normalized frequency offset (with respect to the subcarrier spacing) of 0.3 for different
number of iterations with total SF of 2 × 16 and 16 × 2, respectively. The BER is calculated
using Eqs. (9)–(22) together with the results of the normalized frequency offset error after
a fixed number of iterations obtained from Figs. 10 and 11, for a total SF of 2 × 16 and
16 × 2, respectively. The value of the constant k is appropriately adjusted such that after
the same number of iterations, the frequency offsets converge to the same value in all the
cases. It was shown in Sect. 3.2 that, when the total spreading factor is fixed to 32, the OF-
CDM system with higher SFf req is more sensitive to frequency offset than that with lower
SFf req . This effect can be seen in Figs. 12 and 13, where lower SFf req converges faster to
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Fig. 13 BER performance improvement with different number of iterations and SF = 16 × 2

the optimal value. The figures show that within only 20 iterations, we are close to the optimal
value when the normalized frequency offset can be minimized to the case with negligible
offset, which significantly improves the BER performance for different number of users and
different spreading factors.

5 Conclusions

VSF-OFCDM systems can achieve the high capacity and high data rates that are expected
from the 4G systems. They, like other multicarrier systems, suffer from performance deg-
radation due to carrier frequency offset. In this article, the BER performance of downlink
VSF-OFCDM was analyzed in the presence of carrier frequency offset for both MRC and
EGC receivers. From the numerical results, we conclude that, when the total spreading factor
is fixed, the VSF-OFCDM system with higher SFf req is more sensitive to frequency offset
than that with lower SFf req . Also, the effect of the normalized frequency offset on BER
performance is smaller when the normalized frequency offset is less than 10% for the higher
SFf req and less than 20% for the lower SFf req . In addition, our results show that the degree
of degradation due to CFO in the VSF-OFCDM system is also a function of the number of
users. We showed that the BER performance of VSF-OFCDM can be improved significantly
when the effect of frequency offset is mitigated. We presented a ML estimation of the CFO
in a VSF-OFCDM system for the case of low SINR. The results show that the likelihood
function reaches a maximum value when the normalized frequency offset is zero. Using the
characteristics of the likelihood function and the ML principle, a gradient algorithm was
used to minimize the frequency offset for different spreading factors. The numerical results
show that our approach is able to estimate and correct the frequency offset with a normalized
residual error of less than 10−8 for different spreading factors. Different spreading factors in
time and frequency domain require different step sizes to converge at the same speed. The
results also show that the BER of the VSF-OFCDM system can be improved significantly
for different spreading factors after only a few number of iterations.

123



Carrier Frequency Offset in VSF-OFCDM Systems

Appendix

In this appendix, we derive each of the terms in (8). The desired signal term, S, can be written
as:

S = 1

Tc

√
P

2
b

(1)
j,1

M∑

m=1

(
α

(1)
m,1

)2 [
c
F(1)
j,m c

F(1)
j,m

]

×
N∑

n=1

(jN+n+1)Tc∫

(jN+n)Tc

[
c
T (1)
j,m,nc

T (1)
j,m,n

]
p(t − (jN + n)Tc) cos

(
ω

(1)
d t + φ

(1)
m,1 − φ̂

(1)
m,1

)
dt.

(36)

where c
T (1)
j,m,n is the nth chip in the time domain spreading code of user 1 on the mth sub-

carrier during the j th transmitted symbol and c
F(1)
j,m is the mth chip in the frequency domain

spreading sequence of user 1 during the j th transmitted symbol. The rectangular function,
p(t − (jN + n)Tc), has a constant amplitude of unity over Tc and since b

(1)
j,1, [cF(1)

j,m c
F(1)
j,m ] and

(α
(1)
j,m)

2
are constants over Tc, they can be taken outside the integral. In addition, since the sys-

tem spreading codes are synchronized at the receiver, [cF(1)
j,m c

F(1)
j,m ] = 1 and [cT (1)

j,m,nc
T (1)
j,m,n] = 1.

Therefore, the desired signal term can be written as:

S =
√

P

2
b

(1)
j,1

sin

(
ω

(1)
d Tc

2

)

(
ω

(1)
d Tc

2

)
M∑

m=1

(α
(1)
m,1)

2
N∑

n=1

cos
(
(jN + n + 1/2)ω

(1)
d Tc + φ

(1)
m,1 − φ̂

(1)
m,1

)
,

(37)

The noise term, η, can be expressed as follows:

η = 1

Tc

M∑

m=1

α
(1)
m,1c

F(1)
j,m

N∑

n=1

c
T (1)
j,m,n

(jN+n+1)Tc∫

(jN+n)Tc

p(t − (jN + n)Tc)n(t) cos
(
ωm,1t + φ̂

(1)
m,1

)
dt.

