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Recent experimental and theoretical advances in the creation and description of bright
matter wave solitons are reviewed. Several aspects are taken into account, including
the physics of soliton train formation as the nonlinear Fresnel diffraction, soliton-soliton
interactions, and propagation in the presence of inhomogeneities. The generation of
stable bright solitons by means of Feshbach resonance techniques is also discussed.
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1. Introduction

Solitons are localized waves that propagate without losing their shape due to equi-
librium between dispersion and nonlinearity effects.!™* Solitons appear in such
physical systems as shallow water, fiber optics and plasma waves. They are typi-
cally described by nonlinear equations as the Korteweg—de Vries (KdV) for systems
with small dispersion (e.g., shallow water waves), or by the nonlinear Schréodinger
(NLS) equation for envelopes of wave packets for the lowest order dispersion and

nonlinear effects (e.g., fiber optics and other media). The equation for the “wave
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function” of Bose-Einstein condensates (BEC) has the form of multidimensional
NLS equation with a trap potential. It is usually known as the Gross—Pitaevskii
(GP) equation. In quasi-one-dimensional case, the dynamics of the wave function
can be modeled by a one-dimensional (1D) NLS equation, leading to different forms
of soliton solutions. Solitons can be classified as bright or dark ones. A bright soliton
represents a propagation of wave packets without changing its form. This type of
soliton exists for the focusing cubic nonlinearity term corresponding to BEC with
attractive interactions between atoms. A dark soliton corresponds to a moving hole
on a background that can occur in case of the defocusing cubic nonlinearity, i.e. in
BEC with repulsive interactions between atoms.

Bose-Einstein condensates (BEC) were predicted theoretically 80 years ago.
Only in 1995, after intense experimental research with magnetically trapped weakly
interacting atoms, it was reported as evidence that the Bose—Einstein condensation
was achieved.” ? Since Bose-Einstein condensation is related to the occurrence of
macroscopic occupation of a single quantum state, it demonstrates typical quan-
tum mechanical features and, hence, the condensate’s motion is often also named
as a “matter wave”. At zero temperature such condensates of trapped atomic sys-
tems can be described in the mean field approximation by the Gross—Pitaevskii
(GP) equation'® (which can be regarded as a non-linear version of the Schrodinger
equation for the condensate “wave function” ¥(r,t)), given by

ov h?

AL v 2
ih—. 5 VU Vet (r) ¥ + |70 (1)

In the above, m is the single atom mass; the condensate wave function ¥ = ¥(r, )
is normalized to the number of atoms NNV,

[ 1w = 2)

Vext(r) is the external trapping potential that normally can be approximated by a
general form of a non-symmetric harmonic oscillator potential,

5,6

Vexs (r) = %(wi:f + w§y2 + w?2?); (3)

and

drhla,
g=—

(4)

is the effective coupling parameter associated to the atom-atom interaction, as being
the s-wave scattering length, and interaction is attractive (repulsive) for as, < 0
(as > 0). For a condensate in a symmetric trap, with cubic and quintic nonlinear
terms, see also Ref. 11.

Since the production of BEC, it was a challenge to demonstrate that solitons
could also propagate in such media. The first observation of dark solitons (in BEC
with as > 0) was reported in Ref. 12, followed by experimental observations given in
Refs. 13 and 14. Bright matter wave solitons (BS) in BEC can occur when as < 0.

m
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They are harder to observe than dark solitons due to the occurrence of collapse
of the system for sufficiently high number of atoms. Nevertheless, in 2002 two
groups, one at Ecole Normale Supériore in Paris'® and another at Rice University,'6
showed almost simultaneously the generation and propagation of solitons in “Li
condensates. Both experiments are very similar — the main difference is that in the
Paris experiment there was much less number of atoms so that only one soliton was
formed and its motion in expulsive “anti-trapping” potential was studied, whereas
in the Rice experiment trains of several solitons were produced and these trains
oscillated in a weak attractive trapping potential. To be definite, we shall describe
here in some detail the Rice experiment.'17

We shall first discuss atomic properties of “Li. As all alkali atoms, the electronic
state of "Li has zero orbital angular momentum and spin momentum S = 1/2 so
that the total electronic angular momentum is equal to J = 1/2. As a result, there
is no fine structure of atomic levels due to spin-orbit interaction, but levels have a
hyperfine structure originated from the interaction of electronic angular momentum
with nuclear spin I = 3/2 (or, more exactly, an interaction of electronic and nuclear
magnetic moments) of “Li nucleus. The coupling between the electronic and nuclear
spins leads to two possible values F' = I+1/2 of the total angular momentum F = 2
and F' = 1. Each level in this doublet is (2F + 1)-fold degenerate and the hyperfine
(hf) splitting between these two levels is given by the Fermi formula!®

8t 21 +1
AEn =Eri10—Er10 = 3T

where pup = eh/2m, is the Bohr magneton, p is the nucleus magnetic moment,
and 1. (0) is the normalized valence electron s-wave function at the nucleus. The
magnetic moment of “Li nucleus is positive (u = 3.256ux, uy is the nuclear mag-
neton), hence the ground state corresponds to F' = 1 and the hyperfine split-
ting between this level and the higher level ' = 2 of the doublet is equal to
vh = AEps/h = 804 MHz in frequency units or 3.85 K in temperature units.
In the presence of a weak magnetic field B these degenerate levels are split into
Zeeman multiplets with the energy intervals between sublevels

pppp2(0), (5)

AFE = (F,mp2upJ.B|F,mp) = grupmrB, (6)

where we neglect the nucleus magnetic moment due to uy < pup, and mp is the
eigenvalue of F,. gr, is the Landé factor given by

F(F+1)+J(J+1)—I(I+1)

= . 7
v 2F(F +1) Q
Correspondingly, the mean magnetic moment of the atom is equal to
OAFE
[y = — = — . 8
K OB gLpuBmr (8)

For "Li atom, we have g7 (F =2) = 1/4 and gp.(F = 1) = —1/4. Thus, we see that
the states |2,2), |2,1) and |1, —1) can be trapped by the magnetic trap with the
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minimum of the field B, whereas the states |2, —2), |2, —1) and |1,1) are repelled
from such a field.

Now, in the experiments the condensation of large enough number of atoms with
negative interaction constant g < 0 (that is with negative scattering length a, < 0)
is followed by its collapse with loss of majority of the atoms. Therefore one has to
condense atoms with positive interaction constant g > 0 (or as, > 0) and after that
reverse its sign by changing the atom-atom interaction constant from repulsive to
attractive. This can be achieved by means of a Feshbach resonance.'® A Feshbach
resonance occurs when the energy of a pair of colliding atoms matches with the
energy of a vibrational state of a diatomic molecule. When one varies an external
magnetic field B, the Zeeman energy (5) of atoms changes relative to the energy of
a molecule because its magnetic moments differs from that (8) of atoms. Near the
resonance the scattering length a, as a function of the driving magnetic field B can

be approximated as
A
s = 1- P 9
as = ap ( B Bo) (9)

where A denotes the width of the resonance. Hence, the external magnetic field
allows one to tune the scattering length continuously from a, < 0 to as > 0. In 7Li
atoms a Feshbach resonance takes place for the state |[F,mp) = |1,1) at By = 725 G
and a zero crossing of the scattering length a4 is at B = 550 G. However, as we saw
above, this state is not magnetically trappable, and it is obtained in the final stage
of the experiment after several preliminary stages of preparation of the condensate
which are described briefly below.

Lithium at room temperature is solid, so it must be heated on up to 900 K to be
in the gaseous phase. In the experiment described in Ref. 16 the Lithium sample is
diffused through a Zeeman slower and loaded to a magneto-optical trap where the
temperature is around 200 pK. These atoms are transferred to a Ioffe-Pritchard
magnetic trap in the |F = 2,mp = 2) spin state and cooled by evaporation until
a temperature of around 1 K. The atoms are transferred to an optical trap with
infrared Nd:YAG laser (1064 nm) focused to a 1/e? intensity radius of 47 ym and
power of up to 750 mW for radial confinement. Two cylindrically focused doubled
Nd:YAG beams (532 nm) 250 pum apart provide axial confinement. The magnetic
trap is then turned off and a uniform magnetic field is ramped to 700 G. The
atoms are turned from |[F' = 2,mp = 2) state to |[F' = 1, mp = 1) state by an
adiabatic microwave sweep of 15 ms and 1 MHz width at ~ 820 MHz. At that
magnetic field the scattering length has the large and positive value of as ~ 200ay,
where ag is the Bohr radius that facilitates collisions, since thermalization rate
scales as a2. The intensity of the infrared red is then halved. This resulted in trap
frequencies w; = w, = wy = 27 - 640 Hz, w, = 27 - 3.2 Hz. The gas cools
by evaporation with collisions enhanced by a large scattering length, generating
a stable BEC. Absorption images indicates that condensates are formed up to ~
3 x 10° atoms. Finally, bright solitons are generated by turning the scattering length
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Fig. 1. Repulsive interactions between solitons, as obtained in the experiment described by
Strecker et al.'® The images shown a soliton train near the turning points and near the cen-
tre of the oscillation.

to near 547 G for which a = —3ag, where a; is small and negative (see Fig. 1).
After their generation, the solitons oscillate within an amplitude of ~ 370 ym and
period of 310 ms. Image distortion limits the precision of the number of atoms
measurement. Solitons have a maximum number of ~ 6000 atoms, in agreement
with the maximum allowed by theory.2°~22 Summing up the total number of atoms
in the train obtained was less than 6 x 10%, indicating that a strong loss occurred
in short time compared with the experimental time scale of 30 ms. This losses are
caused by collapse and are still to be quantitatively estimated. It was observed that
an approximately linear relation exists between the number of solitons produced and
the release time from the end caps from At = 0 (four solitons) to At = 35 ms (ten
solitons), indicating that the number should vary with the initial size of condensate.

In the following we describe the theory of bright matter waves solitons in elon-
gated cigar-shape trap with attractive atom-atom interactions.

2. One-Dimensional Reduction of Gross—Pitaevskii Equation for
Condensates in Cigar-Shaped Trap

When a condensed atomic system is confined in a cigar-shaped trap as given in
Eq. (3), with the frequency relations such that w, =wy =w,; and A =w,/w, K 1,
then it is natural to expect that there are situations when transverse degrees of
freedom become irrelevant and the GP equation can be reduced to an effective 1D
equation. We shall consider this possibility in this section with the aim to clarify
characteristic values of the parameters involved into this problem.

If the equation under consideration admits formulation in the form of the Hamil-
tonian least action principle, with the action functional

S:/Ldt, L:/£d3r, (10)

then the standard method to eliminate irrelevant degrees of freedom will aver-
age the Lagrangian density £ over properly determined space regions or time
intervals.
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The GP equation admits the Hamiltonian principle formulation with the La-
grangian density
ih h?
L= (W0 W) o [VUP 4 Ve (0] 9 + 5 |0, (11)

where U, = 0U/dt. Considering this equation with the corresponding Lagrange
equation,

d oL oL oL
dt O + Va(v\p*) o (12)

one obtains Eq. (1).
In order to obtain a condition under which the transverse degrees of freedom
become irrelevant, we have to determine the values of the parameters such that the
transverse motion is decoupled from the longitudinal one. A simple inspection of
Eq. (1) shows that this aim can be achieved when the characteristic energies of the
transverse excitations are much greater than the energy from the nonlinear term.

This condition can be written as
h2

2 2 2
~ > g|¥|e, 13
msi mw; s) glv| (13)

where s, is the size of the condensate in the transverse direction. From this, we

SJ_NlJ_, lJ_EU%. (14)
1

By taking into account Eq. (4) and considering an estimate for the density |¥|? as
|¥|? ~ N/(s% s))), where s is the order of magnitude of the size of the condensate
in the longitudinal direction, we obtain the condition

obtain

Masl 1. (15)
ol
It is clear that the estimate (14) means that atoms occupy the ground state of
the harmonic motion with the amplitude [, in the transverse oscillator potential,
that is, the energies of the longitudinal motion as well as the nonlinear contribution
are not high enough to excite the higher levels of the transverse motion in ther-
modynamic equilibrium. In our case, the transverse motion of atoms is quantized
and it reduces to the lowest energy level of the harmonic motion in the transverse
potential. Since the transverse motion is reduced to the ground state only so that
there is no change of transverse wave function along the cigar axis, we can factorize
the whole condensate wave function:

U= ¢($7y)¢(zat) ) (16)
where
1 % 4+ y?
d(x,y) = NG exp (—W> (17)
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is the ground state wave function of the transverse motion. (We emphasize that this
is not a “variational ansatz” with the Gaussian function introduced for convenience
in the calculations; here ¢ is the exact ground state wave function, with other states
of transverse motion neglected due to Eq. (15).) Thus, we can substitute Eqs. (17)
and (16) into Eqgs. (11) and (10) and integrate over the transverse xy plane to
obtain the expression for the action in terms of an effective only 1D Lagrangian:

S:/Ldt7 L:/Elpdz7 (18)

where, omitting an irrelevant constant term, we have

[pI* (19)

f1p = W0 = 60" + o+ a2 +

The Hamiltonian principle states that the evolution of 1(z,t) is governed by the
Lagrange equation (12), which yields the 1D NLS equation

LI Ay R ST (20)
€

ot 2m 022 2

with the normalization condition

/|1/)|2dz =N. (21)

Next, we can estimate the axial size s| of the condensate. We may consider the
situation when the condensate is confined by attractive forces between atoms rather
than by the axial trap potential. In this case, its length in the longitudinal direction,
5|, can be estimated by equating the dispersive and nonlinear terms:

las| N 12

h2 2 L
|¢| , O~ S”NW.

