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Abstract

We define a number of original encodings, called regular
encodings, that map Max-CSP instances into Partial Max-
SAT instances. First, we obtain new direct and (minimal)
support encodings by modelling the at-least-one and at-
most-one conditions using a regular signed encoding. This
way, we obtain encodings in which the hard part is more
compact. Second, even when we need to introduce auxiliary
variables in the regular encodings, we prove that it is suf-
ficient to limit branching to non-auxiliary variables. Third,
we report on an experimental investigation which provides
evidence that the minimal support encoding is well-suited
on more structured, realistic instances (the experiments per-
formed so far were limited to randomly generated binary
CSPs), and that the regular encodings defined here have
a very competitive performance profile when branching is
limited to non-auxiliary variables. We show that regular en-
codings allow to solve more instances and more efficiently
than using the existing encodings from Max-CSP into Par-
tial Max-SAT.

1 Introduction

Solving combinatorial decision and optimization prob-
lems via their reduction to Satisifability Problems (e.g.,
SAT and Max-SAT) depends on both the solver and the en-
coding. In this paper, we define new encodings from Max-
CSP into Partial Max-SAT, and analyze their impact in the
performance of Partial Max-SAT solvers.

In ISMVL-2008 [2], we presented a number of original
encodings —that rely on the well-known direct and support
encodings from CSP into SAT [10, 13, 18]— that map Max-
CSP instances into Partial Max-SAT instances. We showed
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there that the minimal support encoding (first defined in [2])
was superior to the rest of the encodings, at least on random
binary Max-CSP instances. On the other hand, in [3] we
showed that the minimal support encoding from CSP into
SAT does not maintain arc consistency through unit propa-
gation and, in contrast with what happens with Max-SAT, is
not a suitable alternative for SAT solvers.

This paper is a continuation of [2, 3] in which we define
new encodings —called regular encodings— from Max-
CSP into Partial Max-SAT, with the ultimate goal of know-
ing the impact of the encodings in the performance of
solvers, and identifying features of the encodings that could
be useful to predict their behavior. First, we obtain new di-
rect and (minimal) support encodings by modelling the at-
least-one and at-most-one conditions using a regular signed
encoding. This way, we obtain encodings in which the hard
part is more compact. Second, even when we need to intro-
duce auxiliary variables in the regular encodings, we prove
that it is sufficient to limit branching to non-auxiliary vari-
ables. Third, we report on an experimental investigation
which provides evidence that the minimal support encoding
is well-suited on more structured, realistic instances (the ex-
periments performed so far were limited to randomly gen-
erated binary CSPs [2, 3]), and that the regular encodings
defined here have a very competitive performance profile
when branching is limited to non-auxiliary variables. We
show that regular encodings allow to solve more instances
and more efficiently than using the existing encodings from
Max-CSP into Partial Max-SAT.

The structure of the paper is as follows. Section 2 con-
tains preliminary definitions about Max-SAT and Max-CSP.
Section 3 surveys the direct, support and minimal support
encodings from Max-CSP into Partial Max-SAT. Section 4
defines the new regular encodings from Max-CSP into Par-
tial Max-SAT, which encode the at-least-one and at-most-
one conditions using existing results of regular signed log-
ics. Section 5 reports and analyses the experimental inves-
tigation, which is based on realistic instances. Section 6
presents the conclusions and future research directions.



2 Preliminaries
2.1 Max-SAT Definitions

In propositional logic, a variable x; may take values O
(for false) or 1 (for true). A literal [; is a variable x; or its
negation Z,;. A clause is a disjunction of literals, and a CNF
formula is a multiset of clauses.

An assignment of truth values to the propositional vari-
ables satisfies a literal z; if x; takes the value 1 and satisfies
a literal z; if x; takes the value O, satisfies a clause if it sat-
isfies at least one literal of the clause, and satisfies a CNF
formula if it satisfies all the clauses of the formula.

