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Abstract: The human being carries out multiple works simutaneously. Generally, two legs are constrained to the 
ground while two arms are performing some other jobs. Sometimes not only two legs but also any parts of the human 
body such as hand, elbow, head, etc. are kinematically constrained to the environment for special purpose. Sawing 
motion is one example of the multi-constrained motions. When a person saws a wood, two legs are constrained to the 
ground and one arm holds the object being sawn on the table so that another arm carries out a stable sawing task. In this 
paper, we introduces a new motion planning algorithm for a multi-constrained planar type humanoid robot, which 
exploits "redundant degrees of freedom" of the whole-body humanoid structure. A sequential redundancy resolution 
algorithm is employed, which ensures the ZMP stability and the planned multi-constrained motion. The feasibility of 
the proposed algorithm is verified by simulating a sawing motion for a planar humanoid model. 

Keywords: Kinematic redundancy, Multi-constrained motion, Sawing task. 

1. INTRODUCTION 

The human-body has inherent kinematic redundancy 
in its structure. The redundant system has more degrees 
of freedom than the required degrees of freedom. 
Kinematic redundant system has several advantages that 
can generate various motions using self-motion. 

There have been many researches on humanoid 
motion planning and control [1-15] and the whole-body 
coordination and control [16-20]. The motion control 
and the whole body coordination (control) with good 
performance have been the core parts in implementing 
the stable humanoid motion. 

Since Vukobratovic proposed the concept of ZMP in 
1970 [1], it has been the criterion of the stability of 
biped robots in dynamic motions. Also, a number of 
researchers have tried to find how to compensate the 
ZMP trajectories. Kim, et al. [3] proposed a real-time 
ZMP compensation method using null motion for a 
simple mobile manipulator. Li, et al. [4] proposed a 
learning control as a ZMP compensation algorithm for a 
biped robot having a trunk. Dasgupta, et al. [5] made 
feasible walking motion based on ZMP with HMCD 
(Human Motion Capture Data). Park, et al. [6] proposed 
an off-line method to design a ZMP trajectory with a 
fuzzy logic. Kurazume [7] proposed a sway 
compensation trajectory for a biped robot to design a 
stable ZMP trajectory easily. Sugihara and Nakamura 
[8] utilized an inverted pendulum method for stable 
walking. Chevallereau, et al [9] employed the concept 
of virtual constraints to achieve different tasks for a 
biped robot RABIIT. Westervelt, et al [10] proved the 
stability of walking control for planar biped robot. Choi, 
et al [15] suggested the kinematic resolution method of 
CoM (center of mass) Jacobian at the level of joint 
velocity in order to control the ZMP. Sentis, et al [16] 
proposed the synthesis method of whole body behaviors. 
Goswami, et al [17] utilized the rate of change of 
angular momentum as the criterion of balancing motion. 

Harada, et al [18-19] proposed the available measure for 
the whole body coordination of humanoid robot. 

Contact is inevitable in human daily life. The contact 
is regarded as happening of kinematic constraint. In this 
paper, we introduce a motion planning algorithm for 
redundant planar type humanoid robot in 
multi-constrained conditions. The motion of a 
multi-constrained body varies dynamically according to 
a partial change of the robot topology. And, depending 
upon what part of the human body contacts the 
environment decides the constraint condition. Also, the 
operation efficiency differs according to the constraint 
condition. For example, a straddled leg posture is more 
stable than non-straddled leg posture. 

This work initially explains the concept of 
multi-constrained motion via a sawing task and 
redundancy resolution algorithms exploiting the 
kinematic redundancy of the humanoid structure are 
introduced to realize the task of multi-constrained 
motion. 

2. CONCEPT OF MULTI-CONSTRAINED 
MOTION 

2.1 A sawing motion planning algorithm 

Consider a planar redundant humanoid model given 
by Fig. 1. The lower-extremities of two postures are 
modeled as 3DOF structure. Fig. 1(a) is a single support 
case and Fig. 1(b) is a double support case, and the 
upper-extremities are modeled as 3DOF serial structure. 
The lower-extremity is constrained to the ground, and 
one arm is holding the object on the table and another 
arm carries out the sawing task. 