2
msH mli s

(22)

Actually, this is the width of the bright soliton formed by the condensate. Indeed,
neglecting the axial trap (w, = 0), Eq. (20) has the well-known solution

_ Jlad N e (e B !
P(z,t) = T A om t cosh[k(z — vt)]’ (23)

where

B las| N 1
By

(24)

is the inverse width of the soliton and v its velocity. Hence, Eq. (15) implies phys-
ically that the soliton width must be much greater than the radial size of the
condensate, [ /s < 1. Another convenient form of this condition, obtained using
Eq. (22), is given by Nla,|/l, < 1.
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We can consider the propagation of bright soliton along the trap if its energy
is much greater than the potential energy due to the potential at distances ~ s.

That is
h? h
—s > mwfsﬁ ;oo s L= ——. (25)
ms|| V mw,

In this case, using Eq. (22), we obtain

Nlag l B
ﬂ»i: [Y2 — X, (26)
ZJ_ lH W

Nlas
VX < l|a|<<1 (27)
€L

are fulfilled, the 1D NLS equation can be applied to describe bright solitons moving
along a cigar-shape trap. These conditions are to be considered as rough estimates
for the applicability of the 1D reduction from three-dimensional (3D) systems in
elongated traps. It has been shown numerically in Ref. 20 that a 1D reduction,
as well as the ansatz given by Eqs. (17) and (19), is still valid for the cases with
Nlas|/lL ~ 0.19 with A ranging from zero up to 0.4. It is also valid for cases
with strong nonlinearity as N|as|/lL ~ 0.38 with A\ = 0, as justified by multi-scale
expansions in Ref. 20.

Note that for condensates that are confined in cigar-shaped traps, with the
number N of atoms such that Nlas|/lL > 0.676, the system collapses®®?2 and the
validity of the 1D reduction completely breaks down in agreement with Eq. (27).
An improved variational approach, correct beyond the 1D approximation, was sug-
gested in Ref. 23. Its application to bright solitons will be considered in Sec. 6.

Thus, if the conditions

3. Formation of Bright Soliton Trains at the Sharp Edge of
the Condensate

Formation of bright soliton trains in nonlinear wave systems is often explained as
a result of modulational instability, where selection of the most unstable mode is a
result of interplay of interference and nonlinear effects (this approach was applied
to BEC in e.g. Refs. 24 and 25). Most clearly this process can be seen in the
vicinity of a sharp edge of density distribution of BEC. In this case, at linear stage
of evolution the linear diffraction provides an initial modulation of the wave and
further combined action of interference and nonlinear effects leads to the formation
of soliton trains. Without nonlinear effects, such kind of time evolution of a sharp
wave front would be a temporal counterpart of usual spatial Fresnel diffraction and
therefore soliton train formation at the sharp front of nonlinear wave can be called
a nonlinear Fresnel diffraction.

Similar formation of oscillatory structures at sharp wave front or after wave
breaking in modulationally stable systems described by the Korteweg-de Vries equa-
tion is well known as a “dissipationless shock wave” (see e.g. Ref. 26). Its theoretical
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description is given in Refs. 27 and 28, in the framework of Whitham theory of non-
linear wave modulations,? where the oscillatory structure is presented as a modu-
lated nonlinear periodic wave which parameters change little in one wavelength and
one period. Then slow evolution of the parameters of the wave is governed by the
Whitham equations obtained by averaging of initial nonlinear wave equations over
fast oscillations of the wave. Description of shock waves generated in BEC with
repulsive interaction between atoms was given in Ref. 30. Its application to BEC
with attractive interaction was given in Ref. 31 and this theory will be explained
here.

As in Sec. 2 we suppose that condensate is confined in a very elongated cigar-
shaped trap whose axial frequency w, is much less than the radial frequency w; . In
the first approximation, we can neglect the axial trap potential and suppose that
condensate is contained in a cylindrical trap (w, = 0) and its initial density distri-
bution has a rectangular form. Evolution of BEC is governed by 3D GP equation (1)
which under condition (27) can be reduced to 1D NLS equation (20)

oY h? 821/)

P = TamoZ T o 12

%, / pf2dz = N | (28)

It is well known (see e.g. Ref. 26) that a homogeneous distribution with linear
density ng = [1(z = 0,t = 0)|?> = const, described by Eq. (28) with negative g
(as < 0) is unstable with respect to self-modulation with an increment of instability
equal in the present notation to

M s \/Blaslm — (LK (29)

where K is a wavenumber of small periodic modulation. The most unstable mode

Kmax =2 M (30)

Iy

has the wavenumber

and the corresponding increment is equal to
Cax = 2|as|nowy . (31)

This means that after the time ~ 1/(]as|now.) the homogeneous condensate splits
into separate solitons (diffraction fringes) and each soliton (diffraction fringe) con-
tains about Ny ~ ng/Kpax atoms. Hence, the condition of applicability (27) of 1D
Eq. (28) to describe the formation of solitons can be expressed as

nolas| < 1, (32)

which means that the instability wavelength ~ 1/Kp,.x is much greater than
the transverse radius s; of BEC. For a typical value of the scattering length
las] ~ 107 — 1078 m this condition is fulfilled, if N ~ 10* and the initial length of
the condensate is about L ~ 300 ym so that ng = N/L ~ 3-107 m~!. For greater
values of ng the condition (32) is not satisfied and the transverse motion has to
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be taken into account which may lead to the collapse of BEC inside each separate
soliton. Therefore we shall confine ourselves to the BEC described by the 1D NLS
equation under supposition that the initial distribution satisfies the condition (32).
To simplify the notation, we transform (28) to dimensionless variables 7 =
2(las|no)?w.t, ¢ = 2|as|noz/l1, ¥ = /2|as|nou, so that Eq. (28) takes the form

ity + uce + 2Jul?u =0, (33)

and u is normalized to the effective length L of the condensate [ |u|?d( = L/l
measured in units of /. We study here the process of formation of solitons at the
sharp boundary of initially rectangular distribution. Since this process develops
symmetrically at both sides of the rectangular distribution, we can confine our-
selves to the study of only one boundary. This limitation remains correct until the
nonlinear waves propagating inside the condensate collide at its center. If the ini-
tial distribution is long enough, this time is much greater than the time of solitons
formation. Thus, we consider the initial distribution in the form

xp(—21 , for 0
U(QO):{vep( ag), for (< (34

0, for ( >0,

where + is the height of initial step-like distribution and « characterizes the initial
homogeneous phase (i.e., initial velocity of the condensate).

Due to dispersion effects described by the second term in Eq. (33), the sharp
front transforms into slightly modulated wave which describes usual Fresnel diffrac-
tion of atoms. (As was noted above, in our case the diffraction pattern evolves with
time rather than is “projected” on the observation plane.) The linear stage of evo-
lution is followed by the nonlinear one in which a combined action of dispersion
and nonlinear terms yields the pattern which can be represented as a modulated
nonlinear periodic wave or, in other words, a soliton train. We suppose that this
soliton train contains large enough number of solitons so that the parameters of the
modulated nonlinear wave change little in one wavelength and one period. Then,
in framework of Whitham theory, the density of BEC can be approximated by a
modulated periodic solution of Eq. (33) (see Ref. 26)

n=lu( ) = (v +6)? = 4ydsn®(V(a = )2 + (y +6)20,m) , (35)

where sn(xz, m) is the Jacobi elliptic function,

0=C-Vr, V=-20a+4), (36)

m = d4y6/[(a— B)* + (v +0)], (37)

the parameters « and v are determined by the initial condition (34), and 8 and §
are slow functions of ¢ and 7. Their evolution is governed by the Whitham equation
(6 + 19) o8 +10)

5 T8 =F5— =0, (38)
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where Whitham velocity v(3,d) is given by the expression

45y -0 +i(f — a)K
(8 —a)(K—E)+i[(6 —v)K+ (0 +7)E]’
K = K(m) and E = E(m) being the complete elliptic integrals of the first and
second kind, respectively. Since our initial condition (34) does not contain any

parameters with dimension of length, the parameters  and § can only depend on
the self-similar variable £ = (/7. Then Eq. (38) has the solution

v(f,6) = =2(a+ ) - (39)

£ —e=u(s.0) (10)
with v(3, d) given by (39). Separation of real and imaginary parts yields the formulas
¢ . 20079
e =3 (a1)
_ A2 52

(@=p)2+92-02  K(m)’

which together with Eq. (37) determine implicitly dependence of 8 and § on £ = (/7.
It is convenient to express this dependence in parametric form

B(m) = a —yV4A(m) — (L+mA(m))?,  §(m) = ymA(m), (43)

where
(2—=m)E(m) —2(1 —m)K(m)

A(m) = 7 E ) . (44)

Substitution of these expressions into Egs. (35) and (36) yields the density n as a
function of m. Since the space coordinate ¢ defined by Eq. (41) is also a function
of m at given moment 7, we arrive at presentation of dependence of n on ( in
parametric form. The limit m — 0 corresponds to a vanishing modulation, and this
edge point moves inside the condensate according to the law

¢ = (—4a+4V2y)r. (45)
The other edge with m — 1 moves according to the law
¢+ = —dar, (46)

and corresponds to the bright solitons (or fringes of the nonlinear diffraction pat-
tern) at the moment 7. The whole region {(_ < ( < (4 describes the oscillatory
pattern arising due to nonlinear Fresnel diffraction of the BEC with an initially
sharp boundary at { = 0.

To check the above analytical approach, we have performed numerical simulation
of 1D and 3D GP equations. The 1D density distributions calculated numerically
from Eq. (33) and given by the above analytical theory are shown in Fig. 2. We see
excellent agreement between the theoretical and numerical predictions of the height
of the first soliton generated from initially step-like pulse, but its position given by
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5 T T T T T
1=0.01 numerics
~—— T=2 numerics
4 ——— 1=2

Whitham theory ; 1

lu@r*

45 50

Fig. 2. Density distributions of BEC, calculated by numerical solution of 1D GP equation (33)
and given by Whitham theory, with initial step-like wave function (34), with v = —1, @ = 0.
Obtained from Ref. 31.

analytical formula is slightly shifted with respect to numerical results. This is a
well-known feature of asymptotic Whitham approach?”:2® of which accuracy in the
prediction of location of the oscillatory pattern cannot be much better than one
wavelength. Thus, we see that the above theory reproduces the numerical results
quite well for period of time 7 ~ 2. For much greater time values some other
unstable modes different from the one-phase periodic solution (35) can also give
considerable contributions into wave patterns. Nevertheless, the qualitative picture
of soliton pattern remains the same.

For 3D numerical simulation, the GP equation (1) is written in a dimensionless
form in terms of the following non-dimensional variables: z = [, 2/, v = 1,9/,
z=112t=2t'Jw,, ¢ = (N1/2/l?i/2)@/1, so that Eq. (1) takes the form

i = = o - Sy (47)
where the primes are omitted for convenience in the notation and the normalization
condition is [ [¢[?27rdrdz = 1, r* = 2? + y?. Evolution of the density distribu-
tion p(z) = [;° [4(r, 2)|*27rdr along the axial direction is shown in Fig. 3 for the
values of the parameters corresponding to the experiment of Ref. 16 (a5 = —3ao,
w, = 27640 Hz, L = 3001 ) except for the number of atoms which was chosen to
be N = 5-10% in order to satisfy the condition (32) so that |as|ng = 1.7-1073. We see
that diffraction (soliton) pattern arises after the dimensionless time ¢ ~ 400 which
corresponds after appropriate scaling transformation to 7 ~ 2 in Fig. 2. The width
of solitons in Fig. 3 also agrees with the width predicted by 1D analytical theory.
The spatial distribution of the condensate density |(r, 2)|? is illustrated in Fig. 4.
The 3D nonlinear interference pattern is clearly seen. For greater values of the con-

densate density, when 1D theory does not apply, numerical simulation demonstrates
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a similar evolution of the diffraction pattern up to the moment when collapse starts
in each separate soliton. Thus, the formation of solitons in the experiment'® with
large initial number of atoms N ~ 10° goes through collapses with loss of atoms
until the remaining atoms can form stable separate soliton-like condensates. The
present theory emphasizes the importance of the initial stage of evolution with
formation of the nonlinear Fresnel diffraction pattern.

Formation of soliton trains in BEC confined in a cigar-shaped trap has also been
studied numerically in Refs. 24 and 25. The results of 1D simulation of Ref. 25 agree
qualitatively with theory presented in Ref. 31. In the numerical results obtained in
Ref. 24 strong losses were introduced to prevent fast collapse of BEC with large
number of atoms. Nevertheless, formation of soliton trains was also observed.

The above theory is correct for evolution time much less than the period of
oscillations 27 /w, in the axial trap. When the axial trap is taken into account,
solitons acquire velocities in the axial direction even if the initial phase is equal
to zero. The number of solitons produced ultimately from some finite initial BEC
distribution can be found by means of quasiclassical method applied to an auxiliary
spectral problem associated with the NLS equation (33) in the framework of the

28,32

inverse scattering transform method. If the initial wave function is represented

in the form uo(¢) = v/no(¢) exp(ido(¢)), then the total number of solitons is equal

approximately to
1 v5(6) 1
N [ yfnote)+ 2 ac - 3, (48)

where vg(¢) = dé0(€)/IC is the initial velocity distribution of BEC. If there is no
imprinted initial phase in BEC, then the total number of solitons is given by

v 2|as
N, = V2a |/|\Il|dz, (49)
i

™

which is in dimensional units, neglecting the “one-half” term of Eq. (48).