(38)

The noise term η is a Gaussian random variable with zero mean and its variance is
given by:

σ 2
η = E[η2] = NN0

4Tc

M∑

m=1

(
α

(1)
m,1

)2
. (39)

The interference term MAI is obtained from (5) with the condition that g = 1 and l = m

for k �= 1. Therefore,

MAI = 1

Tc

√
P

2

K1∑

k=2

b
(k)
j,1

M∑

m=1

α
(1)
m,1α

(k)
m,1c

F(1)
j,m c

F(k)
j,m (40)

×
N∑

n=1

(jN+n+1)Tc∫

(jN+n)Tc

c
T (1)
j,m,nc

T (k)
j,m,np(t − (jN + n)Tc) cos

(
ω

(k)
d t + φ

(k)
m,1 − φ̂

(1)
m,1

)
dt,
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where K1 is the total number of users in group 1. We can express the MAI term as follows:

MAI =
√

P

2

K1∑

k=2

M∑

m=1

N∑

n=1

b
(k)
j,1

sin

(
ω

(k)
d Tc

2

)

(
ω

(k)
d Tc

2

) α
(1)
m,1α

(k)
m,1c

F(1)
j,m c

F(k)
j,m (41)

× c
T (1)
j,m,nc

T (k)
j,m,n cos

(
(jN + n + 1/2)ω

(k)
d Tc + φ

(k)
m,1 − φ̂

(1)
m,1

)
.

The MAI is approximated by a Gaussian random variable with zero mean and its variance
is given by:

σ 2
MAI = N

P

4
(K1 − 1)E

⎡

⎢⎢⎢⎣(α
(k)
m,1)

2
sin2

(
ω

(k)
d Tc

2

)

(
ω

(k)
d Tc

2

)2

⎤

⎥⎥⎥⎦

M∑

m=1

(
α

(1)
m,1

)2
, (42)

where φ
(k)
m,1 and φ̂

(1)
m,1 are i.i.d. random variables uniformly distributed over the interval [0,

2π). The term [(jN + n + 1/2)ω
(k)
d Tc] only rotates the phase [φ(k)

m,1 − φ̂
(1)
m,1]. Therefore,

E[cos2((jN + n + 1/2)ω
(k)
d Tc + φ

(k)
m,1 − φ̂

(1)
m,1)] is equal to 0.5.

The self-intercarrier interference term ICI1 can be obtained from (5) by letting k = 1, g =
1 and l �= m. Therefore,

ICI1 = 1

Tc

√
P

2
b

(1)
j,1

M∑

m=1

M∑

l=1
l �=m

α
(1)
m,1α

(1)
l,1 c

F(1)
j,m c

F(1)
j,l

×
N∑

n=1

(jN+n+1)Tc∫

(jN+n)Tc

c
T (1)
j,m,nc

T (1)
j,l,np(t − (jN + n)Tc)

× cos
((

ω
(1)
d + ωl,1 − ωm,1

)
t + φ

(1)
l,1 − φ̂

(1)
m,1

)
dt, (43)

The expression for the term ICI1 can be written as:

ICI1 =
√

P

2
b

(1)
j,1

M∑

m=1

M∑

l=1
l �=m

N∑

n=1

sin

(
ω

(1)
d Tc

2

)

(
(ω

(1)
d +ωl,1−ωm,1)Tc

2

) (44)

×α
(1)
m,1α

(1)
l,1 c

F(1)
j,m c

F(1)
j,l c

T (1)
j,m,nc

T (1)
j,l,n cos

(
(jN + n + 1/2)(ω

(1)
d + ωl,1 − ωm,1)Tc

+φ
(1)
l,1 − φ̂

(1)
m,1

)
.