This kind of situation can be intepreted as a 
multi-constrained motion because one upper-extremity 
and two lower-extremities are fixed to the environment, 
while another arm is performing a sawing task. When 
the operating arm changes its configurations, the center 
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of gravity of the humanoid structure is changed. Thus 
the stability of posture can not be assured. For example, 
the ZMP (Zero Moment Point) may get out of the foot 
print. To resolve this problem, a new motion planning 
algorithm should be developed. This algorithm should 
be able to assure the ZMP stability, maintain the 
position of the constrained arm, while successfully 
performing the desired sawing task. In order to 
implement this algorithm, a sequencial redundancy 
resolution algorithm will be employed, which exploits 
the kinematic redundancy inherent in the humanoid 
structure. 

Furthermore, the optimal posture needs to be 
investigated. If the speed of the sawing motion increases, 
the ZMP stability cannot be assured because the 
position of  ZMP may get out of the foot print. This 
case happens when the lower-extrimity maintains the 
posture shown in Fig. 1(a). On the other hand, when the 
lower-extrimity has a straddled posture like Fig. 1(b), 
there is a small chance that ZMP gets out of the foot 
print even though the speed of the sawing motion 
increases. Thus the optimal posture of a humanoid 
structure should be decided with consideration of 
specifications of the given task. 

 

 
 

(a) Non-straddled leg posture  (b) Straddled leg posture 
Fig. 1. Sawing motion of a planar type humanoid 

model 
 

3. MOTION PLANNING ALGORITHM 
USING ZMP CONSTRAINT EQUATION 

 
The ZMP constraint equation can be directly derived 

by inserting the kinematic relation of each acceleration 
component into the ZMP equations given by 
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where all the kinematic variables are referenced to the 
foot coordinate system attached to the center of the 
support foot. And, each ix , iy , iz , iτ , im  and g 
denotes accelerations, inertia moment, mass of the i-th 
link, and gravitational constant. zkF  and xkr  denote 
the k-th reaction force by sawing task and the k-th 
position vector referenced to the origin coordinate. 

Eq. (1) and Eq. (2) can be rewritten as follows: 
( ) ( ) ( )i i ZMP i i i i i i i y

i i i i

k k
k

m z g x m z g x m x z
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and 
( ) ( ) ( )i i ZMP i i i i i i i x

i i i i

m z g y m z g y m y z τ− = − − +∑ ∑ ∑ ∑ . (4) 

Rearranging Eq. (3) and Eq. (4), we can obtain the 
following equations 

( ) ( )i i i ZMP i i i i y x
i i i

m z x x m x z Cτ− − − =∑ ∑ ∑   (5) 

and 
( ) ( )i i i ZMP i i i i x y

i i i
m z y y m y z Cτ− − + =∑ ∑ ∑ , (6) 

where 
( )x i i ZMP k k

i k
C m g x x r F= − +∑ ∑       (7) 

and 
( )y i i ZMP

i
C m g y y= −∑ .         (8) 

The inertial moment exerted at the center of the i-th 
link expressed as 

[ ] [ ]i i i i i iI Iτ ω ω ω= + × .         (9) 
can be also written as 

[ ] [ ]jk T jk
i i i iI Pτ ω ω ω= + ,         (10) 

where [ ]jk
i iGω θ= . 

Similarly, the acceleration of the operational space 
(i.e., the end position of the model of Fig. 1) can be 
written by 

[ ] [ ]Tu G Hθ θ θ= + .          (11) 
Also, the acceleration of the i-th center of mass can 

be expressed as 

[ ] [ ]T
i i i i i iu G Hθ θ θ= +          (12) 

which can be decomposed as three components 

1; 1;;[ ] [ ]T
i i i i i ix G Hθ θ θ= + , 

2; 2;;[ ] [ ]T
i i i i i iy G Hθ θ θ= + , 

and 

3; 3;;[ ] [ ]T
i i i i i iz G Hθ θ θ= + , 

where ;[ ]i jG  denotes the j-th row of [ ]iG  and ;;[ ]i jH  
denotes the j-th plane of three dimensional array 
[ ]iH [21]. 