In the experiments, the initial stage is usually obtained by a sudden change of
the sign of the scattering length from positive to negative, so that initial density
distribution has, for large enough number of atoms, the Thomas—Fermi form

3N 22
w|? = 17 (1 - ?> ) (50)

where Z is the Thomas—Fermi half-length of the condensate. Then the substitution
of Eq. (50) into Eq. (49) gives

Ns =V 3N|as|L/(4ll) ) (51)

where L = 27 is the total length of the condensate. Up to a constant factor, this
estimate coincides with the one obtained in Ref. 24 by division of L by the instability
wavelength 1/K,.x. Note that this estimate includes also very small solitons which
cannot be observed in real experiments so that it must be considered as an upper
limit of the number solitons which can be produced from a given initial distribution.
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The same property of this kind of estimate for the number of dark solitons has been
observed in comparison of analytical theory with numerical simulations in Ref. 32.
The axial potential mainly influences velocities of solitons so that the above estimate
can be applied to the condensate in a cigar-shape trap under the condition that
inequality (32) is fulfilled.

4. Adiabatic Formation of Solitons in BEC with Time Dependent
Atomic Scattering Length

A powerful tool for generating and managing matter soliton trains can be provided
by variation of the effective nonlinearity, as shown in Ref. 33. In practical terms
it can be achieved by means of variation of the s-wave scattering length as, using
Feshbach resonance techniques.®* The time dependent scattering length a(t) is
given by replacing B in Eq. (9) by B(t) where B(¢) is the time-dependent external
magnetic field, A is the width of the resonance and By is the resonant value of
the magnetic field. Feshbach resonances have been observed in **Na at 853 and
907 G with A = 1 G (Ref. 35), in "Li at 725 G with A = 10 G (Ref. 36), and
in 8Rb at 164 G with A = 11 G (Ref. 37). We shall show here that in quasi-
one-dimensional geometry an initially weak modulation of the condensate can be
amplified by means of proper variation of the scattering length. As a result, the
condensate with as(¢) < 0 evolves into a sequence of bright solitons.

We start again with 1D Eq. (28) which we transform to the form

ity + uce + 29(7)|ulu =0, (52)

where now 7 = 2(|ap|no)?w.t, ¢ = 2|ap|noz/lL, ¥ = \/2|ap|nou, u is normalized to
the number of atoms, and

9(1) = : (53)

We suppose that the initial wave function u(¢,0) is modulated along the cigar axis
with the wavelength L of modulation much less than the longitudinal dimension
of the condensate. Therefore, at this stage we neglect the smooth trap potential
and impose cyclic boundary conditions. Then the initial wave function can be ap-
proximated well enough by exact periodic solutions of Eq. (52). We are interested
in the evolution of such solutions due to a slow change of g(7) with time. At the
same time we suppose that the total time of adiabatically slow change of g(7) is
much less than the period of soliton oscillations in the trap potential so that we
can neglect the influence of the trap potential on the motion of solitons during
the formation of soliton trains. Correspondingly, the trap potential is omitted in
Eq. (52). This means that we shall consider analytically relatively small segments
of the modulated wave much greater than the wavelength L and much smaller than
the size [ of the whole condensate in the trap.
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To solve the problem of the condensate evolution, we note that the substitution

u(¢,7) = 4D (54)
9(1)
transforms Eq. (52) in
vy + vee + 2|v]?v = dev (55)
to
e(r) = 291(7) diz(:) . (56)

Thus, for slowly varying g(7) the right hand side of Eq. (55) can be considered as a
small perturbation: |e(7)| < 1. As follows from Eq. (54), for the initial distribution
one has v(¢,0) = u(¢,0). For our purposes it is enough to consider typical partic-
ular solutions of the unperturbed NLS equation which are parameterized by two
parameters Aj 2. Under the influence of the perturbation, these parameters in the
adiabatic approximation become slow functions of time 7. Equations which govern
their evolution can be derived by the following simple and direct method.

First, the initial values of \;, i = 1,2, as well as the coefficients in Eq. (55) are
supposed to be independent of (, hence the wavelength L of the nonlinear wave
evolving according to Eq. (55) is constant,

L), () =0, 657)

Second, we can easily find that the variable

L
N (r), o)) = / jv[2d¢ (58)

changes with time according to

dilTN(/\l(T), A2 (7)) = 2eN (A1 (1), Ao (7)) . (59)
Then, if the expressions for L and N in terms of A; and Ay are known, Eqgs. (57) and
(59) reduce to two equations linear with respect to derivatives d\;/dr and d\y/dr,
which yield the desired system of differential equations for A\; and As. The form
of this system depends, of course, on the choice of the parameters A\; and 5. The
most convenient choice is provided by the so-called “finite-gap integration method”
of obtaining periodic solutions. Therefore we shall use the parametrization of the
periodic solutions of the NLS equation obtained by this method (see e.g. Ref. 26),
and consider two most typical cases.
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Case 1: cn-wave in a BEC with a negative scattering length

In the case of a BEC with negative scattering length there are two simple two-
parametric periodic solutions of unperturbed Eq. (55). One of them has the form

0(C,7) = 2A e MM o {2 A2 4\, } , (60)

where the parameter of elliptic function is given by

M

e (61
Then straightforward calculations give
2K(m) 9
= \/ﬁ , A1+ A E(m) — 4)\2L (62)
1

where K(m) and E(m) are complete elliptic integrals of the first and the second
kind, respectively. Substitution of these expressions into Egs. (57) and (59) yields
the system

dhi (A +A5)E(m) — MK (m))E(m) Ay
2

dZ NE(m) + N (K(m) ~E(m))? .
dda _ (ASK(m) — (A + A5)E(m))(K(m) — E(m))As
az NEZ2(m) + A3(K(m) — E(m))?
where
Z=2Z(T) = 2/ e(r)dr" =1n g(1), Z(0)=0. (64)
0

If dependence of A; and Ay on Z is found from (63), then Eq. (54) gives evolution
of the periodic wave u(¢, 7) with a slow change of the parameter Z connected with
time 7 by Eq. (64). In particular, the density of particles in the condensate is

given by
o = 122w [2502) 326 (65)

where transformation to the time variable should be performed with the use of
Eq. (64).

In Fig. 5(a) we present an example of the evolution of the respective density
distribution. The figure shows that in the case of negative scattering length given by
Eq. (9) an increase in the magnetic field B(7) within the region B(0) < B(7) < By
results in the compression of the atomic density and the formation of a lattice of
matter solitons.
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Case 2: dn-wave in a BEC with a negative scattering length

Another simple solution of the NLS equation (55) is given by

0(C,7) = (Mg + Ao)e 2T dn[(Ay + Ao)C,m) (66)
where
m= % : (67)
By analogy with (63) we derive the following equations for A; and As:
i _ A1 (A1 + A9)E(m)
dZ (A — A)K(m) + (A1 + A2)E(m)’
dXa X2(A1 + A2)E(m) ®8)

dZ (A — X)K(m) — (A + A)E(m)

where it is supposed that Ay > Ay and Z is defined by Eq. (64). Now the density
of particles is given by

[ul? = e A1 (2) + A2(2)]? dn®[(Aa(Z) + Aa(2))C,m] (69)
12 T T T T T T T T T
(@
=
=
00 i L K| + L S 1 L I
-5 4 3 2 1 0 1 2 3 4 5

Fig. 5. (a) Evolution of the density distributions: case 1 (cn-wave); (b) case 2 (sn-wave).
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An example of the respective evolution is given in Fig. 5(b). Like in the previous
case, one observes the formation of a lattice of matter solitons starting with a weakly
modulated periodic wave.

Stability of the above solutions has been studied numerically in Ref. 38, where
it has been found that soliton trains are stable in the case of positive scattering
length and are also stable in the case of negative scattering length for special choice
of the parameters. In this context, the adiabatic variation of the scattering length,
which results in the change of the wave parameters, can be used for stabilizing (or
destabilizing) the respective periodic solution.

5. Propagation and Interactions of Solitons in the Axial Trap

The formation of soliton and the soliton train is followed by its propagation along
the axial trap. The investigation of related phenomena required the solution of
the GP equation with the different type of traps. While the one-dimensional GP
without trap potential and the Schrodinger equation with harmonic potential are
integrable models, the joint action of mean field nonlinearity and the trap potential
leads in general to a nonintegrable system. Analysis of the soliton dynamics in
traps in the form of the double-well or periodic potential shows the appearance of
new effects. Indeed, the interaction of solitons interaction in double-well potential
induce a chaotic exchange of energy between solitons.?? The periodic trap — so-
40 and discrete breathers.*142 Some
new phenomena are observed in the interactions of solitons in the harmonic trap.
The velocity of propagation and the number of solitons depend on the position
of the initial condensate in the harmonic trap (see Sec. 2). After releasing, the
solitons are observed to propagate in line as they repel each other. It is well known
that bright solitons in the NLS equation show attraction (repulsion) when the
relative phase between them is zero (m).434* According to Al Khawaja et al.*® the
apparent repulsion of solitons could be explained by “phase imprinting” during
formation, where the alternate phase structure of zero and w is provided. The
joint action of the harmonic trap and the solitons interaction potential produce the
stable configurations in two solitons and N-solitons systems.® The control of bright
soliton can be performed by the introducing artificial inhomogeneities of linear and
nonlinear types, by varying the trap potential in a space and time. The control also
can be achieved by the spatial and time variations of the mean field nonlinearity of
the GP equation.

It should be noted that at higher densities, the dynamics of nonlinear matter
waves start to deviate from one predicted by the one-dimensional NLS equation
model. Numerical simulations performed by Salasnich et al.*” showed that due to
the presence of the axial trap, the dynamics of solitons is much more complex. In
some region of parameters results can be described by 1D GPE with nonpolynomial
approximation®® and more generally by the system of 1D nonlinear equations.?* We
will discuss this case detaily in Sec. 6.

called optical lattice — supports gap solitons
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5.1. Dynamics of bright matter wave solitons with inhomogeneous
scattering length

In order to control the dynamics of bright matter-wave solitons, it was suggested
that artificially induced inhomogeneities be used, by considering a variation in the
space distribution of the atomic two-body scattering length.*? The condensate with
nonlinear impurity is described by the equation

i, = —uee + aCu— (L+ef(Q)|ul’u, (70)

where 7 = w, ¢/2 and ( = z/l,. So, ¢ > 0 (e < 0) refers to the negative (positive)
variation of the scattering length. Equation (70), for « = 0 (w, — 0) and € = 0,
has the soliton solution

ul® = VA sech[A(z — vr)]ellF TATT—27] (71)
where A is a constant and v is the soliton velocity.

Considering that in the transversal direction we have a much stronger trapping
potential (w, > w,), validating an approximation where we average over the x
and y directions, we should observe that any different modeling of the impurity in
such transversal directions can only bring a multiplicative constant factor in the
resulting nonlinear 1D equation. This will result in changing the absolute value
of the scattering length or its local space variation (the constant ). We should
also add that the changes in the scattering length will not induce changes in the
transverse mode structure; so the averaging procedure over transverse modes is
still valid, and the level of applicability is the same as in the case with € = 0. If we
consider modulations of the nonlinear coefficient via, for example, local variation of
transverse distribution of trap potential, then the transverse modal structure will
change and the 1D approximation can fail.

The 1D Hamiltonian energy corresponding to Eq. (70) is given by

(1) = o [ ek + alu? - S D] (72)

o 2

—00
where ng is the normalization of u, related to the number of particles N and the
scattering length aso:

_ 4N|aso|

I (73)

no
To study the dynamics of the perturbed soliton we use the trial function®®

w — Asech (C = 77) il (C=n)+b(C—n)?) (74)

where A, a, n, ¢, w, and b are time-dependent variational parameters. In this case
u is normalized to ng = 2aA2%. To derive the equations for the time-dependent
parameters of the soliton, we first obtain the averaged Lagrangian

Hﬂ=/£mﬂM7 (75)
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with
i 1
L£(¢,7) = 5 (uru” —uru) — Jucl* = al?lul* + J 1 +ef(Oful?, (76)

so that L is given by

_ w2 ng m2noa’b?
L=- T — T 2 T — - -
no {d) wn; + 12 a“b } 5.2 now 3
2 2 2
o "o 2, T 9
2o 20 p _ 2
+ 6a +68a2 (a,n) — ang (77 + 12% ) , (77)
where
> f©)
F(a, E/ d¢ ——F———. 78
( 77) —0o0 C(308114(—(;77) ( )

and the corresponding Euler-Lagrange equations for the parameters a and n read

a - 16 _4710 _53710 E_@_F — daa
T 1203 w242 7202 | a  Oa ’
(79)
o oF
rr = —4 -5 A -
g ante 4a? On

When a is constant we have the well-known description of motion of the soliton
center as the unit mass particle in an anharmonic potential which in the present
case is given by U(n) = —e(no/(4a?))F (a,n). For € < 0, to overcome such effective
potential barrier, the velocity at 7 = 0 should be larger than v., where v? =
le|no/(2a?)F(a,n = 0). In order to have a more general formulation of the model,
we consider a non-zero external potential parameterized by « in the present section.
One can also explore the behavior of the soliton by considering a more general time-
dependent form of the external potential as studied in Ref. 51. However, here the
main motivation is the propagation of matter wave bright solitons in a 1D cigar-like
trap,'®16 so that we assume a = 0 in the next sections. The applicability of the
approach was tested by a comparison between PDE and ODE results. In our case
of bright solitons we do not have a problem encountered by the authors of Ref. 52
in the application of the ODE description. In their approach to description of dark
solitons they also needed to treat evolution of the background. We note that in
Ref. 53 the background influence for the dark soliton in quasi-1D BEC with local

linear inhomogeneity is considered.