The Max-SAT problem for a CNF formula ¢ is the prob-
lem of finding an assignment of values to propositional vari-
ables that maximizes the number of satisfied clauses. In
this sequel we often use the term Max-SAT meaning Min-
UNSAT. This is because, with respect to exact computa-
tions, finding an assignment that minimizes the number of
unsatisfied clauses is equivalent to finding an assignment
that maximizes the number of satisfied clauses.

We also consider the extension of Max-SAT known as
Partial Max-SAT because it is more well-suited for repre-
senting and solving NP-hard problems. A Partial Max-SAT
instance is a CNF formula in which some clauses are relax-
able or soft and the rest are non-relaxable or hard. Solving a
Partial Max-SAT instance amounts to finding an assignment
that satisfies all the hard clauses and the maximum num-
ber of soft clauses. Hard clauses are represented between
square brackets, and soft clauses are represented between
round brackets.

2.2 Max-CSP Definitions

Definition1. A Constraint  Satisfaction ~ Problem
(CSP) instance is defined as a triple (X,D,C),
where X = {Xi,...,X,} is a set of variables,
D = {d(X1),...,d(X,)} is a set of finite domains
containing the values the variables may take, and
C ={C4,...,Cy,} is a set of constraints. Each constraint
C; = (Si, R;) is defined as a relation R; over a subset
of variables S; = {X;,,..., X, }, called the constraint
scope. The relation R; may be represented extensionally as
a subset of the Cartesian product d(X;,) x -+ x d(X;, ).

Definition2. An assignment v for a CSP instance
(X,D,C) is a mapping that assigns to every variable
X, € X an element v(X;) € d(X;). An assign-
ment v satisfies a constraint ({X,,,...,X;, }, R;) € Ciff
<’U(XZ‘1), ey 'U(sz)> € R;.

The Constraint Satisfaction Problem (CSP) for a CSP
instance P consists in deciding whether there exists an as-
signment that satisfies P.

The Max-CSP problem for a CSP instance (X, D,C) is
the problem of finding an assignment that minimizes (max-
imizes) the number of violated (satisfied) constraints.

In the sequel we assume that all CSPs are unary and bi-
nary; i.e., the scope of all the constraints has at most cardi-
nality two.

3 Existing Encodings from Max-CSP into
Partial Max-SAT

We introduce a number of encodings such that, given a
Max-CSP instance P, they produce a Partial Max-SAT in-
stance ¢ in which the minimum number of constraints of P
that are violated by a CSP assignment is exactly the same as
the minimum number of clauses of ¢ that are falsified by a
Boolean assignment. These encodings were first presented
in [2, 3].

In the encodings below we associate a Boolean variable
x; with each value ¢ that can be assigned to the CSP variable
X. Assuming that X has a domain d(X) of size m, the
at-least-one clause of X is x1V- - -Vx,,, and ensures that the
CSP variable X is given a value. The at-most-one clauses
of X are the set of clauses {Z; V Z;|i,j € d(X),i < j},
and ensure that the CSP variable X takes no more than one
value. The at-least-one and at-most-one clauses together
ensure that each CSP variable takes exactly one value of its
domain.

3.1 Direct Encoding

Definition 3. The direct encoding of a Max-CSP instance
(X,D,C) is the Partial Max-SAT instance that contains as
hard clauses the corresponding at-least-one and at-most-one
clauses for every CSP variable in X, and contains a soft
clause 7; V y; for every nogood (X = i,Y = j) of every
constraint of C with scope {X,Y}. Recall that a nogood is
a forbidden assignment of values to X and Y.

Example 1. The Partial Max-SAT direct encoding for the
Max-CSP problem of the CSP instance (X,D,C) =
(X, YEA{d(X) = {1,2,3}4d(Y) = {1,2,3}},{X <
Y'}) is as follows:

at-least-one  [r1 V2 Vas] [y1Vy2Vys]

at-most-one  [ZT1 V Ty Ty V Tg) [T2 V T3]
. V1V ] Y1V s [V V U3

conflict (T2 VYy) (T3 VYq) (T3 VYy)

3.2 Support Encoding

In the support encoding from CSP into SAT [13, 10, 18],
besides the at-least-one and at-most-one clauses, there are



clauses that encode the support for a value instead of encod-
ing conflicts. The support for a value j of a CSP variable
X across a binary constraint with scope {X, Y} is the set
of values of Y which allow X = j. If vy,vs,...,v; are
the supporting values of variable Y for X = j, we add the
clause T; V yy, V Yy, V - -+ V Yy, (called support clause).
There is one support clause for each pair of variables X, Y
involved in a constraint, and for each value in the domain
of X. In the standard support encoding, a clause in each
direction is used: one for the pair X, Y and one for Y, X.