Substituting the three components and the inertial 
moment term into Eq. (5) and Eq. (6) yields the so 
called “ZMP constraint equation” given by 
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where assuming that N is the number of joints, we have 
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 Eq. (13) is the ZMP constraint equation, where C , 
[ ]mG , and [ ]mH are known, which are function of the 
dynamic parameters of the planar type humanoid robot 
system. 

When the system has enough kinematic redundancy, 
the general solution of the ZMP constraint equation (13) 
is described as  

[ ] ( [ ] ) ( [ ] [ ])T
m m m mG C H I G Gθ θ θ ε+ += − + − ,   (14) 

where ‘+’ denotes the pseudo-inverse operator and ε  
is an arbitrary vector.  

The first term of Eq. (14) denotes the minimum norm 
solution. Similar to kinematically redundant 
manipulators, the inertia weigthed pseudo-inverse 
solution of [ ]mG  yields a dynamically-consistent 
motion as proposed by Khatib [22]. 

The second term of Eq. (14) denotes the 
homogeneous solution, which can be used for 
controlling the desired operational trajectory such as the 
sawing motion of the hand. 

Now, for the given desired operational trajectory 
( )u t , substituting Eq. (14) into Eq. (11) results in the 

solution of ε  given by 

[ ( [ ] [ ])] ( [ ] ( [ ] ) [ ] )T T
m m m mG I G G u G G C H Hε θ θ θ θ+ + += − − − − .(15) 

It is to note that the solution of Eq. (14) sequentially 
guarantees the desired ZMP trajectory and the desired 
operational trajectory. The joint angles can be obtained 
by numerically integrating the angular acceleration 
vector twice with respect to time. 
 

 
4. SIMULATION STUDIES 

 
 In order to verify the proposed motion planning 
algorithm, we perform simulation for a sawing task 
which has multi-constrained motion. In the sawing task, 
it is necessary to increase the external impulse applied 
to the object being sawn. Thus, optimal posture of the 
sawing task, which generates best performance in 
external impulse, should be investigated.  
 
5.1 External impulse model for a sawing task  

In order to obtain the dynamic model of general 
hybrid mechanism containing serial-chains as well as 
closed-chains, we convert the system as an open-tree 
structure as shown in Fig. 2. The open-tree structure is 
made by cutting joints of closed-chains. From the 
open-tree structure, the dynamic model of each 
serial-chain is evaluated. Then, the dynamic model for 
the open-tree structure referenced to the Laragian 
coordinate set φ  is represented as 

* *[ ] [ ]TT I Pφ φφ φ φ φφφ φφ φ φ= + ,         (16) 

where *[ ]Iφφ  represents the inertia matrix *[ ]Pφφφ  
represents the inertia power array, and Tφ  is the force 
or torque vector for joint φ . 

 
Fig. 2 Schematic diagram of open-tree structure 

(○: Independent joint, ☆: Cut joint) 
 

Next, using the principle of virtual work, we 
incorporate the dynamics of the open-tree structure into 
a dynamic model in terms of the independent 
coordinates. It is given by 

* *[ ] [ ]T
a aa a a aaa aT I Pφ φ φ= +          (17) 

where *[ ]aaI  represents the inertia matrix *[ ]aaaP  
represents the inertia power array, and Tφ  is the 
inertial load vector referenced to the independent joint 
set [21]. 

When a robot saw the material, the dynamic model of 
the robot referenced to the independent joint set is given 
by 

* *[ ] [ ] [ ]IT
a aa a a aaa a a extT I P G Fυφ φ φ= + −      (18) 

where extF  is the impulsive external force at the 
contact point and  [ ]I

aGυ  denotes the first order 
KIC(Kinematic Influence Coefficient) relates the 
contact point’s velocity Iυ  with respect to the 
independent joint’s velocity. 