5.2. Point-like nonlinear impurity

Let us analyze the system of Egs. (79), with o = 0, by first considering a delta-type
inhomogeneity (f(¢) = 4(¢)), and look for the fixed points of such a system. In this
case, the approximation for the inhomogeneity can be used when the characteristic
scale of the inhomogeneity [. is much less than the soliton scale Iy; i.e., when

N = > 1., (80)
N|CL50| \ |a50|pc :

ls
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where p. = N/(I13) is the condensate density. From Eq. (78), with f(¢) = 6(¢),
we obtain F' and its derivatives:
oF  4n

ill afn
5a o2 tanh( )sech (a)’ (81)

8—F = 4 tanh (E>sech4 (E>
an a a a

The fixed point for the soliton center is given by n = 0. This corresponds to the
case of an atomic matter soliton trapped by the local variation of the two-body

QI3

F(a,n) = sech4<

QI3

scattering length. In case the local variation corresponds to a positive scattering
length (¢ < 0), we should observe the soliton being reflected by the inhomogeneity.
Then, the stationary width a. can be defined by

8 — 3enyg
= — 82
a T (82)

Expanding the solution near a. we obtain the frequencies of small oscillations
for the width a and for the center-of-mass ) of the soliton, localized by the impurity.
The square of such frequencies are, respectively, given by

w? = dno ([ 2no ’
@ w2 \ 8 — 3nge
I S !

n SO g 3noe

In the variational approach, when the soliton collides with the impurity, we have
the interaction of the oscillating internal degree of freedom (the width) with the
soliton center. As can be seen from Egs. (83), the frequencies of the oscillations can
match, for a certain value of €, with the energy transfer between the two modes.
So, as a result of the reflection from attractive inhomogeneity in BEC, a depinning
of the soliton can occur.

5.2.1. Interface between two BEC media

Now, we consider another interesting case of an interface between two media such
that at ¢ = 0 we have a sudden change in the two-body scattering length. The size
of the inhomogeneity is given by ¢ in Eq. (70), where f(¢) = 6(¢). In this case, we
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have

[; +tanh(g) Lt (g)] 7
o= Z ch4< ) (84)

o1 4( M
— =sech™( = |.
on sec (a)

And, from Eqgs. (79) with a = 0, we obtain the coupled equations:

16 2ng 3ng n
rr = oy (e+2)= 5, —Eﬂ_QaQ [tanh (E

— 1 tanh® <Q> + <Q>sech4<ﬂ>} ,
3 a a a
Nrr = sﬂsech"‘(Q).
a a

There is no fixed point. At the interface, the value of the width is reduced,
8

or F
a

—

85)

(it = ———— 86
¢ no (E + 2) ( )

and the frequency of oscillation of the pulse width is

2 2
ng(e +2)
a = 5 87
“ 167 (87)
or a constant value of a, from the system (85), we obtain

2 no 2n0

UT—2€@F(Q,U)<E—. (88)

- 3a

When a = 4/ng the system (85) reduces to the single equation for 1 describing
the motion of the effective particle, for an optical beam crossing the interface of
two nonlinear Kerr media considered in Refs. 54 and 55. If the velocity exceeds
the critical value, the soliton pass through the inhomogeneity. An interesting effect,
predicted in Ref. 55, can occur when the soliton cross the interface, namely, the
possibility of soliton splitting. The soliton is the solution in the first medium. In
the second medium it can be considered as the initial wave packet deviating from
the solitonic solution for this media. Applying the approach developed in Ref. 28,
such an initial condition will decay on few solitons plus radiation.?® The number of
generated solitons is equal to

1 e 1
Neol = L | —— ugld¢ + = |, 89
=7 | [ tulic 5 (59)
where ug is the initial solution for the second medium, and Z[- - -] stands for integer
part of [---]. Thus, if we have a jump in the scattering length given by Aas =

asa — as1, then the number of generated solitons in the second part of the BEC
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is equal to nso = Z[\/as2/as1 + 1/2], where (1 + €) = asa/as1 is the ratio of the
atomic scattering lengths. For example, for the ratio 9/4 < as2/as1 < 25/4 (or
1.25 < € < 5.25) we obtain two solitons in the right-hand-side medium. To obtain
Nsol, we need e such that ng(nso — 1) < (e + 3/4) < ngor(nsol + 1).

5.2.2. Slowly varying inhomogeneity

In this subsection, we consider the system of Eqs. (79) for a slowly varying (on the
soliton scale) inhomogeneity, given by f(¢) = exp(—(?/I2), with I. > a. In this case,
we obtain the following approximate expressions for F'(a,n) and its derivatives:

4a n?
F((l, 77) ~ ? €xXp (_E> )
oF 4 n?
— - - 90
o 3exp( Z) (90)

oF 8an n?
o~ (3@)‘”{"( 1>

There is a fixed point at n = 0, given by
4
no(l+¢)’

(91)

The soliton is trapped by the inhomogeneity for positive €. In the trapped regime,
due to the nonzero chirp, oscillations of the width and oscillations of the center of
mass occur. The corresponding frequencies are, respectively, given by:

Qe =

o, = M0+ (92)
4
and
sd+) no t>a (93)
6 le
Considering an experiment, as in Refs. 15 and 16, with the scattering length of the
order of —3ag, and with a variation of about one ag, we obtain ¢ ~ 1/3. Taking
the critical number k; = ng/4 = 0.676, we obtain w, ~ 1, which implies that the
characteristic frequency of oscillations of the soliton width is close to w, (as the
frequencies are given in this unit). And the frequency of oscillation of the center of
mass goes to zero with I, > a, as w, ~ (0.6/l;). We note that, the length unit [, ,
for "Li with w; = 27 x 640 Hz, is about 1.5 um. These values for the oscillation
frequencies can be experimentally verified.

Wy =

5.2.3. Numerical 1D results and variational approach

Our approach for pulses deviating from the exact soliton solution is interesting
from the experimental point of view, considering the difficulty in producing exact
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Fig. 6. On the left we show three frames; respectively, from top to bottom, the width a, the
frequency of the width oscillations wq, and the frequency of the soliton center oscillations ws.
They are shown as functions of the strength of the nonlinear delta-like impurity . Solid line with
bullets corresponds to full numerical solution, and dashed line to the corresponding variational
approach. On the right, we can see the density profile evolution for a fixed value of the amplitude
of the delta-like impurity €, with arbitrary ng, in a projected 3D plot. 7 and ¢ are dimensionless
quantities, as given in the text. At ¢ = 0, we observe the oscillation of the amplitude, starting
from the normal one and going to the nonlinear localized one. Each line represents a fixed 7. For
larger € one can also observe the emission of radiation. All the quantities, in all the frames, are
dimensionless and given with appropriate scaling in terms of the normalization ng. Obtained from
Ref. 49.

solitonic solutions. Of particular interest is the non-trivial case of nonlinear Dirac-
delta impurity (f(¢) = 6(¢)), where we made detailed comparison between the
variational and full numerical solution of the GP equation. In Fig. 6, in the left, the
variation results are compared with the numerical ones, for fixed point of the width,
given by a (top frame); for the frequency of oscillations of the width, w, (middle
frame); and for the frequency of oscillations of the center-of-mass, wy,, trapped by
the inhomogeneity (bottom frame). In this figure, at the right, it is shown numerical
simulations of the wave profile.
By using the variational approach, it was observed that the width goes to zero
and the frequencies are singular when
8
E=¢.= T (94)
Here, it is interesting to observe that we have two critical numbers that are related:
one of the critical number k| = ng max/4 =~ 0.676 comes from the quasi-1D limit of
6 another is the maximum amplitude of the delta-like impurity
that we have just introduced, given by Eq. (94). Considering both restrictions, the
smaller value of e, is about one. The plots in the three frames shown in Fig. 6,
the left, are obtained for arbitrary values of ng (where the maximum is about 8/3,
according to Ref. 56), after considering a rescaling in the equations for the width
(82) and frequencies (83); and also for ¢, such that in the x-axis we consider (ng/4)e.
From Eq. (94), one obtains e.(n¢/4) = 2/3. As shown in this figure, the variational

a 3D calculation;®
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results are supported by the full numerical calculation. The singularity occurs when
the contributions coming from the inhomogeneity and nonlinearity are equal to the
contribution from the quantum pressure, as seen from Eq. (79). When ¢ > &, the
collapse of solitary wave occurs. So, we can observe the collapse of a 1D soliton
on the attractive nonlinear impurity. This possibility can be obtained following a
dimensional analysis in the 1D Hamiltonian given in Eq. (72). The behavior of the
field at small widths is u ~ 1/L'/2. Taking into account that §(¢) ~ 1/L ~ |ul?, we
can conclude that the contribution of the potential energy due to the impurity is
~ |u|8. For positive € this term on the impurity exceeds the quantum pressure and
leads to the collapse of the soliton. In real situations, the collapse will be arrested
on the final stage of the evolution, when the width of the soliton is of the order of
the inhomogeneity scale. Then, the delta-function approximation for the impurity
will break up.

Observing the numerical simulations of the wave profile, shown in Fig. 6 on the
right, we note that, after strong emission of radiation, it evolves into the so-called
nonlinear localized mode. The nonlinear localized mode represents an exact solution
of GP equation with nonlinear impurity (70) and it is the nonlinear standing atomic
matter wave. The solution,

u™) = \2asech[a|¢| + 5]61“27 , (95)
where
B = fB(e,a) = sign(e) In(2|e|a + /1 + 4e2a2)V/? (96)

can be obtained by using the solution of the homogeneous equation with the re-
quirement of the field continuity at the inhomogeneity and satisfying the jump
condition in the first derivative.’” The normalization N ("9 is

N =4al —ey],  v=7(e,a)
Y= V1+4e2a? -1 B 2a (97)

2e%a VI+4e2a? +1°

For small amplitude (or small impurity strength |e|)
N ~ 4a(1 — €a). (98)

At large amplitudes, we have N(") — 2/¢ for ¢ > 0; and N() — 8q for e < 0.
Note that for € < 0 we have a solution with two-bump structure for the nonlinear
localized mode. As shown in Ref. 57, this mode is unstable. Here, we have considered
only the case € > 0. In order to verify the stability of the solutions, one can study the
behavior of the second time derivative of the mean-square radius, as in Refs. 57-59.
To obtain the second time derivative of the mean-square radius, we use the Virial
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approach, with H = —9¢c +V and V = —(1 + &6(¢))|ul*:
(C*)rr = 4{[H,COc]) = 8((=0cc)) — 4CVe)

1 5

(CVe) :=—§<V>+2—m)|u0|4a (99)

1 4e
2 _ 2 4y % g
(e = o [ dcBlucl = 2ful) = Efuol?.

For the system to collapse we need (¢?),, < 0; implying that

> W / (Afuc? — [uf*)dC (100)

Using our solitonic ansatz, when a — 0, we reach the critical limit, e, = 8/(3no)
that was obtained before.

We have also investigated the dynamics of the matter soliton interacting with
inhomogeneity, studying different regimes of propagation for several values of €. In
Fig. 7, we present the results of numerical simulations for the final velocity (vy)
versus the initial velocity (v;) of the soliton, considering different strengths e for the
delta-like inhomogeneity. In this figure and in the next numerical results, considering
the general application of the 1D NLS equation with nonlinear impurity, we took
Nlaso|/lL = no/4 = 1, that can easily be rescaled to a value smaller than 0.676,
consistent with the BEC quasi-1D results. Considering a factor £ for the rescaling,
as a general rule, we have the following transformations:

€ — e,
{length} — {length}¢, (101)
{time} — {time}£&?.

We should note that, the rescaling applied in Fig. 6 was such that £ = ng/4. In
this case, for the velocities, one should make the replacement v — v(4/ng) in the
plots. As observed in Fig. 7, a region for the velocities where the attractive nonlin-
ear impurity reflects the soliton exists. In the model involving the constant width
approximation, this region corresponds to the trapped soliton exists. The numerical
results show that one window corresponding to the reflection of the soliton always
exists. By increasing e, this window is shifted to larger initial velocities. From the
variation of the number N, with respect to the initial velocity v; (see Fig. 7), one
can also observe strong wave emissions by soliton, when ¢ increases and tends to
the critical value (see also Ref. 57). This picture reminds us of the picture of the
collapse in 2D BEC with attractive interactions. We note that, by considering the
interaction of sine-Gordon kink with attractive defects, many windows were found,
corresponding to a resonance with local mode (see Ref. 60). To compare with the
results given in the lower frame and left of Fig. 7, we present in Fig. 8, for a fixed
value of € = 0.4, full numerical calculation of the time evolution of the center-of-
mass position, considering different values of the initial velocity.
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Fig. 7. On the left, we show numerical simulations of the full GP equation, showing the depen-
dence of ng, related to the number of atoms N (top frame), and final velocity vy (bottom frame),
with respect to the initial velocity v;. The results of both frames are shown for different values of
€, as indicated inside the top frame. On the right, we show a comparison between variational and
full numerical results for different values of €. The initial value (for v; = 0) ng = 4 can be rescaled
as explained in the text. All the quantities are dimensionless. Obtained from Ref. 49.

center-of-mass position

Fig. 8. For a fixed value of ¢ = 0.4, we present full numerical solution of the GP equation, with
the time evolution of the center-of-mass position, considering different values of the initial velocity,
as given inside the frame. The results, given for ng = 4, can be rescaled as explained in the text.
All the quantities are dimensionless. Obtained from Ref. 49.

One can also observe, through the results given in the right frame of Fig. 7, that
numerical simulations of the variational Egs. (79)—(81) reproduce only qualitatively
the behavior observed in the full numerical solution of the GP equation. In this
figures, we observe the behavior of the final velocity as a function of the initial
velocity, for ¢ = 0.4 and ng = 4. With a solid line we represent the variational
results obtained from Eq. (79) and, with a dashed line, the full numerical solution.
We note that the full numerical solution shows a window, between two trapped
regions, where the soliton is reflected by the impurity. The variational result shows
the window of reflection starting for smaller initial velocities and, instead of a
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trapped region, a more complicated dynamics near the points where the regime
of reflection starts or finishes. One can improve the variational approach by taking
into account the influence of radiative friction on the soliton motion on the impurity
as given in Ref. 61. The addition of a term c(2(,, where ¢ is a phenomenological
constant, in the second of Egs. (79), has the effect of damping the oscillations
(~ 1/4/7), improving the results as compared with full numerical solutions. By
using ¢ = 0.01, we can also observe the second trapped region close to the exact
results (see the curve with solid circles in the right frame of Fig. 7).