In [2], we defined the minimal support encoding from
CSP into SAT. It is like the support encoding except for the
fact that, for every constraint C}, with scope {X,Y}, we
only add either the support clauses for all the domain val-
ues of the CSP variable X or the support clauses for all the
domain values of the CSP variable Y.

We now introduce the support encodings from Max-CSP
into Partial Max-SAT that we defined by adapting the sup-
port and minimal support encodings from CSP into SAT:

Definition 4. The minimal support encoding of a Max-CSP
instance (X, D, C) is the Partial Max-SAT instance that con-
tains as hard clauses the corresponding at-least-one and
at-most-one clauses for every CSP variable in X', and con-
tains as soft clauses the support clauses of the minimal sup-
port encoding from CSP into SAT.

Example 2. A minimal Partial Max-SAT support encoding
for the Max-CSP problem of the CSP instance from Exam-
ple 1 contains the following clauses:

at-least-one [r1 Vaa V] [y1Vya Vys)
at-most-one  [T1 V T3] [T1 V T3] [T2 V T3]

[Y1 V U] [Y1 V 73] [¥s V U]
support (T2Vy2Vys) (TzVys)

Definition 5. The support encoding of a Max-CSP instance
(X,D,C) is the Partial Max-SAT instance that contains as
hard clauses the corresponding at-least-one and at-most-one
clauses for every CSP variable in &X', and contains, for every
constraint Cj, € C with scope {X, Y}, a soft clause of the
form Sx—; V ¢ for every support clause Sx—; encoding
the support for the value 7 of the CSP variable X, where
¢ 1s an auxiliary variable, and contains a soft clause of the
form Sy_,, V ¢ for every support clause Sy —,, encoding
the support for the value m of the CSP variable Y.

Observe that we introduce an auxiliary variable for every
constraint. This is due to the fact that there are two unsat-
isfied soft clauses for every violated constraint of the Max-
CSP instance if we do not introduce auxiliary variables. It is
particularly important to have one unsatisfied clause for ev-
ery violated constraint when mapping weighted Max-CSP
instances into weighted Max-SAT instances. In this case,
all the clauses encoding a certain constraint have as weight

the weight associated to that constraint. When a constraint
is violated with weight w, this guarantees that there is ex-
actly one unsatisfied clause with weight w.

Example 3. The Partial Max-SAT support encoding for the
Max-CSP problem of the CSP instance from Example 1 is
as follows:

at-least-one [z1 V 22 V 23] [y1 V y2 V ys)

at-most-one [T V Ta] [T1 V T3) [T2 V T3]
[¥1 V Y] Y1 V 7s] [¥2 V 3]

support (52 VyaVysV Cl) (yl VziV 61)
(53\/3/3\/01) (y2\/331\/322 \/51)

We use three different support encodings in the exper-
imentation: the support encoding (supxy), and two vari-
ants of the minimal support encoding (supl and supc).
The encoding supl refers to the minimal support encod-
ing containing, for each constraint, the support clauses
for the variable that produces a smaller total number of
literals. The encoding supc refers to the minimal sup-
port encoding containing, for each constraint, the support
clauses for the variable that produces smaller size clauses;
we give a score of 16 to unit clauses, a score of 4 to
binary clauses and a score of 1 to ternary clauses, and
choose the variable with higher sum of scores. For in-
stance, given the CSP instance (X, D,C), where X =
{X,Y}d(X) = dY) = {1,2,3,4},C = {Cxy} =
{{(1,2),(1,3),(1,4)}}, supc prefers three binary support
clauses x1 V ¥y, 1 V U3, 21 V ¥, rather than the quater-
nary support clause 1 V y2 V ys V y4, while supl prefers
Z1Vy2VysVuya.