Integration of the dynamic model given in Eq. (18) 
over contacting time interval gives 
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∫
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Since the positions and velocities are assumed finite 
all the time during impact, the integral term involving 

*[ ]T
aaaPφ φ  becomes zero as t∆  goes to zero, as does 

the term involving actuation input T . Thus, we obtain 
the following simple expression 

( )0 0[ ] ( ) ( ) [ ]I T
aa extt t t Fυ

φφ φ∗ + − =∆I G ,     (20) 

where 0

0

F F dt
+

= ∫
∆t t

ext extt
 is defined as the external 

impulse at the contact point. Thus, the velocity 
increment of the joint variables is 

* 1[ ] [ ] extFυφ −=∆ I T
a aa aI G          (21) 

and the velocity increment at the contact point is 
obtained by the following kinematic relationship. 

* 1[ ] [ ][ ] [ ] extFυ υ υυ φ −= =∆ ∆I I I T
I a a a aa aG G I G    (22) 

Assuming that the sawn chip is very small, deforms 
permanently (i.e, 0=e ) and the object to be sawn is 
initially stationary, the velocity increment of sawing 
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chip is negligible. 
Finally, the external impulse can be evaluated as 

follows: 

* 1

( )
{[ ][ ] [ ] }aa aa a

n
F

n nυ υ
υ

−

−
=

I I

T
I

ext T TG I G
,      (23) 

where n  denotes a vector normal to the contact 
surface. 
  Now, the external force exerted on the object being 
sawn is obtained, in real time, by the product of the 
external impulse and the sampling time. 
 
5.2 Sawing motion of a planar Humanoid robot using 
motion planning algorithm 
 

Fig. 3(a) and Fig. 4(a) show one cycle sawing motion 
for the non-straddled and the straddled leg posture, 
respectively. According to Eq. (14), the planar type 
humanoid successfully maintains its initial ZMP stably 
while performing the forth and back sawing motion as 
shown in Fig. 3(b) and Fig. 4(b). 

Also, the external impulse changes according to the 
configuration of the planar type humanoid. Fig. 5 
depicts the external impulse with respect to the time. 
We would like to analyze the external impulse with 
respect to the posture, speed, and so on. 

 
 

 
(a) One cycle motion 

 
 (b) ZMP 

Fig. 3. Sawing motion of the non-straddled leg posture 
 

 

 
(a) One cycle motion 

 
(b) ZMP 

Fig. 4. Sawing motion of the straddled leg posture 
 

 
Fig. 5. External impulse 

 
 
5.3 Comparison of the non-straddled leg posture 
with the straddled leg posture for the sawing motion 
 
 To look for the optimal condition of the sawing task, 
we consider three cases as shown in Table 1. In the case 
1, we increase the sawing velocity. In the case 2, we 
design a variable ZMP trajectory as shown in Fig. 6. It 
is remarked that the stable ZMP boundary region at the 
straddled leg posture is much larger than that of the 
non-straddled leg posture. The case 3 combines the 
cases 1 and 2. Fig. 7 shows that the external impulse 
becomes larger when the arm is stretched out (in the 
middle part of the plot) and that it is proportional to the 
speed and that the straddled leg posture yields more 
external impulse.  
 
 

 Straddle case 
Non-straddle case 

Stable ZMP boundary 

Stable ZMP boundary 
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Table 1. Three cases 
 

Case 1 Increase the sawing velocity twice 

Case 2 Input the ZMP trajectory 

Case 3 Combine the case 1 and 2 
 

 
(a) Non-straddled leg case     

 
(b) Straddle leg case 

Fig. 6. ZMP trajectory 
 

Conclusively, the straddled leg posture is 
advantageous on the sawing task because it assures 
larger ZMP stable region as compared to the 
non-straddled leg posture. 
 

6. CONCLUSIONS 
 

The major contribution of this paper is to propose a 
motion planning algorithm in multi-constrained robot 
tasks. A sequential redundancy resolution algorithm is 
proposed, which ensures the ZMP stability and the 
planned multi-constrained sawing motion. The 
feasibility of the proposed algorithm was verified by 
simulation.  

As the future work, the proposed motion planning 
algorithm can be possibly extended to the general type 
of multi-constrained motion of the humanoid. And its 
experimental verification is an ongoing subject. 
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(a) Case 1 

 
(b) Case 2 

 
(c) Case 3 

Fig. 7. External impulse of the each case 
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