The variational equation results, without the damping term, show a more com-
plicated (probably chaotic) dynamics in the region where the reflection occurs. In
this region, we also can see the more rare events with the transmission of soliton
through the impurity. This observation resembles the phenomena observed at the
interaction of the sine-Gordon equation kink with a local defect.®2 The system of
ODEs (two-mode model) has a similar structure as Eqgs. (79), showing chaotic be-
haviors, leading always to a finite time for the period of the soliton trapping. This
phenomenon is due to stochastic instabilities inherent to this dynamical system.
The reason for this phenomenon is that the finite dimensional system, like the one
given by Egs. (79), cannot take into account the soliton radiation that interacts
with the defect. The effect of the radiation leads to the appearance of the damping
in Egs. (79) that changes the long-time behavior of the system. In particular, the
radiative damping can lead to the long-time regular dynamics.%? We should note
that, in the present case of bright soliton propagation through a delta-like impurity,
we have not faced the same kind of problem of applicability of the approach as the
one observed in Ref. 52. As discussed before, the result was expected considering
that in Ref. 52 the collective variables have to be modified due to the background
evolution. We should add that we have used a modified variational approach in-
cluding chirp, presenting additional degree of freedom. The impurity couples the
internal degrees of freedom with the translational; so it occurs energy exchange
between modes, such that we have reflection or transmission for the parameters
where the effective particle method predict trapped regime.?®

5.3. Full numerical three-dimensional results

In order to check the validity of the 1D reduction, in case of point-like nonlinear
impurity, we have also performed full 3D numerical calculations. We have obtained
numerically the ground-state solutions by solving the original 3D equation, Eq. (1),
with the nonlinear cubic term multiplied by 1 + £§(¢), and considering the trap
only in the transversal directions.

The results are given in Fig. 9, for 2mny = 5 and 10, showing the ground-
state behavior as a function of (, at the origin in the transversal directions. We
observe that there is a critical value for the parameter € of the nonlinearity such
that for larger € the system collapses. For example, in the case of 2mng = 10,
the system collapses if we consider € > 0.45. And, in the case of 2ang = 5, the
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Fig. 9. In the above Figs. (a) and (b) we show results for the ground-state solutions obtained
by solving the original 3D equation given in Eq. (1)(solid line) including impurity, in comparison
with the corresponding 1D solutions (dashed-lines with dots), Eq. (95). All the quantities are in

dimensionless units: ( = z/l;, with [} = \/h/(mwl); and the wave-function is normalized to
one, such that [+4(0,¢)|? = |¥(r, t)|||2r‘:z (13 /N). The parameter we have considered, ng and ¢, are

given inside the figures. Obtained from Ref. 49.

system collapses for ¢ > 1.65. The deviation from the analytical prediction, that
one can observe particularly in the case of 2wny = 10, is connected with the fact
that the contribution of the nonlinear term in the transverse direction becomes
comparable with the transverse harmonic potential. So, as explained before, the 1D
approximation is expected to be violated.

We found it illustrative to present in Fig. 10 the relation between the two critical
limits: k1 (¢) = nomax/4 and the inhomogeneity parameter .. When ¢ = 0 we
have the well-known k; = Nc|aso|/lL =~ 0.676. As the parameter ¢ of a delta-like
impurity increases, the corresponding negative value of the nonlinear term of Eq. (1)
also increases, and the maximum number of atoms N, will decrease (considering
fixed asp and 1, ). The agreement of 1D with 3D model was also verified in a
dynamical calculation, using a specific example where the soliton is reflecting at
the impurity. The results of the 3D dynamical calculation are shown in Fig. 10,
considering the distance of the impurity from the origin to be A{ = 25. In this
case, we have considered parameters that correspond to the 1D parameters of Figs. 7
(no =4, e = 0.4, v; = 0.8). After proper rescaling [see Eq. (101)], with ng = 5/(27),
we obtain ¢ = 2 and v; = 0.16. We have presented several plots of the soliton
profile using time steps such that A7 = 50. We observe the soliton reflecting at
the impurity, following the same behavior as observed in the 1D numerical results.
From an analysis of the critical limits given on the left side of Fig. 10, one should
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Fig. 10. On the left, we show a plot with the relation between the critical numbers k£, and ec.
The maximum number of atoms N¢ is given by k; = N¢|aso|/l1, and € is the impurity parameter
for delta-like inhomogeneity. The curve shows the limit between two regions for the condensate:
the lower part is the allowed region and the upper part is the collapsing region. Obtained from
Ref. 49. On the right, we show the 3D numerical evolution of a soliton reflecting at an impurity
placed at the position ( = 25, considering 2mng = 5, v; = 0.16 and € = 2, for the case of delta-like
impurity. The magnitude of the wave function (0, {) is in arbitrary scale, and all the quantities
are in dimensionless units.

expect that for € > 1.6 the system will collapse. However, the results on the left
side of Fig. 10 are obtained for the ground-state in static calculations; the results
on the right side of Fig. 10 shows that such critical limits can be increased in some
extend when one considers a dynamical calculation with some initial velocity.

The present investigation of the local variation in space of the atomic scatter-
ing length shows that different regimes of the soliton interaction with the nonlin-
ear impurity are possible. They are observed trapping, reflection and transmission
regimes. The most interesting effect is the reflection of the atomic soliton by the
attractive nonlinear impurity. We have also verified the occurrence of collapse of the
soliton on the attractive impurity, when the strength of the impurity (or the initial
number of atoms) exceeds a certain critical value, even in true 1D. This effect in
1D BEC resembles the collapsing phenomena that occur in 2D BEC. By using the
time-dependent variational approach we obtain a good description of the collapsing
phenomena and, qualitatively, the reflection and trapping dynamics. The usual 3D
collapse of the ground state have a critical number of atoms reduced by increasing
the strength of the impurity.

The present approach can be more easily implemented in optical induced Fesh-
bach experiments, as discussed in Ref. 63, with optimistic perspectives of applica-
tions in current experiments with ultracold atoms. The physical parameters can be
estimated by using the optical method for the variation of the scattering length.%3
By focusing a laser beam or using mask, we can define a region [. where the scat-
tering length ag is varying, as discussed in Sec. 3.2 for the case of a smooth varying
inhomogeneity. In the experiments reported in Refs. 15 and 16 the characteristic
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length is about 1.5um, implying that [. > 5um. For the case of a sudden variation
of the two-body scattering length, represented by a nonlinear jump inhomogeneity,
using analogy with a nonlinear optical problem,®® we presented the condition for
the multiple bright matter soliton generation.

5.4. Bright solitons under time-dependent trap

Let us consider the case when the longitudinal trap is time dependent, with V' =
(1/2)wd f(7)¢?, and f(1) = 1 +¢ cos(27). We can look for the solution in the form
of chirped soliton, as given by Eq. (74). Applying the variational approach, we
obtain the equation for the soliton width and coordinate

16 47’LO 2
Qrr = ﬂ'—a3 — 71'2—a2 — 2f(7')w0a7 (102)

Nrr = _2f(7—)777 (103)

where ng = 2A%a. For the harmonic modulation of f(7) the equation of motion for
the center of soliton is the Mathieu equation. Thus, the parametric resonances in
the soliton oscillations occur when

Q:Zﬁ(nzm,:’,,...). (104)

It is possible for some set of parameters to have the same resonance in the oscil-
lations of the width. Then a double parametric resonance in the oscillations of the
center and the width of soliton appears.54

When the frequency of the trap is high V' ~ (1/e)a(r/e)f((), e ~ 1/, Q> 1,
the resulting dynamics can be investigated using the averaging of the GP equation
over rapid modulations.%® According to averaging method, the field is represented
as

uw(C, 1) =U + euy + ug + -+ - (105)

For the slowly varying field V' = /1 4+ €2f2({)/2 U we obtain the averaged GP
equation

2
. €
Ve 4 Vee +2lVIPV = |aof(Q) + 5 (fc(O)*| V +O(h). (106)
Thus the averaged dynamics is described as under the effective potential

W= a0f(0) + 5 (1) (107)

This result shows, that we can manage the form of the trap potential via the rapid
modulation in time of parameters.
For example when the time-dependent potential is

V(¢) = (—ao + arsin(Q)) f(¢), f(¢) =¢*, (108)
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the averaged potential is

O‘% 2
W = (—ao+2§> . (109)

Thus when a3 > +/|a|/29, the sign of the effective potential is reversed and the
solitary wave becomes stable. The analysis of the more complicated potentials can
be found in Ref. 65.

5.5. Adiabatic compression of soliton matter waves

The adiabatic variations of the atomic scattering length in space can be used as
an effective way for controlling soliton’s parameters and to induce changes in their
shape which could be useful for applications.®® In contrast to abrupt variations,
considered in the previous subsection, adiabatic changes make it possible to preserve
the integrity of the soliton (no splitting occurs), this leading bright solitons to the
compression of the pulse with the increase of the matter density. These phenomena
are shown to exist both in the presence and in the absence of a parabolic confining
potential. We find that, for bright solitons, except for the oscillatory motion around
the bottom of the trap, the phenomena of pulse compression is practically the same
as in the absence of the trap (this is particularly true for solitons initially at rest
in the bottom of the trap). The possibility to compress BEC solitons could be an
experimental tool to investigate the range of validity of the 1D GPE. Since the quasi
one-dimensional regime is valid for low densities, it would be indeed interesting to
see how far one can compress a soliton in a real experiment by means of adiabatic
changes of the scattering length. In contrast with Josephson junctions and optical
fibers, which require structural changes or preparation of new samples, the study
of adiabatic nonlinear perturbations on BEC solitons appears more natural and
easy to perform, since the strength of the nonlinear interaction can be changed by
using only external fields. We also remark that soliton dynamics in a quasi one-
dimensional BEC under time-dependent linear potential was recently studied in
Ref. 67.

In order to model an adiabatic variation of the atomic scattering in 1D (cigar-
shaped) BEC, we consider the following normalized Gross—Pitaevskii equation?%:6®

iur + uce + 0v(¢,T)uffu - w?Cu =0, (110)

where u is the ground state wave function of the condensate, v((,7) is a slowly
varying function of space and time, o £ 1 corresponds to the case of negative and
positive scattering length as (w denotes the longitudinal frequency of the trap).

Although the analysis can be performed for generic smooth functions (¢, 7),
we shall restrict to the limiting case variation in the space: v = v((), being ex-
perimentally easier to realize. We will use the perturbative approach. Using the
transformation v = y/v(¢)u in Eq. (110), we have

vy 4+ vee + ofv)?v = R(v) . (111)
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R(v) is a small perturbation, since L/L, < 1, where L is the characteristic solitonic
scale and L. is the scale of the scattering length modulation. We are also neglecting
the terms vc¢/(27)v — (3/4)(7¢)?v/~? which are of the order L?/L2. So, if we ignore
the trap and the terms that are much smaller than the corresponding temporal and
spatial characteristic scales, then

R(v) = F(Qug,  with  F(¢) = (In ()¢ - (112)

With the initial condition as a single soliton,

(¢, m) = V2A(r) sech[A(7) (¢ — n(7))] expli(k(r) + C(T)((¢ —n(7)))],  (113)

then, with the norm equation N = [ |v|2d(, we find A = Agy(7). So, for the ampli-
tude and the width of the soliton, we have Ay = Ao/, a = 1/(Ag7), in agreement
with the variational approach. From this, we conclude that an adiabatic increase
of the scattering length can be used to narrow the width of a bright soliton matter
wave. Soliton compression phenomena induced by linear damping amplification are
also known from nomnlinear optics.%’

Following soliton theory of Refs. 70 and 71,

A, = /OO sech(y) Im(R)dy ,

— 00

C, = / ~ tanh(y) sech(y) Re(R)dy | (114)

— 00

1 oo
nr = 20C + A2/ ysech(y) Im(R)dy ,

we find that the equations for the soliton’s parameters (113) are:

A = AC’/ + C sech2( )dy ~ 2ACF(¢),
C, = A? / F (i + g) (sech?(y) — sech® (1)))dy ~ §A2F(g), (115)
—2C+A/ +C ysechQ( )dy =~ 2C(1+ O(1/L?)).

From these equations it follows that (F(—o0) = 1)

A= A1(0), Chn = |/ + 143620 — 2220, (116)

where the subscripts ini and fin correspond respectively to the initial and final
values for C and ~.

We shall compare these predictions with direct numerical integrations of
Eq. (110). In Fig. 11 the amplitude of a bright soliton as a function of the po-
sition of the center of mass is plotted for the case of a space dependent variation
of the scattering length in the absence of the parabolic trap. The soliton, initially
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Fig. 11. The squared amplitude of a bright soliton vs center of mass position for different values
of the amplitude As of a kink-like spatial inhomogeneity centered at ¢ =30, given by Eq. (116). The
curves, from bottom to top, refer to As = 2.5, 5.0, 7.5, 10.0, respectively. The other parameters
are s = 0.2, Ty = 60, 0 = 1, Ag = 1. The soliton is initially at rest, placed at position (;n; = 12.5.
In the inset we show the soliton final velocity as a function of As. The open dots are numerical
values while the continuous curve is obtained from Egs. (115) and (116) as Vg, = A—\/% \/yfm -2

Obtained from Ref. 66.

at rest, is sucked into the higher scattering length region, and reaches a constant
velocity after passing the inhomogeneity. Also, in this case, there is an excellent
agreement with variational analysis (see the inset of Fig. 11).