4 Regular Encodings from Max-CSP into
Partial Max-SAT

In this paper we propose novel direct and support en-
codings from Max-CSP into Partial Max-SAT. These new
encodings, called regular encodings, differ in the fact that
they encode the at-least-one and at-most-one conditions us-
ing an encoding based on the regular signed literals used in
many-valued automated theorem proving [1, 6]. To this end,
for every CSP variable X, we associate a Boolean variable
x; with each value ¢ that can be assigned to the CSP vari-
able X in such a way that z; is true if X = i. Moreover,
we associate a Boolean variable a:? with each value ¢ of the
domain of X such that x? is true if X > 4. Then, the regu-
lar encoding of the at-least-one and at-most-one conditions
for a variable X with d(X) = {1,...,n} is formed by the
following clauses [1]:



> > >
T 7 Tp Ty & Iy
> > AT
Tp—1 =7 Tp—2 T2 < T3 3
> > > o>
x5 — 5 Xy = x5 NIy (D)
> >
Ty — XL e > ...
Tp_1 <> To_q /\Ef
Ty x%

The clauses on the left encode the relationship among the
different regular literals of a variable while the clauses on
the right link the variables of the form x; with the variables
of the form x?

While the number of clauses derived with the standard
encoding of the at-least-one and at-most-one conditions for
a CSP variable X with domain d(X) is on O(d(X)?), we
have that:

Proposition 6. The number of clauses derived with the reg-
ular encoding of the at-least-one and at-most-one con-
ditions for a CSP variable X with domain d(X) is on
O(d(X)).

PROOF: It follows from the fact that all the added clauses
have at most three literals, and the number of added clauses
isin O(d(X)). [

Definition 7. The regular direct, support, and minimal sup-
port encodings are, respectively, the standard direct, sup-
port, and minimal support encodings from Max-CSP into
Partial Max-SAT but using the regular encoding of the
at-least-one and at-most-one conditions.

Example4. A regular minimal support encoding for the
Max-CSP problem of the CSP instance from Example 1 is
formed by the following clauses:

hard clauses [@2 Vv 3322] [@2 Vv srlz]
[71 V T5] [x1 V :vzz]
[T2 V 25] [T VEF]  [z2 \/fgZ Vv a:?]
@3 V 23] 23 V T3]
5 V5] 75 v u5]
7, V73] [v1 V5]
7>V ¥5] B VU] b2 VT V3]
Y5 \/932] lys V73]
support (TaVya Vys) (TsVys)

We get the regular support encoding if we replace the pre-
vious support clauses with:

@V Ve)
(U Va1 Vaa V)

(T2 Vy2VysVer)
(T3 VysVer)

Finally, we get the regular direct encoding if we replace the
support clauses with the following conflict clauses:

(T2VY) (@3Vy) (T3V7,)

support

conflict

One feature of the regular encoding —whose impact on
performance is discussed in the section of the experimental
investigation— is that it is not necessary to perform branch-
ing on the auxiliary variables:

Proposition8. When solving a Max-CSP instance with a
regular encoding and a Davis-Putnam style branch and
bound solver, if branching is performed only on non-
auxiliary variables, then the solver finds an optimal solu-
tion.

PrOOF: It follows from the analysis of (1). If we branch
on z;, all the regular literals are instantiated in such a way
that x]Z becomes true if j < ¢ and becomes false if j > i.
On the other hand, if we had branched on 7; for all the
elements of the domain of X except for one value, say j,
then all the literals of the form :rjZ would have been instan-
tiated and x; would become true as a result of the sentence
Tj < sz /\EJ-ZH. Therefore, it is not necessary to branch on
auxiliary variables because they are implied when branch-
ing is performed on non-auxiliary variables. [ |

Branching limited to non-auxiliary variables has shown
to be effective in SAT-encoded scheduling and planning
problems [7, 11, 16].