The ICI1 can be approximated by a Gaussian random variable with zero mean and its
variance is given by:

σ 2
ICI1

= N
P

4

M∑

m=1

(α
(1)
m,1)

2
M∑

l=1
l �=m

(α
(1)
l,1 )

2
sin2

(
ω

(1)
d Tc

2

)

(
(ω

(1)
d +ωl,1−ωm,1)Tc

2

)2 . (45)
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The multiple access interference from users in the same group as the desired user, but associ-
ated with the subcarriers different from the considered subcarrier, ICI2, is obtained by setting
k �= 1, g = 1 and l �= m in (5). Therefore,

ICI2 = 1

Tc

√
P

2

K1∑

k=2

b
(k)
j,1

M∑

m=1

M∑

l=1

l �=m

α
(1)
m,1α

(k)
l,1 c

F(1)
j,m c

F(k)
j,l

×
N∑

n=1

(jN+n+1)Tc∫

(jN+n)Tc

c
T (1)
j,m,nc

T (k)
j,l,np(t − (jN + n)Tc)

× cos
((

ω
(k)
d + ωl,1 − ωm,1

)
t + φ

(k)
l,1 − φ̂

(1)
m,1

)
dt, (46)

We can express this term as:

ICI2 =
√

P

2

K1∑

k=2

M∑

m=1

M∑

l=1

l �=m

N∑

n=1

b
(k)
j,1

sin

(
ω

(k)
d Tc

2

)

(
(ω

(k)
d +ωl,1−ωm,1)Tc

2

)

×α
(1)
m,1α

(k)
l,1 c

F(1)
j,m c

T (1)
j,m,nc

F(k)
j,l c

T (k)
j,l,n

× cos
(
(jN + n + 1/2)(ω

(k)
d + ωl,1 − ωm,1)Tc + φ

(k)
l,1 − φ̂

(1)
m,1

)
. (47)

The ICI2 can be approximated by a Gaussian random variable with zero mean and variance
given by:

σ 2
ICI2

= N(K1 − 1)
P

4

M∑

m=1

(α
(1)
m,1)

2
E

⎡

⎢⎢⎢⎣(α
(k)
l,1 )

2
sin2

(
ω

(k)
d Tc

2

)

(
(ω

(k)
d +ωl,1−ωm,1)Tc

2

)2

⎤

⎥⎥⎥⎦ . (48)

The interference from other groups ICIg can be obtained from (5) by letting g �= 1.
Therefore,

ICIg = 1

Tc

√
P

2

G∑

g=2

Kg∑

k=1

b
(k)
j,g

M∑

m=1

M∑

l=1

α
(1)
m,1α

(k)
l,g c

F(1)
j,m c

F(k)
j,l

×
N∑

n=1

(jN+n+1)Tc∫

(jN+n)Tc

c
T (1)
j,m,nc

T (k)
j,l,np(t − (jN + n)Tc)

× cos
((

ω
(k)
d + ωl,g − ωm,1

)
t + φ

(k)
l,g − φ̂

(1)
m,1

)
dt, (49)
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This term can also be expressed as follows:

ICIg =
√

P

2

G∑

g=2

Kg∑

k=1

M∑

m=1

M∑

l=1

N∑

n=1

b
(k)
j,g

sin

(
ω

(k)
d Tc

2

)

((
ω

(k)
d +ωl,g−ωm,1

)
Tc

2

)

×α
(1)
m,1α

(k)
l,g c

F(1)
j,m c

T (1)
j,m,nc

F(k)
j,l c

T (k)
j,l,n

× cos
(
(jN + n + 1/2)

(
ω

(k)
d + ωl,g − ωm,1

)
Tc + φ

(k)
l,g − φ̂

(1)
m,1

)
. (50)

The ICIg can be approximated by a Gaussian random variable with zero mean and variance
given by:

σ 2
ICIg = N

P

4

G∑

g=2

Kg

M∑

m=1

(
α

(1)
m,1

)2
E

⎡

⎢⎢⎢⎢⎢⎣

(
α

(k)
l,g

)2
sin2

(
ω

(k)
d Tc

2

)

((
ω

(k)
d +ωl,g−ωm,1

)
Tc

2

)2

⎤

⎥⎥⎥⎥⎥⎦
. (51)

Using the assumption in [5] that the frequency offset is equal and constant for all users,
therefore, ω

(k)
d = ωd . Also, we can assume the estimated phase for user 1 in group 1 to be

φ̂
(1)
m,1 = (jN + n + 1/2)ωdTc + φ

(1)
m,1 [23]. This means that the subcarrier phase estima-

tor determines the value of the phase rotation at time (n + 1/2)Tc which is the middle of
the nth chip integration interval. Since in our analysis, we consider downlink transmission;
therefore, we can also assume that all the users suffer equal fading gain and phase shift on
each subcarrier [6], which means that α

(k)
m,g = αm,g . Using these assumptions, the terms in

(9)-(13) and in (20) are obtained.
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