The dynamics of matter wave solitons in the presence of a spatially varying
atomic scattering length is also considered in Ref. 72. Using the adiabatic pertur-
bation theory for solitons, the authors have derived the effective equation of motion
of the soliton center of mass 7 for the variation as = ag+a1¢ and so v({) = 1+ ¢,
namely:

_ A%(0) (0v?
Ner = =V + 6’}/2(0) (8—77> s (117)
where
2
Vi(n) = 1w§n2—ﬂn, B= _ A0 wp = \/wE =80 (118)

2 ~ 3(146n(0))2”

Such form of a variation leads to an effective gravitational potential influencing on
the motion of the fundamental soliton. Also the oscillations frequency in the trap
is modified.

5.6. Bright soliton under time-dependent scattering length

The resonant dynamics of the chirped matter wave soliton under oscillating in time
scattering length are considered in Refs. 73 and 74. Using the variational approach
with the Gaussian ansatz for the wavefunction, we obtain the equation for the
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soliton width
1
G = =5 = 1) (r)a. (119)

When the trap is absent, the dynamics can be analyzed in detail since we have
dealt with the periodically perturbed Kepler problem. Using the action-angle vari-
ables we can find the condition of the nonlinear resonance in the chirped soliton
oscillations.

For nonlinearity management,” we introduce the small parameter ¢ = w,/Q
and assume that the nonlinear management amplitude is large compared to the
averaged value. We write accordingly

() =70 + 2 sin (g) (120)

and perform the asymptotic analysis following the Kapitsa averaging theorem. Ex-
panding a(7) = ao(7) + €a1(7,7/€) + - - - and substituting this form into Eq. (119)
we get a compatibility condition which reads

1 % A
== —a+—5+-¢. 121
ao,rr ag aq a% ag ( )

The initial conditions are: ag(0) = a(0), af(0) = ay(0) — ~1/a3.
Let us first deal with vo = 0. If [y1] < e, Yo = (4/27)Y/* ~ 0.62, then Eq. (121)
admits a unique fixed point describing the width of the ground state

2 1 2
al = 7 cos [§ arccos (%)} . (122)

If |y| > 7., then

1/3 1/3
2\ 1/3 4 4
2 _ (TN 71 T
i=(%) (”\/ _v_z*) *(1‘ _73) 03

and a, increases with v, and goes from the value 1 for 7; = 0 to the asymptotic
value ag ~ yf /3 for large 1. The linear stability analysis of Eq. (121) shows that
the fixed point is stable. The width oscillates near this value with the frequency
ws = /6 — 2/(13. In the general case vy # 0, 71 # 0, there exists a unique fixed

point which is the unique positive zero of the equation a? — a% + ypa® +~% = 0.

Influence of the random modulations of the nonlinearity on the evolution of
chirped soliton has been considered in Ref. 75. The soliton’s distortion time has
been calculated.

In Ref. 76 the dynamics of the bright soliton in the BEC with time-dependent
atomic scattering length in an expulsive potential w? < 0 has been studied. Using
the Darboux method the family of exact solutions was found, which shows, that
the bright soliton can be compressed to high local matter densities by increasing
the absolute value of atomic scattering length. The seed solution has been taken
as the modulationally unstable plane wave solution. So the soliton was the bright



Dynamics of Bright Matter Wave Solitons in a Bose—FEinstein Condensate 3451

soliton embedded into the background. Previously such solutions has been discussed
intensively in the nonlinear optics (see Refs. 77 and 78).

5.7. Soliton-soliton and N-solitons interaction in the trap potential

The soliton-soliton interaction in the trap can be studied using the perturbation
theory based on the inverse scattering transform.”™ Let us look for the solution of
the form of two well separated solitons; i.e., when the relative distance between
them is much more than that of the soliton widths a; = 1/(2v;), i = 1,2.

u(z,t) = up(z,t) + ua(x, t) (124)
where the single soliton solution is
U (,1) = 2uy, sech[2u,, (x — &, )]e?2Hn (F=En)Fidn (125)

with n = 1,2. Then, the Lagrangian can be represented as

i 1 1 1
E = Z |:%(’U,n,tu: — C.C.) — §|’U4n)1|2 + §|un|4 — §w2m2|un|2

n=1,2
— is(ui‘Rgl[ul] + u;ng[uQ] +ec.c.), (126)
where
eRpn[tn] = i(uiuZ + 2um|unl?), (127)

with m,n = 1,2, m # n. And we must neglect u,, dependence in R,,,, when taking
the variational derivative.
Next we apply the variational approach®® to the Lagrangian

L= /+OO L(z,t)dx, (128)

— 00

where L is given by Eq. (126). From Egs. (125), (126) and (128), we obtain

8u3 16 2
L= Z [&/nun{,M — 4y 6pt — P _ 8Vnui + —1/2 — 2w? (478TV + Vn§2>:|

n=1,2 3 3
+ 96071y exp(—2vr) + 9611v3 exp(—2vr) . (129)
Using the Euler-Lagrange equations
2; . 88771 0, (130)

where 7n; are the eight parameters v 2, f11,2, 01,2 and &; 2, we find the evolution
equations for the soliton parameters

% = (=1)"16v3e~ 2" sin(¢), (131)
.1 B
dptn _ ——w&, + (=1)"1613e7 2" cos(¢) , (132)

dt 2
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dén

e 2ty + 4ve” 2" sin(¢) , (133)
%——le €2 — i +2(v2 +p2)
at 27 > ase2 n T Hn

+ 8urve™ " sin(p) + 24v%e " cos(¢), (134)

where ¢ = 2ur+ o, v = (v14+12)/2, u = (1 +p2)/2, 7 = & — &, ¥ = d3 — 61 Here
r is the distance between the solitons and ) is their relative phase. It was assumed
that r > 0 and |11 — e K v, |p1 — p2| < p, |1 — v2|r < 1 and vr > 1. From this
system we obtain the equation for the relative distance

d?r oy
el —W2(t)r — 64~ sgn(r) cos(¢), (135)
where sgn(r) =1, r > 0, = —1, r < 0. In dimensional units it has the form
d>7 2/~ 2 3 —2F|/a
= —wi(t)F — 64a, wive +sgn(r) cos(9), (136)

ar?
where v = Nlas|/(2a_). This is the equation of motion of a unit mass particle in
anharmonic effective potential

U(r) = %w2(t)r2 — 3202 2I"| cos(¢) . (137)

Since the perturbation of trap is small w? < 1, the equation for the relative phase
can be written as

d2

FZ) = 1282l sin(¢) . (138)

An inspection of the potential given in Eq. (137) shows that the solitons with the
relative phase ¢ = 0 (¢ = m) have attractive (repulsive) interaction. When ¢ = 7
and w?(t) = w?, as we can see from the expression for the effective potential, the
minimum occurs for r at some equilibrium distance r.. It corresponds to the stable
bisoliton.?® The parametric resonance in the soliton-soliton interactions considered
recently in Ref. 79. The similar effect stable multisoliton occurs for N-solitons with
7 phase difference between neighbor solitons in the trap potential.*6

6. Bright Solitons in Dense Condensate in Cigar-Shaped Trap

Now we shall consider dynamics of BEC in the cigar-shaped trap by means of
a variational approach without assumption that the field variables change slowly
along the trap axis (see Ref. 23) when the condition (15) is not fulfilled. To this
end, we approximate the wave function as

2

_7"7> exp (éa(z,t)ﬂ) U(z,1). (139)

1
V= VTb(z, 1) exp( 2b2(2,t)
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Here b(z,t) characterizes the local radius of the condensate and a(z,t)r gives the
local radial velocity. Substitution of Eq. (139) into Eq. (11) and the result into the
wave function (10) with integration over the radial coordinate yield an effective 1D
Lagrangian

Lip = @(\Izq/*—q/*\lf)+h—2|\11 |2+1mw2b2|\11|2
D) t gy TR T L
h
2 4 2 2
V(2)[¥]"+ 4NM-%abM
+h—2 ! 2b2+b—+— 2pt |\I/|2+£o¢ VAU — T ,) (140)
w2 b2 2°° ? 1

To simplify the notation, we introduce dimensionless variables:

U
=w,t, = , U=—— b=1,w,
T=w,] z=a,( N n
(141)
VB g
- 12 ? g
1
In the these variables the 1D Lagrangian becomes
n? [i 1 1
&D=Eﬁjamﬁ—fw0+wa+§WWF+VKWW
4
1
+GM + ﬂT 2ul? + i(w_2 + BPw® + wiw™?
1 .
+ 5ﬂ2w4)|u|2 + %ﬂng(uuZ —u*ue)|. (142)

Thus, in the above reduction, the evolution of BEC is described by the com-
plex longitudinal wave function u({,7) and two real functions, w({,7) and 5(¢, 7),
corresponding to the local mean radius of the condensate and its radial velocity,
respectively. Equations governing the evolution of these variables are to be obtained
from the action principle

S = /Ldt —min, L= /LlDdC (143)
with the effective Lagrangian density given by Eq. (142). We have:
1 2
iur + Fucc ~ V(Qu — 3G|u|
112 wee | (we iy o) (ul)
2 LJ? + w + (w 2,6¢w |u|?

- —,B wt — —ﬂggw - zﬁgwwg] 0, (144)
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(w?|ul?), + %w2(uuz —uue) + w4|u|26< = 26w?|ul?, (145)
¢
1—w? 2
_wee ¢ we (Ju*)e 5 2 9
r=rp g YT A A
i(ucu® — uuy) |u|?
+ T,@g + 2GF , (146)

where the longitudinal wave function is normalized as follows

/|u|2dg =N. (147)

Thus, we have transformed the 3D GP equation to a quasi-1D form for the case of
elongated cigar-shaped geometry when the radial distributions of the condensate
density and its radial velocity can be approximated by simple Gaussian functions.
The variables in Eqs. (144)—(146) depend only on one spatial coordinate — a strong
advantage in numerical simulations. Besides that, systems (144)—(146) can be ana-
lyzed analytically in some important limiting cases.

In a stationary state all velocities are equal to zero (v = 0, 8 = 0), density
p does not depend on 7 and the condensate wave function u(¢,7) depends on
7 only through the phase factor exp(—iut), where p is dimensionless chemical
potential. Setting 8 = 0 and introducing the stationary variables U(¢) and o(¢) by
the formulae

ur)=e""UE),  w¢T)=1/0(Q), (148)
after some simple algebra we obtain from Egs. (144)—(146) the following system
Uee + (20— 2v(0) - LR/ P, (149)
<« a 7T 402 o=
1 U? 1
- (U‘ ) - (0 - —) U2 — 2GoU* = 0. (150)
2 o )¢ o

Systems (149)—(150) has the energy functional

5

Here integrand can be considered as a Lagrangian with the spatial variable { playing
the role of time.
First of all let us consider the limit of a low density BEC:

5 ~+ 13 d¢.  (151)

1 5 2 a1 1 0? 2 2

IGIU? < 1. (152)

In the dimensional variables, with account of the estimate U? ~ |U|2l; ~ nil)
(where nq is the longitudinal density of the condensate), condition (152) coincides
with the condition (15). Since the characteristic length in the axial direction cannot
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be less than unity (i.e. [, in the dimensional units), from Eq. (150) we find in this
limit

c=1+o01, loy] ~ |GIU? <« 1. (153)

Taking estimate (153) into account, we reduce Eq. (149) to the standard (station-
ary) 1D NLS equation

Uee +2(u—1-V(()U —4GU? = 0. (154)
This equation leads to well-known soliton solutions on the NLS equation
Uo
U = ,
) cosh(Up+/2|G| ¢)

where Uy is the amplitude of the soliton connected with the number of atoms

N = [U?d( by the relation
2
N =Uy/—, (156)
\ 1G]

and p' = p—1 = —|G|UZ. Then condition (152) of applicability of the NLS equation
can be written in the form [see (15)]

W'l =1GIUG ~ (|GIN)* < 1. (157)

(155)

It is clear that this condition breaks down for large enough number of atoms N ~
1/|G| and one cannot neglect the effect of the atomic interaction on the transverse
size of BEC. The transverse degrees of freedom lead to the collapse instability of
BEC (see e.g. Ref. 10), which, as is known, also takes place in BEC confined in a
cigar-shaped trap. Numerical results of Refs. 20 and 22 indicate that BEC in the
cigar-shaped trap collapses for

IGIN > 0.676 (158)

and in this region of parameters the soliton solution ceases to exist. Our quasi-
1D approach captures this essential property of the attractive BEC, and hence, in
our approach, the bright soliton solution can be studied in the whole region of its
existence.

We have solved numerically the systems (149) and (150) with G < 0 and V =0
under the boundary conditions

U()—0 at ¢ — +oo. (159)

In Fig. 12 we show the wave function amplitude and transverse radius profiles
of BEC for several values of |G|N. It is clearly seen that the amplitude of the
soliton increases while its transverse radius decreases with growth of |G|N. For
small |G|N the solution is well approximated by the NLS solution (155), especially
the amplitude profile. At ( — +o00 the radius approaches 1. What corresponds to the
small amplitude limit when the transverse wave function is given by the oscillator
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Fig. 12. Wavefunction amplitude and transverse radius (W) profiles of BEC for several values of
|G|N, as given in the left frame.
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Fig. 13. The dependence of 1 on |G|N in quasi-1D approximation (solid line) and in the NLS
equation case (dashed line).

ground state. A fast decrease of w in the center of the soliton with growth of |G|N
precedes the collapse instability of BEC.

To clarify the transition to collapse, we show the dependence of y on |G|N in
the presented quasi-1D approximation (the solid line) and in the NLS equation case
(the dashed line) in Fig. 13. We see that ON/Ju vanishes at |G|N = 0.73, which is
in reasonably good agreement with the exact 3D critical value given by (158).

Finally, the axial width of this soliton solution is about unity (i.e. ~ [ in
the dimensional units) in qualitative agreement with the features of bright solitons
observed experimentally in Refs. 15 and 16.