5 Experimental Results

We conducted an empirical evaluation with the follow-
ing goals: (i) analyse the performance profile of the stan-
dard direct and support encodings on more structured, real-
istic instances because the experiments in [2, 3] were lim-
ited to random binary Max-CSP instances; (ii) analyse the
performance profile of the new encodings defined here; and
(iii) study the impact of performing only branching on non-
auxiliary variables. We used two of the fastest Partial Max-
SAT solvers in the Max-SAT evaluations [5] held so far:
MiniMaxSat [12], and WMaxSatz [4] (the Weighted Partial
Max-SAT version of MaxSatz [14, 15]).

The evaluation was performed on a cluster with 160
2 GHz AMD Opteron 248 Processors with 1 GB of mem-
ory. We used a cutoff time of 30 minutes for each instance.

As benchmarks we encoded, into Partial Max-SAT, in-
stances that have been used in the constraint programming
community working on soft constraints [8, 9]. Such in-
stances include instances of clique trees and of the ware-
house location problem.

Table 1 and Table 2 present the experimental results
which show that the encodings we defined in [2, 3] are well-
suited on more realistic, structured instances. We denote
the number of instances by #. In Table 1, which contains
the results of solving our testbed with MiniMaxSat, we ob-
serve that the two variants of the minimal support encoding



Kbtree (t) # supc supl dir Supxy

10 50 | 0.01(50) | 0.01(50) 0.01(50) | 33.10(49)
20 50 | 0.31(50) | 0.28(50) 0.22(50) | 409.40(39)
30 50 | 0.73(50) | 0.77(50) 0.90(50) -
40 50 | 4.98(50) | 5.17(50) 12.93(50) -
50 50 | 9.22(50) | 13.36(50) | 37.44(50) -
60 50 | 13.59(50) | 41.71(50) | 106.97(50) -
70 50 | 22.79(50) | 77.25(50) | 264.81(49) -
80 50 | 20.47(50) | 49.68(50) | 444.33(48) -
90 50 | 18.19(50) | 40.44(50) | 650.27(40) -
Solved 450 450 450 437 88
Warehouse 1. # supc supl dir supxy

cap 37 | 720.11(3) | 881.09(2) | 1028.03(2) -
warehouse 2 0.64(2) 0.63(2) 0.64(2) 0.42(1)
Solved 39 5 4 4 1

Table 1. Clique trees with different constraint tightness (Kbtree 10-90) and warehouse location in-
stances (Warehouse l.) solved with MiniMaxsat. Mean time in seconds.

(supc and supl) solve all the clique tree instances (450
instances) while the support encoding supxy solves only
88 instances. For the warehouse instances, we observe that
supc solves 5 instances whereas supxy solves only 1 in-
stance. Comparing supc and supl, we have that supc is
superior. The direct encoding is not as good as the minimal
support encodings. We put - in a cell when no instance
can be solved within the cutoff time.

In Table 2, which contains the results of solving our
testbed with WMaxSatz, we observe that the two variants
of the minimal support encoding (supc and supl) solve
more clique tree instances (174 and 159 instances, respec-
tively) than the support encoding supxy (50 instances).
For the warehouse instances, supxy needs more time than
the rest of the encodings. Comparing supc and supl, we
have that supc is superior. The direct encoding is not as
good as the minimal support encodings. We do not include
instances for constraint tightness of 60-90 because there is
no encoding able to solve these instances within the cutoff
time.

Table 3 presents the experimental results which show
that performing branching only on non-auxiliary variables
leads to substantial performance improvements. In this
case, we show only results with WMaxSatz because the
source code of MiniMaxSat is not publicly available and,
therefore, we could not program the new branching scheme.
For the clique tree instances, the gains of the new branching
scheme are clear: the regular direct encoding with standard
branching (r-dir) solves 98 instances while with branch-
ing only on non-auxiliary variables (nb-r-dir) solves
325 instances; the regular version of the minimal encod-

ing supc with standard branching (r-supc) solves 138
instances while with branching only on non-auxiliary vari-
ables (nb-r-supc) solves 320 instances; the regular ver-
sion of the minimal encoding supl with standard branch-
ing (r-supl) solves 137 instances while with branching
only on non-auxiliary variables (nb-xr-supc) solves 342
instances. Worst results, which are not shown for lack of
space, are obtained with the regular version of the support
encoding : 47 solved instances with standard branching, and
103 solved instances with branching only on non-auxiliary
variables. For the warehouse instances, the new branching
scheme reduces the time needed to solve one instance.