7. Reduction of Gross—Pitaevskii Equation in Pancake-Type Trap
to 2D NLS Equation

Let us consider the case of tight trap in z-direction, so w, > w, and sﬁ < 1.
We assume that the quantum pressure in z-direction much larger than a nonlinear
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interaction, i.e.

n? 9 9 N
2m5ﬁ >>g|¢| a|w| ~ 27Tli£|\ s

(160)

where s (~ [|) is the condensate size in z-direction. Note that I, # s, because
the transverse size of the condensate is determined by the attractive interaction
between atoms and not by the trap potential. Then we have the condition
Nlas|l
| ;l I <1, (161)
S1

which means that the longitudinal motion is reduced to zero quantum oscillations.
We represent the condensate wave function in the form

¥ =®(z,y;t)R(2), (162)
where R(z) is the ground state wave function of the axial motion of atoms,
1 22
al/4 l”/ 21 i
As in Sec. 2, we obtain the equation for the transverse wave function ®

2
mw?

h2
ih®, = —%viqwr 11 ® + gap|P[ P, (164)

with gop = g\/§7rl‘|. The condensate size can be estimated from the Hamiltonian

mw2r2

K2 92D
H= /d% [%IWF + T|<1>|2 - T|<I>|4 . (165)

It can be approximated by the order of magnitude as

h?N N2
H o~ 4 mw?Ns2 + 220 (166)
ms? 5%
The minimization with respect to s; gives
N 1/4
sLNzL(1—|a1| ) . (167)
[

Thus we can conclude that the condensate exists for N < N ~ [} /|as|. Using the
inequality (161) we obtain that the parameters should satisfy the condition

N s l —-1/2
|a2 4 (1 - M) <1. (168)
Il by

The dimensionless form of Eq. (164) can be obtained by the change of variables

2
T=1tw,, pz\/l—jl, uz”%jihb. (169)
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Thus we arrive at the dimensionless 2D GP equation

1
iuy = =V u+ Zp2u + olul|®u,o0 = £1. (170)

8. Stable Bright Solitons in Multidimensional Condensate.
Nonlinearity Management.

The coefficient in front of the cubic term of the Gross—Pitaevskii equation (1), pro-
portional to the scattering length, may be both positive and negative, which cor-
responds, respectively, to repulsive and attractive interactions between the atoms.
In the case of an attractive interaction, a soliton may be formed in an effectively
one-dimensional (1D) condensate;*®1¢ however, in 2D and 3D cases the attraction
results in the collapse of the condensate (weak and strong collapse, respectively®?)
if the number of atoms exceeds a critical value.

Recently developed experimental techniques®! make it possible to effectively
control the sign of the scattering length using an external magnetic field because
the interaction constant can be changed through the Feshbach resonance.®? This
technique makes it possible to quickly reverse (in time) the sign of the interaction
from repulsion to attraction, which gives rise, via the onset of collapse, to an abrupt
shrinking of the condensate, followed by a burst of emitted atoms and the formation
of a stable residual condensate.5!

A natural generalization of this approach for controlling the strength and sign
of the interaction between atoms and, thus, the coefficient in front of the cubic
term, is the application of a magnetic field resonantly coupled to the atoms. In
the general case, it consists of constant (dc) and time-dependent (ac) components.
The dynamical behavior of 2D and 3D condensates in this case is then an issue of
straightforward physical interest, as it may be readily implemented in experiments.
This is the subject of the present section.®3

It is noteworthy that, in the 2D case, this issue is similar to a problem which
was recently considered in nonlinear optics for (241)D spatial solitons (i.e., self-
confined cylindrical light beams) propagating across a nonlinear bulk medium with
a layered structure, so that the size* and, possibly, the sign® of the Kerr (nonlin-
ear) coefficient are subject to a periodic variation along the propagation distance
(it plays the role of the evolutional variable, instead of time, in the description of
optical spatial solitons). The same optical model also makes sense in the (34+1)D
case, because it applies to the propagation of “light bullets” (3D spatiotemporal
solitons®®) through the layered medium.®> Previously, a quasi-1D model was con-
sidered in which the BEC stability was affected by a rapid temporal modulation
applied to the trapping potential (rather than to the spatially uniform nonlinearity
coefficient )"
studied in Ref. 88. Resonances in 2D and 3D BEC with periodically varying atomic
scattering length has been considered in Refs. 88-90. The main issue considered in
this section is a possibility of self-localization of the condensate under the action of
the ac field.

and the macroscopic quantum interference and resonances have been
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8.1. Awveraging of the variational equations

Let us take the mean-field GP equation for the single-particle wave function, as
given by Eq. 1, without the trap:
N

- 2
hE —%V Y+ gy (171)

We will assume the scattering length to be time-modulated so that the nonlinear
coefficient in Eq. (1) takes the form

g = go + g1 sin(xt) , (172)

where ag and a1 are the amplitudes of dc and ac parts, and x is the ac-modulation
frequency.

Usually an external trapping potential is included to stabilize the condensate.
We have omitted it because it does not play an essential role. This is also the case in
some other situations, e.g. the formation of a stable Skyrmion in a two-component
condensate.’!. In fact, we will demonstrate that the temporal modulation of the
nonlinear coefficient, combining the dc and ac parts as in Eq. (173) may, in a certain
sense, replace the trapping potential. Another caveat concerning the present model
is that, if the frequency of the ac drive resonates with a transition between the
ground state of the condensate and an excited quasi-particle state, the mean-field
description based on the GP equation will not be adequate.

We now cast Eq. (171) in a normalized form by introducing a typical frequency
Q ~ 2gng/h, where ng is the condensate density and rescale the time and space
variables as t' = Qt r' = r/2m$/h. This leads to the following equation where the
" have been omitted

2
2 (88— Haﬁ) b Do + A sin(wt)] [0, (173)
in which it is implied that ¢ depends only on ¢ and r, D = 2 or 3 is the spatial
dimension, A\g;1 = —go,1/(Qh), w = x/Q.

Note that A\g > 0 and Ay < 0 in Eq. (173) correspond to the self-focusing and
self-defocusing nonlinearity, respectively. Rescaling the field 1, we will set [M\o| = 1,
so that Ay remains a sign-defining parameter.

The next step is to apply the variational approach (VA) to Eq. (173). This
approximation was originally proposed?? and developed in nonlinear optics, first
for 1D problems and, later for multi-dimensional models (see a recent review?3). A
similar technique was elaborated for the description of the multidimensional BEC
dynamics based on the GP equation.”

To apply VA in the present case, we notice that the Lagrangian density gener-
ating Eq. (173) is

cw) =5 (50 - 5v) - o)

SOl (174)

ot or 2
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where A(t) = Ao + A1 sin(wt), and the asterisk stands for the complex conjugation.
The variational ansatz for the wave function of the condensate is chosen as the
Gaussian,”?

2

e(r,t) = A(t) exp (_#(t) + %ib(t)r2 + i5(t)> , (175)

where A, a, b and § are the amplitude, width, chirp and overall phase, respectively,
which are assumed to be real functions of time. We did not include the degree
of freedom related to the coordinate of the condensate’s center as the trapping
potential although not explicitly included into the model, it is assumed to prevent
the motion of the condensate as a whole.

Following the standard procedure,”® we insert the ansatz into the density (174)
and calculate the effective Lagrangian,

Lo = CD/ L(hg)rPdr, (176)
0

where Cp = 27 or 47 in the 2D or 3D cases, respectively. Finally the evolution
equations for the time-dependent parameters of the ansatz (175) are derived from
Leg using the corresponding Euler-Lagrange equations. Subsequent analysis, as
well as the results of direct numerical simulations, are presented separately for the
2D and 3D cases in the two following sections.

8.2. Awveraging of the variational equations in 2D case

In the 2D case, the calculation of the effective Lagrangian (176) yields
1 . : 1
L2 = (—§a4A2b —a?A%5 — A% — ot A% + 0 a2A4> : (177)

where the overdot stands for the time derivative. The FEuler-Lagrange equations
following from this Lagrangian yield, the conservation of the number of atoms N
in the condensate,

nA%a® = N = const, (178)
with the expressions for the chirp and width given by
. . 2 A(t)N
= 2ab b= — —2b% — 179
4= a0 at 2mat ’ (179)
and a closed-form evolution equation for the width:
d’a  —A+ o sin(wt)
i e e i S A 180
e 3 : (180)
A=2(MoN/(27) —2), o=-MN/7. (181)

In the absence of an ac component, ¢ = 0, Eq. (180) conserves the energy
Esp = (a2 — Aa=2)/2. Obviously, Fop — —o0 as a — 0, if A > 0, and Fap — +00
as a — 0, if A < 0. This means that, in the absence of the ac component, the 2D
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pulse is expected to collapse if A > 0, and to spread out if A < 0. The case A =0
corresponds to the critical number of particles in the condensate (the so-called
“Townes soliton”). Note that a numerically exact value of the critical number is
(in the present notation) N = 1.862 (Ref. 80), while the variational equation (181)
yields N =2 (if Ag = +1).

It is natural to consider in particular the case when the ac component of the
nonlinear coefficient oscillates at a high frequency. In this case, Eq. (180) can be
treated analytically by means of the Kapitsa averaging method. To this end, we set
a(t) = a+da, with |da| < |a|, where a varies on a slow time scale and da is a rapidly
varying function with a zero mean value. After straightforward manipulations, we
derive the following equations for the slow and rapid variables,

2
%Fz = —A@ 3 +6a°(6a?) — 30(da sin(wt))a=*, (182)
d2

Wéa = 36aAa* + o sin(wt)a=>. (183)

where (- - -) stands for averaging over the period 27 /w. A solution to Eq. (183) is
o sin(wi)

a3 (w? +3a—4A)’
the substitution of which into Eq. (182) yields the final evolution equation for the
slow variable,

da(t) = (184)

2 2 2
4 [_ 3Ao 3 o } . (185)

e’ T P 4302 T 2.2a 13

To examine whether collapse is enforced or inhibited by the ac component of
the nonlinearity, one may consider Eq. (185) in the limit @ — 0. In this limit, the
equation reduces to

2 2
%a = (—A + g—A> a>. (186)
It immediately follows from Eq. (186) that, if the amplitude of the high-frequency ac
component is large enough, 02 > 6A2, the behavior of the condensate (in the limit
of small a) is exactly opposite to that which would be expected in the presence of
the dec component only: in the case A > 0, bounce should occur rather than collapse,
and vice versa in the case A < 0.

On the other hand, in the limit of large @, Eq. (185) takes the asymptotic
form d?a/dt> = —Aa3, which shows that the condensate remains self-confined
in the case A > 0 i.e., if the number of atoms exceeds the critical value. This
consideration is relevant if a, though being large, remains smaller than the limit
imposed by an external trapping potential. Thus, these asymptotic results guarantee
that Eq. (185) gives rise to a stable behavior of the condensate, both the collapse
and decay (spreading out) being ruled out if

o>V6A>0. (187)
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In the experiments with “Li with the critical number ~ 1500 atoms, for example, if
we have initially 1800 atoms (i.e. N/27 = 2.2) to stabilize the condensate this means
that the atomic scattering length for Ag = 1 should be harmonically modulated with
the amplitude o = 0.98. In fact, the conditions (187) ensure that the right-hand
side of Eq. (185) is positive for small @ and negative for large a. This implies that
Eq. (185) must give rise to a stable fixed point (FP). Indeed, when the conditions
(187) hold, the right-hand side of Eq. (185) vanishes at exactly one FP,

302 304
gt =4+ —— —1) —-3A 1
w a 1 3 (16 5 ) 3A, (188)

which can be easily checked to be stable through the calculation of an eigenfre-
quency of small oscillations around it.

Direct numerical simulations of Eq. (180) produce results (not shown here)
which are in exact correspondence with those provided by the averaging method,
i.e., a stable state with a(t) performing small oscillations around the point (188).

For the sake of comparison with the results obtained by means of an alternative
approach in the next subsection, we also need an approximate form of Eq. (185)
valid in the limit of small A (i.e., when the number of atoms in the condensate is
close to the critical value) and very large w:

d? A 3 o?

@a:—d—3+§ﬁ. (189)
It should be noted that the Kapitsa averaging method assumes the strong non-
linearity management. Indeed da ~ (\;/w?)/a®. We consider \; ~ w > 1,
this corresponds to the strong management case. Since the averaged width a ~
(X2 /(W?(N — N.)Y* ~ O(1), we have for da the estimate da ~ 1/w = ¢ < 1
and so the correction to the averaged width is small. To calculate the value of the
amplitude of the high-frequency ac component necessary to stop the collapse, we
note that a characteristic trap frequency is 2 ~ 100 Hz. So, for a modulation fre-
quency ~ 3 kHz, which may be regarded as a typical “high modulation frequency”,
the dimensionless w is ~ 30. If the initial dimensionless number of atoms is, for
example, N/2m = 2.2 so that according to Eq. (181), A = 0.4 (this corresponds to
the “Li condensate with ~ 1800 atoms, the critical number being ~ 1500), and the
parameters of modulation are A\g = 1, Ay = 2.3, 0 = 10, then the stationary value
of the condensate width found from Eq. (188) is as; = 0.8,where | = /mQ/h is
the healing length.

Thus the analytical approach based on the VA and the subsequent use of the
assumption that the number of atoms slightly exceeds the critical value, leads to an
important prediction: in the 2D case, the ac component of the nonlinearity, acting
jointly with the dc one corresponding to attraction, may give rise not to collapse,
but rather to a stable soliton-like oscillatory condensate state which confines itself
without the trapping potential. It is relevant to mention that a qualitatively similar
result, viz. the existence of stable periodically oscillating spatial cylindrical solitons
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in a bulk nonlinear-optical medium consisting of alternating layers with opposite
signs of the Kerr coefficient, was reported in Ref. 85, where this result was obtained
in a completely analytical form on the basis of the VA, and was confirmed by
direct numerical simulations. The numerical simulations confirm these predictions,
as observed in Ref. 95.

The same type of equation for the soliton width can also be obtained by the
moments method. Using the theory of ODE’s with the periodic coefficients from
Ref. 96 the conditions for the blow up and the bounded oscillations have been found.
For example, for the critical case the equation for the width is
_ @i+ Qag(t) _ p(t)

Q¢ a3 = ? 5 (190)
where @1, Q2 are moments of NLSE and p(¢) is a continuous and T-periodic
function.

It was found that a necessary condition for existence of bound state is

T
(p)z%/o p<O0. (191)

The function p(t) can be parametrized as p(t) = a + Se(t), with (¢) = 0. For the
existence of the bound state it is necessary that

a+ 8 =0. (192)

This condition is well satisfied for the strong nonlinearity management regime with
B ~ 1/e > 1. The parameter « is proportional to N — N, where N, is the critical
norm and equal to the norm of the Townes soliton solution. The Townes soliton
solution is the separatrix solution separating the regions of the collapsing and de-
caying states (see the next subsection for details). If the norm is larger than the
Townes norm N,, then the wave packet collapses, or else if the norm is lower then
it decays. The numerical simulation, performed in Refs. 96 and 97 for the critical
NLSE (D = 2), shows that the stabilized solution indeed exists and represents the
Townes soliton with modulated parameters.

When the initial data is taken in the form of the Gaussian function, the ODEs
(190) does not describe correctly the region of the existence of the bound state.
Numerical simulations show that the Gaussian initial pulse ejects a significant part
of the wave in the form of radiation. The remaining part of the wave packet has
the form of the Townes soliton with parameters varying in time. In Ref. 98 it was
proven that periodically varying any sign definite nonlinearity cannot prevent the
collapse.

8.3. Awveraging of the Gross—Pitaevskii equation and Hamiltonian

Assuming that the ac frequency w is large, we rewrite the GP equation in a form,

10 /Ot 4+ V2 4+ Nwt)|¥]* = 0. (193)
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To derive an equation governing the slow variations of the field, we use the multiscale
approach, writing the solution as an expansion in powers of 1/w and introducing the

slow temporal variables, T}, = w™t, k = 0,1,2,..., while the fast time is ¢ = wt.
Thus, the solution is sought for as
1/1(7”7 t) = A(h Tk) + w_lul(Cu A) + w_2u2(C, A) +e (194)

with (ux) = 0, where (- --) stands for the average over the period of the rapid mod-
ulation, and we assume that A\g = +1 (i.e., the dc part of the nonlinear coefficient
corresponds to attraction between the atoms).

The evolution equation for the slowly varying field A(x,T,), at the order

w S:

2
i% +V2A+ |APA +2M (3> [JAIA — 3|AI*V2A
w

+2|A]PV2(|AIPA) + A2V (A2 A%)] =0, (195)

where o is the amplitude of the ac component. Eq. (195) is valid in both 2D and
3D cases.

For a further analysis of the 2D case, we apply a modulation theory developed in
Ref. 99. The solution is searched for in the form of a modulated Townes soliton. The
Townes soliton is a solution to the 2D NLS equation in the form 1 (r,t) = e® Rp(r),
where the function Rr(r) satisfies the boundary value problem

Ry+r 'Ry —Rr+R-=0, Rp0)=0, Rp(x)=0. (196)

For this solution, the norm N and the Hamiltonian H take the values,
Np = / R4(r)yrdr = N.=1.862, Hr=0. (197)
0

To develop a general analysis, we assume that the solution with the number
of atoms close to the critical value may be approximated as a modulated Townes
soliton, i.e.

)
-1 iS ar
A(r,t) = [a(t)] " Rr(r/a(t))e™,  S=o(t)+—, (198)

o = a~2, with some function a(t) (where the overdot stands for d/dt). If the initial
power is close to the critical value, i.e., when |N — N.| < N, and the perturbation
is conservative, i.e.

m / AV[A*F(A)] = 0, (199)

as in our case, it is possible to derive an evolution equation for the function a(t),
starting from the approximation (198). The equation of modulation theory for width
is

2

o
a*ay = —Bo + Wfl (t), (200)
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where
O'2f1(0) (N - Nc)
b=00) - 0 =5 (200)
and Mo = (1/4) [;° r3dr R3. ~ 0.55. The auxiliary function is given by
1 ,
70 =20(0)e |5 [ dodyF(ar)e= (R + 0V Re(p)] (202)
In the lowest-order approximation, the equation takes the form
d2a Al 00'2
e R 203
dt? a’  w2a”’ (203)
where Ay = (N — N.)/My — Co?/(w?ad) and C is
3 [ 1
C= —/ dp [2pR§1~(R'T)2 — p*R3(RL)? — —pR8T] ~39. (204)
MO 0 8

Thus the averaged equation predicts the arrest of collapse by the rapid modulations
of the nonlinear term in the 2D GP equation.

It should be noted that as shown in Ref. 100, in general, the averaged equation
in the case of a weak nonlinearity management (corresponding to the case when in
Eq. (191) parameters «, 3 ~ O(1)), is insufficient to describe correctly the blowup
domains. But in the case of the initial wave packet close in the norm to the Townes
soliton solution, we are in the region of the validity of the condition (191), namely
a ~ |[N = N/N, ~ ¢ <« 1and 8 ~ O(1) so the bound state exist (see also
Ref. 97). The numerical simulations performed in Ref. 101 has dealt with the initial
wave packet taken as the Townes soliton. Since the stabilization of the soliton with
the norm N = 1.09N. has been observed for o in the interval (57, 157) and the
frequency w in the interval (20,250), we can mention the particular value o/w =
8m/250 = 0.1. Dynamical stabilization of critical NLSE in the model of 1D quintic
NLSE with nonlinear management of the cubic term has been studied in Ref. 97.
The numerical simulations also showed the stabilization of the initial wave packet
in the form of the Townes soliton for N = 1.08 N, and ¢ = 10, w = 50.

The evolution of the width of the soliton is described by the equation of motion
of a unit mass particle in the effective anharmonic potential.

A1 CO'Q
C 202 6w2ab’

The effect of rapid modulations of nonlinearity appears as the additional strong
repulsion at small widths a ~ a~%. This repulsion leads to the existence of a stable
2D bright soliton.

The same effect was observed in 1D dispersion-management for optical solitons
in fibers — the Kapitsa averaging in the related Kepler problem leads to a new
fixed point corresponding to the dispersion-managed optical soliton,'°> 1% and the
Hamiltonian averaging method in Refs. 105 and 106. Strong dispersion management
can also stabilize 2D bright soliton.!0”

Uet = (205)
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Let us estimate the value of the fixed point for the numerical simulations per-
formed in Ref. 84. In this work the stable propagation of soliton has been observed
for a two-step modulation of the nonlinear coefficient in 2D NLSE. The modula-
tion of the nonlinear coefficient was A =14+ ¢ if T >t > 0, and A = 1 — ¢ for
2T > t > T. The parameters in the numerical simulations have been taken as
T =0=0.1, N/(2r) = 11.726/(27), with the critical number as N, = 11.68/(2).
The map strength M is M = 0212 /24. For these values we have a. = 0.49 that
agreed with the value a. ~ 0.56 from the numerical experiment.

Equation (195) can be written in the Hamiltonian form using the change of
variables

q=A+ M|A*A+O(*), (206)
where e = o/w. In the 1D case we obtain the equation for ¢(z,t)
iq + oz + Nola®q + 2Me2[2(|g1*)zea* + ((la*)2) g = 0. (207)

This equation can be written in the form iq; = dH/dq* with the Hamiltonian
0o )\2
1= [ ao[la - ot + 202 ()07 (208

This expression coincides 2Me? = 52 with the Hamiltonian obtained for the case of
a strong nonlinearity management in the paper.%%:199 The discrete version of this
Hamiltonian can be obtained from the Legendre transformation of the Lagrangian
of the work,!'® where a weak nonlinearity management in discrete NLS lattice
has been considered. Using this averaged equation in the work!%® the matter-wave
solitons were found numerically. It was shown that there is no threshold on the
existence of dark solitons of large amplitudes whereas such a threshold exists for
bright solitons.

The averaged 2D, 3D GP equation for the case of strong nonlinearity manage-
ment in the Hamiltonian form is derived recently in Ref. 100. The Hamiltonian has
the form analogous to Eq. (208) and equal to

A )
1= [ 1va - ol + 2Pl E). (209
where 6% = [ A2 (T)dr, A_1 = [} Mdr! — [} [T Adr'dr.

8.4. Nonlinearity management of 2D vectorial solitons

Analogous idea can be applied for the stabilization of 2D multicomponent BEC.
The GP equation is

, 1 -
iujy = —§V2uj +g(t) (Z |uk]|> uj, (210)
k=1

where u; are the wavefunctions of each of atomic species, j = 1,...,N, A =
0?/0z* + 8?/0y?, aji are the nonlinear coupling coefficients, g(t) is the periodic
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function of time. This system is the extension of the Manakov system to 2D case
with variable nonlinearity.

To construct solutions of the system (210) it is useful to use the stabilized scalar
(n = 1) Townes solitons ®g, namely u; = &g, = a;®g. with the condition

ajpal+-apai =1,  j=1,...,n. (211)

By numerical simulations, it has been showed in Ref. 111 that for n = 2;4 these
new vector solitons remain stabilized. This showed the possibility of obtaining of the
stabilized vector solitons after slow collisions of the stabilized Townes solitons. The
application of such an approach for the three-dimensional vector solitons remains
open.

9. Nonlinearity Management of 3D Matter Wave Soliton

Applying the methods developed in the previous section we will derive here the
averaged variational equations for 3D case.
The calculation of the effective Lagrangian (176) in the 3D case yields
@D) _ 1 35,0 3| 3; o ; 1 2 3 2 2
Ly —iw/Aa —5ba —2(5—&—2—\/5)\(75)/1 - = — 3%’ (212)
as in Eq. (177). The Euler-Lagrange equations applied to this Lagrangian yield the
mass conservation,

73/2A%6% = N = const, (213)
with the expression for the chirp given by

a=2ab, ho 2 _gpp_ _AON
at 2\/§7r3/2a5

The evolution equation for the width of the condensate in the normalized form is
given by

(214)

d’a 4  —A+ o sin(wt)

i T 215

2 a? + at ’ (215)
where the amplitudes of the dc and ac components of the nonlinearity are A =
2-1/27-3/2)\N and o = —271/2773/2)\; N. In the absence of the ac term, o = 0,

Eq. (215) conserves the energy
1 1
Esp = §a2 +2a7% gAa_?’. (216)

Obviously, Fsp — —oco as a — 0, if A > 0, and Fsp — 400 if A < 0. Hence, one
will have collapse or decay (spreading out) of the pulse, respectively, in these two
cases.

As w is large enough it seems natural to apply the Kapitsa’s averaging method to
this case too. Doing it the same way as was described in detail in the previous section
for the 2D case, we find the rapidly oscillating correction da(t), as in Eq. (184),

o sin(wt)a

da = —
“ w?ad —12a+ 4\’

(217)
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and then arrive at the evolution equation for the slow variable a(t) [as in Eq. (185)]:
d*a _ 4 A n 20
dt2 @ a*  a*(w?2ad +4A —12a)

(218)

In the limit w > 1 the averaged equation has the form considered in Refs. 112
and 113

~ 4 A 2¢2
age = a3 4 + w2ag? ’ (219)
Again we have the strong repulsion potential for @ — 0, namely
2
o
R (220)

This potential arrest the collapse of the condensate. The threshold in 02 /w? exists
for the minimum of the effective potential. These predictions have been confirmed in
the numerical simulations of the full 3D GP equation with time varying scattering
length.!12 Tt is still unclear if the observed state is stable. The numerical simulations
performed in Ref. 113 shows that the state is a metastable one. Predictions of the
variational approach agree with the numerical data qualitatively only. After a long
time the parametric instability is developed. To stabilize the soliton the dissipation
can be worked on. The dissipation can be included into the GP equation by a

phenomenological way!14 116

h2
i1 = i)y = =5 V2 + Vipth £ g(O) [0 + iy, (221)

where 7 is a phenomenological dissipation constant, which is determined experi-
mentally, and g is the chemical potential. It is shown by means of the numerical
simulations that the state is absolutely stable. It should be noted that in distinction
from the 2D case the shape is strongly deviated from the Gaussian one. It can ex-
plain why the predictions of the VA have a qualitative character only. To describe
these numerical results it is necessary to develop analytical descriptions beyond of
the variational one.

10. Conclusion

In summary, we present in this review the modern status of investigations of the
dynamics of bright solitons in Bose—Einstein condensates. We analyze solitons in
the highly elongated trap, as well as in the pancake and 3D configurations.

The formalism, as detailed above, explains recent experiments on the genera-
tion of matter wave soliton trains as the nonlinear Fresnel diffraction. We employ
analytical approaches to describe the generation of trains of bright and dark soli-
tons from weak periodic modulations of density by adiabatic variations of atomic
scattering length in time. Considering recent suggestions, we have also analyzed
the control of solitons in BEC, by means of variations in time and/or space of the
two-atom scatering length or the trap parameters.
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There are still many problems unsolved under intensive investigations. Among
them, we note the following: solitons in mixed BECs like multi-components and
spinor BECs, 7 18 ponlinearity and dispersion
management for nonlinear periodic waves, 120,121 apd
condensates with three-body interactions.'?? Furthermore, it is also interesting to
analyze the role of different nonlocalities on the soliton stability, the existence of
solitons in systems with long-range interactions between atoms, nonlinear atomic
interferometers with solitons, dynamics of quantum shock waves and trains of soli-
tons using different potentials.

solitons in Fermi—Bose mixtures,

19 myltidimensional solitons,
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