To evaluate the advantages of regular encodings over
standard encodings we should compare Table 2 (stan-
dard encodings) and Table 3 (regular encodings). We
observe, for example, that the minimal encoding supl
solves 159 clique trees while the regular minimal encoding
nb-r-supl solves 342 instances, and that the direct en-
coding dir solves 150 clique trees while the regular direct
encoding nb-r-supc solves 325 instances. Overall, the
best results are obtained with the regular encodings branch-
ing only on non-auxiliary variables, which have been first
introduced in this paper.

6 Conclusions

We have defined new encodings from Max-CSP into
Partial Max-SAT, called regular encodings, and provided
experimental evidence that, besides being more compact,
they outperform, on the tested instances, existing encod-
ings when branching is limited to non-auxiliary variables.



Kbtree (t) # supc supl dir supxy

10 50 0.02(50) 0.02(50) 0.01(50) | 23.16(50)
20 50 53.27(50) | 35.62(50) 2.21(50) -
30 50 | 415.82(50) | 503.19(50) | 329.94(50) -
40 50 | 1166.35(20) | 1504.73(9) - -
50 50 | 1253.20(4) - - -
Solved 250 174 159 150 50
Warehouse 1. # supc supl dir supxy

warehouse 2 0.06(1) 0.06(1) 0.06(1) 0.23(1)
Solved 2 1 1 1 1

Table 2. Clique trees with different constraint tightness (Kbtree 10-50) and warehouse location in-
stances (Warehouse l.) solved with W-MaxSatz. Mean time in seconds.

r-supc r-supl r-dir
Kbtree (t) # nb b nb b nb b
10 50 0.03(50) 0.36(50) 0.03(50) 0.07(50) 0.03(50) 1.58(50)
20 50 0.82(50) | 70.91(50) 0.89(50) | 57.12(50) 0.30(50) | 375.07(48)
30 50 4.75(50) | 627.38(36) 4.39(50) | 664.75(35) 4.03(50) -
40 50 | 30.74(50) | 1341.48(2) | 36.85(50) | 1714.93(2) | 43.43(50) -
50 50 | 56.05(50) - | 147.93(50) - | 176.35(50) -
60 50 | 390.55(50) - | 334.63(49) - | 656.88(48) -
70 50 | 889.75(20) - | 618.76(43) - | 898.49(25) -
80 50 - - - - | 1390.29(2) -
Solved 400 320 138 342 137 325 98

r-supc r-supl r-dir
Warehouse 1. # b nb b nb b
warehouse 2 0.12(1) 2.43(1) 0.12(1) 2.45(1) 0.12(1) 2.43(1)
Solved 2 1 1 1 1 1 1

Table 3. Regular encodings with W-MaxSatz with standard branching (b) and branching only on non-
auxiliary variables (nb). Mean time in seconds.




On the other hand, we have also provided experimental evi-
dence that the encodings defined in [2, 3] are well-suited on
more realistic, structured Max-CSP instances.

It is worth to notice that the results of this paper, which
are based on results from the research community work-
ing on automated theorem proving on many-valued logics,
bridge the gap between Max-CSP and Partial Max-SAT.
Moreover, they also show that it makes sense to pursue the
investigation of encodings from Max-CSP into Partial Max-
SAT that we started in [2, 3].

Future research directions include analyzing the so-
called logarithmic encodings and generalizing our results
on support encodings to n-ary constraints and many-valued
Max-SAT. We are also interested in analyzing the behavior
of the sequential encoding of cardinality constraints[17] for
the at-most-one condition.
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